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STRATEGIE DE COMMANDE DISTRIBUEE POUR LES MANIPULATEURS
RIGIDES ET FLEXIBLES ASSURANT LA STABILITE DES ERREURS DE SUIVI
DE TRAJECTOIRES

Raouf FAREH

RESUME

Cette thése de doctorat propose et valide expérimentalement une nouvelle stratégie de
commande distribuée pour les manipulateurs rigides et flexibles assurant le suivi de
trajectoires dans I’espace articulaire et cartésien. Cette stratégie est développée, dans un
premier temps, pour les manipulateurs rigides. Ensuite, elle est modifiée pour prendre en
compte la flexibilité¢ des bras au niveau des manipulateurs flexibles.

Dans le cas des manipulateurs rigides, cette stratégie est utilisée pour assurer un bon suivi de
trajectoires dans I’espace de travail. Dans le cas ou les parametres du systéme sont
parfaitement connus, une stratégie de commande distribuée est utilisée. Cette stratégie de
commande décompose, dans un premier temps, la dynamique du manipulateur en plusieurs
sous-systemes non linéaires interconnectés. Chaque sous-systéme représente une articulation.
Ensuite, la commande distribuée consiste a contrdler le manipulateur en commencant par la
derniére articulation (sous-systéme) toute en supposant que le reste des articulations est
stable. La méme procédure est utilisée au rebours jusqu’a la premicre articulation. Dans le
cas ou les parameétres du systéme ne sont pas connus, une commande adaptative est
développée. Dans ce contexte, la commande distribuée et adaptative peut étre interprétée
comme ¢étant une commande hiérarchique. En effet, les paramétres inconnus, existant dans
I’équation de mouvement du dernier sous-systéme, sont tout d’abord estimés et la loi de
commande est ainsi déduite en fonction de ces paramétres. Puis, passant a 1’avant-dernier
sous-systeme, la loi de commande est développée en fonction de leurs propres parametres
estimés, existant dans 1’équation de mouvement de I’avant-derniére articulation, et les
parametres estimés du sous-systeme de niveau supérieur. La méme stratégie est utilisée a
contresens jusqu’au premier sous-systéme. L’approche de Lyapunov est utilisée pour prouver
la stabilité globale des erreurs de suivi. Les deux lois de commande sont validées
expérimentalement sur un manipulateur rigide a 7 ddl et elles montrent un bon suivi dans
I’espace articulaire et cartésien.

Dans le cas des manipulateurs flexibles, cette stratégie est modifiée et étendue pour assurer
un bon suivi de trajectoires dans 1’espace articulaire et, en méme temps, minimiser les
vibrations au niveau des bras flexibles. Donc, en plus de 1’objectif de suivi de trajectoire
utilisée dans le cas des manipulateurs flexibles, la stratégie de commande doit assurer la
déformation bornée et minimiser les vibrations des bras flexibles. Au contraire des
manipulateurs rigide, les manipulateurs flexibles sont des systémes sous-actionnés, c’est-a-
dire ils posseédent plus de degrés de liberté¢ que d’entrées de commande. Dans ce cas, chaque
sous-systeme est composé d’une articulation et le bras flexible associé. Dans le cas ou les
parametres du manipulateur sont parfaitement connus, une commande distribuée est
développée pour assurer la stabilité des erreurs de suivi dans I’espace articulaire et réduire les
vibrations des bras flexibles. Cette stratégie consiste a commander et stabiliser la derniére
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articulation ainsi que le dernier bras flexible en supposant que le reste des sous-systémes sont
stables. Puis, passons aux controle et stabilité de I’avant-dernier sous—systéme de la méme
facon. Cette démarche est suivie, au rebours, jusqu'au premier sous-systéme. Sa version
adaptative, dite « hiérarchique », est ¢galement développée. La stabilité¢ globale est prouvée
en utilisant I’approche de Lyapunov. La validation expérimentale des deux lois de commande
sur un manipulateur flexible a 2 ddl montre un bon suivi de trajectoires dans I’espace
articulaire et des vibrations minimales au niveau des bras flexibles.

Dans le cas de suivi de trajectoires dans 1’espace de travail des manipulateurs flexibles, la
cinématique inverse, utilisée pour les manipulateurs rigides, n’est plus suffisante pour
transformer les trajectoires désirées de 1’espace de travail vers I’espace articulaire. En plus
d’une relation cinématique, il existe une relation dynamique entre 1’espace de travail et
articulaire. Pour résoudre ce probléme, un espace intermédiaire, nommé « virtuel » et la
méthode quasi-statique sont utilisés. En effet, la cinématique inverse est utilisée pour
transformer la trajectoire désirée de I’espace de travail vers 1’espace virtuel tandis que
I'approche quasi-statique est utilisée pour le passage de l'espace virtuel a l'espace articulaire.
Lors du contréle direct de I’extrémité, les manipulateurs flexibles deviennent des systémes a
non minimum de phase et la dynamique interne n'est plus bornée. Pour surmonter ce
probléme, la technique de la redéfinition de sortie est utilisée pour sélectionner une sortie la
plus proche possible de I'extrémité assurant une dynamique interne bornée. Cette sortie est
composée de la position angulaire plus une valeur pondérée de la déformation de I’extrémité
du bras flexible. Une étude de stabilit¢ de la dynamique interne (ou dynamique des zéros) en
utilisant la passivité est utilisée pour déterminer la valeur critique du parameétre caractérisant
cette sortie paramétrisée. Deux lois de commande sont développées pour un robot a deux
bras flexibles. La premiére loi de commande basée sur 1’approche de linéarisation par retour
d’¢état assure juste la stabilité locale des erreurs de suivi. La deuxiéme loi de commande
constitue une généralisation pour assurer la stabilité globale de la dynamique des erreurs de
suivi. Ces deux algorithmes sont testés sur un robot a deux bras flexibles et montrent un bon
suivi de trajectoires dans 1’espace de travail.

Mots-clés: manipulateurs rigides, manipulateurs flexibles, commande distribué¢e, commande
adaptative, stabilité, erreur de suivi, espace articulaire, espace de travail.



DISTRIBUTED CONTROL STRATEGY FOR RIGID AND FLEXIBLE LINK
MANIPULATORS ENSURING THE STABILITY OF TRACKING ERRORS

Raouf FAREH

ABSTRACT

This thesis studies and proposes a distributed nonlinear control strategy for rigid and flexible
manipulators ensuring the stability of the tracking errors in the joint space and workspace.
First, this strategy is applied to rigid manipulators. Then, it is modified and extended to take
into account the links’ flexibility of flexible link manipulators.

For the rigid manipulators, the control strategy is used to ensure a good tracking in the
workspace. When the system parameters are perfectly known, a distributed control strategy is
developed. First, this control strategy decomposes the dynamical model into a set of
nonlinear interconnected subsystems. Each subsystem has one joint. Then, this distributed
control strategy consists of controlling the last joint while assuming that the remaining joints
are stable. Then, going backward to the next to the last joint, the same strategy is applied and
so on until the first joint. When, the system parameters are unknown, an adaptive version is
developed. In this case, the distributed and adaptive control can be interpreted as an
hierarchical control. Indeed, the unknown parameters existing in the equation of motion of
last subsystem are first estimated and the control is developed using this estimated
parameters. Then, going backward to the before last joint, the control law is developed using
its own estimated parameters and the ones already estimated in the upper level subsystem.
The adaptive control strategy consists to control one subsystem in each step starting from the
last subsystem. The same procedure is used, backward to the first subsystem. Global stability
of the error dynamics is proved using Lyaponov approach. The proposed approaches are
implemented in real time on a 7 DOF ANAT robot. Experimental results show the
effectiveness of the approach and good tracking performance in the workspace.

For the flexible manipulators, the above control strategies are modified and extended to solve
the tracking control problem and minimizing vibrations of the flexible links. In this case, the
control problem is twofold: in addition to motion objectives as in a rigid manipulator, it must
also stabilize the vibrations that are naturally excited. The number of controlled variables for
a flexible-link manipulator is strictly less than the number of mechanical degrees of freedom,
1.e. it represents an under actuated system. For flexible link manipulators, each subsystem has
a pair of one joint and one link. In the joint space, a distributed control strategy, based on the
one proposed for the rigid manipulators, is developed when the flexible link manipulators
parameters are known. An adaptive version or hierarchical control strategy is also deduced to
track the desired trajectories and reducing vibrations of the links. These algorithms were
tested on a two-flexible-link manipulator and gave effective results, a good tracking
performance, and capability to eliminate the links’ vibrations.

For the workspace tracking of flexible link manipulators, the inverse kinematics, used for
rigid manipulators, is not sufficient to transform the desired trajectories from the workspace
to the joint space. There exist two relationships between the workspace and joint: a



kinematics and dynamics relations. To overcome this problem, an intermediate space, called
virtual space, and quasi-static approach are used. Indeed, the inverse kinematics is used to
transform the desired trajectories from workspace to the virtual space and the quasi-static
approach is used between the virtual space and the joint space. The flexible links
manipulators are non-minimum phase system when controlling the position of the end-
effector. To solve the non-minimum phase problem, an output redefinition technique is used.
This output consists of the motor’s angle augmented with a weighted value of the links
extremity. The distributed control strategy consists in controlling the last link by assuming
that the first link is stable and follows its desired trajectories. The control law is developed to
stabilize the errors dynamics and to guarantee bounded internal dynamics such that the new
output is as close as possible to the tip. The weighted parameter defining the non-collocated
output is then selected. The same procedure is applied to control and stabilize the first link.
The asymptotical stability is proved using Lyapunov theory. The control strategies are
applied to a two-flexible-link manipulator in horizontal plane and simulations results showed
a good tracking of the desired trajectory in the workspace.

Key Words: rigid manipulators, Flexible manipulators, distributed control, adaptive control,
stability, tracking errors, joint space, workspace.
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INTRODUCTION

La principale raison de la création des robots manipulateurs, au début des années soixante,
est de libérer et décharger 1I’étre humain de certaines tdches complexes, dangereuses,
répétitives et/ou infaisables parfois. De plus, 1’utilisation des robots manipulateurs offre
d’autres avantages tels que la diminution des cotits de production, I’amélioration de la qualité
et de la productivité, etc. Les progrés continus dans les domaines de I’électronique et de
I’informatique ont pouss¢ le domaine de la robotique a des évolutions assez importantes.
Suite a cette progression, plusieurs domaines d’applications, telles que I’industrie
automobile, les applications spatiales, forestiéres, etc., ont profit¢ de cette progression
continue pour améliorer leurs productivités. En milieu industriel, 1’utilisation des
manipulateurs est trés répandue. En effet, ils réalisent des taches répétitives a hautes vitesses
dans un temps trés limité. En plus, ils sont pratiquement autonomes et peuvent fonctionner

sans 1’aide de I’opérateur quand ils sont programmés et mis en place.

Généralement, les manipulateurs destinés a des applications industrielles sont extrémement
rigides, massifs. Avec 1’évolution de la technologie, les applications industrielles deviennent
de plus en plus complexes et exigent une mobilit¢ et des vitesses de déplacement
relativement grandes. Dans ce cas, la rigidité n’est plus un avantage et les robots utilisés dans
ce genre d’applications doivent avoir un poids minimal et une grande flexibilité.
Généralement, la diminution du poids d’un manipulateur réduit la puissance nécessaire de ses
actionneurs ce qui ameéne a une ¢économie d’énergie. Pour améliorer les performances des
robots, les membrures doivent étre plus légeres et par conséquent, elles deviennent plus
flexibles, la vitesse augmente, la consommation d’énergie diminue et le cott de production

devient minimal.

La plupart des taches sont définies dans 1’espace de travail tel que la peinture, le soudage,
I’assemblage, etc. ce qui rend la commande des manipulateurs dans 1’espace cartésien trés
importante. Dans le cas des manipulateurs rigides, une étude de la cinématique, inverse et

directe, est largement suffisantes pour assurer le passage de 1’espace de travail vers I’espace



articulaire et vice versa. La connaissance de I’angle du moteur est suffisante pour déterminer
directement la position de I’extrémité. Ce qui n’est pas le cas pour les manipulateurs flexibles
dont la flexibilité des bras n’est plus un phénomene négligeable. Lors du contrdle direct de
I’extrémité, le systéme devient & non-minimum de phase. Deux relations, une cinématique et
une dynamique, sont utilisées pour basculer entre 1’espace de travail et 1’espace articulaire
pour ce type de robots. Par la suite, les méthodes de commande utilisées pour les
manipulateurs rigides ne peuvent pas étre directement appliquées pour les manipulateurs

flexibles.

Plusieurs travaux de recherches ont mis 1’accent sur les méthodes de commande assurant le
suivi de trajectoires dans 1’espace articulaire et de travail. Dans ce cas, la dynamique des
manipulateurs est vue sous forme de deux configurations: 1) un seul systtme MIMO ou une
seule commande est produite pour controler toutes les articulations du robot, 2) un ensemble

de sous-systémes interconnectés qui sont contrélés chacun par une commande indépendante.

Le but de la présente these est de proposer et valider expérimentalement une stratégie de
commande distribuée pour les manipulateurs rigides et flexibles assurant la stabilité¢ des
erreurs de suivi. Cette stratégie sera développée, dans un premier temps, pour les
manipulateurs rigides pour assurer le suivi de trajectoires dans 1’espace de travail. Puis, elle
sera modifiée pour prendre en compte la flexibilité des bras au niveau des manipulateurs

flexibles.

L’organisation de la présente thése est donnée comme suit. Chapitre 1 présente la
problématique de recherche, les objectifs, la revue de littérature, la méthodologie suivie pour
atteindre les objectifs ainsi que I’originalité du travail. Par la suite, les chapitres 2, 3,4, 5, 6
et 7 présenteront les résultats des travaux sous forme d’articles, soient soumis pour
publication (chapitres 3, 4, 5 et 6 ) ou acceptés et publiés (chapitres 2 et 7). Le Chapitre 2
présentera 1’é¢tude théorique et expérimentale de la stratégie de commande distribuée
appliquée a un robot rigide a 7 ddl. Une version adaptative de la stratégie de commande

présentée dans le Chapitre 2 sera présentée et appliquée au méme robot rigide a 7 ddl dans le



Chapitre 3. Le Chapitre 4 présente une commande distribuée appliquée aux manipulateurs
flexibles pour assurer la stabilit¢ des erreurs de suivi dans ’espace articulaire tout en
minimisant les vibrations au niveau des bras flexibles. Cette stratégie de commande a été
appliquée a un manipulateur a deux bras flexibles. La version adaptative de cette stratégie a
été présentée dans le chapitre 5 et appliquée au méme systéme a deux ddl. Dans 1’espace de
travail, la stratégie de commande distribuée est présentée dans les chapitres 6 et 7 avec des

lois de commande différentes pour assurer la stabilité locale et globale des erreurs de suivi.

Dans la suite de cette partie, nous présentons un résumé de chaque article :

L’article du chapitre 2 présente une nouvelle stratégie de commande distribuée pour les
manipulateurs rigides afin de suivre une trajectoire désirée dans 1’espace de travail. Trois
étapes sont utilisées pour assurer le suivi. La premicre étape consiste a utiliser la cinématique
inverse pour transformer la trajectoire désirée de I’espace de travail vers I’espace articulaire.
Puis, une loi de commande distribuée est développée, dans la deuxiéme étape, pour controler
les articulations du manipulateur. Enfin, la trajectoire obtenue dans I’espace articulaire est
transformée vers 1’espace de travail via la cinématique directe. Pour faciliter le
développement de la loi de commande, la dynamique du manipulateur est mise sous forme
d’un ensemble de sous-systémes interconnectés. Chaque sous-systéme représente une
articulation. La stratégie de commande distribuée consiste a commander un sous-systéme a
chaque étape en commengant par le dernier. En effet, le dernier sous-systéme est commandé
tout en supposant que le reste des sous-systémes sont stables et suivent leurs trajectoires
désirées. Puis, passons a 1’avant-dernier sous-systéme, 1’articulation associée est commandée
en utilisant la méme démarche, c’est-a-dire, le reste des articulations sont supposées stables.
La méme procédure est utilisée a rebours jusqu’au premier sous-systéme. Cette stratégie de
commande distribuée assure la stabilité¢ globale de la dynamique des erreurs de suivi. Cette
stabilité globale est prouvée par I’approche de Lyapunov. L’ implémentation en temps-réel de
cette approche sur un robot modulaire (Hyper Redundant Articulate Nimble Adaptable Trunk

(ANAT) montre un bon suivi de trajectoire dans D’espace de travail. Les résultats



expérimentaux ont été comparés avec ceux obtenues par la méthode du couple pré-calculé

pour montrer I’efficacité et I’apport de cette stratégie de commande distribuée.

L’article présent dans le chapitre 3 propose deux stratégies de commande pour assurer le
suivi de trajectoire désirée dans 1’espace de travail des manipulateurs rigides. En plus de la
stratégie de commande distribuée, présentée dans le chapitre 2, la version adaptative ou dite «
hiérarchique » est proposée dans cet article. Dans ce cas, les paramétres du systéme sont
supposés inconnus et la loi de commande contient un processus d’adaptation pour estimer ces
parametres. La cinématique inverse est utilisée pour transformer la trajectoire désirée de
I’espace de travail vers 1’espace articulaire et la cinématique directe est utilisée dans le sens
inverse. La dynamique du manipulateur est mise sous forme d’un ensemble de sous-systémes
interconnectés dont chacun représente une articulation. Cette stratégie de commande exploite
la forme hiérarchique des manipulateurs. La commande hiérarchique est appliquée aux
manipulateurs rigides en commencant par le dernier sous-systéme (articulation) jusqu’au
premier. Chaque articulation est commandée en supposant que le reste des articulations est
stable. L’équation de mouvement du dernier sous-systéme contient uniquement les
parametres inconnus du dernier sous-systetme. La loi de commande de ce dernier sous-
systéme est ainsi déduite en fonction de ces paramétres estimés. Puis, passons a ’avant-
dernier sous-systéme, I’équation de mouvement contient les paramétres de ce sous-systéme et
celles du dernier sous-systeme. La loi de commande est ainsi développée en utilisant les
parameétres estimés de ce sous-systeme et celles déja estimées dans 1’étape précédente. La
méme stratégie est suivie au rebours jusqu’au premier sous-systeme. En effet, la loi de
commande du premier sous-systéme est développée en fonction des parametres estimés de ce
sous-systeme est de tous les parametres estimés correspondant aux sous-systémes de niveau
supérieur. La stabilit¢ globale est assurée en utilisant la théorie de Lyapunov.
L’implémentation en temps réel sur un robot rigide a 7 ddl (ANAT) est présentée dans cet
article pour montrer 1’efficacité de ces lois de commande.

L’article du chapitre 4 présente une stratégie de commande distribuée pour les manipulateurs
flexibles pour assurer le suivi de trajectoire dans I’espace articulaire et minimiser les

vibrations au niveau des bras flexibles. La premicre étape consiste a réorganiser la



dynamique du manipulateur pour prendre la forme d’un ensemble de sous-systémes
interconnectés afin de 1’exploiter pour le développement de la loi de commande. Chaque
sous-systeme contient une articulation et le bras flexible associé. La stratégie de commande
distribuée consiste a contrdler un seul sous-systeme a chaque étape tout en commengant du
dernier jusqu’au premier sous-systéme. Chaque sous-systéme est contr6lé pour que
I’articulation suive une trajectoire désirée et, en méme temps, les vibrations du bras flexible
associé soient minimales. En commencant par le dernier sous-systéme, une loi de commande
est développée en supposant que le reste des sous-systemes sont stables. Puis, passons a
I’avant-dernier sous-systeme pour développer une loi de commande assurant un suivi de
trajectoire de 1’articulation et minimisant les vibrations du bras. La méme procédure est
suivie au rebours jusqu’au premier sous-systeme. La loi de commande de chaque sous-
systeme est développée en utilisant la surface de glissement. Cette stratégie de commande
distribuée assure la stabilité globale de la dynamique des erreurs de suivi. L’implémentation
en temps réel de cette stratégie sur le robot a deux bras flexibles est présentée pour montrer
I’efficacité et la simplicité de cette approche. Une comparaison avec la commande PD

montre les avantages de cette approche lors de I'implémentation en temps réel.

Pour le chapitre 5, I’article présente une stratégie de commande adaptative distribuée pour les
manipulateurs flexibles assurant la stabilit¢ de la dynamique des erreurs de suivi dans
I’espace articulaire en minimisant les vibrations des bras flexibles. Pour une bonne
exploitation dans le développement de cette stratégie de commande, la dynamique du
manipulateur est réorganisée pour prendre la forme d’un ensemble de sous-systemes
interconnectés dont chacun représente une articulation et le bras flexible associé. A chaque
étape un seul contrdleur est fourni pour chaque sous-systéme. Par exemple, pour le i™ sous-
systéme, la loi de commande est déduite en utilisant ses propres parameétres estimés et ceux
déja estimés pour chaque sous-systéme de niveau supérieur. La stabilit¢ globale de la
dynamique des erreurs de suivi est assurée par cette stratégie de commande en utilisant
I’approche de Lyapunov. Cette stratégie de commande adaptative est appliquée et validée

expérimentalement sur un robot a deux bras flexibles. Les résultats expérimentaux montrent

que cette stratégie de commande assure un bon suivi de trajectoire dans 1’espace articulaire et



réduit les vibrations au niveau des bras flexibles. La comparaison avec la version non-

adaptative montre bien 1’apport et la performance de cette stratégie.

Dans le chapitre 6, P’article propose une commande distribuée pour assurer un suivi de
trajectoire dans 1’espace de travail pour un manipulateur a deux bras flexibles. Lors de la
commande directe de 1’extrémité, les manipulateurs flexibles deviennent des systémes a non-
minimum de phase et la dynamique interne n’est plus bornée. La technique de redéfinition de
la sortie est utilisée pour sélectionner une sortie la plus proche possible de 1’extrémité. En
plus de la relation cinématique utilisée pour les manipulateurs rigides, il existe une relation
dynamique entre 1’espace de travail et articulaire. La cinématique inverse et 1’approche quasi
statique sont utilisées pour transformer la trajectoire désirée de l’espace de travail vers
I’espace articulaire. La stratégie de commande consiste 4 commander et stabiliser le dernier
sous-systéme, constitu¢ de la deuxiéme articulation et bras flexible associ€, en supposant que
le premier sous-systéme est stable. Cette démarche est suivie, au rebours, pour le premier
couple articulation-bras. A chaque étape, I’approche de linéarisation par retour d’état est
utilisée pour développer la loi commande. La sortie la plus proche de I’extrémité est
sélectionnée de telle sorte que la dynamique interne devienne bornée. La valeur critique du
parameétre caractérisant cette sortie paramétrisée est déterminée suite a une étude de stabilité
de la dynamique interne (ou dynamique des zéros) en utilisant la passivité. Cette loi de
commande assure la stabilité locale du systeme. Cette commande a été appliquée a un robot a
deux bras flexibles et les résultats de simulation montrent un bon suivi de trajectoire dans

I’espace de travail sous forme triangulaire.

L’article présent dans le chapitre 7 propose une stratégie de commande distribuée assurant la
stabilit¢ globale de la dynamique des erreurs de suivi d’un manipulateur a deux bras
flexibles. La cinématique inverse n’est pas suffisante pour transformer la trajectoire désirée
de I’espace de travail vers I’espace articulaire. Le probléme de I’inversion de la dynamique
est résolu en utilisant un espace intermédiaire nommée espace virtuel. Ce dernier est créé de
telle sorte qu’il soit li¢ avec 1’espace de travail par une simple relation cinématique (comme
dans le cas des manipulateurs rigides) et lié avec 1’espace articulaire par une relation

dynamique qui peut étre résolue par I’approche quasi-statique. Le probléme de non-minimum



de phase pour les manipulateurs flexibles est résolu en utilisant la technique de redéfinition
de sortie. La commande distribuée consiste a commencer par le controle et la stabilisation du
deuxiéme sous-systéme, représenté par le deuxiéme couple articulation-bras, en supposant
que le premier est stable. La dynamique des erreurs de suivi de la partie rigide est prouvée en
utilisant la théorie de Lyapunov. Pour la partie flexible, la stabilit¢ de la dynamique des
erreurs de suivi et la sélection de la valeur critique du paramétre caractérisant cette sortie
paramétrisée sont étudiées en utilisant la passivité. Les résultats de simulation de cette
stratégie de commande sur un robot a deux bras flexibles montrent un bon suivi de

trajectoires dans 1’espace de travail sous forme d’un losange.






CHAPITRE 1

CONSIDERATIONS GENERALES

1.1 Problématique et objectif de recherche

Les manipulateurs rigides sont des systémes non linéaires et vu I’importance de leur contrdle,
plusieurs méthodes de commande ont été développées pour différents objectifs de commande
a savoir, régulation, suivi dans 1’espace articulaire ou le suivi dans ’espace de travail. Jusqu'a
présent, le probléeme de suivi de trajectoire dans 1’espace de travail est beaucoup moins
couvert que celui dans I’espace d’articulations. Il existe moins de solutions (par rapport au
suivi dans D’espace articulaire) pour le probléme de suivi de trajectoire dans I’espace
opérationnel bien que le suivi de trajectoire dans ce dernier est trés important puisque la
plupart des taches sont définies dans cet espace, telles que la peinture, la soudure,
I’assemblage, 1’¢ébavurage, etc. Dans le cas des manipulateurs rigides, une relation
cinématique est suffisante pour passer de I’espace de travail vers I’espace articulaire. En
effet, pour transformer les trajectoires désirées de 1’espace de travail vers 1’espace articulaire,
la cinématique inverse est utilisée. Par contre, la cinématique directe est utilisée pour

transformer les trajectoires de I’espace articulaire vers I’espace de travail.

Dans le cas des manipulateurs flexibles, la situation est plus complexe puisqu’ils sont des
systémes fortement non linéaires a cause de la présence des équations de couplage
dynamique entre les variables rigides et flexibles. Contrairement a un robot rigide, un robot
flexible est un systéme sous actionné : il existe plus de sorties a controler (variables rigides et
flexibles) que d’entrées de commande (couples articulaires). Dans le cas des robots rigides, la
mission est de concevoir une loi de commande pour suivre une trajectoire désirée. Tandis que
pour les robots flexibles, une condition supplémentaire doit étre rajoutée, c’est que les
vibrations des bras flexibles doivent étre minimales. Dans ce cas, la cinématique inverse
n’est plus suffisante pour transformer les trajectoires désirées de I’espace de travail vers

I’espace articulaire des robots flexibles. En effet, ces deux espaces sont liés par une relation
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cinématique et dynamique. Pour surmonter ce probléme, 1’espace virtuel et I’approche quasi-
statique sont utilisés. De plus, un robot flexible est un systéme a non minimum de phase
lorsque la sortie a controler représente 1’extrémité du robot. Cette caractéristique augmente la
complexité du controle direct de 1’extrémité d’un robot flexible. Pour résoudre ce probleme,
la technique de redéfinition de sortie est utilisée. Cette nouvelle sortie est constituée de la

position angulaire plus une valeur pondérée de la déformation de I’extrémité.

Plusieurs méthodes de commande basées sur une seule commande pour toutes les
articulations ont été couvertes dans la littérature. Dans ce cas, la dynamique des
manipulateurs est vue comme ¢étant un seul systtme MIMO. Malheureusement,
I’implémentation en temps réel de ce type des contréleurs dans I’industrie n’est pas facile a
cause de la complexité de la structure de commande et le colit élevé de calcul. Pour
surmonter ce probléme, la dynamique du manipulateur peut étre vue comme un ensemble de
sous-systémes interconnectés dont chacun représente une articulation (dans le cas des
manipulateurs rigides) ou une articulation et un bras flexible dans le cas des manipulateurs
flexibles. Cette structure offre un certain nombre d’avantages a savoir : la simplicité des lois
de commande et de leur implémentation en temps réel, la minimisation du taux d’information
traité par les unités de commande, la réduction de I’effort de calcul, la tolérance aux pannes,
etc. Avec cette configuration, chaque sous-systéme est commandé indépendamment des

autres.

Dans le cas ou le systéme est vu comme étant un ensemble de sous-systémes interconnectés,
le niveau de performance des lois de commande est mis en question en fonction du choix des
sous-systemes. Par exemple, si les interactions entre les sous-systémes choisis ne sont pas
prises en considération les blocs de sous-systemes voisins peuvent étre déstabilisés. Souvent
I’¢tude de la stabilité globale représente un grand défi pour les méthodes utilisant I’idée de
colocalisation. En effet, les sous-systémes sont généralement commandés localement et la
vérification de la stabilit¢ globale n’est pas évidente. Vu que les systemes complexes
demandent un niveau de performance extrémement ¢élevé, on comprend assez facilement

l'intérét que présente la stabilité globale pour ces systémes. Pour les manipulateurs rigides ou
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flexibles, une stratégie de commande distribuée peut offrir une solution en contrdlant le
manipulateur a partir de son dernier sous-systéme (une articulation pour les robots rigides et
une articulation et un bras pour les robots flexibles) jusqu’au premier. En effet, le dernier
sous-systeme est généralement la moins couplée des autres sous-systeémes, donc il est le plus
facile a le contrdler et a stabiliser. Puis, en utilisant la méme stratégie, nous passons au
contrdle et la stabilisation de I’avant-dernier sous-systéme, qui sera le moins couplé du reste
et le plus facile a commander. Ainsi de suite, les autres articulations seront controlées de la

méme facon au rebours jusqu’a la premiére.

Dans la plupart des manipulateurs industriels, la commande utilisée est basée sur le fait que
le systéme robotique est considéré comme étant un systéme linéaire. Une commande de type
PID a des gains constants est utilisée pour chaque articulation. La commande linéaire est
satisfaisante juste autour des points de fonctionnement bien déterminés, mais en dehors de
ces plages, le controleur n’est plus valable et peut déstabiliser le systéme. Etant donné que les
manipulateurs sont des systémes non-linéaires (fortement non linéaire dans le cas des
manipulateurs flexibles), cette méthode de commande linéaire est limitée a des vitesses
faibles. Dans ce cas, une technique de commande non-linéaire est indispensable pour une
meilleure représentation du comportement non-linéaire des manipulateurs rigides ou

flexibles.

Pour remédier aux problémes présentés précédemment, cette thése vise le développement
d’une nouvelle stratégie de commande distribuée non linéaire pour les manipulateurs rigides
et flexibles assurant la stabilité des erreurs de suivi. Cette stratégie de commande exploite la
forme des manipulateurs rigides et flexibles. Premiérement, elle consiste a organiser la
dynamique du manipulateur pour prendre la forme d’un ensemble de sous-systemes
interconnectés. Pour les manipulateurs rigides, chaque articulation représente un sous-
systéme et dans le cas des manipulateurs flexibles, chaque sous-systéme est composé d’une

articulation et du bras flexible correspondant. Deuxiémement, en commengant par le dernier

sous-systeme, la loi de commande est développée en supposant que le reste des sous-
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systémes sont stables. Puis, la méme stratégie est utilisée au rebours jusqu’au premier sous-
systeme.

Suite a cette stratégie globale, on propose la stratégie détaillée suivante:

1. Recenser les travaux en relation avec la commande des manipulateurs rigides et flexibles

par une revue de littérature ;

2. Développer une nouvelle stratégie de commande distribuée non linéaire des manipulateurs
rigides assurant la stabilité globale de I’erreur de suivi de trajectoire dans 1’espace

opérationnel et la valider expérimentalement sur un robot rigide a 7 ddl (Chapitre 2) ;

3. Assurer la robustesse de la loi de commande développée dans (2) en développant sa
version adaptative pour assurer la stabilité globale des erreurs de suivi dans I’espace de
travail des robots rigides. Valider expérimentalement cette version adaptative sur le robot

rigide a 7 ddI (Chapitre 3) ;

4. Modifier la stratégie de commande distribuée développée dans (2) pour prendre en compte
la flexibilité¢ présente dans les manipulateurs flexibles. L’objectif est d’assurer la stabilité
des erreurs de suivi dans 1’espace articulaire et minimiser les vibrations au niveau des bras
flexibles. Valider expérimentalement cette stratégie sur un robot a deux bras flexibles

(Chapitre 4) ;

5. Développer la version adaptative de la commande développée dans (4) pour assurer la
robustesse de la loi de commande et la valider expérimentalement sur un robot a deux bras

flexibles (Chapitre 5) ;

6. Développer une stratégic de commande distribuée pour les manipulateurs flexibles pour
assurer le suivi de trajectoire dans I’espace de travail. Pour le probléme de I’inversion
dynamique, I’espace virtuel et ’approche quasi-statique sont utilisés. La technique de

redéfinition de sortie est utilisée pour le probléme de déphasage non-minimal. L’approche
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de linéarisation par retour d’état est utilisée pour développer la loi de commande qui

assure la stabilité locale des erreurs de suivi dans 1’espace de travail. (Chapitre 6) ;

7. Généraliser la loi de commande développée dans (7) pour les robots flexibles pour assurer
la stabilit¢ globale des erreurs de suivi dans I’espace de travail des robots flexibles

(Chapitre 7).

1.2 Revue de littérature

1.2.1 Commande des manipulateurs rigides

Dans ce travail, le robot est considéré comme étant un systéme automatique qui a comme
variable d’entrée les couples appliqués aux articulations et comme sortie les positions
articulaires et leurs dérivées, c’est-a-dire que la partie mécanique n’est pas prise en compte.
Deux configurations possibles sur lesquelles les méthodes de commande sont basées : 1) la
dynamique du robot est considérée comme €tant un seul systéme multi-variables (MIMO), 2)
la dynamique est considérée comme étant un ensemble des sous-systémes mono-variable
(SISO) interconnectés. Dans la suite de cette section, nous détaillerons les différentes

techniques utilisées dans la littérature pour ces deux configurations.

1.2.1.1 Dynamique vue comme un syst¢tme MIMO

Plusieurs méthodes de commande utilisées dans la littérature considérent le systeme a
commander comme étant un seul systéeme multi-variables. La méthode de commande par
linéarisation par retour d’état (Feedback Linearization), au sens entrée-état ou bien au sens
entrée-sortie (Slotine et Li, 1991), représente 1’'une des approches les plus répandues et les
plus connues. Dans le domaine de la robotique, la méthode de découplage non linéaire
(Khalil et Dombre, 1999; Slotine et Li, 1991) (Computed Torque Method), basée sur la
méthode de linéarisation par retour d’état, a connu beaucoup de succes. Son principe est de

découpler 1’équation dynamique du robot pour calculer les couples appliqués aux
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articulations. En effet, les non linéarités de la dynamique sont compensées par la loi de
commande et un systéme linéaire découplé est obtenu. Dans le cas ou les paramétres du
systéeme ne sont pas parfaitement connus, la méthode de linéarisation par retour d’état n’est
pas directement appliquée. L’ajout d’un processus adaptatif est ainsi nécessaire pour corriger
les déficiences de la méthode de découplage non linéaire et stabiliser le systéme d’une fagcon
robuste. On parle dans ce cas de la commande adaptative (Hung, 2008; Middleton, 1988;
Ortega, 1989; Zhenhua et Xiongxiong, 2011). En effet, les paramétres du systéme utilisés
pour la conception de la loi de commande sont estimés et ajustés en ligne. Le calcul
complexe nécessaire pour développer la commande constitue I’inconvénient principal de

cette approche.

On trouve aussi la commande a structure variable ou commande par mode de glissement
appliquée aux systémes robotiques (Harashima, Hashimoto et Kondo, 1985; Hashimoto et
al., 1986; Slotine et Li, 1991). Cette approche se base sur une surface de glissement qui
représente la réponse temporelle d’un systéme linéaire du premier ordre. L’objectif est de
commander les variables du systéme pour qu’elles atteignent le régime glissant et le systéme
suive une dynamique bien définie. Cette approche a connu beaucoup de succes des son
apparition, surtout au niveau de sa robustesse vis-a-vis des perturbations et des incertitudes
du mod¢le, mais son inconvénient majeur est le probléme de commutation. En effet, la
dynamique négligée du systeme peut €tre excitée par des signaux a haute fréquence et la
discontinuit¢ de la commande peut conduire a un effet néfaste sur les actionneurs. Pour
remédier ce probleéme, une fonction de saturation a été considérée dans la commande pour
remplacer la fonction de commutation (Slotine et Li, 1991). Une autre méthode qui permet
d’augmenter I’ordre du systéme (Second-Order Sliding Mode Control) a été établi par
(Bartolini, Ferrara et Usani, 1998) puis par (Parra-Vega et Hirzinger, 2001) pour résoudre le
probléme de commutation en utilisant une commande virtuelle. Derni¢rement (Fallaha et al.,
2011) a introduit des termes exponentiels dans les composantes discontinues pour réduire les
commutations hautes fréquences. Cette approche a été testée expérimentalement avec succes
sur un robot manipulateur et a été comparée a d’autres approches de mode glissant pour

montrer son apport.
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La commande par « Backstepping » a été récemment utilisée pour les manipulateurs rigides
(Chen et Lin, 2004; Irani et Talebi, 2011; Yang et al., 2004). Le principe de cette méthode de
commande est d’utiliser des fonctions de Lyapunov, dépendantes des erreurs de poursuite,
d’une fagon progressive pour assurer la convergence du systeme vers le comportement
désiré. Cette méthode est trés répandue dans le cas des systémes a structure triangulaire

quand le calcul des lois de commande est trés compliqué en augmentant 1’ordre du systéme.

Quand le robot est considéré comme étant un systéme qui dissipe I’énergie (passif), la
commande utilisée est dite passive (Sciavicco et Siciliano, 2000). Dans ce cas, un bloc non
linéaire passif est utilisé dans la boucle de retour pour minimiser 1’énergie du systéme en
utilisant le formalisme de Hamilton. La commande passive est plus robuste que celle de
découplage non linéaire quand on n’a pas besoin d’annuler les non linéarités existantes dans

le modéle dynamique.

1.2.1.2 Dynamique vue comme des systemes SISO interconnectés

Malgré que les méthodes de commande citées dans la section précédente ont été bien
appliquées théoriquement, elles sont moins répandues dans le domaine industriel et leur
implémentation en temps réel n’est pas toujours facile. La plupart des contréleurs industriels
utilisent I’idée de colocalisation. En effet, chaque systéme complexe est décomposé en un
ensemble de sous-systémes interconnectés et chacun d’eux est muni de son propre capteur et
actionneur et en plus il est commandé séparément et indépendamment. Plusieurs avantages
sont offerts par ce type de configuration a savoir, la simplicité de la synthése et de la mise en
ceuvre en temps réel des lois de commande, la réduction de 1’effort de calcul et la réduction
de ’ordre de complexité (chaque sous-systéme est d’ordre moins ¢€levé que le systeme au
complet). Plusieurs techniques ont été utilisées dans le cas ou le systeéme est vu comme étant
un ensemble de sous-systémes interconnectés. Une méthode de commande basée sur le
contrdle des joints indépendant (Hsia, Lasky et Guo, 1991; Seraji, 1988; Spong et
Vidyasagar, 1989) est tres utilisée pour les robots industriels. Son principe est de controler

chaque joint comme étant un systeme SISO. Un controleur de type PID classique est utilisé
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pour chaque joint (Spong et Vidyasagar, 1989). Chaque sous-systéme est trait¢ comme étant
un systéme linéaire et les effets de couplage sont traités comme des perturbations. Cette

méthode contient des limites dans le cas du suivi a vitesse élevée.

La commande décentralisée est aussi utilisée pour le contrdle des systémes robotiques quand
la dynamique est vue comme étant des sous-systémes interconnectés (Colbaugh et Glass,
1996; Colbaugh, Seraji et Glass, 1994; Indrawanto, Swevers et Van Brussel, 1998; Katic et
Vukobratovic, 1994). Deux lois de commande décentralisées adaptatives ont été appliquées
aux robots manipulateurs (Colbaugh et Glass, 1996): la premiére est utilisée pour le probléme
de suivi et le deuxiéme est utilis¢ pour le probléme de régulation de la position. La
convergence semi-globale des erreurs est uniquement assurée quand la commande adaptative

est utilisée en absence des perturbations externes.

La commande distribuée est également utilisée pour ce type de configuration (Fareh, Saad et
Saad, 2012b; 2012 ; Fareh, Saad et Saad, 2012c; Fareh et al., 2011). Cette stratégic de
commande a été développée pour un robot rigide a 7 ddl. Elle consiste a contrdler une seule
articulation a chaque étape en commencant de la derniére articulation jusqu’a la premicre.
Une commande adaptative indirecte dite hiérarchique a été déduite dans (Fareh, Saad et Saad,
2012 ). La loi de commande de la i"™ articulation est développée en fonction de ses propres
parametres estimés et des parameétres estimés et de toutes les articulations de niveau supérieur
(de n°™ jusqu’a (i-1) ™). Juste la stabilité locale a été prouvée en utilisant I’approche de
Lyapuov. Donc, il est intéressant de développer des lois de commande assurant la stabilité

globale.

1.2.2 Commande des manipulateurs flexibles

1.2.2.1 Commande dans I’espace articulaire

Régulation
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L’objectif est de développer une loi de commande capable d’amener le systéme a un point
désiré. Dans le cas des manipulateurs flexibles, plusieurs algorithmes de commande ont été
proposés dans la littérature afin de résoudre le probléme de régulation dans I’espace
articulaire. La commande proportionnelle dérivée (PD) est trés utilisée pour résoudre ce type
de probléme. Dans (Canudas de Wit, Siciliano et Bastin, 1996; De Luca et Siciliano, 1993),
les auteurs ont utilisé la commande PD avec compensation de 1’effet de gravité pour un robot
a plusieurs bras flexibles. En utilisant la théorie de Lyapunov, ils ont prouvé que cette
commande assure la stabilise globale de la position articulaire. La théorie de passivité a été
utilisée dans (Lanari, 1992; Wang, 1992) pour stabiliser la position articulaire d’un systéme a
un bras flexible par un régulateur PD. La passivité entre la vitesse articulaire et le couple de

commande a été démontrée pour un robot a un bras flexible.

Une contrainte supplémentaire peut étre prise en compte dans le probléme de régulation tel
que le temps de mouvement articulaire qui sera un parameétre fixe. Cette méthode a été
utilisée pour un modele masse-ressort dans (Meckl, 1994). Le signal de commande a été
décomposé en deux fonctions: sinusoidale et linéaire afin de minimiser I’énergie de
commande pendant le début a la fin du mouvement désiré. Dans (Chan, 1995), les auteurs ont
proposé une méthode basée sur la planification des consignes rigides. Dans le cas d’un robot a
deux bras dont le dernier est flexible, la position articulaire finale est atteinte sans avoir des
oscillations en utilisant une méthode basée sur la planification de mouvements articulaires

dans (De Luca et Di Giovanni, 2001).

Il faut noter que la régulation (dans I’espace articulaire) est trés limitée, car elle n’assure
méme pas un suivi de trajectoire au niveau articulaire et par conséquent ne peut pas assurer un
suivi dans I’espace cartésien.

Suivi de trajectoire dans I’espace articulaire

Pour ce probleme, 1’objectif est de suivre des trajectoires articulaires temporelles tout en

annulant ou minimisant les vibrations au niveau bu bras flexible a la fin du mouvement désiré.
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Plusieurs approches ont été proposées pour résoudre ce probléme tel que la linéarisation
entrée-sortie, les perturbations singuli¢res et la commande adaptative.

La linéarisation entrée-sortie a connu un grand succes dans le cas des robots rigides. Cette
approche consiste a linéariser la dynamique du systéme par une rétroaction de la partie non
linéaire. Plusieurs travaux ont utilisé cette approche pour les manipulateurs flexibles (Aoustin,
1994; Siciliano et Book, 1988; Truckenbrodt, 1982). Dans (Siciliano et Book, 1988) , une
linéarisation au sens entrée-sortie a ¢té appliquée pour un systéme a bras flexible tournant
dans le plan horizontal. Le suivi de trajectoires désirées dans 1’espace articulaire est assuré,
mais un sous-systéme non observable est apparu. Cette dynamique non observable est stable
et elle est associée a la déformation. Malheureusement, cette méthode ne peut pas étre
appliquée pour assurer le suivi de trajectoires dans 1’espace de travail a cause du déphasage

non minimal.

La technique des perturbations singuliéres a été aussi appliquée pour la commande des
manipulateurs flexibles (Salehi et Vossoughi, 2008; Siciliano et Book, 1988; Subudhi, 2005).
Cette technique consiste a séparer les variables évoluant dans des échelles de temps différents.
En effet, la dynamique non linéaire des manipulateurs flexibles est divisée en deux parties :
une partie lente qui correspond aux coordonnées généralisées rigides et une partie rapide
correspondant aux coordonnées généralisées flexibles. En profitant de la différence entre les
deux constantes de temps de la partie lente et rapide, un couple pré calculé pour controler la
partie rigide et une commande linéaire pour la partie flexible ont été appliqués a un systéme a
un bras flexible (Siciliano et Book, 1988). L’avantage de cette technique a été prouvé apres
une comparaison avec une commande linéaire. Pour que le premier mode reste dominant, ce
dernier doit €tre inclus dans le sous-systeme lent. Cette conclusion est vraie si la premiére
fréquence naturelle est proche de zéro. Cette méthode peut étre appliquée a un systéme a

plusieurs bras flexibles.

La commande adaptative a été¢ également utilisée pour résoudre le probléme de suivi de
trajectoire dans 1’espace d’articulations (Abiko et Yoshida, 2005; Fareh, Saad et Saad, 2009;
Lih-Chang et Sy-Lin, 1996). Dans (Fareh, Saad et Saad, 2009), les auteurs ont appliqué une
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commande adaptative robuste pour un robot a un bras flexible tournant dans le plan horizontal
pour suivre une trajectoire désirée dans I’espace d’articulations. Ils ont défini une surface de
glissement s composée des erreurs de suivi de vitesse plus une valeur pondérée de la
dynamique des erreurs de suivi de position. Un couple pré-calculé a été appliqué dans un
premier temps puis une version adaptative a été développée et appliquée. Un bon suivi de
trajectoire a été obtenu. La stabilité de la dynamique des erreurs de suivi a été prouvée en
utilisant la théorie de Lyapunov. La passivité¢ est utilisée dans (Cheong, Chung et Youm,
2000) pour proposer une commande qui assure le suivi de trajectoire dans I’espace articulaire.
Un compromis entre I’annulation des vibrations et la précision du suivi articulaire a été

présent dans les résultats trouvés.

1.2.2.2 Commande dans I’espace cartésien

La propriété de déphasage non-minimal, qui caractérise les modeles des manipulateurs
flexibles lorsque les sorties sont définies dans 1’espace de travail, rend le probleme de la
commande plus complexe par rapport aux problémes annoncés précédemment. Pour trouver
une solution a ce probléme, le premier obstacle a résoudre est I’inversion de la dynamique des
manipulateurs flexibles. Une fois la dynamique est inversée, la conception d’'une commande

permettant d’assurer la stabilité des erreurs de suivi est possible.

L’espace de travail et articulaire sont liés par deux relations : une relation cinématique et une
relation dynamique. La cinématique inverse, utilisée pour les manipulateurs rigides, n’est plus
suffisante pour transformer les trajectoires désirées de 1’espace de travail vers 1’espace
articulaire. Pour résoudre ce probléme, 1’idée de définition d’un espace intermédiaire entre
I’espace de travail et celui des articulations a été utilisée dans la littérature (Christoforou,
2000; Saad, 2004; Talebi, Khorasani et Patel, 1999; Wang, 1991; Yang, Krishnan et Ang Jr,
1999). Cet espace est lié¢ avec 1’espace de travail par une relation cinématique comme le cas
des manipulateurs rigides. La transformation de trajectoires désirées de cet espace
intermédiaire a 1’espace articulaire nécessite une résolution d’une équation différentielle non

linéaire. Dans ce contexte, la méthode quasi-statique (Pfeiffer et Gebler, 1988) est utilisée
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pour assurer la transformation des trajectoires désirées vers l’espace articulaire. Cette
approche néglige la vitesse et I’accélération des coordonnées généralisées flexibles. Une
méthode itérative, basée sur I’intégration causal-anticausale, a été également développée dans
(Bigras, 2003) pour résoudre le probleme de 1’inversion de la dynamique. Le théoréme de

contraction a été utilisé pour démontrer les conditions de convergence.

Contrairement aux manipulateurs rigides, les actionneurs et les capteurs utilis€s pour mesurer
la déformation, dans les manipulateurs flexibles, ne sont pas localisés aux mémes endroits.
Par conséquent, les techniques d’inversion de la dynamique utilisées pour les robots rigides ne
sont plus applicables a cause de I’instabilit¢ de la dynamique des zéros. Pour contourner ce
probléme, plusieurs solutions ont été proposées dans la littérature telle que la technique basée
sur la redéfinition de la sortie non localisée. Le principe de cette technique est la redéfinition
des sorties a commander de fagon a ce que la nouvelle dynamique soit 8 minimum de phase.
Un systeme est dit @ minimum de phase si, dans le cas des systémes linéaires, tous les zéros
de la fonction de transfert sont dans le demi-plan gauche et dans le cas des systémes non
linéaires, la dynamique des zéros est stable. Dans (Saad, Saydy et Akhrif, 2000b), 1’auteur a
utilisé la méthode de redéfinition de la sortie pour contréler I’extrémité d’un systéme a un
bras flexible tournant dans le plan vertical. 11 a utilisé la passivité pour sélectionner la sortie la
plus proche de I’extrémité du bras pour laquelle la dynamique interne soit bornée. La sortie
trouvée est paramétrisée par un parametre réel. Aprés ’inversion de la dynamique, il a utilisé
un contrdleur strictement passif pour assurer un suivi de trajectoire dans 1’espace de travail.
Cette méthode a été bien appliquée a un systéme a un seul bras flexible, mais il est intéressant
de voir sa performance pour des manipulateurs a plusieurs bras flexibles. La technique de
redéfinition de sorties est également utilisée pour définir une sortie non colocalisée pour un
systetme a un bras flexible dans (Wang, 1991). Le systeme devient passif avec la nouvelle
sortie si I’inertie concentrée du moteur est assez importante. Cette nouvelle sortie est définie
comme ¢étant la différence entre la position articulaire multipliée par la longueur du bras et la

déformation a 1’extrémité.
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Une fois le probléme de I’inversion dynamique est résolu, les stratégies de commande
peuvent étre utilisées pour assurer un bon suivi de trajectoires dans I’espace de travail. Pour
une classe des manipulateurs dont le dernier bras est flexible, une stratégie de commande qui
assure la stabilité des erreurs de suivi de trajectoire dans ’espace virtuel a été proposée dans
(Bigras, 2003). Cette stratégie de commande est composée d’une loi de commande
linéarisante par rapport aux articulations ainsi que deux retours d’état linéaire. Les gains des
controleurs, qui assurent la stabilit¢ exponentielle des erreurs de suivi, sont calculés en
utilisant le théoreme de passivité, I’étude de la stabilit¢ des systémes hiérarchiques et
I’inégalité matricielle linéaire des systémes (Bigras, 1997). Plusieurs hypothéses ont été
supposées dans ce travail. Cette méthode n’est pas applicable directement & un systéme a

plusieurs bras flexibles et elle n’a pas été validée expérimentalement.

La commande adaptative, appliquée pour les robots rigides (Slotine et Weiping, 1987), a été
modifiée dans (Fareh, Saad et Saad, 2009; Kelkar et Joshi, 2004; Lih-Chang et Sy-Lin, 1996)
pour prendre en considération la flexibilit¢ au niveau des manipulateurs flexibles. Une sortie
non localisée la plus proche de I’extrémité a été sélectionnée dans (Saad, Saydy et Akhrif,
2000a; Saad, Saydy et Akhril, 2000; Saad, Saydy et Akhrif, 2000b) pour assurer un bon suivi
dans I’espace de travail et une dynamique interne stable. Les auteurs ont étudié la robustesse
de la loi de commande face aux variations de la charge et de I’inertie du moteur pour un
systtme a un bras flexible. Dans (Wang et Vidyasagar, 1991), les auteurs ont utilis¢ un
observateur non linéaire pour estimer les variables d’état de la déformation. Pour réduire les
vibrations résiduelles, une commande optimale, basée sur un filtre de Kalman, a été utilisée
dans (Kwon, 2006). La robustesse par rapport a la variation des parameétres est assurée dans ce

cas.

Dans (Moallem, Patel et Khorasani, 2001a), les auteurs ont utilis¢ la méthode des
perturbations singuliéres pour développer une commande basée sur la dynamique inverse tout
en assurant le suivi de I’extrémité d’un robot a un bras flexible. Une faible erreur de suivi est
obtenue et la performance robuste est assurée. Dans (Wang et al., 1996), les auteurs ont

développé, dans un premier temps, la dynamique d’un manipulateur a deux bras flexibles. Des
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nouvelles sorties sont définies pour remplacer les coordonnées généralisées rigides dans le
modele dynamique. Ces sorties représentent les angles formés par les extrémités des deux
bras. Par la suite, ils ont utilisé¢ une linéarisation entrée-sortie pour linéariser partiellement le
modele dynamique. Une commande non linéaire par retour d’état a été développée pour
stabiliser la dynamique interne du nouveau systéme. Cette loi de commande peut étre

appliquée a un systéme a plusieurs bras flexibles.

Une stratégie de commande distribuée a été développée dans (Fareh, Saad et Saad, 2013b)
pour un manipulateur a deux bras flexibles. Cette stratégie consiste a mettre le modele
dynamique sous forme de deux sous-systémes interconnectés. Le premier sous-systeme
contient le deuxiéme bras flexible ainsi que 1’articulation associée. Le deuxiéme sous-systéme
contient la premicre paire articulation-bras flexible. La loi de commande du deuxiéme sous-
systéme est tout d’abord développée en supposant que le premier sous-systéme est stable.
Puis, en utilisant la méme procédure, la loi de commande du premier sous-systéme est

déduite. Juste la stabilité locale a été prouvée en utilisant I’approche de Lyapunov.

1.3 Méthodologie

La stratégie de commande distribuée que nous proposons concerne les manipulateurs rigides
et flexibles. La phase de modélisation est nécessaire pour déterminer le modele mathématique
des manipulateurs et, par la suite, déduire certaines propriétés qui seront utiles pour la

conception des lois de commande.

Pour développer une nouvelle stratégie de commande pour les manipulateurs rigides et
flexibles, il est intéressant de commencer le développement et I’application a des
manipulateurs rigides, qui représentent la majorité¢ des manipulateurs utilisés dans 1’industrie.
De plus, la commande de ce type de manipulateurs est beaucoup moins compliqué par rapport
des manipulateurs flexibles. En effet, les manipulateurs rigides sont totalement actionnés et a
minimum de phase lors du contrdle de I’extrémité. Pour la validation, deux approches sont

testées sur un robot & 7 ddl assurant la poursuite dans I’espace de travail: une commande
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distribuée et sa version adaptative. Puis, en augmentant le niveau de complexité, cette
stratégic de commande est développée et appliquée aux systémes sous-actionnés
(manipulateurs flexibles) pour suivre les trajectoires désirées dans I’espace articulaire et
minimiser les vibrations au niveau des bras flexibles. Deux versions de commande sont
développées et implémentées en temps réel sur un robot a deux bras flexibles: une commande
distribuée et sa version adaptative. Aprés avoir appliqué 1’idée principale sur les
manipulateurs rigides et les manipulateurs flexibles dans 1’espace articulaire, nous passons a
I’application aux manipulateurs flexibles dans 1’espace de travail qui présente la tache la plus
compliquée. Deux approches sont développées dans ce cas, la premiére assurant la stabilité
locale et la deuxiéme est plus générale qui assure la stabilité globale. D’une fagon plus

détaillée, les étapes suivies sont présentées ci-dessous :

La premiere étape consiste a développer une stratégie de commande distribuée pour les
manipulateurs rigides assurant la stabilité des erreurs de suivi dans I’espace de travail.
Premiérement, la dynamique du manipulateur est mise sous forme d’un ensemble des sous-
systémes interconnectés. Chaque articulation représente un sous-systeme. Cette stratégie de
commande utilise, dans un premier temps, la cinématique inverse pour transformer les
trajectoires désirées de I’espace de travail vers 1’espace articulaire. Ensuite, une commande
distribuée est développée pour assurer le suivi de trajectoires dans 1’espace articulaire. Cette
stratégie de commande consiste & commander et stabiliser le dernier sous-systéeme tout en
supposant que le reste des articulations est stable. Puis, nous passons a la commande et la
stabilisation de 1’avant-dernier sous-systéme jusqu’a la premicre articulation en utilisant la
méme stratégie. La transformation de trajectoire de 1’espace articulaire a 1’espace de travail
est assurée par la cinématique directe. L’étude expérimentale et I’implémentation en temps

réel sur un robot rigide a 7 ddl sont nécessaires pour valider cette nouvelle approche.

Dans la deuxiéme étape, les paramétres du manipulateur rigide sont supposés inconnus et la
loi de commande distribuée développée pour les robots rigides dans la premiére étape doit
contenir un processus d’adaptation pour estimer ces parametres. Une commande adaptative

est ainsi proposée. En effet, en commencgant par le dernier sous-systéme (articulation) tout en
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supposant que le reste des articulations est stable, on estime les paramétres du systéme
existant dans I’équation du mouvement du dernier sous-systéme et la loi de commande est
ainsi développée en fonction de ces paramétres estimés. En reculant vers ’arriére (avant
dernicre articulation), on suppose que le reste des articulations est stable et on estime les
parametres du systéme existant dans I’équation du mouvement de cette articulation. La loi de
commande est déduite en fonction des anciens parametres estimés pour [’articulation
précédente et les nouveaux parameétres estimés pour la présente articulation. La méme
procédure est utilisée, au rebours, pour estimer les parametres et développer les lois de
commande adaptative. La validation expérimentale sur un manipulateur rigide a 7 ddl est

présente pour montrer I’apport et la performance de cet algorithme.

En augmentant le degré de difficulté, la troisiéme étape consiste a modifier et étendre la
stratégie de commande distribuée pour I’appliquer aux systémes sous-actionnés a savoir les
manipulateurs flexibles. De plus pour le suivi de trajectoires, cette stratégie de commande doit
minimiser les vibrations des bras flexibles. Pour atteindre cet objectif, le modé¢le dynamique
des manipulateurs flexibles est réorganisé, dans un premier temps, pour prendre la forme
d’un ensemble de sous-systémes interconnectés. Chaque sous-systeéme contient une
articulation et son bras flexible associé. Puis, la loi de commande de chaque sous-systéme est
développée en supposant que le reste de sous-systémes est stable. Cette stratégie est appliquée
a partir du dernier sous-systéme jusqu’au premier. La stabilité globale de tout le systéme est
assurée par 1’approche de Lyapunov. L’implémentation en temps-réel sur un robot a deux bras

flexibles est présente pour montrer le niveau de performance de cette loi de commande.

La quatriéme étape consiste a modifier la stratégie de commande distribuée développée pour
les manipulateurs flexibles pour étre applicable dans le cas ou les paramétres sont inconnus.
L’objectif est de développer la version adaptative de la commande distribuée assurant le suivi
de trajectoires dans 1’espace articulaire et minimisant les vibrations. Pour le i"™ sous-systéme,
constitué de la i*™ articulation et le bras flexible associé, la loi de commande est développée

en fonction de ses propres parametres estimés ainsi que tous les parametres déja estimés pour
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les sous-systémes de niveau supérieur. La stabilit¢ globale est assurée par 1’approche de

Lyapunov. La validation expérimentale est présente pour un robot a deux bras flexibles.

Jusqu’a présent, une stratégie de commande distribuée pour les manipulateurs rigides assurant
la poursuite dans 1’espace de travail a été développée. Puis, elle a été modifiée pour
I’appliquer sur les manipulateurs flexibles assurant la poursuite dans 1’espace articulaire et la
minimisation des vibrations des bras flexibles. Il sera intéressant de pousser le niveau de
difficulté et essayer cette stratégie de commande aux systemes a déphasage non minimal tel
que le suivi de trajectoires dans ’espace de travail pour les manipulateurs flexibles. Pour
I’inversion de la dynamique, un espace intermédiaire nommé espace virtuel, entre 1’espace de
travail et ’espace articulaire, est utilisé pour transformer la trajectoire désirée de I’espace
cartésien vers I’espace articulaire. L’approche quasi-statique est utilisée pour le passage de
I’espace virtuel a 1’espace articulaire. Pour surmonter le probléme de déphasage non-minimal,
la technique de redéfinition de la sortie est utilisée pour sélectionner une sortie la plus proche
possible de I’extrémité assurant une dynamique interne bornée. Une étude de stabilité de la
dynamique interne (ou dynamique des zéros) en se basant sur la passivité est utilisée pour
déterminer la valeur critique du paramétre caractérisant cette sortie paramétrisée. Une loi de
commande basée sur 1’approche de linéarisation par retour d’état est proposée pour assurer la

stabilité locale des erreurs de suivi.

La sixiéme étape consiste a étudier la stabilité globale des erreurs de suivi dans 1’espace de
travail d’un manipulateur & deux bras flexibles en utilisant la loi de commande des robots
rigides modifiée. La transformation des trajectoires désirées de 1’espace de travail vers
I’espace articulaire est assurée par I’espace virtuel et I’approche quasi-statique. La technique
de redéfinition de la sortie est utilisée pour résoudre le probléme de non-minimum de phase.
La loi de commande assurant la stabilit¢ globale est développée en généralisant celle

développée dans la deuxiéme étape.
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14 Originalités des travaux

Cette recherche porte sur le développement des lois de commande non linéaire permettant

d’assurer la stabilité de la dynamique des erreurs de suivi pour des manipulateurs rigides et

flexibles.

Suite a la revue de littérature, malgré que plusieurs travaux portent sur la commande des
manipulateurs, peu d’entre eux portent un regard précis sur le suivi de trajectoire dans
I’espace de travail tout en assurant la stabilité¢ globale de la dynamique de I’erreur. De plus,
parmi les méthodes de commande assurant le suivi dans I’espace de travail, trés peu d’entre
elles profitent de la structure spécifique des manipulateurs pour la conception des lois de
commande distribuées. Souvent, les méthodes de commande utilisées pour les manipulateurs
offrent une seule loi de commande pour toutes les articulations et la dynamique des
manipulateurs est vue comme étant un seul systtme MIMO ce qui complique

I’implémentation en temps-réel.

Par contre, dans le cas des applications industrielles, les contrdleurs se basent sur 1’idée de
colocalisation et chaque articulation est commandée par son propre contrdleur et la
dynamique est regardée comme un ensemble de sous-systémes interconnectés. Pour le suivi
de trajectoires dans I’espace de travail, la commande des manipulateurs flexibles est différente
a celles des manipulateurs rigides, car, dans ce cas, le systétme devient & non minimum de

phase et sous actionné.

A la meilleure de la connaissance de 1’auteur, cette recherche a donné lieu aux contributions

suivantes :

1. Conception d’une nouvelle stratégie de commande distribuée pour les manipulateurs
rigides assurant la stabilit¢ globale des erreurs de suivi dans I’espace de travail. Une
validation expérimentale de cette stratégie, sur un robot rigide a 7 DDL, est présentée dans

le chapitre 2 pour montrer la performance de cette stratégie;



27

. Modification de la loi de commande proposée dans le premier point pour assurer la
robustesse de la loi de commande distribuée en développant la version adaptative assurant
la stabilité globale de la dynamique des erreurs de suivi. Pour montrer 1’éfficacité de cette

approche, I’implémentation en temps-réel est présentée dans le chapitre 3;

. Conception d’une stratégie de commande distribuée pour les manipulateurs a bras flexibles
pour assurer le suivi de trajectoire dans 1’espace articulaire et minimiser les vibrations des
bras flexibles. La validation expérimentale sur un robot a deux bras flexibles est présente

dans le chapitre 4;

. Développement de la version adaptative de la loi de commande proposée dans (3) pour
assurer la dynamique des erreurs de suivi dans 1’espace articulaire et minimiser les
vibrations des bras flexibles. L implémentation de cet algorithme sur un robot a deux bras

flexibles est présente dans le chapitre 5;

. Conception d’une commande distribuée pour un manipulateur a deux bras flexibles
assurant le suivi de trajectoire dans 1’espace de travail. I’espace virtuel et I’approche quasi-
statique sont utilisés pour le probléme de I’inversion de la dynamique. Pour le probléme de
déphasage non-minimal, la technique de redéfinition de sortie est utilisée. Un controleur

strictement passif, assurant la stabilité locale, est également utilisé dans le chapitre 6;

. Généralisation de la stratégie de commande proposée dans (1) pour assurer la stabilité
globale de la dynamique des erreurs de suivi d’un robot a deux bras flexibles. Les résultats
de simulation sur un robot a deux bras flexibles montrant un bon suivi dans 1’espace de

travail sont présentés dans le chapitre 7.
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Abstract

This paper proposes a novel distributed nonlinear controller for a hyper redundant articulated
nimble adaptable trunk (ANAT) robot to track a desired trajectory in the robot’s workspace.
The distributed control strategy consists in controlling the last joint by assuming that the
remaining joints are stable and follow their desired trajectories. Then, going backward to the
(n-1)-th joint, the same strategy is applied, and so on until the first joint. The proposed
control law guarantees the global asymptotical stability of the tracking errors. This global
stability is proved using Lyapunov theory. The proposed approach is implemented in real
time on a 7 DOF ANAT robot. Experimental results and the comparison with the computed
torque approach show the effectiveness of the approach and good tracking performance in

the workspace.

Key Words: Distributed control, ANAT robot, workspace tracking, stability analysis.
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2.1 Introduction

In the past few decades, many authors have considered the tracking control problem in the
workspace of manipulators because the tasks, defined in the workspace (painting, assembly
...), are usually performed by the end effectors. Robot manipulators, with their nonlinear
dynamics, present a challenging control problem and have been the focus of attention of the
control community in the literature. Indeed, multi-link manipulators can be regarded as: 1)
one MIMO system and a single controller designed to control all joints of the manipulator or
2) interconnected subsystems (joints) with constraints on information flow between these

subsystems.

In the case of a one MIMO system, many control strategies were proposed for robot
manipulators to solve the tracking control problem in the joint space or in the workspace. The
computed torque method (Dawson, Grabbe et Lewis, 1991; Krstic, 2004; Li, Tso et Poo,
1998; Yim et Singh, 1993) iswidely used and very successful in controlling robot
manipulators. The nonlinearity of the dynamical systems is cancelled using the systems’
mathematical model. However, due to the requirement of precise knowledge of the system
structure and parameters, the computational task is very extensive. Sliding mode control
(Asada et Slotine, 1986; Man et al., 2011; Mu, 2011) is also widely used for controlling robot
manipulators. This approach is based on switching surface in order to drive the system state
variables of tracking error to the origin. When the system state intersects with the sliding
surface, it becomes more sensitive to variations of parameters. Exact knowledge of the
system parameters is not required for this method; it only requires the upper bound of
uncertainty. This method is applied in (Asada et Slotine, 1986) and oscillations of the control
activity (chattering problem) appeared. To reduce the chattering level of the control input, a
sliding surface with a new reaching law that contains an exponential term is used in (Fallaha
et al., 2011). For n degrees-of-freedom robot manipulators, the backstepping approach and
passivity theory were used in (Lotfazar et Eghtesad, 2007b) to solve a tracking problem in

the presence of disturbance friction and parameter uncertainty.
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In the previous nonlinear control schemes, the robot manipulators are controlled by a single
controller as one MIMO system. Unfortunately, the real-time implementation of these
controllers in industrial control systems is not easy (Fu, Gonzalez et Lee, 1987) due to the
complexity of the control structures. To overcome this problem, the dynamics of robot
manipulators can be viewed as interconnected subsystems (joints) and most industrial control
systems can be solved using independent controllers for each joint. There exist many
advantages of this control strategy, such as simplicity of implementation, fault tolerance,

reduction of computational effort, etc.

Many control schemes were used in this context. A distributed control was used in (Fareh,
Saad et Saad, 2012b; 2012 ; 2012 ; Fareh et al., 2011) to solve the tracking control
problem.This distributed control strategy consists in controlling the n joints of the
manipulator starting from the last joint, then going backward until the first joint. At each
step, the corresponding joint is controlled assuming that the remaining joints are stable and
follow their desired trajectories. In (Fareh, Saad et Saad, 2012 ; Fareh et al., 2011), the
system parameters are assumed to be perfectly known and the control law is based on
feedback linearization and sliding mode approaches, respectively. A good tracking of
workspace trajectory was obtained for a 5 DOF ANAT robot. An adaptive version was
presented in (Fareh, Saad et Saad, 2012 ) to track a desired trajectory in the joint space for a
3 DOF ANAT robot. In these studies, local stability is guaranteed. However, the global
stability is not proved. Decentralized control was also used in (Hsu et Fu, 2003; Jian-Qi et
Wend, 1999; Osman et Roberts, 1994; Sadati et Elhamifar, 2005; Vukobratovic et Karan,
1996). In (Osman et Roberts, 1994) the authors applied a decentralized control to solve
robots’ tracking control problem. They only considered a particular class of manipulators
where joints’ inputs don’t have a control coupling. An Independent Joint Control where each
joint is controlled by a PID controller is proposed in (Spong et Vidyasagar, 1989). Each
subsystem is treated as a linear system and the nonlinear coupling effects are considered as
disturbances to be rejected by the controller. This approach has a low performance for

tracking purposes at high velocities.
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In this work, we propose a novel nonlinear distributed controller to solve the tracking control
problem in the workspace for a 7-DOF ANAT robot. The tracking in the workspace is first
transformed into the joint space using inverse kinematics. The inverse kinematics problem is
then solved using the pseudo-inverse of the Jacobian. The distributed control strategy
consists of controlling the last joint while assuming that the remaining joints are stable and
follow their desired trajectories. Then, going backward to the (n-1)-th joint, the same strategy
is applied, i.e. the (n-1)-th joint is controlled while assuming the remaining joints follow their
desired trajectories, and so on until the first joint. The global asymptotical stability is proved

using Lyapunov theory. The distributed strategy is tested on the ANAT robot.

The paper is organized as follows. Section 2.2 presents the model of the ANAT robot and
describes its features. Section 2.3 proposes the distributed control strategy and presents
global stability analysis. Experimental results are presented in Section 2.4. Finally, a

conclusion is given in Section 2.5.

2.2 Modeling of the ANAT Robot

The system considered in this work is shown in Figure 2.1. It is a hyper redundant articulated
nimble adaptable trunk (ANAT) robot. It has seven degrees of freedom: the first joint is
prismatic, followed by three redundant rotary joints (joints 2, 3, and 4), and an end

effector that consists of three rotary joints (joints 5, 6, and 7).
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Figure 2.1 ANAT robot and axes.
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The Denavit-Hartenberg parameters of the ANAT robot are given in Table 2.1.

Table 2.1 Denavit-Hartenberg parameters of ANAT robot
Tiré de (Le Boudec, Saad et Nerguizian, 2006)

Joints a;_q a;_q d; q;
1 0 0 dy 0
2 0 Ly 0 P
3 0 0 as
4 0 0 qa
5 0 L, qs
6 /2 L, 0 de
7 —1/2 0 —L, q7

For a redundant robot, assuming a collision-free space, the velocities in the workspace and

the joint space are linked by the generalized inverse Jacobian matrix as follows:

q=J"0/"N " 2.1)
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where | is the Jacobian matrix, ¢ is the joint space velocity vector and v is the Cartesian
velocity vector. The position in the joint space ¢ is given from ¢ using an integrator.
The position of the tool relative to the base reference is calculated using the

homogeneous transformation matrices (Le Boudec, Saad et Nerguizian, 2006) and is given
by:

L4S33455¢ + L3Sp345 + L[S234 + 523 + 53] (2.2)

X L4Cy34556 + L3Ca345 + L34 + Co3 + 3] + Ly
Z _L4C6 + L2 + ql

where s; = sin(q;), ¢; = cos(q;), s;; = sin(q; + qj), Cij = cos(q; + qj) and L; are given in

Table 1.

Using Lagrange equations, the manipulator’s equation of motion is given by:

M(@)§g+C(q.9q+G(@ =1 (23)

where g € R™ denotes the vector of the generalized positions in the joint space, M(q) €
R™™ is a symmetric positive definite inertia and mass matrix, C(q, q)q is the Coriolis and
centrifugal forces vector, G(q) € R" is a vector of gravity terms, T € R" is the joint input
torque vector, and finally ¢ and § are the joints’ velocity and acceleration vectors

respectively.

The model has the following properties that will be used in the stability analysis of the
developed control law:
P1. Since the inertia and mass matrix M(q) is a symmetric positive definite matrix then we

can deduce that the diagonal elements are positive:
M;;(q) > 0;fori=1..n (2.4)
P2. M(q) — 2C(q, q) is a skew symmetric matrix. Then, this propriety is preserved for the

diagonal elements of M(q) and C(q, ¢) and we can write,
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M;;(q) — 2C;;(q,q) = 0;fori=1..n (2.5)

The objective of this work is to track a desired trajectory defined in the workspace of the
ANAT robot. Three steps are considered to achieve this objective. The inverse kinematics of
the redundant robot is used, in the first step, to transform the desired trajectory from the
workspace to the joint space. In the second step, a distributed control law, is developed to
ensure tracking of the desired trajectory in the joint space obtained in the first step. In the
third step, the direct kinematics is used to transform trajectories from the joint space to the

workspace.

2.3 Distributed Control Strategy

The strategy of the distributed control consists in controlling the last joint by assuming that
the remaining joints are stable and follow their desired trajectories. Then, going backward to
the (n-1)-th joint, we assume that the remaining joints (1,..., n-2, n) follow their desired
values. By following the same strategy, the control laws of the remaining joints are
developed. At each step, the control law is developed. The control law of the n joints and the

stability analysis are developed in this section.

2.3.1 Control law

The dynamical model of the ANAT robot (2.3) can be written as follows:

M1 (q) il (a9 Gl(q)
: + : ] [ ] (2.6)
M (q) CI (g, 4) Ga(@)
where M] (q) = [My; .. Mp],and €/ (q,¢) =[Cix .. Cinl.

When controlling the i-th joint, we assume that the remaining joints follow their desired
trajectories. New generalized coordinates are then defined where the i-th coordinate is

controlled and the remaining coordinates follow their desired trajectories such that:
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{Qij =q;;Qij=q;; Qi =§; forj =i (2.7)
Qij = qjas Qij = qjas Qj = Gjq for j#1i

To control the last joint, the remaining joints (1,..., n-1) are assumed to be stable and follow

their desired trajectories. The equation of movement of the n-th joint becomes:

MZ(Qn)Qn + Cr{(Qn' Qn)Qn + Gn(Qn) =Tn (2.8)

where:

MZ(Qn)z[Mnl(Qn) v Mpi(Qn) o Mppn(Qp)]

(2.9)
erlw(Qnr Qn) = [Cnl(Qn' Qn) Cni(Qn' Qn) Cnn(Qn; Qn)]
and the position, the velocity, and the acceleration are given by:
Qn = [CI1d = qn-1)d qn]T (2-10)
Q, =1[d1a - dmn-1a )" (2.11)
Qn = [G1a Gmn-1a Gn]” (2.12)

Note that the first (n-1) coordinates are the desired ones, and the n-th coordinate is the

controlled one.

The control law for the n-th joint is proposed as follows:

Th = pn‘7n + Kdnﬁn + M%‘(Qn)Q;; + CrTL‘(Qn; Qn)Qnd + Gn(Qn) - Srn (2'13)
where K, and Ky, are positive gains, 0} = Qg + ]/n(jn, Qna = [d1a - dn-va  qnal”,
Q,q is its time derivative, 0, = Qg —Q, =[0 .. 0 G]7, and y, = II:—Z". The last

element of the proposed control law is defined using the Taylor series as:
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n-—1 n
0Ty = Z 8Myjdja+ ) 6Cpnjdja + 8Gy + EMyyiir, (2.14)
j=1 =1
where q:L = éI.nd + anLna
n—-1
oM, ()| .
My = )~ | @i+ Ruy(@)
. q; ]
Jj=1 djd
(2.15)
n—-1
M ()| . .
5Mnnzzg—n q]'+RMnj(q]-)
- qj .
Jj=1 qja
n-1 n—1
aC (q' CI) - aC (q' CI) 2 ~ 2
8C,y; =Z n('])q. qj+Z”éT G + Rey, (@,4)) (2.16)
= J . — J .
Jj=1 dja Jj=1 qdjd
n-1
aG
5G, = a”(q) G; + Re, (@) (2.17)
j=1 g djd

RMnj,Ran, and R, are the high order terms given in Appendix of the Taylor series for

M,;(q), Cnj(q),and G,(q), respectively (Bartle et Sherbert, 2000) (See Appendix for more
detail).

Then, we apply the same strategy by going backward from the (n-1)-th joint until the first
joint. Taking for example the i-th joint, the equation of movement is given by the following

expression:

M (Q)0; + €T (Q:,0.)0; + G:(Q) =1, (2.18)

where:
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MI(Q) = [Mn(@Q) .. Mu(Q) ... My (Q)]

(2.19)
¢l (0w Q) = [Ca(Qi Qi) - Cu(Qu Q) - Cin(QuQ1)]
and the new generalized coordinate is given by:
Q;=1[91a - 9G-va 4 9qa+va - Yna]” (2.20)
Q; =[da - di-va 4 da+va -~ Gnal” (2.21)
Qi = [qld c7(1’—1)d qi .C'I(i+1)d qnd]T (2.22)

Note also that the i-th element is the controlled coordinate and the remaining ones are the

desired coordinates. Then, we propose the following control law:

T, = Kpidi + Kai§i + MT(Q)Q; + €T (Q1,0:)Qia + Gi(Q) — 87; (2.23)

where K.

Kopi .. .
pi» Kgi and y; = K_Zl' are positive gains,
i

Q0 = 0iq +v:0; = [G1a - Gi-1a i Gira - é]'nd]Tnxl has the desired accelerations

of the n joints and the desired velocity of the i-th joint, §; = §;q + ¥4,

n n
5ty = Z SMij Gja + Z 6CijGja + 8G; + SMyid; (2.24)
j:]_ ]=1
j#i j#
and
n
oM, (| N
oMy = Se | @+ Ry (@) (225)
=1 7 laja
Jj#i
n n
aC(q, q) - aC(q: Q) 2 ~ &
8Ci; = Z—U g; + Z—” : d; + Re, (@5, 4)) (2.26)
L Jq; , i 0q; .
Jj=1 qdjd Jj=1 qdjd

J#i J#i



4j + Rg,(G))

djd

n
0G;

Ruyj Reyj and Ry, are the high order terms of the Taylor series.

The i-th control law is shown in Figure 2.2, where
Z:(Q1,0:) = MI'(@)0; + ¢!'(Q1,0:)Qiq + Gi(Q)

Gia = [91a - 9i-1Da O q@+va ~  Gnal”
G=[0 .0gq 0. O

Then, Q; = q; + Giq4-
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(2.27)

(2.28)

(2.29)
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Figure 2.2 The i-th control law.
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The distributed control strategy can be presented in Figure 2.3

qnd
n-th control T,
dn > _ g
laW q(Tl— 1:
(n-1)-th Tp1
qn—l
Control law
9,4 AN
\\\ \\\ i \\
i-th
q; T;
Control law

\ \ qld \
\
S . l
first

q 1 71
Control law

Figure 2.3 Distributed control strategy.

23.2 Global Stability Analysis

In this section, the global stability of the feedback system is presented. In a compact form,

the n control laws (2.23) can be written as follows:

T=K,G + KyG +M(Q)Q* +C(Q,0)Qq + G(Q) — 5t (2.30)
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T .o
; Q;, Qf and §; are given in (2.23).
n?x1

where Q = [QF ... Q17 2yy: 0 = 05 . 07|
Ky = diag(Kyi), i Ka = diag(Kadnxn: ¥ = diag(dnxn
M(Q) = diag(M{ (Q)nxnz:C(Q, Q) = diag(C] (Qi Q)nxn:
G(Q) = [61(Q)) - Go (@] 15
8T = 6MgiagG* + 6Cdy + SMpgiqgia + 6G (2.31)

o % .

G* = [G7 .. G43]" ;s OMgiqq is the diagonal matrix of §M; 6M,4;e4 is the non-diagonal

matrix of M. Then 6Mg;44 + 6Mpgiag = M. 6M;;, 5C;; and 8G; are given in (25-27).

jo

Substituting the control law (2.30) in the dynamical system (2.3), the error dynamics of the

system can be written as follows:

K,G + K4 + (M(Q)Q" — M(q)g) + (€(Q,0)04 — C(q,9)q) + (6(Q) — G(q))

(2.32)
—0t=0
Proposition 1
The error dynamics (2.32) is equivalent to the following equation:
M(q)q + C(q, 9§ + KaG +v(Maiag(@)q + KaG) = 0 (2.33)

Proof: see Appendix.
Proposition 2
The dynamical system (2.3) with the feedback control (2.30) is globally asymptotically

stable.

To prove the asymptotical stability, the following Lyapunov function is proposed:



42

1. L 1 .
V=53"M(@)4+57"vKaq (2.34)

Taking the time derivative of V (t), we get

. L 2 127, L ~ X
V() =q"M(q)q +5q3 " M(q)q + G vKaq

P N2 P X ~ 1210 P 1. P
=q" (—C(q, G — Ka§ —v(Maiqg (@) + qu)) +-G"M(@)q +54"vKa§
Using property P2 given in Section 2.2, we can write:

~47C(q, )4 +33™M(@)§ = G (M(q) —2C(q,§))§ = 0

Then, we can conclude that:

V() = =47 (Ka + YMaiag(@)) § (235)

Because Ky, y and Mg;q4(q) are positive definite diagonal matrices, then V(t) is negative.
Using Barbalat lemma (Spong et Vidyasagar, 1989) the error dynamics is globally
asymptotically stable.

24 Experimental Results

In this section, the controllers presented in the previous sections are tested on the ANAT
robot (Figure 1). Simulink with Real-Time Workshop (RTW) of Mathworks” is used for the
implementation of the proposed controllers. The national Instruments PCI 6024E digital card
is chosen for the real-time target. The ATMEGA 16 microcontrollers are used to translate the

information to serial peripheral interface.

Using Matlab/Simulink, the trajectory in the workspace is first defined. The inverse
kinematics is used to transform the desired trajectory from the workspace to the joint space.

Then, using the desired trajectory of the joints and their real values from the
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microcontrollers, the control algorithm executes and sends the torques to the
microcontrollers. The microcontrollers translate the control signal into a pulse width
modulation (PWM) signal. The latter is applied to the H-bridge drive of the actuators of the
ANAT robot. The current of each actuator is measured by a current sensor located in the H-
bridge drive. The microcontrollers process the digital information of the actuators’ encoders

and send the angles’ positions to Simulink. The real-time setup is given in Figure 2.4.

ANAT
v robot
SIMULINK _
————— — —:
g >
I Workspace 1 Power
| (]
|
I n
| l’ I Y P c
I Inverse u
: 1 . oF Juur
I W d
| l, I r e
I Joint [ ¢ M r
| I n
| t ——t - —_—
| 1 I a | | N
| Control ! :
I | Toraues I u [T SO n |
aloorithm |
\ —| | [ |
) 7/ | S /
I Angles I Microcontrollers

Figure 2.4 Real-time setup.

The ANAT robot is used to test the control strategy performance. Joints 2, 3, 4, and 5 are
used but first, the sixth and seventh joints are locked. The controllers’ gains are chosen as:

sz = 25, Kp3 = 20, Kp4_ = 10, Kps = 10, Kdz = 185, Kd3 = 2, Kd4- = 10, de = 10.
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In the section 3, the theoretical development of the control law that ensures the global
stability is given in the general case i.e. for any higher order. In the real-time implementation,
a finite order of Taylor series is fixed. In this section, and for simplicity, the Taylor series is

limited to the first order. Then, Ru,; = Rc,; = Rg, = 0.

The experimental results are shown in Figure 2.5-2.10.

joint 3 (rad)

joint 5 (rad)

Figure 2.5 Joint space tracking. (a) joint 2, (b) joint 3, (c) joint 4 and (d) joint 5.
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Figure 2.6 Joint space tracking errors. (a) joint 2, (b) joint 3, (c) joint 4 and (d) joint 5.
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Figure 2.7 Workspace tracking. (a) x-tracking, (b) y-tracking, (c¢) x-tracking error and
(d) y- tracking error
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y (m)

)

x (m

Figure 2.8 Workspace tracking.

When the initial tracking error is different to zero, the workspace tracking and the tracking

error in the workspace are given in Figure 2.9.

time (s)

Figure 2.9 Workspace tracking with another initial point.
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To show the effectiveness of the previous control strategy, the computed torque approach

(Slotine et Li, 1991) is used for the ANAT robot. Figure 2.10 shows the experimental results

for the computed torque approach using the same desired trajectory.
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Figure 2.10 Tracking errors for the computed torque. (a) joint 2, (b) joint 3
(c) joint 4, (d) joint 5, (e) x-position and (f) y-position.
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For the distributed control strategy, the tracking trajectories of the second, third, fourth and
fifth joints are shown in Figure 2.5. Good tracking is obtained in the joint space. This good
tracking is confirmed in Figure 2.6, which shows the tracking errors in the joint space.
However, the objective of this work is the tracking in the workspace. Using the direct
kinematics, good tracking of x(t) and y(t) trajectories in the workspace is shown in Figure
2.7. The tracking errors presented in Figure 2.7 show a small error in the workspace, less
than 2mm for x(t) and 10 mm for y(t). Finally, Figure 2.8 shows good tracking in x-y-z
workspace. Using the computed torque approach and the same desired trajectory, Figure 2.10
shows the tracking errors in the joint space. A good tracking in workspace is also obtained in
Figure 2.9 by changing the initial point. According to the experimental results for the four
joints affected by the workspace trajectory, the resulting tracking error of the computed
torque method is greater than that found in the distributed approach. This illustrates the

effectiveness of the proposed approach.

2.5 Conclusion

In this paper, a novel nonlinear distributed control strategy is proposed for rigid manipulators
to track a desired trajectory in the workspace. The distributed control strategy consists in
starting by controlling the last joint while assuming that the remaining joints are stable. Then,
we follow the same strategy backward until the first joint. Lyapunov theory is used for global
stability analysis of the feedback system. The controller is tested on a 7-DOF hyper
redundant articulated nimble adaptable trunk (ANAT) robot to track a desired trajectory in
the workspace. The experimental results were compared with the well-known computed
torque method and showed good tracking in the workspace, which demonstrates the

effectiveness of the proposed distributed control strategy.
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2.6 Appendix

Proof of proposition 1:

In this section, we study the error dynamics given by (2.33). In the first step, we investigate

the following elements of the error dynamics: (M(Q)Q*—M(q)éj), (E(Q,Q)Qd—
C(q,9)q) and (6(Q) — G(q)).

For the first element, we can write:

[MlT(QO 0 - 0 ] ;
. 0 :
Q0" — M(@)i = O |-
0 0 MZ(Qn)J " (2.36)

[Mn.(Q) Muf(q)”éi;] MlT(Ql)QI_—MlT(q)éi

M@ -~ Mu@llad  |MI0)G: - MI(@d

where M] and Q; are given in (2.6) and (2.23). Taking for example the i-th term, we get:

M](Q)0; — M (@)d = M (Q)d; — My (q)d; + Z(Mij(Qi)fijd — M (9)d;) (2.37)
=

Jj#i

Using Taylor series, we can write:

1
M;;(q) = M;;(Q) + DM;;(Q)"(q — Q) + i(q —Q)T{D?M;;(Q)}(q — Q) + -

where DM;;(Q;) is the gradient of M;; evaluated at ¢ = Q; and DzMij (Q;) is a Hessian

matrix. Then, we can write:
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q1 — q1a
oM;;(q) di-1 — 4(i-1)d
M..(a) = M..(0.) + + Ru (G
o) = M) G i || || T darna my (47)
q(i-1)d :
lQ(i+:1)dj L dn — qna
dnd

qdjd

= OM;;
= my(Q) - Y TLL
j=1 J

J#i

= M;;(Q;) — 6M;;

oM;; ~ ~ . . .
where §M;; = ¥j-4 N(;J(_q) q; —RMij(q]-) and Ry, is the remaining terms given as
e OV dja
~ M;j(q) ~
follows: RMij(CIj) = M;;(q) — M;;(Q)) + Xi=1 al;j q;
j#i dja

Using the same strategy of Taylor series for M;; we can write:

n
oM ()| .
M;;(q) = M;;(Q;) — Z alcll. q; + R, (@)
Jj=1 I gjq
i

= M;(Q;) — 6M;;.

where 6M;; = Yig 61l;i(;(.q) 4; + RMii(qj). Ry and Ry, are the high order terms of the
] .

JE! qdjd

Taylor series for M;;(q). Then,

M;;(Q;) = M;;(q) + 6M;;
(2.38)

M;(Q)) = M;;(q) + 6M;;
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Inserting (2.38) into (2.37), we get:

M;;(Q)d; — My (q)g; + Z(Mij(Qi)qjd - M;;(@)g;) =
=

j#i
n
M;i(@)g; — M;;(q)d; + SMy;G; + Z(Mij(q)qjd — M;;(qQ)§; + 6M;jiijq) (2.39)
7

n

= My (q)S; + 6MyG; + Z(Mij(q)ii,- + 6M;;iq)
=1
i

where S; = §; + ¥»4; = d; — d;; §; is given in (2.23). Using (2.39), (2.36) is rewriting as:

-n . - n _
Z OM;jGja Z My;(q)g;
. j=1 j=1 -
_ . M1 (q)$y j#1 j#1 My, Gy
M(Q)Q* —M(q)G = oot : + : + : ) +
Mon (@S] | } < L | oMundn
Z OMy;Gjq Z M,;(q)q;
=1 =1
Lj+n d Lj#n d
- n -
Z M1;G;q
=1
j#1
n H
Z SMyjGja
j=1
Lj+n d
In a compact form:
(2.40)

M(Q)Q* - M(CI)C[ = Mdiag (Q)S + Mndiag (Q)q + ‘SMdiagq* + 5Mndiagéid
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where Myiqq and 6Mg;,4 are the diagonal matrices of M and 6M; My 444 and §My, ;04 are
the non-diagonal matrices of M and 8M, respectively. Then My;qq + Mygiqy = M and
aMdiag + 6Mndiag = (SM

Using the same strategy, the second term is:

_ [ CT(Q1,01)010 — €T (0,94
€(Q,Q)Qa — Cla,9)q = o
_C7711(Qn' Qn)Qnd - Crz(q' Q)q

[€11(9,9) - Cia(gq, Q)] 0 6Cyy - 5C1n] [%d]
—Cnl (q' Q) Cnn(q' Q) C?n 6Cn1 6Cnn ‘?nd
where Qd = [¢1a *** qnal-
€(0,0)04 — €(a,D)d = €(4,4)q + 5Cda (241)
By following the same strategy, the third term is given as follows:
G(Q)—G(q) = 6G (2.42)
Then, the error dynamics (2.32) can be written as:
qu + quL + (Mdiag (Q)S + Mndiag(Q)a + 6Mdiagéi* + 6Mndiagéid)
(2.43)

+(C(q, PG+ 6Cqq) +6G—61=0

Using (2.31), the error dynamics becomes:

Ky + KaG + Maiag(@)S + Mpgiag (@G + C(q,4)§ =0 (2.44)
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Using S =4 +y4q, Mgiag + Mpgiag =M, and K,G+ K;4 = K44 +yK;§, the error

dynamics becomes:

M(q)q + C(q, 9§ + Kad +v(Maiag(@)§ + KaG) = 0 (2.45)
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Abstract

This paper presents two hierarchical nonlinear controller strategies for rigid manipulators to
track a desired trajectory in the robot’s workspace. For serial link manipulators, the
hierarchical control strategy consists in controlling the last joint by assuming that the
remaining joints are stable and follow their desired trajectories. Then we follow the same
strategy backward from the (n-1)th joint until the first joint. First, the model parameters are
perfectly known and a hierarchical control strategy is developed. Second, an adaptive version
of the hierarchical nonlinear controller is proposed. The asymptotical stability is proved
using Lyapunov theory. These algorithms are experimented on a 7 DOF hyper redundant
articulated nimble adaptable trunk ANAT robot and compared with the computed torque
approach. Good tracking in the workspace is obtained and effectiveness of the results is

shown.

Key Words : ANAT robot, hierarchical control, adaptive control, workspace tracking,

stability.
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3.1 Introduction

Robot manipulators are characterized by a set of nonlinear-coupled equations. Their
nonlinear dynamics present a challenging control problem. In the workspace, the control
problem is very important because the tasks are usually performed in the Cartesian space
such as: painting, assembly, etc. Two configurations characterize manipulators’ dynamics. In
the first, the dynamics of manipulators are considered as a MIMO system. In this case, a
single controller is used for all joints. In the second configuration, the dynamical system is
regarded as a set of interconnected subsystems (joints) with constraints on information flow

between these subsystems.

For the MIMO case, many control strategies were successfully applied. The computed torque
method which cancels the nonlinearity of the dynamical system by using the mathematical
model was applied in (Fei et Wu, 2005; Isidori, 1995; Krstic, 2004; Yim et Singh, 1993). The
sliding mode method, which utilizes discontinuous feedback control law to drive the state of
the system into switching surface and keep this state on the manifold surface, was used in
(Khalil, 2002; Slotine et Coetsee, 1986; Utkin, 1993). The backstepping approach can be
used when the control design of manipulators is built systematically. In this approach the
cancellation of “useful nonlinearities” is avoided. For rigid-link robot manipulators, an
application of the integrator backstepping method is used in (Lotfazar et Eghtesad, 2007a) to

track a joint space’s desired trajectory.

Usually, the load and the friction torque of manipulators vary during the execution of a
particular task or are unknown in advance, which causes the dynamical equations of
manipulators to contain uncertain parameters. In this case, adaptive control (Arnautovic et
Koivo, 1990; Colbaugh et Glass, 1995; Galicki, 2006; Tatlicioglu et al., 2009; Xu, Wu et
Liang, 2000) is used to take into account the effect of these uncertainties in the controller

design.
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The previous nonlinear methods use a single controller for all manipulator’s joints.
Unfortunately, due to the complexity of the control structures, the real-time implementation
of these controllers in industrial control systems is very difficult (Fu, Gonzalez et Lee, 1987).
Most industrial control are solved this problem by using an independent controller for each
joint where the dynamics of robot manipulators is viewed as interconnected subsystems
(joints). This control strategy has many advantages, such as simplicity of implementation,

fault tolerance, reduction of computational effort, etc.

Decentralized adaptive control was used in (Colbaugh et Glass, 1996; Colbaugh, Seraji et
Glass, 1994; Indrawanto, Swevers et Van Brussel, 1998; Katic et Vukobratovic, 1994) to
solve the manipulators’ control problem. In (Colbaugh et Glass, 1996), the authors propose
two decentralized adaptive controls for an electricaly-driven manipulator: one for tracking
problems and one for position regulation. However, the adaptive control used for position
regulation ensures only the semiglobal convergence of the error in the absence of any

external disturbances.

An Independent Joint Control was used in (Hsia, Lasky et Guo, 1991; Seraji, 1988; Spong et
Vidyasagar, 1989) for robot manipulators control. A PID controller is used for each joint in
(Spong et Vidyasagar, 1989) for the tracking control problem. In this approch, each
subsystem (joint) is treated as a linear system and the nonlinear coupling effects are
considered as disturbances. This approach has low performance for tracking purposes at high

velocities.

A hierarchical and distributed control were also used in (Fareh, Saad et Saad, 2012a; 2012b;
2012 ; 2012 ; Fareh et al., 2011) to solve the tracking control problem. The hierarchical
control strategy takes advantage of the configuration of n serial-link manipulators. It consists
in controlling the manipulator starting from the last joint, then going backward until the first
joint. At each step, the corresponding joint is controlled by assuming that the remaining
joints are stable and follow their desired trajectories. In (Fareh, Saad et Saad, 2012b; 2012 ;

Fareh et al., 2011), the system parameters are supposed perfectly known and the control law
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is based on feedback linearization and sliding mode approaches. Good tracking of the
workspace trajectory was obtained for a 5 DOF ANAT robot. An adaptive version is
presented in (Fareh, Saad et Saad, 2012 ) to track a desired trajectory in the joint space of a 3
DOF ANAT robot. In these studies, only local stability is guaranteed. The global stability is
proved in (Fareh, Saad et Saad, 2012a) for a workspace tracking trajectory of 5-DOF ANAT

robot.

In this work, we extend the previous works and we propose two nonlinear control strategies
based on a hierarchical form for workspace tracking control of (ANAT) rigid maniulators. In
the first case, the system parameters are perfectly known and a hierarchical control strategy is
used to track a desired trajectory in the workspace. In the second case, the system parameters
are assumed to be unknown and a hierarchical adaptive version is developed. In both cases,
the global asymptotical stability is proved using the well-known Lyapunov theory. The
controllers are tested on the ANAT robot.

The paper is organized as follows: section 3.2 presents the model of the ANAT robot and
presents its features and properties. Section 3.3 proposes the hierarchical control strategy.
Section 3.4 presents the adaptive version of the previous controller. Experimental results are

presented in section 3.5. Finally, a conclusion is given in section 3.6.

3.2 Modeling

The system considered in this work is a hyper redundant articulated nimble adaptable trunk
(ANAT) robot shown in Figure 3.1. This robot has seven degrees of freedom: one prismatic
(joint 1), followed by three redundant rotary joints (joints 2, 3, and 4) and finally three rotary
joints (joints 5, 6, and 7) that describe the end effector.
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Figure 3.1 ANAT robot.
Using Lagrange equations, the dynamical model is given by:
M()G+Cla,Pg+G(@) =1 (3.1)

where M(q) € R™™ is an inertia and mass matrix, C(q, q)q is the Coriolis vector, G(q) €
R™ is a vector of gravity terms, T € R" is the joint input torque vector. g € R™ denotes the
vector of the generalized positions in the joint space, ¢ and § are the joints’ velocity and

acceleration vectors, respectively.

The model has the following properties that will be used for the control law:
P1. The inertia and mass matrix M (q) is symmetric positive definite.

P2. From P1, we can deduce that the diagonal elements are positive (Bhatia, 2007):
M;;(q) > 0;fori=1..n (3.2)

P3: The inertia-mass matrix M(q) and the Coriolis matrix C(q,q) satisfy the following

skew-symmetric property:
XT(M(q,q) —2€(q,4))X=0 VX€ER" (3.3)

P4. Property P3 is preserved for the diagonal elements of M(q) and C(q, q). Then, we can

write:
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M (@) — 2C;i(q,q) = O;fori =1..n (3.4)

When controlling the i-th joint, we assume that the remaining joints follow their desired

trajectories. Then, we can introduce the following assumption:

Al. For the i-th joint, the new generalized coordinates Q; and their time derivatives are
defined such that the i-th coordinate is the controlled one and the remaining coordinates

follow their desired trajectories such that:

Q; =[91a - di-na i Gi+va - Gna]”
Qi =[da - di-va 4 da+va -~ Gnal” (3.5

Q; = [G1a - Gu-va G Qu+va - Gnal”

The objective of this work is to track a desired trajectory defined in the workspace of rigid
manipulators using hierarchical control. To achieve this objective, three steps are considered.
1) The first step consists in transforming the desired trajectory from the workspace to the
joint space using pseudo-inverse kinematics. 2) In the second step, the control law is
developed to ensure tracking of the desired trajectory in the joint space. 3) The third step
consists in transforming trajectories from the joint space to the workspace using direct

kinematics. These steps are presented in Figure 3.2.
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33 Hierarchical Control Strategy

The control strategy uses a hierarchical structure starting with the last joint and proceeding
backward to the first joint. To control the last joint, we assume that the remaining joints are
stable and follow their desired trajectories. Then, going backward to the before last joint, we
assume that the remaining joints (1,..., n-2, n) are stable. The control laws of the remaining

joints are developed using the same strategy.

To clarify the hierarchical control strategy, the control law of the last joint and of an i-th joint

is developed in this section. The dynamical model (3.1) is equivalent to:

T Gl
Mls(q) N cl (fl q) (q)] [ ] (36)
M7 (q) Cn(q,9) Gn(q)
where M] (q) = [Miy; ... My], and CT(q Q) =[C1 - Cipl

To control the last joint, the remaining joints (1,..., n-1) are assumed to be stable and follow

their desired trajectories. Then, the new generalized coordinate is given as follows:

n=[%91a - dm-va  9n]” (3.7)
Note that the first (n-1) coordinates are the desired ones, and the n-th coordinate is the
controlled one. The velocity Q,, is the time derivative of Q,, and the acceleration Q,, is the

time derivative of Q,,.

The equation of movement of the n-th joint becomes:

Mg(Qn)Qn + CrT;(Qn: Qn)Qn + Gn(Qn) =T (3‘8)

where

MrTLw(Qn) = [Mnl(Qn) Mni(Qn) Mnn(Qn)] (3.9)
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CE(Qn' Qn) = [Cnl(Qnr Qn) Cni(Qn' Qn) Cnn(Qn' Qn)]

The following control law is proposed for the n-th joint:

Tn = KpnGin + Kandn + M7 (Qu) 0, + Ci (@, Qn)@na + Gn(Qn) — 67y, (3.10)
where K, and Ky, are positive gains, Qng = [d1a -~ dm-1)a  Gnal”, Qnq is its time
derivative, 0, = Qg — 0, =[0 .. 0 G,]",andy, = Zn

Q‘;:l, = Qnd + Vnén = [qld éI.(Tl—l)d q:l]T (.11)
where 4, = g + Vnln- 6T, is defined using the Taylor series as:
n-1
Z SMyj q + Z §Cj 4o + 5Gy, + SMunii (3.12)
j= j=
(3.13)
— aMTL(q) ~ ~ — aMnn( ) ~ ~
OM,; = Z?:lla—q], dj + Ru,;(G;); My, = Z?:fT,q 4j + Ru,,,(G})
I lgjq I g4
(3.14)
n-1 n-—1
ac (q' q) ~ aC (q' Q) L ~ &
6Cy; :Z"é—q Qj+znéT dj + Rc,;(d;,4))
j=1 J djd j=1 J djd
(3.15)

n—

Z

CIj + R, ()

where Ru, ;i Rey, ) and R; ~are the high order terms of the Taylor series for

M,;(q), Cnj(q),and G,(q), respectively (Bartle et Sherbert, 2000) (See Appendix for more
detail).
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The same strategy is applied by going backward from the (n-1)-th joint until the first joint.

Taking for example the i-th joint, the equation of motion is:
MT(Q)Q; + €T (Q:, Q:)Q: + G:(Q) = 7;

where
M (Q) = [Mu(@Q) .. Mu(Q) ... Mi(Q))]
¢l (0, 0:) =[Ci1(Q1, Q1) - Cii(Q1, Qi) .. Cin(Q1Q))]

and the new generalized coordinate is given by:

Q; =[%a - qG-va 9 9i+vd - Gna]”

The control law for the i-th joint is given as follows:

T = KpiG + Kai§i + MT Q)07 + ¢T'(Q1,0:)Qia + Gi(Q) — 67

Kpi .. . ek . 2
where K,; and Ky; , y; = - are positive gains, §; = §;q + ¥;§;, and:
di

K

Q] = Qid +Viéi = [G1a - Gii-1)a Gi Gii+1)d - Gnal”

nx1il

n n
0T, = Z 6Ml-j Gja + Z 5Cij Gja + 8G; + 5M;;G;
= e

J j=1
Jj#i
n
oM ()| .
6M;; = Z a” dj + Ru,;(@))
- q; )
Jj=1 dja
j#i
n n
aC(q! q) ~ aC(q! q) o -
0Ci; :Z—”aq. CI1+ZUOT qj +Rc;(q;,4))
Jj=1 ] djd j=1 J djd

J#i J#i

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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n

0G;(q)| . .
56, = Z ‘ 4; + Re,(d@)) (3.24)
Ly 0q; |
Jj=1 djd
JE!

Note that Q; has the desired accelerations of the n joints and the desired velocity of the i-th
joint. The i-th control law is presented in Figure 3.3, where Z;(Q; Q;) = M](Q)Q; +
€l (Q1,0:)0Qia + Gi(Q) — 611, qia =[91a - dG-1)a 0 di+1)a ~ Gnal”, and g; =
[0 ..0q0 .. O]7.Then, Q; =g; + Gig4-

v

v

\ 4
.

4

Selection of
7,49

Figure 3.3 i-th control law.

In a compact form, the n control laws (3.19) can be written as follows:

. . — L. 3.25
T = K)G + Kol + M(Q)0° +C(Q,0)0u + G(Q) — 67 (3-25)

where

Q=[0Qf . Q%" 2,45 0 = [QIT ...Q;T]T ot Q;, Q; are given in (3.18) and (3.20).
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K, = diag(Kpi)nxn; Kq = diag(Kai)nxn; ¥ = diag (Vi) nxn

M(Q) = diag(M{ (Q))nxn2:C(Q, Q) = diag(C] (Qu, Q) nxn2>
GQ) = [6G1(Q) . Ga( D]y G = [d7 -G ]T ;5 G7 is given in (3.19).

8T = OMyiagd” + 6Cq + SMygiagiia + 5G (3.26)

The error dynamics of the system is given by substituting the control law (3.25) in the

dynamical system (3.1) as follows:

~ L (TN A .. —= N N (3.27)
Ky + KaG + (M(@Q" — M(@)§) + (€(Q.0)Qa — C(a.9)q) + (6(Q) - (@)
—-6t=0
Proposition 3.1
The error dynamics (3.27) is equivalent to the following equation:
(3.28)

M(q)q + C(q, 9§ + K + YMaiag(@)q + K,G =0

Proof: see Appendix.

The previous error dynamics (3.27) 1is global asymptotical stable. Then, to prove the global

asymptotical stability, we propose the following Lyapunov function:

1. 1 (3.29)
V= dTM@G + 537K, q

N

Taking the time derivative of V (t), we get:

V(©) = §M@F +5§M@§ + 7Ky
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X N X 2 ~ R 2 ~ 2
=§"(~=C(q, DG — Kad — YMaiag()q — Kpq) + 53" M(@)G + §"Kpq

Then, using the properties given in Section 3.2, we can conclude that:

. . . 3.30
V() =-q" (Kd + VMdiag(Q)) q (330

Since Kg4,y and My;44(q) are positive definite diagonal matrices. Using Barbalat lemma, the

error dynamics is globally asymptotically stable.

34 Adaptive Hierarchical Control

In this section, an adaptive version of the previous control strategy is developed to cope with
the parameter’s uncertainty. As in the previous section, the control strategy consists in
starting with the last joint and going backward until the first joint. Using the uncertain
parameters of the n-th equation of motion, the control law that ensures the asymptotical
stability of the corresponding error dynamics is then developed. First, the uncertain
parameters existing in the equation of motion of the last joint are estimated and secondly, the
control law is developed by using these estimated parameters. After that, we go backward to
the (n-1)-th joint and apply the same strategy. Note that the parameters of the (n-1)-th joint
depend on both the n-th and the (n-1)-th joints. Therefore, these uncertain parameters are
decomposed into two parts: the first part has the uncertain parameters which were estimated
in the previous step, and the second part has the new parameters that depend only on the (n-
1)-th joint. The control law is then derived using the previous estimated parameters (n-th
joint) and the new ones ((n-1)-th joint). The control of the remaining joints is developed

using the same hierarchical strategy. This strategy is presented in Figure 3.4.
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For the n-th joint, the equation of motion is given by (3.8). There exists a vector 8, € R™
with components depending on the manipulator’s parameters (masses, moments of inertia,

etc.), such as:

Figure 3.4 Hierarchical adaptive control strategy.

®n(Qnr Qn' QT*I)HTL = Mz(Qn)Q; + CZ;(Qnr Qn)Qnd + Gn(Qn)

where @,,(1 X r,) is a regression matrix which contains all known functions.

The adaptive control law is proposed as follows:

(3.31)




Th = Kanin + Kdnq’;n + 0,(Qn, Qn' Q:l)ézn — 01y

.. . K o ~ .. .
where Ky, Kgp, are positive gains, y, = KL;Z, and @, = 6,,. dt,, is given in (3.12).

The adaptive law is given by:

Gy = 1n®%(Qns O, 07)- G
The error of the parameters vector is given by:
a, = a, —a,

Using (3.31) and (3.34), we can write:

Only = Ond, + MZ;(Qn)Q;L + Cr{(Qn' Qn)Qnd + Gn(Qn)

69

(3.32)

(3.33)

(3.34)

(3.35)

The same strategy is applied backward from the (n-1)-th joint until the first joint. For the i-th

joint, for which the equation of motion is given by (3.17), there exists a vector of uncertain

parameters 6; € R"t and a regression matrix (Z)i(Qi, Q;, 07 ) € R"i such as:
0:(Q:, Q1,07 )6; = M;(Q)Q; + C;(Q;, Q;)Qua + G:(Q))
The i-th control law is given by:

i = Ky + Kaidi + 0:(Q;, Q1,0 @; — 87

T PN

where &; = [0; @117 8.1 =[6;; @&]", ete...

The adaptive law is:

(3.36)

(3.37)
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a; = w07 (Q:, Qi 07)d; (3.38)

To prove the global asymptotical stability, we use the n control laws (3.37) and the equation

of motion (3.1). The n control laws can be written as follows:

T=K,G+Ksq5+0(Q,0,0")a -6t (3.39)

where
T T1T Cax — [pT ST T . A * T . .
Q=1[QF .QM" . ;0" = [Q1 O ] Qi Gf and G are given in (3.18-3.20).
n“x1

Ky = diag(Kpi) 5 Ka = diag(Kadnxn; ¥ = diag(¥i)nxn

[ (®1)1><T1 OIXZELT]' 1 011
01><r1 (Q)Z)lxrz O1ngrj a,
0 = = diag(@y, By, ., 0, ):a =| | r=3",r
01><2i1—1r], (@) 1xr, O1xsm 7 " sz J=1
' L,
lezgl_lrj (Q)n)lxrn_ rx1

nxr

To study the global asymptotical stability we insert (3.39) in (3.1). Then, the error dynamics

is given as follows:
Ky + Kag — M(q)§ — C(q,9)q — G(q) + 8(Q,0,0")@ — 61 =0 (3.40)
where
a=uo"(Q,0,0%).q (3.41)

u = diag(u;),«r 1s a positive definite matrix.

The parameters error vector is given by:



IS
Il
i)
|
IS

Then, we can write:

ga = 0a + M(Q)0" + C(Q,Q)0Q; + G(Q)

Using (3.43), the error dynamics can be written as follows:

Kpd + Kad + (M(QQ* — M(9)d) + (€(Q Q)Qq — C(q, 9)q) + (G(Q) — G(q))
—6t+0a=0

Using Proposition 3.1, the error dynamics can be simplified as follows:
M(9)q + C(q,9)q + Kag + YMaiag(9)q + Ky + 8@ =0

Proposition 3.2
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(3.42)

(3.43)

(3.44)

(3.45)

Using the control law (3.39), the error dynamics (3.45) is globally asymptotically stable.

To prove the above proposition, we propose the following Lyapunov function:

[y

1
2

GTK,G +5a ula

V—l*TM( )G +
=54 M(q)q >

Taking the time derivative of V (t), we get

. 2 2 1Ty 2 ~ 2 ~T —12%
V() =q"M(@q+53"M(@)q +q yKeg + @ p'a

(3.46)

2 N 2 2 ~ ~ 127, 2 ~ g
=4"(=C(q, D)4 — Kad = Y(Maiag (@7 + Ka) — ) +53"M(q)q + G yKa§ +

& u1a = =" (Kg +YMaiag(@) § + (&1 a - §0a)
Using (3.41), the time derivative of V (t) is:

V() = =" (Ka + YMaiag(@) § + (0™ "u ™" - §70)a
Then,
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. . . (3.47)
V() = =47 (Ka + YMaiag()) §
K4, v and Mg;,4(q) are positive definite diagonal matrices. Then using Barbalat lemma, the

error dynamics is globally asymptotically stable.

3.5 Experimental Results

In this section, the control strategies presented in the previous sections are tested on the
ANAT robot (Figure 3.1). The Denavit-Hartenberg parameters of the ANAT robot are given
in Table 3.1.

Table 3.1 Denavit-Hartenberg parameters of ANAT robot
Tiré de (Le Boudec, Saad et Nerguizian, 2006)

Joint ai_q a,_1 |d; q;
1 0 0 d, 0
2 0 Ly 0 0,
3 0 0 0,
4 0 0 04
5 0 L, 05
6 n/2 Ly 0 06
7 —n/2 |0 —Ly 67

For a redundant robot, the velocities in the workspace and the joint space are linked by

generalized inverse Jacobean:

q=J"0/" " (3.48)

where ] is the Jacobean matrix, ¢ is the joint space velocity vector and v is the workspace
velocity vector. The position ¢ is obtained by a simple integrator.
The relation between the position of the tool and the base reference is given in (Le Boudec,

Saad et Nerguizian, 2006) as follows:



73

X L4Cy34556 + L3Cazas + L[Ca3q + Co3 + 3] + Ly
[3’ = L4S334556 + L3Sp345 + L[Sz34 + Sp3 + 53] (3.49)
z —Lsce + Ly +qq

where s; = sin(q;), ¢; = cos(q;),s;j = sin(qi + qj), and ¢;; = cos(ql- + qj).

For real-time implementation of the proposed controllers, Simulink with Real-Time
Workshop (RTW) of Mathworks® is used. The real-time setup is given in Figure 3.5. The
National Instruments PCI 6024E digital card and ATMEGA 16 microcontrollers are chosen
for the real-time target and the translation of information to serial peripheral interface (SPI).
In the first step, the workspace desired trajectory is transformed to joint space using inverse
kinematics. Then, the hierarchical control algorithm is derived from the joint space’s desired
trajectory and their real values given by the microcontrollers. The torque input provided by
the control algorithm is sent to the microcontrollers which translates the control signal into a
pulse width modulation (PWM) signal. The latter is applied to the H-bridge drive of the
actuators of the ANAT robot. A current sensor located in the H-bridge drive measures the
current of each actuator. After receipt of the digital information of the actuators’ encoders,

the microcontrollers send the angles’ positions to Simulink.
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Figure 3.5 Real-time setup.

For this implementation, the first, sixth and seventh joints are locked and joints 2, 3, 4, and 5
are used. The controller’s gains are chosen using a trial and error method as follows:

For the non-adaptive hierarchical control strategy, the selected gains are: K, = 25,K,3 =
20, Ky4 = 10, K5 = 10; Ky, = 1.85,Ky3 = 2, K44 = 10,K45 = 10.  For the adaptive
hierarchical control strategy, the selected gains are: Ky, = 30,Ky,3 = 25, K,y = 12, K5 =
12; K4 = 2.5,K43 = 2.5, K44 = 12, K35 = 12. u; = diag(10), i=2 ... 5.

For an i-th joint, the previous theoretical development of the control law is given in the
general case. For simplicity of real-time implementation, a finite order of Taylor series is

fixed. In this section, and, the the Taylor series is limited to the first order. Then, RMn,- =

chj = RGn =0.

For the adaptive hierarchical control; the uncertain parameters are chosen as follows:

For last joint: as = 05 = [msL? I,5]7; 75 is developed using 5.
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For the fourth joint: ay = [0, as]”; 6, = [myL? 1,,]7; 74 is developed using sand 6,.
For the third joint: a3 =[03 @4]T; 65 =[m3l? I,]"; 73 is developed by using
0s,0,and 0.

For the second joint: @, = [0, a3]T; 6, =[m,L?> 1,]7; 1, is developed by using
0s,0,,0,and 0,.

The experimental results for the non-adaptive hierarchical control are shown in Figures 3.6-

3.8.
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Figure 3.6 Hierarchical control: (a) Joint space tracking, (b) Tracking errors.
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Figure 3.7 Hierarchical control: (a) Workspace tracking and

(b) Workspace tracking error.
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0
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Figure 3.8 Hierarchical control: Workspace tracking.

For the adaptive hierarchical control, the experimental results are given in Figures 9-10.
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Figure 3.9 Hierarchical adaptive control: (a) Joint space tracking,
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(w)uonisod-x

w)uoiysod-

Figure 3.10 Hierarchical adaptive control: (a) x and y position tracking,

(c) xyz workspace tracking.

(b) tracking errors of x and y,

The computed torque approach (Slotine et Li, 1991) is used for the ANAT robot for

comparison with the previous controllers. Using the same desired trajectory, the experimental

results for the computed torque approach are shown in Figure 3.11.
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Figure 3.11 Tracking errors in joint space for the computed torque method.

For the hierarchical control strategy, Figure 3.6-(a) presents the tracking trajectories of the
second, third, fourth and fifth joints. Good tracking is obtained in the joint space and is
confirmed in Figure 3.6-(b), which shows the tracking errors in the joint space. However, the
objective of this work is the tracking in the workspace. Using direct kinematics, good
tracking of x(t) and y(t) trajectories in the workspace is shown in Figure 3.7. The tracking
errors presented in Figures 3.6-3.7 show a small error in the joint space and workspace.

Finally, Figure 3.8 shows good tracking in x-y-z workspace.

For the hierarchical adaptive control, using the inverse kinematics, the workspace desired
trajectory is transformed to the joint space. The tracking trajectory and the tracking error in
the joint space are shown in Figure 3.9. Using direct kinematics, the tracking trajectory and
the error of the tracking are shown in Figure 3.10. Good tracking is obtained in the joint space

(less than 0.02 rad) and the workspace (less than Smm for x(t) and 10 mm for y(t)).
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For the same desired trajectory, the computed torque approach is used and the tracking error
in the joint space is shown in Figure 3.11. According to the experimental results the resulting
tracking errors of the hierarchical approach (non-adaptive and adaptive controller) are
smaller than those found in the computed torque method. This illustrates the effectiveness of

the proposed approaches.

3.6 Conclusion

In this paper, a novel hierarchical adaptive control strategy is proposed for rigid manipulators
to track a desired trajectory in the workspace. Two nonlinear control strategies are presented.
In the first, the system parameters are perfectly known and a hierarchical control is derived.
The hierarchical control strategy consists in starting by controlling the last joint while
assuming that the remaining joints are stable. Then, we follow the same strategy backward
until the first joint. The second control strategy presents the adaptive version of the
hierarchical control strategy. Lyapunov theory is used for global stability analysis of the
feedback system. These controllers are tested and compared with the computed torque
approach on a 7-DOF hyper redundant articulated nimble adaptable trunk (ANAT) robot to
track a desired trajectory in the workspace. The effectiveness of the proposed hierarchical
control strategy is shown by the experimental results, which demonstrate good tracking in the

workspace.
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3.7 Appendix

Proof of proposition 3.1:
To prove proposition 3.1, we need to investigate the following elements of the error

dynamics (3.27): (M(Q)Q* — M()§), (C(Q,Q)Qa — €(g,¢)¢) and (6(Q) — G(q)).

The first element can be written as follows:

M (@)6; — MT(9)d

M@)Q" - M(q)j = i (3.50)
where M and Ql* are given in (3.17) and (3.20).
The i-th term of (3.50) can be written as:
(3.51)

M (Q)Q; — M ()4 = M (Q)d; — My (q)g; + Z(Mij(Qi)éijd — M (@)d;)
=

Jj#i

Using Taylor series, we can write:

1
M;;(q) = M;;(Q;) + DM;;(Q)"(q — Q) + i(q — Q)™{D*M;;(Q)}(q — Q) + -

where DM;;(Q;) is the gradient of M;; evaluated at ¢ = @;. Then, we can write:

q1 — q1a
oM;;(q) di-1 — q@i-1)a _
Mij(a) = M;;(Qu) + 0l Qi1 Ginr ~nl| 1 ||T+1 T Qasna Ry (4)
d(i-1)d :
q(H:l)d L (n — Gnd
Qn.d

dja

=AM,
= M;;(Q) — Z 621(-61)
=t Y

Jj#i



82

= M;;(Q;) — 6M;;

oM;; ~ ~ . ..
al; (_q) dj — Ru;;(;) and Ry, is the remaining terms. Then,
J ,
djd

where §M;; = ¥i-;

Jj#i
M;;(Q;) = M;;(q) + 6M;; (3.52)

Inserting (3.52) into (3.51), we get:

M;;(Q)d; — My (q)g; + Z(Mij(Qi)qjd - M;;(@)g;) =
=

Jj#EL
n
M;i(Q)g; — My (q)g; + M g7 + Z(Mij(qy?jd - My;(9)d; + 8Myjdja) (3.53)
=
ji

n

= M;(q)S; + SMy;G; + Z(Mij(Q)éij + 8M;;a)

=
Jj#i

where S; = §; + ¥,d; = G — G;; d; is given under (3.19).
Using (3.53), (3.50) is rewritten as:

Mij;(@) 0 - 0 5'-1
— - . 0 : .
M(Q)Q" — M(q)G = : M;;(q) 0 Pl
0 = 0 Mnn(Q) Sn
- n
> oMy
0 Mi,(q) - M, (q) - SM. . ii* Jj=1
M : q1 1191 j#1
21(Q) O : + . + :
E M(n—l)n(CI) 5. 5M‘ q* n '
Mnl(q) Mn(n—l)(Q) 0 n i Z6Mnjqjd
j=1
Lj#n |




In a compact form:

M(Q)Q* - M(q)q = Mdiag (Q)S + Mndiag(q)é + 6Mdiagq* + 6Mndiaqu
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(3.54)

where My;q4 and §My;q 4 are the diagonal matrices of M and §M; My, 4i44 and 6Mpg;q4 are

the non-diagonal matrices of M and &M, respectively. Then Mg,y + Mygiqqg = M and

5Mdiag + 6Mndiag = 6M

Using the same strategy, the second term is:

L C7(Q1,01)Q1a — €T (4, 9)q
€(Q,0)0a — Cla. g = o
CE(Qn' Qn)Qnd - 67711(61' Q)q

6Cy 561n”51}d]
6Cn1 5Cnn C'Ind

Ci1(q,q) - C1n(q'Q)] 671
. ‘. . H +

Cul@d - Culadl |3,

where Qd = [¢1a ** Gnal-
€(Q,Q)Qq —C(q,9)q = C(q,9)q +6Cqq

By following the same strategy, the third term is given as follows:

G(Q) —G(q) =6G

Then, the error dynamics (3.27) can be written as:

qu + Kdﬁ + (Mdiag(Q)S + Mndiag (Q)q + ‘SMdiagq* + 5Mndiagéid)
+(C(q,9)§ +6Cqy) +6G—6t=0

(3.55)

(3.56)

(3.57)
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Using (3.26), the error dynamics is:
qu + Kdﬁ + Mdiag(CI)S + Mndiag(CI)éI. + C(q' Q)EI =0 (3'59)
Using S = § + 4, Mgiag + Mpgiag = M, the error dynamics becomes:

M(q)q + C(q,9)q + Kad + YMaiag ()G + KpG = 0 (3.60)
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Abstract

This paper presents a nonlinear distributed control strategy for flexible-link manipulators to
solve the tracking control problem in the joint space and cancel vibrations of the links. First,
the dynamic of an n-flexible-link manipulator is decomposed into n subsystems. Each
subsystem has a pair of one joint and one link. The distributed control strategy is applied to
each subsystem starting from the last subsystem. The strategy of control consists in
controlling the n® joint and stabilizing the n'™ link by assuming that the remaining subsystems
are stable. Then, going backward to the (n-1)" subsystem , the same control strategy is
applied to each corresponding joint-link subsystem until the first. Sliding mode technique is
used to develop the control law of each subsystem and the global stability of the resulting
tracking errors is proved using Lyapunov technique. This algorithm was tested on a two-
flexible-link manipulator and gave effective results, a good tracking performance, and

capability to eliminate the links’ vibrations.

Key Words: Distributed control, flexible-link manipulators, sliding mode, stability, tracking

trajectories.
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4.1 Introduction

There are many advantages of using manipulators with thin and lightweight links in contrast
to traditional rigid manipulators. Indeed, flexible-link manipulators have faster response
time, lower energy consumption, lower overall mass, low-rated actuators, and, in general,
lower overall cost. Due to links’ flexibility, the dynamical model of flexible-link
manipulators is much more complicated than that of rigid manipulators. As a result of this
complicated dynamic model, several challenges in the design and implementation of
controllers were motivated. Indeed, the number of controlled variables for a flexible-link
manipulator is strictly less than the number of mechanical degrees of freedom, i.e. it
represents an underactuated system. In this case, the control problem is twofold: in addition
to motion objectives as in a rigid manipulator, it must also stabilize the vibrations that are
naturally excited. Two possible configurations can describe the dynamical model of flexible
manipulators. First, the dynamical model can be regarded as one multi-input and multi-output
(MIMO) system; one controller is used in this case for all joints and links. Second, the
dynamical model can be viewed as interconnected subsystems. Each subsystem has a pair of

one joint and one link and is controlled with one controller.

Many control strategies are based on the MIMO representation of the dynamical model of
flexible manipulators. In the linear case, Linear-Quadratic-Gaussian (LQG) approach and the
stable factorization technique were used in [1, 2]. A comparative study of a State-Feedback
controller and a Linear Quadratic Regulator (LQR) using the tip deflection feedback
measured by a strain gauge were proposed in [3] to minimize the link vibrations of a single
link flexible manipulator. The generalization of the computed-torque method is used in [4, 5]
for the tracking control of nonlinear flexible-link manipulators. The objectives were to track
desired trajectories in the joint space and vibration suppression in the links. Adaptive control
is used in [6, 7] where the system parameters are considered unknown. The reinforcement
learning (RL) technique is used in [6] for developing a real-time adaptive control of a two-
link flexible manipulator. The controller consists of a proportional derivative (PD) tracking

loop and an adaptive bloc based on RL loop used for tip trajectory control and cancelling the
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deflection of a two-link flexible manipulator. Intelligent control strategies were also applied
to flexible link manipulators in [8-10]. Several works used sliding mode to control the
flexible link manipulators [11, 12]. Sliding mode technique based on a partial feedback
linearization controller was used in [12] to achieve set point precision positioning control for
a single flexible link manipulator with payload. For a two-flexible-link manipulator, a high-
order nonsingular terminal sliding mode optimal control scheme is used in [11] to solve the

non-minimum phase and chattering problems.

All the previous control schemes use one controller for all joints and links. Unfortunately,
when using the dynamical model as one MIMO system, the real-time implementation of
these controllers is not easy due to the complexity of their structures [13]. To overcome this
problem, the dynamical model of flexible manipulators can be considered as n interconnected
subsystems. Each subsystem consists of one joint and the corresponding flexible link. Several
control schemes used this configuration. Decentralized control is used in [14, 15] for flexible
links manipulators. In [14], the authors used the decentralized control strategy featuring a
proportional derivative (PD) controller for the joint, and a linear quadratic regulator (LQR)
for the link to control two-flexible-link manipulators. A decentralized control strategy
composed of a PD controller for the joint, and a linear velocity feedback controller for the
flexible link was proposed in [15]. Independent joint control is used in [16] for the endpoint
position control problem of a two-flexible-link mechanism with very flexible links. The
drawback of this method is that the authors used acceleration sensing for acceleration
measurement, which is not always available. Using the nonlinear model of flexible
manipulators, a hierarchical control strategy to track desired trajectories in the workspace of
a two-flexible-link manipulator was developed in [17]. A feedback linearization approach is
used for each subsystem (a pair of joint and link) to develop control laws. To simplify the
real-time implementation we present in this paper, a distributed control strategy is proposed
for multi-link flexible manipulators to track desired trajectories in the joint space and to
remove link vibration. The control strategy consists to rewrite, in the first time, the
dynamical model of n-flexible-links manipulator as n subsystems. Each subsystem contains a

pair of one joint and one link. Secondly, the control strategy consists to start by controlling
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the last subsystem while considering the remaining subsystems stable. Then, going backward
to the (n-1)-th subsystem, the same strategy is applied, and so on, until the first subsystem.
The control laws are developed using sliding mode technique. Lyapunov theory is used to
prove the global stability of the error dynamics. This control strategy is implemented on a

two-flexible-link manipulator.

This paper is organized as follows: section 4.2 presents the description and the modeling of
the n-flexible-link manipulator. The distributed control strategy of multi-flexible link and
stability analysis of the error dynamics are presented in section 4.3. Section 4.4 presents the
experimental results of the proposed control strategy of a two-flexible-link manipulator.

Finally, conclusions are given in section 4.5.

4.2 Modeling and problem formulation

The n-flexible-link manipulator is shown in Figure 4.1. The links are presented in a cascade
form and actuated by individual motors. An inertial payload is attached to the end effectors.
The motion of each link is assumed to be in the horizontal plane and has a very small
deflection. Using Lagrange equations, the dynamical model of an n DOF flexible manipulator

is given by (De Luca et Siciliano, 1991):

M(q)g+C(q,.4)q+Dq+Kq =Lt 4.1)

where M is the inertia and mass matrix, C(q,q)q is the Coriolis and centrifugal forces
vector, D is the friction matrix and K is the rigidity matrix. q represents the vector of the
generalized coordinates and 7 is the vector of the applied torques.

Note: in the rest of paper, the scalar is written in lower case, the vector in lower case bold
and the matrix is in upper case.

For the n rigid coordinates and n flexible links, the deformation of the i flexible link is given

by the following equation:



&9

UL'(.X', t) = Z Q)l](x)CIfl](t) 1= 1, v, n (42)
j=1

where qg;; is the ™ generalized flexible coordinate, @; j(x) is its j™ shape function and z; is
the number of retained flexible modes of the i flexible link. Note that the total number of

flexible modes is z = }}}*; z; and the number of rigid modes is n.

Xiv1

Figure 4.1 Flexible-link manipulator.

The dynamical model (4.1) can be written as follows:
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[ nxn rf]an] ] [ [C ]nxn rf]nxz] qr]
T
M) M) L e [¢]

Xn

(4.3)

0 0 qr nxn nxz nxn
+ |+ T
[O [Df]zxz] qf] l z><n [Kf]zle [ Ozxn i

where M, and M; are the mass and inertia matrices for the rigid and the flexible parts
respectively. M,.; is a coupled element. The subscripts 7 and f denote the rigid and flexible
modes. In this work we consider only the first flexible mode of each link, then z=n.

There exists a non-singular matrix of transformation T;- such as:

g=T.q (4.4)
where q=1[4r 4f]" =[qr1 = Qm 951 - d4n]T is the original generalized
coordinate, g = [q1 = qi  qu]" =[9r1 9r1 " i i .. D A]T s

the transformed one, q; = [9ri 4ri]” is the generalized coordinate associated with the i™

subsystem (i joint and link) and the matrix of transformation T, is given by:

1l 2 i n n+l n+i 2n7
110 ..000..000 00 ..000..000
00 ..000..000 1 .000..000

T.= 100 ..010..000 00 ..000..000 (4.5)
00 ..000..000 00 ..010..000
00..000..001 00 ..000..000
20nt00..000..000 00 ..000..00 1

Using the previous transformation, the dynamical model (4.1) can be written as follows:
(4.6)

M@T,'q+C(q.@T7'q+ DT 'q + KT 'q = Lt
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where g = T, ¢ and q = T,.q, note that the vectors q and g have the same elements but in
different order, then : M(q) = M(q) and C(q,q) = C(q,9).

Equation (4.6) is equivalent to the following expression:

M(q)qg+C(q,9)g+Dq+Kq=1t (4.7)
where M(q)ZnXZn = TrM(q)Tr_l; E(q: q)2n><2n = TrC(q, Q)Tr_l ; EZnXZn = TrDTr_l;

I?ZnXZn = TrKTr_la Z2n><n =T.L.

The dynamical model (4.7) can be written as follows:

[M{(Q)] ‘h
My () lg,
where q; = [CIT'i qfl]T,M;T = [Mil Mii Ml’n]; C_‘sz [Eil Eii éin]
DLT = [02x2 e O2%2 Eii O2x2 - Ozxz];I?T = [Ozxz e 0252 Eii O2x2 - 02><2],

W=l ek Go=len Gloe=lo R=lo k)
M. = K. = _
. [Mrfi Mfl CT'fl i 0 Dfl . 0 Kfi

CT(q,9) DY L
" ! N (4.8)
Cr(q,9)

+ +

DT

n

The properties that will be used in the control law development can be deduced from the
dynamical model of the flexible link manipulator and are given as follows:

P1: M, M,., M¢s, Dsr and K¢y are symmetric positive definite matrices (De Luca et Siciliano,
1991).

P2: The inertia-mass matrix M(q) and the Coriolis matrix C(q,q) satisfy the following

skew-symmetric property:
x"(M(q,q) —2C(q,q))x =0 Vx€R"™ (4.9)
Let the desired trajectory associated to the rigid part of the i™ subsystem, its first and second-

order derivatives be qrq(t), §irqa(t) and §i-q(t) respectively, and q;rq(t), Girq(t) and

Gira(t) are those associated to the flexible part of this subsystem. The objective is to track



92

desired trajectories in the joint space and cancel vibration of the links. The desired positions
of the flexible modes are then set to zero. Therefore, the desired trajectories must be carefully

chosen so as to satisfy the control objective:

(9ir 9ir) = (Qiras 0) (4.10)

4.3 Distributed control strategy

In this section, we present a distributed control strategy for n-flexible-link manipulator to
track desired trajectories in the joint space while eliminating links’ vibrations. The n-flexible-
link system can be viewed as n interconnected subsystems. Each subsystem has a pair of a
joint and a flexible link. The distributed control strategy consists in controlling the n™
subsystem while assuming that the remaining subsystems are stable. Then, the same strategy

is applied backward to the (n-1)" subsystem and so on until the first subsystem.

4.3.1 Control law development

As mentioned, the control strategy consists to begin by controlling the last subsystem. The

equation of motion of the n™ subsystem is given from (4.8) as follows:

M (@)q + Ci(q.4)9 + Diq + Kiq = Lyt (4.11)

where Mr€= [Mnl oo My Mnn]ZxZn; C_‘r];= [C_nl Eni Cnn]ZxZn;

5,7; = [02x2 - 0O2xz Enn]ZXZn; 1?77; = [0zx2 - O2x2 Knn]zxZH and Zn - [O 0---0dznrn
n

The n™ subsystem is controlled by assuming that the remaining subsystems are stable. Then

we can define a generalized coordinate as follows:

Qp = [9a1 ~* Qd@m-1 9n]” (4.12)

where qg4; = [9rai  9rai] for i=1 ... n-1. Note that the rigid and flexible coordinates of the

n™ subsystem are the controlled ones and the rigid and flexible coordinates of the remaining
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subsystems are the desired ones. The velocity @, is the time derivative of @, and the
acceleration @, is the time derivative of @,. Using the new coordinate, the corresponding

equation of motion is given as follows:
FIE @) + CT (o G)in + DLl + K1 = Lot (4.13)
In other form, (4.13) can be written as:

n—-1
— N e = — =\ = . = — . = . T
Mnn(@]n)qn + Cnn((qln’ Qn)qn + Dnnqn + Knnqn + z Mnjqdj + anqdj = [61] (4'14)

j=1
Define the sliding surface of " subsystem as follows:

Srn] [ern + Arnern] — [Qrdn - CIrn + Arnern (4.15)
an €rn t Afnefn dfan — 4fn T Afnefn

where €., = Qran — qrn, and €, = qran — qgp are the error signals and A, A¢,, are positive

constants.

The previous sliding surface can be written as follows:

_ Srn _ urn_CIrn o 4.16
no [an] B [ufn - an] T n ( )

where U, = Gran + Arn€rn and Usy = Gran + Apnepn.

To control the n™ subsystem, we propose the following control law:

T =Ty + V0 — 0T (4.17)

where
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; # 0
T, = S Srn (4.18)
0 ;S =0
v‘l"Tl T =\ AT (= = \= ST = TT— ST — (4'19)
v, = [vfn] = MI(@)u + CL (T, Tn)u + Diu+ KL q + K.,,§
Sl e (4.20)
ot, = 5Tfn] =M, u—-6C,u
where K4, € R?*? is a diagonal positive matrix, SMI = [6My; ... My ... SMpnloxon;
SCF =[6Ch; ... 6Cpi . 8Chploson K55 = diag (K grnSrn, KanSrn) and,
u=[uy - W o U =[U1 U v Uy U U Upp]T (4.21)
=T, u
n-1_ _ (4.22)
SM.. = aMnj(Q) ~ e~
Myj = g, | Y + R, (q;)
Jj=1 J djd
(4.23)
n-1 _ - n-1 _ -
- 0C(q. | 0Ch(q, )| - o
6Cy = ) 5 @+ ) T+ Re, (@, d)
Jj=1 J qjd Jj=1 J djd

Riz,; and R¢, are the  high order terms of the  Taylor series for

M, ;(q) and C,,;(q), respectively (Bartle et Sherbert, 2000) (see Appendix for more detail).

This control strategy is used backward for the remaining subsystems. Taking for example the

i"™ subsystem, the corresponding generalized coordinate can be written as follows:

qQ; = [4a1r * 4ai-1) i 9di+1) Dan]” (4.24)

where qq; = [4raj 4raj]",j=1,..,nandj # i,and q; = [9ri qri]".
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The new equation of motion is given as follows:

—— — —_ ~" g— —_ —_ ~T — 7T — T 4.25
M{ (@94, + ¢/ (@, @)q, + D/ q. + K/ q, = Li; (4.23)
where MlT: [Mil Mii Min]T; C_'lT: [Eil Eii Ein]T;
7 0..010---0 = = = = = e = =
:[0 ..000--0),,,’ DI =[Dy =+ Di .« Dl K =[Ky - Ki . Kql"
LI i I P IR AP T
M;; Mrfl Mfl CTfl Cfi > il T Dfi > Bl — [ Kfi.
The previous equation of motion is equivalent to:
n
M;(@)d; + Ci(Q:, )4 + Diq; + Kiq; + z T daj + Cij (W, @) daj
]JZ (4.26)
—[4
= o]
The sliding surface of i subsystem is given as follows:
_ Sri _ Upi = G R 4.27
St = [Sfi] B [ufi - C?fi] T4 et

where U, = Qrq; + Ari€y; and Us; = qra; + Ari€fie €ri = Qrai — Qri> and €y = qrqi — G
are the error signals and A,;, As; are positive constants.

The proposed control law of the i™ subsystem is:

T, = Ti + Vi — (STH' (428)
where

syi(vyi + 0771)
_) "= sy #0 (4.29)

0 ;ST'i:O
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Uri T (= a5 ST (— — \—=— —p e —_ —
Vi = [v;i] = M!(@)u+ ¢ (q;, q,)u+ D/ u+ K/q+Kj;s (4.30)
0Ty . .
8t; = 5T”] = 6M[u—6Clu (4.31)
Tfi

where Ky € R?*? is a diagonal positive matrix, SM] = [6M;; ... My ... SMiy]oxom:
66_17‘2 [SC_il 6Cii 6C_in]2><2n and:

_ aMii(q)| -
My = Xja 2| @+ Ry (@) (4.32)
j#i T lgjq
n — n =
_ aC(qr q) ~ ac(qr q) < ~ <
5C, = z L @t z —5a— | @+ Fa,@ ) (4.33)
j J djd j=1 J djd
j#i J#i

R 7 and RCij are the high order terms of the Taylor series.

Flexible
manipulator

v
=

v
<S8

A

A

\#
Tri 57;

8Tfi

A

A

Figure 4.2 The i-th control law.

4.3.2 Stability analysis

This section presents the stability analysis of the error dynamics for all subsystems. The n

control laws (4.28) can be written as follows:
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=T+ v, — dt, (4.34)

where v, € R" is the first n elements of the vector v, given in (4.30), while vy are the

remaining elements of v. T € R™ has T;, given in (4.29), in the i element.

The sliding surface for all subsystems can be written as follows;

s = [Sr] _ [ér + Arer] — [Qrd - éIr + Arer] — [ur - qr] =1 — q (4_35)
Spl Lér +Arer]  1Gra — p + Arer]l 10 — gy

Using (4.35), the dynamical model (4.1) is given as follows:
. N . _ (4.36)
M(@@—-5)+C(qq@—s)+D(—s)+Kq=Lt

The error dynamics can be deduced as follows:

M(q)$ + C(q,q)s + Ds + K;s = M(q)it + C(q, @)t + Du + K;s + Kq — Lt (4.37)

Proposition 1: The error dynamics (4.37) is equivalent to the following expression:

~T ] (4.38)

M(q)$ +C(q,q)s + Ds + K;s = [vf + 6

Proof: see Appendix.

For the stability analysis, let us define the following positive Lyapunov function:

V= %STM(q)s (4.39)

Take the time derivative of V(t) to get
- e Loy (4.40)
Vit)=s Ms+§s Ms :
Using (4.38), V(t) becomes:
. _ —T Lo
V() =sT (—C(q, q)s — Ds — K;s + [vf n S‘rf]) + ESTMS

—-T
— T T
=—sS (D+Ky)s+s [vf n &f]
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Using the transformation matrix 7,., we can write:

Sri — _Ti .
where s; = [sﬁ] and T, = vri + 8] i=1..n

e —T;
51Tg = [Sri Sri] [vﬁ n 5Tfi] = —spiT; + spi(vpi + 875;)

Using (4.29), we can write:

57T;=0
Using the transformation matrix T;.:

sTt;=0
Then,

[Vf + S'l'f] z SiTsi =

Then, the time derivative of V(t) becomes:

V(t) = -sT(D +K,)s

Because D and K,; are positive definite diagonal matrices, then V(t) is negative.

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

Using

LaSalle theorem (Spong et Vidyasagar, 1989), the error dynamics is globally asymptotically

stable.
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4.4 Application to two-flexible-link manipulator

4.4.1 System description

The system considered in this section is a two-flexible-link manipulator shown in Fig.4.1. It
consists of two motors, two flexible links, and a payload. It moves in the horizontal plane and
is connected by rigid revolute joints. The system is actuated by two torques generated by the
motors. The i-th motor has an angle q,; and the i-th flexible link, supposed uniform, has a
mass m; and length L,, linear density p;, and rigidity EI;. m, is the mass of the payload. The
second link is attached to the rotor of the second motor and the first link is attached to the
first motor. Axes (X;,Y;) for link 1 and (X,,Y,;) for link 2, move with the corresponding
links. ()?0, 170) is the fixed reference frame. The deformations of the links are assumed to be

small and the flexible links are modeled as Euler-Bernoulli beams.

Figure 4.3 Two-flexible-link manipulator.

In this section, the two-flexible-link model given in (De Luca et Siciliano, 1991) is modified
by only considering the first flexible mode of each link (see Appendix). Then, we have
n=2,z=2 andz; =z, = 1.

The dynamical model of the two-flexible-link manipulator is given by:
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M(q)g+C(q,9)q+Dq+Kq=1Lt (4.47)
where
Myy My, Mys My, Ci1 Ciz Ciz Cyy 0 0 0 0
M = My, My, My My, C = Cr1 Gy Ca3 Cyy D= 0 0 0 0
M3, Mz, Mz Mgy, C31 C3p C33 Csuf 0 0 Df1 0]
My, Myy Mz Myl Ca1 Cay Chz Cyy 0 0 0 Df2
0 0 0 O [qr1 1 0
_ 0 0 0 0 _ar 1o 1 [T
K=lo o Ku 097 |qu| =0 Oandr_[rz]'
0 0 0 Kfz | df2 0 0

As in (4.3), we can write:

M4 Mlz] M;3 M14] M3 M34] Ci1 C12]

M, = ; My = ; Mg = ;o G = ; Crp =
" My, My, f My My, ! My My, TT Cy1 Cypy f
Ci3 C14] Cs3 C34] Dfl 0 ] Kfl 0 ]

; Crp = ;Dr = and Kr = .

[623 Ca4 2 Ca3 Cyy ! 0 sz ! 0 Kfz

For two flexible links, the corresponding transformation matrix (4.5) becomes,

(4.48)

oSO rO O
o oOor o
_ oo O

Using the matrix of transformation (4.48), the dynamical model (4.47) is equivalent to the

following equation:

M(q)q+ C(q,q)q+Dq+Kq =1Lt (4.49)
where
My; Mys My, My, Ci1 Gz Cip Ciy 0 0 o0 o
i = M3y Msz Mz, My C= C31 C33 (33 C3y D= 0 Dpy 0 Of
My, Mys My, My C1 Cyz Gy Caul 0 o 0 OFf
My, Muz My, My, Ca1 Caz Chp Cyy 0 0 0 Dp
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0 0 o0 0] qr1 1 0
_ |0 Ky 0 0 @y || - T
_ f1 Co=_ [417 _ |Yf1] _ 10 0 _[4
K‘[o 0 0 O’q_qZ]_Qrz'L_O 1| and T = Tz]
0 0 0 Kfz qu 0 0

In the two subsystems form, (4.49) can be written as:

R GG R e

M21 Mzz QZ 521 522 521 522 qZ 1?21 1?22 92
_ 4.50
[ (4.50)
Lyt
_ M M _ M M _ C C _ C C
here M. = |1 13]; _ 12 14]; T Lt 13];6 _ |Gz 14];
W 1 M3, M3 Mz, Ms, 1 C31  C33] 712 C3; Csy
~ [0 01 _q0 01 5 0 0 01 =& _ [Myy My
Dy, = [0 Dfl],Dn = [0 0], K1 = [0 Kr1 ] [ 0], My, = [M41 M43]’
= My, M24] = Cz1 Czs] = Cy2 C24] = 0 01.5
227 [My, My, 21 Cy1 Cy3 22 Caz Cael 72t [0 0] 22
0 01 - _0 01 _[0 07 qr1 9r21. + _ 1 O]
[0 sz]’ Koy = [0 0]’K22 N [0 Kfz]’ Qf1] qz = CIfz]’ 1= [0 0]’
= _ [0 1
L= [ . 0]'
Equation (4.50) can be written in the following form that will be used for the control law:
O N
Mz Cz K; L,t, .

where M1T = [Mu M12]' C_1T = [511 612]' 51T = [511 D1z] K1 = [K11 1?12]; MzT =
[M21 Mzz]éézT = [621 sz] Dz = [D21 Ezz]él?zT = [K21 Kzz]-

4.4.2 Distributed control law

For a two-flexible-link manipulator, the control law is developed in two steps. The first

consists of developing the control law for the second subsystem (second joint and link) by
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assuming that the first subsystem is stable. In the second step, we develop the control law for

the first subsystem using the same strategy.

Starting now by the last subsystem, the generalized rigid and flexible coordinates are given

by:

@Zz[qlu qZ]TZ[CIrdl fa1  qr2 qu]T (4.52)

Note that, for the first subsystem, the rigid and flexible coordinates are the desired
coordinates and for the second subsystem they are the controlled ones.

According to dynamical model (4.51), the equation of motion of the second link is given by:
GT (— \—= AT (= = \= _T = T — - Tz
M; (T@2)q; + C; (@]lz; @]lz)“]lz +D,q, +K;qp = LT = [0] (4.53)

The control law proposed for the second subsystem is given by the following equation:

Ty =T, + v — 07y (4.54)
where
sz (va + 5Tf2)
T, = Srp P Sr2 0 (4.55)
T
0 ; Sy = 0
v 2 T (= O\ AT (— = \=— =T —m_ —
vy = [V;z] = M3 (@)t + CJ (T2, G, )& + DIt + KIq + K1,5 (4.56)
6Ty = [5TT2] = éMIu—5CTu (4.57)
6Tf2
-r _[0 0 K 0 .
where K = [0 0 %ZT Kdzf]; K- and Ky ¢ are positive constants.

u=[iy uZ]T:[ulr Uy Uar uzf] =T u=[iy, i, Uy uzf]T;
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@l

= [51 SZ]T [s1r Sif Sar Szf]T =T,s; s =[Sy, Sz Sif Szf]T
(SMg' = [6M21 SMZZ], 65{ = [5(;_‘21 6(;_‘22]

SM.. = oM;j(q)

aCy;(q.q) G+ aCy(q,9)
Y 0q1

q1+RM (‘h) 561] .
q1d Y 94, q14 ! 044 q1d

1 T Re,; (@)

R Ml.].and Rcijare the  high  order terms of the  Taylor series  for
M;;(q@)and C;;(q, q), respectively.
Proceeding to the first subsystem and developing the control law assuming that the second

subsystem is stable, the equation of motion of the first subsystem is given by:
T e\ AT — = \=— T = 5T — - T
M (@) + CT (@, @)ds + DI @y + KT @y = Lt = [ | (4.58)
where
G1=[91 qaz]" =[9r1 9r1 Graz qraz]” (4.59)

The control law is given by :

Tl s T1 + Url - 5‘[7«1 (4.60)

where

»Sr1 # 0 4.61)

Vpq
v, = [vﬂ] MT (qq)u+ CT(qy, @, )u + DTii + KT q + K15 (4.62)
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ot .
8T, = &”] SMTi — 8CT (4.63)
K
where K;; = 8 8 célr Kdlf]; K41, and K ¢ are positive constants,

51‘71{ = [5M11 61‘7112]2><4; 5€1T = [5511 5512]2><4-

aMl (@) aC;;(q.9)
5Ml] . 2 + RMU(qZ) SCU ;qz

q2d

~ aCL(qu) ~
q, + éT + RC (qz)
4 z qzd

Ry 1J.and R; ,jare the  high order terms of the Taylor series for

1\712]- (q)and Czj (q, q), respectively.

4.4.3 Experimental results

In this section, the control strategies presented in the previous sections are tested on the two-
degree-of-freedom (dof) Serial Flexible Link robot (Figure 4.33) manufactured by Quanser.
The system parameters are given in Table 4.1. The system consists of two motors, two serial
flexible links actuated by dc motors, and two strain gauges clamped at the base of each

flexible beam, used for measurement of tips deflection.

Figure 4.4 Quanser two link flexible robot.
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Table 4.1 System physical parameters

Parameter Link 1 Link 2
Link length (L,) 0.202 m 0.2m
Elasticity 2.068 10" N/m”* | 2.068 10'' N/m”
Link moment of inertia 0.17 kg.m’ 0.0064 10° kg.m”
Gear ratio 100 50
Rotor moment of inertia 6.28 10° kg.m” 1.03 10° kg.m"
Drive moment of inertia 7.63 10 kg.m” 44.55 10° kg.m’
Drive Torque constant 0.119 Nm/A 0.0234 N.m/A
Maximum Rotation +/- 90 deg +/- 90 deg

The experimental setup of the two link serial flexible manipulator robot is shown in Figure 4.
The main components of the setup are: a linear amplifier, Q8 terminal board, DAQ system,
sensors such as strain gauges, encoder and limit switches. The interface between the
computer and the setup is the Quanser Q8 data acquisition board. Simulink with Real-Time
Workshop (RTW) of Mathworks” is used for real-time implementation of the proposed
controllers. Q8 software is used to transform the data from the computer to the system, which
allows the SIMULINK models to run in real-time target. The torque input provided by the
control algorithm is sent to the robot through QS8 data acquisition and the linear current

amplifier. A current sensor measures the current of each actuator.
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Figure 4.5 Real-Time setup.

The desired trajectory of the joint takes up a polynomial function given by the following
expressions (Craig, 2005):

Gra1(t) = ajg + ag it + ajot? + ag5t3 + agut* + ayst° (4.64)

Graz(t) = Ay + apit + appt? + ayst3 + azat* + ayst® (4.65)

qra1(t) = qra2(t) =0
for0 <t <Tf=>5s.Fort =T, qrq:1(t) = % and g,q,(t) = g.

The desired trajectories are given in Figure 4.6.



107

0.4 ‘ 0.1
|
|
03b- -4 ] 0.05
| . &
= ‘ K 2
g : g g
= 02F-——f-——q--—-——-———— = = 0
i) | ] <]
o | g <]
| kel
0.1 - - ,,,,,: ,,,,,,,,, -0.05
|
|
‘ 0.1
0 L -0.
0 5 10 0
(@) (c)
0.8 ‘ 0.35 ‘
| |
: 03F---/--- J‘ —————————
,,,,,,,,, - - — - - _ 4 |
0.6 | 025---fF-3-- - ===
- | 2 | T
8 ‘ e R e 3
~ 04F--—--A-—-—-~ === - = | I
3 ! N 015 f - -1~ A ] ©
> | g | g
I 01-4----- Rty ©
02 ——f-—--- e - !
| 0.05Hf-----44--------
| |
0 ! 0
0 5 10 0 5 10
(b) (d)
time (s) time (s)

Figure 4.6 Desired trajectories: (a)-(b) position, (¢)-(d) velocity,
(e)-(f) acceleration of rigid part.

The controller’s gains are chosen using a trial and error method as follows: For the
distributed control strategy, the selected gains are: Kyi = 15; Kq1p = 10, Ko =
25 and K455 = 10.

The previous theoretical development of the control law that ensures the global stability is
given in the general case, i.e. for any high order in the Taylor series. In the real-time
implementation, a finite order is fixed. In this section, and for simplicity, the Taylor series is

limited to the first order. Then, RMij = RCij = 0.

The experimental results for the distributed control are shown in Figures 4.7-4.9.
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Figure 4.7 Distributed control: (a)-(b) joint tracking trajectories,
(c)-(d) joint tracking errors.
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Figure 4.8 Distributed control: errors of flexible parts.
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The results of the developed distributed control method were compared with a PD type

control to show the contribution of this proposed control strategy using the same desired

trajectories. The PD control law can be written as follows:

T=K,(q—qq) + Kq(q— qq)

(4.66)

where Kpand Ky are constant gain matrices. Kp = diag(10,10,10,10) and Kd =

diag(8,8,8,8)
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Figure 4.10 PD control: (a)-(b) joint tracking trajectories,
(c)-(d) joint tracking errors.
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Figure 4.11 PD control : errors of flexible parts.
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Figure 4.12 PD control: input torques.

According to the experimental results, for the distributed control strategy, a good tracking in
the joint space is shown in Figure 4.7. This good tracking is confirmed by the very small
tracking errors, less than 0.01 rad for the first joint and 0.008 rad for the second joint. For the
flexible coordinates, a small error was obtained not exceeding 0.006 rad as shown in Figure
4.8. The input torque is shown in Figure 4.9. The errors obtained explain the ability of the
distributed control strategy to cancel vibration in the links. The results of the distributed
control strategy were compared with the PD controller results (Figures 4.10-4.12). For the
distributed control method, the tracking errors of the joints and the links’ vibrations are

smaller than those resulting from the PD controller. Finally, we can conclude that the
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distributed control strategy eliminates vibration and gives good tracking of the desired

trajectories.

4.5 Conclusion

This paper presents a distributed control strategy for flexible-link manipulators. This strategy
consists to start by controlling the last subsystem composed of the n™ joint and link by
assuming that the remaining subsystems are stable. Then, working backward one subsystem
at a time toward the first subsystem, we use the same strategy. The global stability is proven
using Lyapunov approach. Experimental results, compared with a PD control, show that the

distributed control strategy gives good tracking and cancels the links’ vibration.

4.6 Appendix

Proof of proposition 4.1

Let us define the second term of the error dynamics (4.37) as follows:

T, =M(q)it+ C(q, Q)i+ Du+Kys + Kq— Lt (4.67)

Using the transformation (4.6), the previous error dynamics is equivalent to :

%, = M(q)ii + C(q, §)ii + Dii + K,5 + Kg — Lt (468)

where M(Q) = TrM(q)Tr_l; C_‘(qr q) =T.C(q ‘:I)Tr_l ; D= TrDTr_l; K= TrKTr_l; L=
T.L;u=Ta,5s =T,sand T, = T, 7,

.th . .
For the i"" subsystem tg; is given as:

Ty = M{ (@u + C{ (q, u + D] u+ K/ q + Kg;5 — L;7; (4.69)
where M{(q) = [My - Mpl"; Clq@)=I[Cy - Cnl"s K =[Ky - Kanl"
S o or o _ 70 ..010--0
DI =[Dyy - D" Ky =[Kan - Kgmnl"andL; = [0 0000l

Using Taylor series, we can write:
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M;;(q) = M;;(q@) = M;;(q;) + DM;;(g,)" (@ — q,) +

~ @ - q)™{D?M;@)}(q — q) + -

where DM;;(q;) is the gradient of M;; evaluated at § = @; and D*M;;(q;) is a Hessian

matrix. Then, we can write:

91 — 914
_ _ M;;(q) qi-1 — 9(i-1)d
M. . = M. . (T, Ry .(q;
i (4) () + g1 Qi1 Qiss — Gul|| "1 |[Tir1 ~ AGrna I
d(i-1)d :
q(i+=1)d L qn — 9nd
nd
n —_
_ oM (q)| -
= M;;(@;) — z 6U q; + Ry, (@)
— q; )
Jj=1 qjd
j#i

= M;;(q) — 6M;;

where 61Wl-j = Y= azxziij) q; — RML.].(?]']-) and RMij is the remaining terms given as
j#i 9 djd
~ — = oMij(q)|
follows: RMU(‘I]') = M;;(q) — M;(q;) + Xj-1 al:;,- q;
j#i dja

Using the same strategy of Taylor series for M;; we can write:

aMii q)

Zii + RMii (Eil)
qjd

n
M;;(q) = My (@) = My (q;) — z
=1
Jj#i
= M (q;) — 6M;;.

where §M;; = Z}‘zlagi‘;}(_q)

Jj#i 4djd

q;+ RMii('(ij). Ry and Ry, are the high order terms of the

Taylor series for M;;(q). Then, we can write:



M (@) = M{ (@) = M{ (q;) — 6M]
¢l (a9 =C¢/ (g9 = (q ) - 6¢

and

Ty = M (@)u + C! (4, q,)u— dMu— 6CTu+ DIu+ K/'q + K%5 — Lit

Using (4.30) and (4.31), the equation (4.71) can be written as follows:

_ [Uri(@i) — 0Ty — Ti]
st v (q) + 67

Using (4.29), we can deduce:

= [y + o7
5= vy (@) + O

Then,

, . -T
M(q)$s +C(q,q)s + Ds + K;s = [vf n &_f]
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(4.70)

4.71)

(4.72)

(4.73)

(4.74)
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Abstract: This paper presents an adaptive distributed control strategy for n-serial-flexible-
link manipulators. The proposed adaptive controller is used for flexible-link-manipulators 1)
to solve the tracking control problem in the joint space and 2) to cancel vibrations of the
links. The dynamical model of flexible link manipulators is reorganized to take the form of n
interconnected subsystems. Each subsystem has a pair of one joint and one link. The system
parameters are supposed unknown. The adaptive distributed strategy controls one subsystem
in each step starting from the last subsystem. The nth subsystem is controlled by assuming
that the remaining subsystems are stable. Then, proceeding backward to (n-1)th system, the
same strategy is applied, and so one until the frist subsystem is reached. The gradient-based
estimator is used to estimate the parameters of each subsystem. The control law of the ith
subsystem uses its own estimated parameters and the estimated parameters of all upper-level
subsystems. Global stability of error dynamics is proved using the Lyapunov approach. This
algorithm was implemented in real time on a two-flexible-link-manipulator and a comparison

with the non-adaptive version shows the effectiveness of this approach.

Key Words: Hierarchical control, adaptive control, flexible-link manipulators, stability,

1dentification.
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5.1 Introduction

Flexible link manipulators present some inherent advantages over conventional rigid robots
such as lower energy consumption, faster response, relatively smaller actuators, higher
payload-to-weight ratio and less overall cost. They can be found in a large diversity of
applications such as: nuclear maintenance, microsurgery, space robots, contouring control,
collision control, pattern recognition, and many others. Due to all these advantages and
applications, the control of flexible link manipulators has received considerable attention in
the literature [1, 2]. Flexible link manipulators are multivariable systems and their dynamics
are strongly coupled and highly nonlinear. The dynamical model of flexible manipulators can
be considered as one multi-input and multi-output (MIMO) system and one controller is
considered for all links and joints. Many control strategies are proposed in the literature using
this configuration. When the system parameters are known, linear control [3-5], feedback
control [6-8], and sliding-mode control [9-12] have been proposed for flexible link
manipulators’ control problems. A proportional, integral, derivative (PID) controller was
used in [4] to control the flexible manipulator. The controller is presented as a general second
order linear regulator and its parameters were systematically chosen by pole placement. A
feedback control using conventional motor with a gear actuator affected by non-linear
friction torque is presented in [8] to solve the tracking problem in joint space of a flexible
manipulator. A sliding mode controller is proposed in [10] for a two-link flexible
manipulator to control the end-point position. An inverse dynamics terminal sliding mode
control strategy is proposed. Adaptive control is used when the system parameters are
unknown [13-16]. Non-adaptive and adaptive controllers were proposed in [16] for a one
flexible link manipulator to track desired trajectories in the joint space. The asymptotical

stability of the error dynamics is proved using Lyapunov theory.

When using the dynamical model as one MIMO system, all joints and links are controlled by
a single controller. In this case, the control structure becomes more complex and the real time
implementation in industrial applications is not easy [17]. To overcome this problem, the

dynamical model of a flexible manipulator can be viewed as an interconnection of multiple
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subsystems where each subsystem is controlled using one controller. In this case, many
advantages are offered, such as simplicity of implementation, fault tolerance, reduction of
computational effort, etc. Using this configuration, decentralized control was proposed in
[18-20] for flexible link manipulators. An indirect adaptive decentralized control for a class
of two time scale interconnected systems is proposed in [18]. The dynamics of the slow
subsystem are developed using the integral manifold and the dynamics of the fast mode are
presented by the fast subsystem. The adaptive controller uses the effects of unmodeled
dynamics, identification errors, and parameter variations. Distributed control strategy was
used in [21] to track desired trajectories in the workspace for a two-flexible-link manipulator.
The redefinition output technique was used to select a non-collocated output, ensuring
stability of internal dynamics. The control strategy consists in starting by stabilizing the last
link while considering the remaining links stable. Then, the same strategy is applied
backward until the first link. Only local stability was proved for this control strategy. The
distributed control strategy was applied in [22, 23] to track workspace trajectories for rigid

manipulators.

In this paper, the distributed control strategy is modified to take into account the flexibility of
the links. In contrast to rigid manipulators, flexible manipulators are under-actuated systems,
i.e. the deflection variables are not actuated. In this case, a subsystem has two parts: in
addition to joints as in a rigid manipulator, it must also include the corresponding flexible
link. The dynamical model is reorganized, in the first step, to take the form of n
interconnected subsystems using a non-singular transformation matrix. In this form, each
subsystem contains its own parameters and the parameters of upper level subsystems. Then,
distributed control strategy is used from the last subsystem proceeding backwards until the
first one. Each subsystem is controlled by assuming that the remaining subsystems are stable
and follow their desired trajectories. The unknown parameters of the last subsystem are
estimated and used for the lower level (n-1)™ subsystem. The control law of each subsystem
is developed using its own estimated parameters and the parameters which were estimated in

the previous steps. Lyapunov theory is used to conclude the global stability. A real-time
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implementation of a two-flexible-link manipulator is given as an example of the proposed

control strategy and to show the effectiveness of this controller.

The paper is organized as follows: section 5.2 presents the modeling and problem
formulation. The distributed adaptive control strategy of a multi-flexible-link manipulator is
presented in section 5.3. Section 5.4 presents the stability analysis of the errors dynamics. In
section 5.5, the proposed control strategy is applied to two-flexible-link manipulator and

experimental results are shown. Finally, conclusions are given in section 5.6.

5.2 Modeling and problem formulation

The n-flexible-link manipulator is shown in Figure 5.1. The links are presented in a cascade
form and actuated with individual motors. An inertial payload is clamped to the end
effectors. The motion of each link is assumed to be in the horizontal plane and has a very
small deflection. Using Lagrange equations, the dynamical model of an n DOF flexible

manipulator is given by (De Luca et Siciliano, 1991):

M(q)G+C(q,9)g +Dg+Kq =1Lt (5.1

where M is the inertia and mass matrix, C(q, q)q is the Coriolis and centrifugal forces vector,
D is the friction matrix and K is the rigidity matrix. q represents the vector of the generalized
coordinates and t is the vector of the applied torques. For n rigid coordinates and n flexible

links, the deformation of the i flexible link is given as follows:
zj
j=1

where qg;; is the ™ generalized flexible coordinate, @; i (x) is its j™ shape function and z; is
the number of the retained flexible modes of the i™ flexible link. The total number of the
flexible modes is z = )=, z; and the number of the rigid modes is n.

Usually, the dynamical model (5.1) is written as couples of rigid and flexible parts as

follows:
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where M, and M; are the mass and inertia matrices for the rigid and the flexible parts
respectively. M,.r is a coupled element. The same decomposition is used for the Coriolis
matrix C(q, q). Ky is the stifness diagonal matrix and Dy is the damping diagonal matrix of

the flexible part. The subscripts r and f denote the rigid and flexible modes. In this work we

consider only the first flexible mode of each link, then: z; = 1 and z=n.

Figure 5.1 Flexible-link manipulator.

In general, the dynamical model is written as rigid and flexible parts as given in (5.3). The
generalized coordinate (g = [4r 4r]7) includes the rigid coordinates in the first n elements
and the remaining elements are the flexible coordinates. In this paper, to develop the
distributed control law, we need to reorganise the elements given in the generalized

coordinates and the dynamical model to take the form of n-interconnected subsystems. Each
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subsystem has a pair of a joint and a link (q; = [4ri 94ri]T). Then, there exists a non-

singular matrix of transformation 7, such as:

q="Tq (5.4)
where g = [ 4f]" =[91 G 971 drn]T is the old generalized coordinate,
g=1[91 4 = @]"=[91 1 " i 4ri .. G 9]T is the new

one, q; = [9ri  qri]” is the generalized coordinate associated with the i™ subsystem (i joint

and link) and the matrix of transformation T;. is given by:

1 2 i n n+l n+i 2n7
1110 ..000..000 00 ..000..000
00 ..000..000 1 .000..000
Tr=qi00...010...000.00 000..000 (5.5)
00 ..000..000 OO 010..000
g,/00 .. 000 .. 001 00 ..000..000
00 ...000..000 00 ..000..001
Using (5.4), the dynamical model (5.1) can be written as follows:
M(QT g+ C(q, T '+ DT g+ KT, g = Lt (5.6)
where ¢ = T,.¢ and g = T,q.
Equation (5.6) is equivalent to the following expression:
M(q)q+C(q,9)q4+Dg+Kq =Lt (5.7)

where 1(q) = T,M(@)T; C(q, ) = T,C(q, )Tt ; D = DT K = T.KT L, L =Tl

_Z[er a1 . Ui Qri ... Grn qfn]T
1 q1 q; dn '
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The obtained dynamical model (5.7) takes the form of n interconnected subsystems given as

follows:

M{(Q) ‘h €1T(q' q) D1 L1
B ! +1 . + (5.8)
MY (LG, |Gl (g, 9) Dl
where qi = [qTi qfl]T,M;T = [Mil Mii Min]ZxZn;
¢ =[Cq « Ci o CinloxansDf =[0 ... 0 D;i 0 .. Olzxzn;
KT = [0 0 K0 o Ol By = | ™0 8] g [0 el
i = ii 2X2N> ij — Mrf— Mf s “1] T C‘r‘f— Cf— s 23
M;ij M 2%2 Cij Cij
0 071 - 0 0
[ ];Kii:[ ] _[ 0 0 .. 0] .
0 Dy 0 Kpl 0 .. 0 0 .. 0ly,
Let us define the sliding surface as follows:
ST Qr+/1rqr qrd_c'Ir'l'Arqr _ ur_‘?r . .
s= ] [ p l [q - +Aq]‘[' —q]‘““’ ©-2)
F3 14y + ¢4y fa = dr t Apdy f
We can also write: s = [Sr SF]T = [Sr1 ** Sen S,r 0 Sea]T

Using the transformation matrix, a new form of the sliding surface can be written as follows:

S=T.s=[s1 = Si = Sp)T=[Sr1 Se1 " Sri S .. S ST (5.10)
The same idea is used for u, thenu = [Uy  Uf]T =iy - Wy Usr - Upp]Tand
ﬁ=Tru= [, -« w - uy]”

. . . . . . 5.11
= [Ur1 U v Wy U o Upp Upg]T ( )
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The properties that will be used in the control law development can be deduced from the
dynamical model as follows:

P1: M, M,,, M¢s, Dsf and Kgs are symmetric positive definite matrices.

P2: The inertia-mass matrix M(q) and the Coriolis matrix C(q,q) satisfy the following

skew-symmetric property:
XT(M(q,¢) —2C(q,4))X =0 VX€ER (5.12)

Let the desired trajectory associated to the rigid part of the i™ subsystem, its first and second-
order derivatives be q.q;(t), qrqi(t) and §q;(t) respectively, and qgq;(t), qsq; (t) and Geg; (L)
are those associated to the flexible part of this subsystem. The objective is to track the
desired trajectories in the joint space and cancel the vibrations of the links. The desired

positions of the flexible modes are then set to zero.

5.3 Adaptive distributed control strategy

This section presents the development of a distributed adaptive control strategy for n-
flexible-link manipulator to track desired trajectories in the joint space while reducing links
vibrations. The distributed control strategy consists in controlling the flexible manipulator
starting by the last subsystem and then working backward until the first one. Each subsystem
is controlled by assuming that the remaining ones are stable. For the n™ subsystem, the

equation of motion is derived from (5.8) as follows:

M (9)q + Ci(q,9)q + Drg + Kiq = Lot (5.13)

where MZZ [Mnl o My Mnn]ZXZn; C_‘T’{: [énl Eni Enn]ZXZn;

— — — — _ 00---1
D = [0zxz - 02x2 Dpplaxons Ki = [02x2 - Ozxz Kpnlaxan and L, = OO---O]

2xn

The generalized coordinate associate to the n™ subsystem is given by:
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Q, = [dra1 dfar ** 4dram-1) 4rd(n-1) 9rn 9T

14
= [da1 " 4d(n-1) Qn]T (5.14)

Note that the rigid and flexible coordinates of the n™ subsystem are the controlled ones while
the rigid and flexible coordinates of the remaining subsystems are the desired ones. Using the

new coordinate, the corresponding equation of motion becomes:

M5 (Q)0n + CF (Qn On) On + Di0n + KEQ = Lyt (5.15)
where the velocity én is the time derivative of Q, and the acceleration én is the time
derivative of én.

There exists a vector p,, = [II;Z;] € Rbnr+bnf with components depending on manipulators’

parameters (masses, moments in inertia, etc.), such as:

Wi (@ G t) P + RMy, = ME(Qu)i + CF (@, @) + D (5.16)

where # is given in (5.11) and W, = [ Or w f] is the regressor matrix which contains all
n

known functions, W,T. € RPnr and Wan € RPnf. RM,, is the remaining term which is

independent of the parameters p,,.

The control law of the last subsystem can be proposed as follows:

Tn = Kdnrsnr + Tn + Wnrﬁnr + RMTLT - (STT’LT (517)
where
Snf(KdnfSnf + Kfn‘?fn + anp’\nf + RMnf + 6Tnf) ) %0
T, = S » Snr (5.18)
0 3 S = 0
Wi = [y 50| = @i + € (00 0u) i + B (519
nfpnf
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_ 8Tnr

6Tn - 6Tnf

] _ (5MTYii + (5CT)i (5.20)

Kq 0 —19Mn;(q)
and Ky, = [ O"r Kdnf] ; 6My; = Y] aqu

dj + Om,;(@;)
dja
n-1 . n-1 .
5C. . = 0Cri(q, @) . 9Cn;(q,9)
an = T q]- + T
4jd j=1 J

j J djd

j=1
Ou;;and O, are the high order terms of the Taylor series for M;; (q)and C;;(q), respectively.

The adaptive laws for rigid and flexible parts are given as follows:

ﬁnr = Kvannc‘Snr
. r (5.21)
Py = KvannfSnf

where K,,,-and K,,,,- are some positive definite gains.

The same strategy is used backward for the remaining subsystems. Taking for example the i"

subsystem, the equation of motion using the new associated coordinate is given as follows:

MiT(éi)él +¢T(Qs, Q)0 + BiT(jl +K[Q =Lt (5.22)
where MI'=[My - My .. My,|"; Cl=[Cq -~ Cyi .. Cynl%s L=
o IMW“ Mrfﬁiil - lCTfii Crfaiil L m [0 0 ] ad o =

o Wy M1, e Gl O Pril )

0 0
and the corresponding coordinate is:
0 Kril,,

Q; = [4ar ** 4ai-1) 9i 9ac+1) 9an]T (5.23)

qqj = [9raj 4raj]",j=1,..,nandj #i,andq; = [9ri qri]".
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There exists a vector p; = [Pir DPir]"T € RPir*tPir  with components depending on

manipulators’ parameters and the regressor matrix W; = [ 0

known functions such as:

W; (Ql Qi t) p; + RM; = M{ (Q)u + Cf (él Ql) u+Dfu
where RM; are the terms independent of p;.
The proposed control law is given as follows:
Ty = KqirSir + T + Wi Dy + RMy — 67
where
Sif(KairSig + Krilipi + Wighip + RM;p + 67;5)
T. = y Sir =0
i S;
r
0 y Sir = 0
A plr A A ST
w; Wir ] M7 +CT +Df
D= |wy gy | = M @i+ €T (0 Q)+ D]
6Ti'r' T = ~T =~
0t = &_if] =0M;u+d6Cu
_ 6Ml @ N - Kai 0
and 6M;; = Yj-1—> dj + Om;(G;); Kai = Slr Ko ]
J#i 4djd dif
n n —
aC (q Q) ~ aC(Q:Q) L ~ £
Z léq q,-+zléT d; + 0¢,;(d;,4;)
j=1 J djd j=1 J djd
Jj#i JE!

Wif] which contains all

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Ou;;and O, are the high order terms of the Taylor series for M;; (g)and C;;(q), respectively.

The corresponding adaptive laws are given as follows:

p - K‘Ul‘)" WTSIT

(5.29)
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Dir = KyigWiksif

The i™ control law is presented in Figure 5.2.

A

S; Sliding
k.. surface

A 4

Flexible manipulator

Vahy
NP

RMir - 6Tir

D Parameters

UTs o TS 4 DTS e
Mpu+ Chu+ Dl |[«——| estimation

v

Figure 5.2 The i-th control law.

The n control laws can be written as follows:
T = K4S, + T + W,p, + RM — 67,
where W, = [WirP1r - Worbnr ", T = [Ty .. To]", 61, = [6T11
Sy =[Sr1 - Sra]" and Kg, = diag(Kyy)
The adaptive laws are given as follows:

A

Dr = Ky VVrTSr

Pr = Kor Wf's;

(5.30)

STTTl]T:

(5.31)

where K,,, = diag(K,y;) and K,y = diag(K,;) are some positive definite gain matrices.
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Figure 5.3 Distributed adaptive control strategy.

Figure 5.3 shows the distributed adaptive control strategy. Starting with the last subsystem

and using its own estimated parameters, the n™ control law is developed. Then going

backward to the (n-l)th subsystem, the control law is computed using its own estimated

parameters and the estimated parameters of the n™ (upper level) subsystem. For an i

h

subsystem, the controller depends on its own estimated parameters and the estimated

parameters of all upper level subsystems (n”, ....,(i+1)™). The same strategy is used for each

subsequent subsystem until the first one.



128

54 Stability analysis

The global stability is studied by inserting the control law (5.30) in the initial dynamical

model (5.1). From (5.9), the velocity g and the acceleration ¢ can be written as follows:

q=u-—s
(5.32)
g=1u-35
Using (5.32) and (5.1), the error dynamics can be deduced as follows:
M(q)$ +C(q,q)s+Ds+Kys =M(q)it+C(q,q)u+Du+ Kys +Kq— Lt (5.33)
Proposition 1: The error dynamics (5.33) is equivalent to the following expression:
. . _ =T + W.py,
M(q)s +C(q,q)s + Ds + Kys = [Wfpf + RM; + 814 + Kapsy + Ky (5.34)
Proof: See Appendix.
For the stability analysis, let us define the following positive Lyapunov function:
1 1
V=cs"TM(Q)s+=-p"K;'p (5.35)

2 2

. [P : Tl 2T —lsx 1 Tl
where p = [p’;]v K, = diag(Ky, va)v pTKv lp = szvrlpr + pJZvalpf

Take the time derivative of V' (t) to get

. 1 1 o
V(t) = ESTM(q)S + ESTM(C[)S +pTK;1p

—T + W,p,

_ T(_ Ne _ _ 1.1y
=S ( C(q’ CI)S Ds de + Wfpf + RMf + (STf + deSf + Kffef]) + ZS M(q)S +

pTK; P
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T+ W.p .

=_TD+K + T([ rr’r ])+~TK_1~
S ( d)s s Wfpf + RMf + 6Tf + deSf + Kffef p v P

= —sT(D + K;)s + Ry

where

=T + W, p,

=sT STrr—1x — T ST 1]

Proposition 2
Using the dynamical model (5.1) and the control law (5.30), the error dynamics is globally

asymptotically stable and the time derivative of V(t) is equivalent to the following

expression:

V(t) = —sT(D +Ky)s (5.37)
Proof: See Appendix
5.5 Experimental results

The system considered in this work is the two-flexible-link manipulator manufactured by
Quanser, shown in Figure 5.4. It consists of two motors, two flexible links, and a payload. It
moves in the horizontal plane and is connected by rigid revolute joints. Two motors actuate
the system and generate the torques. Each flexible link is supposed uniform, has a mass m;
and length L. ()?0, 170) is the fixed reference frame. (X;,Y;) moves with the first link while
(X,,Y,) moves with the second link. The flexible links are modeled as Euler-Bernoulli beams

and the deformations of the links are assumed to be small.
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Figure 5.4 Two-flexible-link manipulator.

The model of the two-flexible-link system given in(De Luca et Siciliano, 1990; 1991) is
modified in this work by only considering the first flexible mode of each link (Fareh, Saad et
Saad, 2013a). Then, we have n = 2, z =2 and z; = z; = 1. The dynamical model of the

two-flexible-link manipulator is given in (5.3), where:

M M M M M M C C
M. = [ 11 12]; M = M3 14]; M. = M3 34]; c. = |t 12]; C. =
T [Myy My, T My My IT 7 [Myz My, i Co1 Gy i
Ci3 C14] C33 C34] [Dfl 0 ] Ker 0 ]
; Cer = ;Do = and K¢ =
Coz Cogl” 17 Caz Cagl ™77 0 Dy, 2 0 K,

The control strategies presented in the previous sections are applied and implemented on the
two-degree-of-freedom (dof) Serial Flexible Link robot (Figure 5.4) manufactured by
Quanser. The system consists of two hubs with two serial flexible links actuated by two
motors. The tips deflection is measured using two strain gauges clamped at the base of each

flexible beam. Table 5.1 shows the system parameters.
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Figure 5.5 Quanser two-link flexible robot.

Table 5.1 System parameters

Parameter Link 1 Link 2
Link length (L)) 0.202 m 0.2m
Link moment of inertia 0.17 kg.m2 0.0064 10-6 kg.m2
Elasticity 2.068 10" N/m” | 2.068 10" N/m’
Gear ratio 100 50
Drive Torque constant 0.119 Nm/A 0.0234 N.m/A

Drive moment of inertia | 7.63 10™ kg.m’ 44.55 10° kg.m’

Rotor moment of inertia | 6.28 10° kg.m" 1.03 10° kg.m"

Maximum Rotation +/- 90 deg +/- 90 deg

The experimental setup of the serial two flexible links robot manipulator is shown in Figure
5.5. It consists of a Q8 terminal board, DAQ system, sensors such as strain gauges, encoder

and limit switches. The proposed controllers are tested on Real-Time using Workshop

(RTW) of Mathworks®.
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Figure 5.6. Real time setup.
The desired trajectory of the joint can be represented by a polynomial function given by the
following expressions (Craig, 2005) (see figure 5.7):
Gra1(t) = aqo + agqt + agpt? + a3t + agat* + agstd (5.38)

Graz(t) = Ay + ayqt + axyt? + ayst3 + ayut* + ast® (5.39)

for0 <t <Tf =5s.Fort =T, g1 (t) = % and g4, (t) = %- For the flexible mode:

qra1(t) = qra2(t) =0 (5.40)
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Figure 5.7. Desired trajectories: (a)-(b) position, (c)-(d) velocity,
(e)-(f) acceleration of rigid part.

Using a trial and error method, the controller’s gains are chosen as follows: for the

distributed adaptive control strategy, the selected gains are: K41, = 15; K415 = 10, K5, =
25 and K45 = 10.

For an i-th subsystem, the previous theoretical development of the control law is given in the
general case. For the sake of simplicity and the real-time implementation, a finite order
Taylor series is fixed. The Taylor series is limited to the first order. Then, OMU. = OCU = 0.
The uncertain parameters are chosen as follows:

For the second subsystem p, = [P2r Pzr]T:

Dar = [b121 bi23  bys1]” and pyr = [b1ss  bssi]”. Then 1, is developed using p,.

For the first subsystem: p; = [P1ir  P1r]7:

pir = [P2 ]eql]T and Pir = [P1r  bs331]"; 7, is developed using ﬁz:jeq1and 5331-

where b, is given in (De Luca et Siciliano, 1991) and Jeq1 = Jp1 +Jo1 + mplZ + myl3 +
mylf.

The experimental results of the distributed control are shown in Figures 5.8-5.10.
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Figure 5.9. Adaptive control: errors of flexible part.
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Figure 5.10 Adaptive control: control input.

To show the contribution of the developed adaptive distributed control method, the results
were compared with a non-adaptive control version. The experimental results of the non-

adaptive controller are given in Figures 5.10-5.13.
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Figure 5.11 Distributed control: (a)-(b) joints’ tracking trajectories,
(c)-(d) joints’ tracking errors.
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Figure 5.12 Distributed control: errors of the flexible parts.
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Figure 5.13 Distributed control: control input.

According to the experimental results, a good tracking is obtained in the joint space for the

distributed adaptive control strategy. The tracking of the desired trajectory of joint 1 is shown

in Figure 5.8-a and that of joint 2 is given in Figure 5.8-b. The tracking errors of joints 1 and

2 are given in Figures 5.8-c and 5.8-d, respectively. The good quality of the tracking obtained

is confirmed by the tracking errors which do not exceed 0.0025 rad for joint 1 and 0.001 rad

for joint 2. For flexible part, the desired trajectories are set to zero to minimize vibration in
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the links. The errors, shown in Figure 5.9, are less than 0.0005. The control input for joints 1
and 2 are given in Figure 5.10. The non-adaptive version was tested on the two-flexible-link
manipulator using the same desired trajectories. Figure 5.11 shows the tracking of joints 1, 2
and the corresponding tracking errors. The tracking errors of the flexible part are given in
Figure 5.12, while the input torque signals are given in Figure 5.13. For the adaptive
distributed control method, the tracking errors of the joints and the links’ vibrations are
smaller than those resulting from the non-adaptive control. Therefore, we can conclude that
the adaptive controller reduce the vibrations and gives a good tracking of the desired

trajectories.

5.6 Conclusion

This paper presents a distributed adaptive control strategy for flexible links manipulators.
The control strategy consists in reorganizing the dynamical model into n subsystems. Each
subsystem has a pair of joint and link. We start by controlling the last subsystem, then we
progress backward until the first subsystem. The control law of a subsystem uses its own
estimated parameters and the parameters already estimated in the upper level subsystems.
The global stability is proved using Lyapunov theory. Experimental results compared with a
non-adaptive controller show that the distributed adaptive control strategy gives good

tracking and reduces the links’ vibrations.
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5.7 Appendix

Proof of proposition 1

From the error dynamics (5.33), let us define the second term as follows:
7, =M(q)ii+ C(q,¢)u+Du + Kys + Kq — Lt (5.41)

Using the transformation matrix T, and equations: (5.4), (5.9) and (5.11), we can write:

i =T u;u =T 'u;s =T '5and q = T,"'q. Equation (5.41) becomes:
1, =M(Q)T 'u+ C(q,¢)T,*u + DT *u + K, TS+ KT, g — Lt (5.42)
By multiplying (5.42) by the transformation matrix T,., we obtain:

T,=M(qQu+C(q,q)u+Du+ K5+ Kg— Lt (5.43)

where T, =T,ty; M(q) =T.M(qQ)T,; C(q,q) =T.C(q, )Tt ; D=T.DT ', K
T.KT Y.L =T.L.

For the i subsystem, Ty; is the i"™ element of T, and is given as follows:

T =MI'(Qu+C/(q¢)u+DIu+K'qg+KL5s—Lit (5.44)

where: M{ = [My; . My .. Minlpxon; G =1[Ca o Cy o Cinloxans Lt =1[1i 0],
BiT = [02x2 ---Bii 02><2]2><2n; I?iT = [02><2 ---Kii 02><2]2x2na
I?gi = [02><2 ---I?dii 02><2]T

Using Taylor series, we can write:
_ _ _ 1 _
M;;(q) = M;;(Q;) + DM;;(Q)" (g — Q;) + z(q —Q)T{D2M;;(Q)}(q — Q) + -

where DM;;(Q;) is the gradient of M;; evaluated at ¢ = Q; and D*M;;(Q;) is a Hessian

matrix. Then, we can write:



q1 — q1a
_ _ oM;;(q) qi-1 — 9(i-1)d
M. (a) = M. (0.) + +Ov (G
o) = ) e st || 5 || 91 T darna iy (97)
d(i-1)d :
[Q(H})dj L g, — Gug
Qn.d

dja

_ = QM
= M;;(Q;) —z#(q)
=1 Y

J#i

M;;(q) = M;;(Q)) — 6M;;
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(5.45)

_ OM;; - ~ : . :
where 6M;; = ¥j-4 A;’(_q) q; —OMij(qj) and Oy, is the remaining terms given as
jei OV dja
~ vi = n aMij(Q) ~ . .
follows: OMU(CI]') = M;;(q) — M;;(Qp) + Xj=4 3a; g;. The same idea is used for the
j#i I 1gjq

Coriolis matrix C:
Cii(q,q) = C;;(Qi, Q;) — 6C;;
Using (5.45) and (5.46), we can write:
M{ (q) = M{ (Q) — M}
Cl(a.q) = C7(Qu Qi) — 8C7
and (5.44) becomes:

Ty = MI(Q)u + C7(Q;, Q) — M — 8CTu+ DI + KF'q + K35 — Lyt

where: 67; = [0 0Tif]T = SMTu+ 6CFu; KFg = [0 Kppiqri]™;
KI5 = [KairSir  KaifSif]T
Using (5.24), the last equation (5.48) can be written as follows:

Fo = Wirpir + RMy + Kgir Sir — 6Tir - T
St [Wigpis + RMyp — 6Ty + KaipSis + KrriQyi

(5.46)

(5.47)

(5.48)

(5.49)
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Using (5.25), we can deduce:

— =T + Wiy Dir ] (5.50)
St \Wigpip + RMip — 67ip + KairSir + KeriGir '
where P, = p;r — iy and P;, = —P;, (the system parameters p;, are assumed constant, then
Pir =0); Gir = 45i — dfai = i
The n elements of T, can be written as follows:
Tg=[Ts1 - fsn]T (5.51)

As done for g,  and $, T, can be reorganized as rigid and flexible parts using the matrix T,.:
g =T, Mg = [Tsr1 " Tom Tspr 0 Tspa]? (5.52)

where Tsir = _Ti + Wirﬁir and Tsif = Wlfplf + Rle - STif + Kdifsl'f + Kffiefl'

Then, (5.43) can be written as:

=T + W,pr (5.53)

where T = [T1 Tn]T; W,p, = [erﬁlr Wnrﬁnr]T;
Wfpf = [Wlfplf anpnf]T

The error dynamics (5.33) is equivalent to:

=T + W.p, (5.54)

M(q)$ + C(q,@)s + Ds +K =[ ]

Proof of proposition 2

As given in section 5.2, §, T,, K, 1P and 5 can be obtained by changing the order of elements

of the vectors: s, 7, K, 'p and p. Then, we can write:
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M(q)$ + C(q,d)s + Ds + K [ —I (5.55)
S ,q)s S s = ~ .
n n
KB = TR B = ) TR = ) BTK (556)
i=1 i=1
and
n n n
Rs = 2 §insi + ﬁlr__ilﬁl Z S; Tsi + p vi pl Z Rsi (5'57)
i=1 i=1 i=1
where
. =T; + W;,.p;
— T . STrp—15. & — 14 irtir .
Rsi = S0 Tsi P Ko P Tt [Wifpif + RMip + 875 + KgpiSpi + Kfiql'f]’
pi = [Pr  Dif]”
We can write:
p 3
pl vi pl - plr lf][ v fl[ n pz;* mrplr +p1f prlf (5.58)
Ul

Then:

R.. = [S' S: _T + erplr n K- n K-
si = [°ir lf Wlfplf + RMf + 5Tfl + delsfl + Klelf plr erer po prlf

= —sirTi + SuWirBir + 5if(Wispis + RMys + 8T + Kypissi + Kpiiis) + DiKoinBir
+ DKy iy
= —siTi + (5iWir + DKot )Dir + Sif(Wispis + RMis + 875 + KagiSpi + Krilir)
+ B Koty (pir — Bir )
= (suWir + D1 Koig )Bir + (5isWip + Dl Koif Jir — Sir T
+ slf(Rle + STﬂ + KafiSpi + Kflqlf) plf lfplf
The parameters system p;, and p;; are assumed constant, then: p;, = pi- — Dir; Pif = Diy —
Pir; Dir = —Dir and Pis = —pys. Then :
Ry = (suWir — DKyt )Dir + (sip Wi — TA’inKv_i})Pif — Sir 1

+ Slf(Rle + 675 + KypiSpi + Kflqlf) + sz lfplf
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Using the adaptive laws of the i subsystem:

Dir = Kuir Wil sir (5.59)
Dir = KpifWiksis (5.60)

then:
Rsi = =sixTi + Sip (RMip + 8Tp1 + KagiSyi + Kpudiiy) + Dl Koif iy (5.61)

Using (5.26), the equation (5.61) becomes:

Sif(KdifSif + Kfqul + Wlfﬁlf + Rle + (STif) N p’\fK_}ﬁf
L vl L

Rs; = —s;
Sl r
Sir

+sif(RM;f + 675 + Kapispi + Kriiy)
= —sir(Kairsis + KriGri + WigDip + RMyp + 8755 ) + sip(KaigSip + Kridip + RMis + 87f)
+ ﬁiva_i,lfﬁif
= —sif(Kairsis + KriGgi + RMip + 87i¢) + si7(Kaipsig + KriGri + RMis + 6755)
+ (BT Koif — sirWig )by
Using the adaptive law (5.60), we can conclude that R;; = 0. Then R; = 0 and the time

derivative of V becomes:
V(t) = —sT(D + Ky)s (5.62)

Since D and K, are positive matrices, then V(t) < 0. V(¢) is a continuous function of f.
Using (5.62), V(t) is nonincreasing in t. Then we can conclude that s,p € L,,. From the

definition of s given in (5.9), § €L, and from the definition of T, TeL,,. Using the error
dynamics (5.34), S€Ly. On the other hand, we have —fooo Vdt = V(0) — V() < o0 or
equivalently, fooollsllzdt < oo, i.e. seL,. Using Barbalat Lemma (Slotine et Li, 1991) we can

conclude that s — 0 as t — oo, i.e., §,§ — 0 asymptotically as t — oo.



CHAPITRE 6

ARTICLE 5: WORKSPACE TRAJECTORY TRACKING CONTROL FOR TWO-
FLEXIBLE-LINK MANIPULATOR THROUGH OUTPUT REDEFINITION
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Abstract

In this paper, a control strategy and a stability analysis for a two-flexible-link manipulator are
presented to track a desired trajectory in the workspace. The inverse dynamics problem is
solved using a virtual space and the quasi-static approach. Flexible manipulators are non-
minimum phase systems when the controlled output is the tip position. To overcome this
problem, an output redefinition technique is used. Two steps are presented to control the
manipulator’s tip position. First, assuming that the first link is stable, we develop a control
law for the last link to stabilize the error dynamics using the feedback linearization approach.
The weighted parameter defining the non-collocated output is selected to guarantee bounded
internal dynamics such that the output is as close as possible to the tip. Second, the same
strategy is followed for the first link. Simulation results are presented to show good tracking

of the desired trajectory in the workspace.

Keywords: Flexible manipulators, dynamic inversion, output redefinition, feedback

linearization, passivity.
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6.1 Introduction

Control of flexible manipulators has been the focus of much research in recent years. This is
due to the many advantages of flexible manipulators as compared to rigid manipulators. For
instance, flexible manipulators are faster, less massive and consume less energy. Since the
tasks are defined in the workspace, many studies were interested in controlling the tip of such
manipulators (De Luca et al., 1998; Matsuno and Hatayama, 1999; Wang and Yu, 2010;
Wang et al., 2009; Zhao-Hui, 2002; 2008). For flexible manipulators, the workspace and the
joint space are linked by kinematic and dynamic relationships. The inverse kinematic is then

not sufficient to transform the desired trajectory, defined in the workspace, to the joint space.

To solve this problem, an intermediate space, called virtual space (Bigras et al., 2003; de
Luca and Siciliano, 1989; Lucibello and Di Benedetto, 1993) is defined. The virtual space is
linked to the workspace by a simple kinematic relation and has the same number of degrees-
of-freedom (DOF) as the joint space. There are two steps to transform the desired trajectory
from the workspace to the joint space. The first one represents the transformation from the
workspace to the virtual space by using an inverse kinematic. In (de Luca and Siciliano,
1989), the virtual space coordinates for a one flexible link manipulator is used and in (Bigras
et al., 2003), it is used for a class of manipulators where the last link is flexible. In the second
step, the transformation from the virtual space to the joint space is achieved by solving
nonlinear equations characterizing the flexible part. In (Pfeiffer, 1989), the quasi-static
approach is used to adjust the desired trajectory of the joints by taking into account link
deformations. In (Kwon and Book, 1994), an iterative solution using a causal-anticausal
integration method is proposed to solve the inverse dynamic problem. When controlling the
position of the end-effector, flexible link manipulators are non-minimum phase systems
(Cannon and Schmitz, 1984). To overcome this problem, the output redefinition technique is
used in (Lucibello and Di Benedetto, 1993; Moallem et al., 2001; Saad et al., 2000) to
guarantee stable internal dynamics. The redefined output is usually chosen as the motor’s
angle augmented by a weighted value of the tip angle. The weighting parameter is chosen

such that the selected output is the closest to the extremity with stable zero-dynamics.
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Multi-link flexible manipulators can be seen either as a one MIMO system or as
interconnected SISO subsystems. In the first case, many control schemes use a single
controller for all joints and links. The feedback linearization technique is used in (Atashzar et
al., 2010; Bigras et al., 2003; Modi et al., 1993; Woosoon, 1994) to control flexible
manipulators in the joint space. In this case, the input torques and the joints’ position outputs
are collocated; the internal dynamics are then bounded (Woosoon, 1994). The non-minimum
phase characteristic limits the application of the feedback linearization approach to control
the end-effector position. This problem can be solved by the output redefinition technique.
Adaptive control is also used for flexible link control in (Bai, 1998; Hoseini, 2010; Yang and
Jung Hua, 1997). A sliding mode approach is used in (Cheung, 1995; Elkaranshway, 2011)

for flexible link manipulators.

In the previous nonlinear control strategies, a single controller is used for all joints and links
of flexible manipulators wich are regarded as one MIMO system. Unfortunately, due to the
complexity of the control structures, it is not easy to use this configuration on the real-time
implementation in industrial control systems (Fu et al., 1987). For this reason, many
industrial controls are viewed as interconnected subsystems (joints and links). Many
advantages exist in this case such as reduction of computational effort, simplicity of
implementation, etc. For this configuration, many control strategies are used. The
decentralised control approach is used in (Bona and Li, 1992; Feiyue et al., 1993) for flexible
link manipulators. An independent joint control method is also used in (Hillsley, 1993). A
hierarchical control strategy is used in (Fareh et al., 2012 ) to solve the tracking control
problem in the workspace for a 7-DOF hyper redundant articulated nimble adaptable trunks
(ANAT) rigid manipulator. The hierarchical control strategy consists in controlling the last
joint while assuming that the remaining joints are stable and follow their desired trajectories.
Then, going backward, the same strategy is applied to control the (n-1)-th joint while
assuming the remaining joints stable and follow their desired trajectories, and so on until the
first joint. The feedback linearization approach was used to develop the control law and

asymptotical stability is proved using Lyapunov theory. This algorithm was experimented on
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the 7-DOF ANAT manipulator and gave effective results and good tracking of a desired

trajectory defined in the workspace.

In this paper, a nonlinear control strategy ensuring trajectory tracking in the workspace is
proposed for two-flexible-link manipulators. To solve the non-minimum phase problem, the
output redefinition method is used to select a non-collocated output ensuring stability of
internal dynamics. First, to solve the inverse dynamic problem, a trajectory transformation
from the workspace to the joint space through a virtual space is used. Secondly, a nonlinear
control strategy for the flexible manipulator is presented. This strategy is valid for n flexible
links and is based on a hierarchical form. In fact, we begin by stabilizing the last link by
considering the remaining links stable. Thereafter, we go backward until the first link. The
stabilization of an i-th link is ensured using the feedback linearization approach. The non-
collocated output is parameterized with a real parameter that is selected to guarantee bounded
internal dynamics. In this paper, we use passivity and the circle criterion to analyze stability
of the tracking error dynamics and to determine the new weighted outputs for two-flexible-

link manipulators. The simulations show the effectiveness of the proposed method.

The paper is organized as follows: section 6.2 presents a description and modeling of the
two-flexible-link manipulator. Section 6.3 proposes a transformation of the desired trajectory
from the workspace to the joint space. The nonlinear control strategy is given in section 6.4.
Section 5 presents the application and simulation of the proposed control strategy to the

system at hand. Finally, conclusions are given in section 6.6.

6.2 Modeling

The system considered in this work is shown in Figure 1. It is a two-link flexible manipulator
moving in the horizontal plane and connected by rigid revolute joints. It consists of two
motors, two flexible links, and a payload. Two torques generated by the motors are acting on
the system. The angle of the i-th motor is 8;(t), its inertia coefficient is /,; (i=1,2). The i-th

flexible arm, supposed uniform, has a mass m; and length L;, linear density p;, and rigidity
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ET;. The payload has a mass m,. The first link is attached to the first motor and the second
link is clamped to the rotor of the second motor. ()? 0 ?0) is the fixed reference frame, while
(X1,Y41), and (X;,Y,) are the links neutral axes and are moving with the first and the second
link, respectively. (X1,Y7) is linked to the second base. The flexible links are modeled as

Euler-Bernoulli beams and the deformations are assumed to be small.

Using the Lagrangian formulation, the equation of motion of an n DOF manipulator can be

written as:

M(q)i+C(q,q) +Dg+Kq=r1 (6.1)

where M is the mass matrix, D is the friction matrix, K is the rigidity matrix, and C(q, §) is
the Coriolis and centrifugal forces vector. q represents the vector of the generalized
coordinates, and T is the vector of the applied torques. Assume that there are a total of n rigid
coordinates and n flexible links, the deformation of the i-th flexible link can be expressed as
follows:

ot = Y 0yapy®  i=1.n (62)
=1

where q;; is the j-th generalized flexible coordinate of the i-th flexible link, @;;(x) is its j-th
shape function and m; is the number of the retained flexible modes. The total number of the
flexible modes is m = ),i=; m;. In (Saad et al., 2006), a detailed comparison between
assumed based models and finite element ones has been carried on a single flexible link
system for one to eight flexible modes. This comparison shows that clamped beam shape
functions for the AMM and cubic spline finite elements for the FEM describe best the shape

functions of flexible link manipulators.

In our case, we have modified the model of the two flexible links presented in (De Luca et
Siciliano, 1990; 1991) by only considering the first flexible mode of each link (see Appendix
B).
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Figure 6.1 Two-flexible-link manipulator.

Then, we have n = 2,and m; = m, = 1. Equation (6.1) can be written as:

%;: %Jiﬂ Z;] [gfgg 33] [0 foH ] [0 Kff“ ] [0 (6.3)
where:

Iy _[Mrlrl mz] M, My1£1 Mrle].M = MT: Mo = Mg1f1 Mfle]
m MrZrl r2r2 = Mr2f1 Mr2f2’ Ir e TIT Mf2f1 Mf2f2

The subscripts r; and f; denotes the rigid and flexible modes for the i-th link. g, € R™ are the
generalized coordinates associated with the movement of the rigid part, and g € R™ are
associated with the flexible part. The dynamical equation of motion of the flexible
manipulators has the following properties:

P1: M, M,,, M¢s, Dsf and Ky s are symmetric positive definite matrices.
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M1 Mrlfl]

P2: The first and second links are characterized by two sub-matrices: M; = M M
rirt Mrifa

Mr2r2 Mr2f2

and M, =
27 |Mpyry Mpapy

] that are symmetric positive definite.

P3: There exist a matrix H(q,q) such that C(q,q) = H(q,q) ¢ and Yx € R"*™, xT(M —

2H)x = 0.

6.3 Trajectory transformation

In this section, we transform in the desired trajectory from the workspace to the
manipulator’s joint space. The flexible manipulator is a non-minimum phase system when
the end-effector is considered as the output (Cannon et Schmitz, 1984). In the linear case,
transfer functions have one or more zeros in the right half s-plane. For the nonlinear system,

the zero dynamics are unstable.

The workspace and the joint space are linked by kinematic and dynamic relationships. In the
first step, we use the kinematic relation to transform the desired trajectory from the
workspace to a virtual space. In the second step, we transform the desired trajectory from the
virtual space to the generalized flexible coordinates space. The flexible coordinates are
calculated by solving a nonlinear equation for the flexible part using the quasi-static
approach. The generalized rigid coordinates are deduced from the generalized flexible
coordinates and the generalized coordinates defined in the virtual space. The transformation

of the desired trajectories from the workspace to the joint space is shown in Figure 6.2.
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Figure 6.2 Transformation of the desired trajectories.

Then, it is easy to find the virtual generalized coordinates using an inverse kinematic as done

for rigid manipulators. For an i-th link, the virtual coordinate Q; is the link’s angular position

relative to X;_; as shown in Figure 6.3.

Figure 6.3 Virtual space.

The deformation is assumed to be small. According to Figure 6.3, we can write:

VLi
Qi — qri = arctan(—) = —

VUpi
Ll Li

Then, the generalized coordinate in the virtual space is:

Qi = qri + B 4y

(6.4)

(6.5)
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where 7 = %[@il(Li), e Dim, (L;)], with L; being the length of the i-th flexible link, and

@;; is the shape function of link i and mode j. The velocity and the acceleration in the virtual
space can be found using the Jacobian matrix.

The quasi-static approach (Pfeiffer, 1989) can be used to compute the generalized flexible
and rigid coordinates in the joint space. This approach neglects the velocity and acceleration
of the flexible coordinates (¢ = ¢y = 0) when solving the inverse dynamics for the desired

flexible trajectories. From (6.3), we get:

Mgr Gy + Mgy + Cr(q, ) + Drpqr + Kepqp = 0

Neglecting gy and ¢ and using (6.5), qrq is found by solving the following nonlinear

equation:

. ) 6.6
M¢r(qa)Gra + Cr(qa, Ga) + Kepqpa = 0 (6.6)

where
Grai = Qai — B 9rais Grai = Qais Grai = Qu (6.7)

In the final step, the generalized rigid coordinates are given by (6.7).

6.4 Control Strategy

6.4.1 Hierarchical control strategy for n flexible links

The control strategy presented in (Fareh, Saad et Saad, 2012 ) was applied and experimented
on a 7-DOF rigid manipulator. This strategy is modified to take into account link
flexibility. In fact, the control strategy consists in stabilizing the last joint and flexible link by
assuming that the remaining joints and flexible links are stable. Then we go backward to the
(n-1)-th joint and flexible link assuming the previous joints and links are stable, and so on
until the first joint and flexible link. In each step we define a new non-collocated output and
we use the feedback linearization approach to develop the control law. The weighted

parameter characterizing the non-collocated output, that ensures bounded internal dynamics,
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is found by studying the asymptotical stability of the resulting tracking error dynamics. The
control strategy is shown in Figure 6.4.

For each link, we follow the following steps:

Stepl. Set i = n; Assume that the first (i-1) joints and links are stable, i.e. the generalized
coordinates follow their desired trajectories.

Step?2. Stabilize the i-th joint and flexible link by applying the following procedure:

Define a new non collocated output as the angle of the i-th motor augmented by a weighted

value of the i-th link’s extremity angle:

(6.8)
Yinew = Qri + aiﬂiqui; 0<a <1

Redefine the dynamical model with the new generalized coordinates:

_ 6.9
4; = [YVinew lei]T (6.9)

The new model is obtained by replacing in (6.3) the i-th rigid generalized coordinate q,; by
the new non-collocated output y;,.,, given in (6.8).

Develop the control law t; by applying the feedback linearization approach: first, separate
the i-th acceleration of the flexible generalized coordinate §f; from the flexible part of the
new model. Second, insert this term in the rigid part to obtain the following form of the

control law:

T = (Wi, 90 41) (6.10)

where u; is a control law that ensures tracking of the new output. Finally, the linearized
dynamics and the internal dynamics take the following form:

) 6.11)
{yinew =y
Gri = 9w, 9, 4;)

Find the critical value of the weighted parameter a; such that the output is the nearest to the
i-th link’s extremity while ensuring bounded internal dynamics. Then, study the asymptotical

stability of the errors dynamics of the flexible part and choose the critical value which

corresponds to its limit of stability. The passivity is used to analyze the stability.
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Step3. Set i = n — 1 and go back to Step!.

7

New non collocated output (8)

v

New Model

v

Control law (10)

v

Critical value of «;

A 4

No

Figure 6.4 Control strategy.

6.4.2 Application to two flexible links manipulator

We now apply the previous strategy to a two-flexible-link manipulator as shown in Figure

6.1. From (6.3), the dynamical model is given by:

My1Grq + M12Grp + M13qf1 + M14qf2 +C =171 (6.12)

M31Gry + M22Gry + Mp3Gry + MasGp, + (o = 15 (6.13)
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M31Gry + M32Gry + M33Gs1 + M3aGpp + C3 + Dp1 Gy + Kr1qp =0 (6.14)

My1Gry + MazGry + My3Gry + MasGrp + Co + DpaGrp + Kraqpr = 0 (6.15)

In the first step, we transform the desired trajectories in triangular form (Figure 6.5) from
workspace to joint space. By following the same strategy given in section 6.3, the virtual

space is defined as if it was a 2-DOF rigid manipulator as follows:

{le = Qra1 + B14rar = atan2(yq, x4) — atan2(ky, k,) (6.16)
Qaz = Graz + P2qraz = atan2(s,, c;)
. . 2 2_712_742
where B; = ¢l£Ll),i =172; ¢, =212 +32’L LLl 2, 5, =+1— c5 ;ky =Ly + Lyc, and k, =
i 1~2

Ly5s,; s; = sin(Qg;); and ¢; = cos(Qq;)-

Using the Jacobian, the velocity and acceleration of the virtual coordinates are given by:

Qax _ -1 %q] . [Qar _ -1 Xa| _; Qax 6.17
del J (Qd)[y.d],[édzl J (Qd){[yd] J(@Qa) del} (6.17)

=138y — 1351 _12512]

where J(Qq) = licy + e, ey

Using (6.16), the rigid coordinates and their time derivatives are replaced in (6.12)-(6.15) by

the following expressions:
Grai = Qai — BiGsai 5 Grai = Quis Grai = Quisi=1,2 (6.18)

The generalized flexible coordinates are calculated using the following nonlinear equations:
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M31Qd1 + M32@d2 + (3 (Qd: er CIfd) + Kr1qfq1 =0 (6.19)

My Qa1 + MyQyy + C4(Qd' Qu, qfd) + Kr2qra2 = 0 (6.20)

The generalized rigid coordinates are then given by (6.18).

6.4.2.1 Control and stability of the second link

We assume in this section that the first link is stable. Then its generalized coordinates,

velocities, and accelerations follow their desired trajectories.
q1 = [Trar  dra1]"; ¢; = [qrar 013Gy = [Grar 01"
The dynamical equations of the second link are given by (6.13) and (6.15):

The objective is to stabilize the second link and to track the desired trajectory in the

workspace by selecting a non-collocated output close to the tip. The new output is given by:

Yaz = qrz + @2B2G52, 0<a; <1 (6.21)

P2 (Ly)

where 8, = L
2

The generalized rigid coordinates of the second link and their derivatives can be expressed as

follows:
Qr2 = Yaz — aszsz; Gr2 = Yaz — OCZBZszF Gr2 = Vaz — azﬁzéifz (6.22)

By substitution (6.22) in (6.13) and (6.15), the new dynamical model is given by:

Ma1Grar + MazVaz + (May — a2BoMaz) s, + G2 = 1 (6.23)

My1Grar + MyzVer + (Myy — “232M42)fif2 + Cy + Kr2q52 + Drags, =0 (6.24)
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By isolating G, in (6.24), the internal dynamics of the second link is given by:

Gr2 = —My1Grar — Mgz — C4 — Kp2qr2 — Dpasa (6.25)
where: X = (M, — a,B,M,,) 1. X, and a, is chosen such that: a, # MA‘;‘*
242
Inserting (6.25) in (6.23), the control law is chosen as follows:
Ty = M31Grar + C3 + KfoGpz + DfaGra + Moy, (6.26)

where: My1 = My; — (May — a3B,Mp5)Myys My, = Myy — (Mg — 3B, Mp3) My
Cy = Cy — (Myq — 3B, M52)Cy Kf*z = —(May — aZBZMZZ)KfZ;

Dfy, = —(M3y — @, BzMzz)sz- U, 1s the new control law.

Proposition 6.1

1 ayB;
0 1

coordinates g, = [Yaz 4r2]” and the former generalized coordinates q, = [drz  4r2]7,

By considering the transformation matrix T = [ ] between the new generalized

Myy
B2Myo

M3, is then nonzero if a, #

The proof of proposition is given in Appendix A.

To ensure the stability of the output tracking error, we choose the new control law as follows:
Ugz = Vaaz + Kdazilaz + Kpazyaz (6.27)

where Yoq2 = Graz + @2B2G a2 is the desired acceleration of the new weighted output, and

Vaz = Yadaz — Yaz 18 its tracking error. Ky, 45, K447 are positive constants.

The tracking errors dynamics for the new output and internal dynamics are:
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};}az = Vaaz — Ugz = OU, (6.28)

‘.jfz = (a2 —Gr2 = _(Md41 - M41)éird1 - (Mdzlzj}adz - M42ua2) - (C_'d4 - 64)

3 3 3 3 (6.29)
—(Kra297a2 — Kr2952) — (Drazdraz — Dr2dr2)
In state space form, (6.28)-(6.29) can be written as:
j;Cl = fz
X2 = Vaaz = Yaz = Vadz — Uaz = OUz (6.30)
fg = le_

X4 = qraz — qr2
5 ~ - - 5 . - - s 1T . e =
Let % =[% %]"= (Va2 yaz]T; Xf = [%; X,]" = [sz CIfz] ;X=X X
df2 = draz — 4r2-
The origin of (6.30) is asymptotically stable if the system is output passive and zero-state

observable (Khalil, 1996).

Proposition 6.2
The system (6.30) is output passive and ¥,,,J,, — 0 as t = oo if ¥,, is chosen as the output

and the input v is given by:

§v = 8u, + KpVaz + KaVao (6.31)
Proof: see Appendix A.
It remains now to verify the second condition (zero-state observability) by cancelling the
input and the output in the error dynamics of the flexible part. After that we study the

asymptotical stability of the origin and find the critical value of «,, if it exists.
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Proposition 6.3
The error dynamics of the flexible part given in (6.29) can be represented as a feedback

connection of a linear system and a nonlinear memoryless element:

y=C Xf (6.32)

v = _I/J(t;y)

0 0

1
where A = [—ao(t) —al(t)];Bf - [(M44 — @B Myz) ™t

]; CfT = [-a,B; OJand

Y (t,y) is a nonlinear element (see Appendix A for the demonstration).

Proposition 6.4

If the nonlinearity element (¢, y) is passive and the linear system is input strictly passive,
then the origin Xy = 0 of (6.32) is asymptotically stable (Khalil, 1996).There exists a, < a;,
that ensures the asymptotical stability of the origin.

The proof of Proposition 6.4 is given in Appendix A.

The critical value of a; is selected such that A is Hurwitz and the Nyquist diagram of A lies

in the right half-plan (Khalil, 1996).

6.4.2.2 Control and stability of the first link

After the stabilization and control of the second link, we follow the same strategy to control
and stabilize the first link. The dynamical equations of the first link are given in (6.12) and
(6.14).

We define the new weighted output, velocity and acceleration as follows:
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Ya1 = qr1 + @1B1951; Va1 = Gr1 + @1B1ds1; Va1 = Gr1 + @1B1Gs1-
Then,

qr1 = Va1 — a1B1CIf1 (6.33)

Substituting (6.33) and its derivatives into (6.14), the internal dynamics is:

Gr1 = _M3137a1 - M32f7rd2 - C_3 - Efl‘]fl - Efqul (6.34)
where: X = (M35 — a;8{M5,) 71X and a; is chosen such that a, # M;f :
1M31
The control law is chosen by inserting (6.34) in (6.12);
Ty = M{yUgy + M{3Vqa1 + G + Kf1q51 + Df1 G (6.35)

where: My, = Myy — (M3 — ;B My)M3q; My = My, — (My3 — a1, My1) M3,

Ci = C; — (My3 — a;B;My;)Cs; Kri = —(My3 — “131M11)1?f1; Df, = —(My5 —
051B1M11)5f1

Mj; is nonzero using the Schur complement as in the previous section.

To track the desired new output trajectory, we choose the following control law:

Ug1r = Yaar T Kdalf’afl + Kpalyal (6.36)

where V.4, 1S the desired acceleration, ¥,1 = Y441 — Va1 1S the tracking error of the new
output, K4 and K4 are positive constants.

The errors dynamics of the new output and the flexible coordinates are given by the

following state space model:

(x1=ya1=xz

X; = Vaa1 — Uar = Oy (6.37)
Lf3 = C~If1 = X,
Xy = ‘7f1 = ‘7fd1 - ‘7}1

. L. . . . L . ~ 2 AT s
Let: %, = [%1 %07 = [Jou VaulT: % =% X" =[Gp1 Gpa] s T=[% %"



160

As already shown, the system is output passive and X, = 0 as t = oo if we consider the

following strictly passive control (Khalil, 1996).
Suy = —KpFa1 — KgVor + 6 (6.38)
The error dynamics of the flexible part (6.34) can be expressed as:

X
where F(t, Xf, 6u1) = [f(t, 3?;,25111)]’ Xp1 = X3, Xrp = X4, and f(¢,Xr, 6u,y) is given in

Appendix A.
It remains to check the zero-state observability by setting the input and output to zero and

studying the asymptotic stability of the origin of the errors dynamics.

Proposition 6.5
The asymptotical stability of the origin of (6.39) is equivalent to the asymptotical stability of

the following system:

;C:[E 1],7 (6.40)
f —Kpy —Dpy f

where Efl and Bfl are given in (6.34). The proof of proposition 6.5 is given in Appendix A.
The critical value of a; is given when the eigenvalues of (6.40) change their signs from
negative to positive.

6.5 Simulation results

The parameters of the two flexible links manipulator are described in Table 1. The
controllers parameters are chosen by using a trial and error method as follow: K,y = Kgq =

100 and K,,, = Ky = 250.

Table 6.1 System parameters
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Parameter Value
Hub inertia (JA;) 0.1 kg.m”
Link length (L;) 0.5m
Link linear density (p) 1 kg/m
Link rigidity (EI) 10N.m"
Link mass (m;) 0.5 kg
Payload mass (m,) 0.1kg
Payload inertia (J,) 0.0005 kg.m”

The workspace desired trajectory in triangular form is shown by Figure 6.5.
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Figure 6.5 Workspace desired trajectory: (a) Yq vs Xq and (b) x4(t), yd(t).

For the system parameters given in Table 6.1, the critical values of the weighted parameters
of the second link and the first link are, respectively, a,, = 0.92 and ;. = 0.85 (Figures 6.6
and 6.7). Nyquist diagram is done for A, given in (6.53). Simulation results were done with
a, = 0.9 < a,. and @; = 0.8 < ;.. Note that these values respect the conditions given in

equations (6.25) and (6.34).
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3 Nyquist Diagram
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Figure 6.6 (a) Nyquist diagram, and (b) eigenvalues evolution.
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Figure 6.7 Eigenvalues vs. a;.
The workspace tracking is given in Figure 6.8. The virtual and joint space tracking are given

in Figures 6.9 and 6.10, respectively. The joints tracking errors are given in Figure 6.11.
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Figure 6.8 Tracking of X-Y trajectory.
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Figure 6.9 (a)-(b) Position of virtual joints, (¢)-(d) velocity of virtual joints,

(e)-(f) acceleration of virtual joints.
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(b) Flexible coordinates; (c¢)-(d) Rigid coordinates.
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Figure 6.11 (a)-(b) Errors of joints 1 and 2; (c¢)-(d) errors of flexible
coordinates 1, 2; (e)-(f) tracking errors of workspace trajectories x(t) and y(t).
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According to the simulation results, we can conclude that the trajectory defined in the
workspace was well transformed to the joint space by using the virtual space and the quasi-
static approach. This good transformation is showed in Figure 6.9, which represents the
position, velocity and acceleration in virtual space, and Figure 6.10 which represents the rigid
and flexible coordinates in joint space. The control strategy was effective to ensure the
tracking of the joints trajectories and reduce vibrations at the extremity. The good tracking in
joint space is showed in Figure 6.11.a, b, ¢, and d witch represent tracking errors in the joint
space. In the workspace, the good tracking is showed in Figure 6.8 and the tracking errors are
given in Figures 6.11-e and f. The new selected outputs are near links extremities. This
explains the satisfactory results obtained using this approach. This control strategy has
many advantages. Indeed, it is easier to study one arm at each step than to study the stability

of the over whole system. In addition, this strategy takes a hierarchical form.

6.6 Conclusion and future work

In this paper, nonlinear control laws and stability analysis have been presented to stabilize
the tracking errors of a two flexible links manipulator. A desired trajectory defined in the
workspace has been transformed to the joint space using a virtual space transformation and
the quasi-static approach. A desired trajectory (triangle) chosen in the workspace has been
successfully transformed to the joint space using this transformation procedure. The control
strategy used in this paper consists of stabilizing the system starting with the last flexible link
and going backward until the first link. In each step, the output redefinition technique was
used to select the nearest point to the extremity. This strategy shows good tracking
trajectory in the workspace. Asymptotical stability of the tracking errors has been guaranteed
using the passivity theory. In the present work, we were interested by the local stability of
two flexible links manipulator. The global stability of the same control strategy is being

investigated and will be considered in future work.
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6.7 Appendix A

Proof of proposition 6.1

The new generalized coordinates g, = [Yaz 9r2]7 are linked with the former generalized

coordinates g, = [4r2  4r2]" by a nonsingular transformation matrix 7:

G, = [Qrz +azB2q52] _ Tq, (6.41)
dr2

where: T = [(1) szlﬁz]. Then we can write:

M;(q,) = My(q )T = My(T71q,)T ™! (6.42)

My, My, — ayB,M;,

where: M;(q,) = My, My, — ayBMy,

M,, M : .
and M,(q,) = [MZ Mzﬂ is represented in

section 6.2. Since M,(q,) is a non-singular positive definite matrix and (M, — a,B,M,,) is

a nonzero element, then the Schur complement M5, of My, — a,,M,, is a nonzero element

(Zhang, 2005).

Proof of proposition 6.2

Let 8u, be the input and ¥, the output. We consider the following energy function:

V(@) = %fﬁl (643)

The time derivative of V is:
V(E) = Zr1Xr1 = 6UpYar
The system (6.30) is then passive. This passivity is preserved with the following control law

(Ortega, 1998; Saad, 2004):
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5u2 = _praz + 617 (644)
where 6v is a new control input. With §v as the input and j,, as the output, the system is

output strictly passive. The control law is given by:

(Suz = —praz - de:/’az + 517 (645)

where K, and K; > 0. Then we can conclude that ¥, Vo =2 0 (Ortega, 1998).

Proof of proposition 6.3

Using the parameter system given in Appendix B, The errors dynamics of the flexible part

(6.29-6.30) is written as:

{’T‘fl = %2 ~ (6.46)

Xrp = —Kpa%p1 — Dya¥pp — [Mag — @28, Maz] ™11 (t,y)
where y=Cl% =[-aB, 0%, Xp1 =Gqr2, X2 =0p, andy(t,y) = —(Myqq —
My1)Grar — MaazVeaz — MazUgs) — (Cqqe — C4). Using the system parameters (Appendix
B), ¥, (¢, y) can be written as follows:
Y1(t,y) = (hsord2as + b153t11qfd1)[5in(cg.:qd2) —sin(Cyqaz; — )]
+by52[c05(C3 qaz) — c0s(Cqqaz — ¥)]
+ h504t11Qfd1Qrd1[51rd2 c05(qraz) — Grz c05(qy2)]

and h;ji, b;jx and t;; are constants and are given in Appendix B.
Using Taylor series, the last element can be written as:

Graz €0S(Qraz) — Grz €05(qr2) = a2B2Graz SIN(qraz) G2 + a2 c0s(qraz) CLIfz

Then, the memoryless time-varying nonlinearity can be expressed as follows:
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Y1(6,y) = a2B2Gra2¢(t) sin(Graz) Gr2 + azB2c(t) c05(Graz) quz +Y(t,y)

where c(t) = hsoat11qra1 04, and the new nonlinearity element is given by:

(&, y) = a(®)[sin(Cz qaz) — sin(Caqaz — ¥)]
+ b(t)[cos(Cqaz) — cos(Czqaz — ¥)]
a(t) = hso1Gfar + bis3ti1qra; b(t) = bys,.
Thus, we can rewrite the errors dynamics of the flexible part (6.46) as follows:
X = Ar ()% — Bry(t,y)

where:

0 1 0
Ap(t) = —ay(t) _a1(t)]; By = [(M44 — a;B;My2) 7"

aog(t) = (Myy — a262M42)_1(Kf2 — A2B2qra2¢(t) Sin(qrdz))

a;(t) = (Myq — aszM42)_1(Df2 — ayBrc(t) cos(qraz))

(6.47)

(6.48)

(6.49)

The errors dynamics can be represented as a feedback connection of a linear system and a

nonlinear memoryless system as follows:

=%

v=—Y(y)

Proof of proposition 6.4

(6.50)

The origin of (6.32) is asymptotically stable if the nonlinear element ¥ (t, y)is passive and the

linear system is input strictly passive (Ortega, 1998). For the nonlinear element, we can write:
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sin(Clqqz) — sin(Clqq, — ) = 2 cos(CLqay — y/2)sin(y/2)
cos(Cxqaz) — cos(CEqaz —y) = —2sin(CL qqy — y/2)sin(y/2)

Then, we can rewrite the memoryless nonlinearity as follows:

Y(t,y) = 2a(t) cos(Czqaz — y/2) sin(y/2) — 2b(t) sin(Czqaz — y/2) sin(y/2) ~ (6.51)

where a(t),b(t),and c(t) are given in (6.47-6.48) and are bounded. Then we can write:

a < a(t) < a; b(t) = bys,is constant and the nonlinear term as:

—ky? <y(t,y) < ky? (6.52)
wherek =b+aandk =b+a
We can conclude that the nonlinear element (¢, y) is passive (Khalil, 1996).
For the linear system, we can write:
Ap(t) = Apo + A(D) (6.53)
where

@2 B2qrd2¢(t) sin(qraz) .

0 1 0 0
Afo B [_I?fz _EfZ]’ AW = [50(t) Sl(t)]’ 50(t) B bss1—azB2bzs1 ’ 51(t) B

azB2¢(t) cos(qrdaz)
bssy—azB2b2s51

If Agq is asymptotically stable then, the uniform asymptotical stability is preserved for any

A(t) t—>0 (Khalil, 1996). However, c(t) - 0 as t — co. Then, A(t) - 0 as t — oo.

Finally, the passivity of the linear system depends only on Ag,. This can be easily done by an
appropriate choice of a,.

Proof of proposition 6.5

The errors dynamic of the flexible part is:
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" Xf2
where u = §uy; F(t, %, u) = [f(t i u)]
»Af
f(t.%,0) = a; ()31 + a()Gr1 + az(O)GF + co(t) (6.55)

a,(t) = —[Mz3 — a161M31]_1[Kf1 + b33452t31Graz + h319qzd202t31]
ay(t) = —[Ms;3 — alBlM31]_1[Dfl + h307GrazS2 + h3115245a2 + h3179ra2C2t2195a2
- a181(h315t21q1’d2‘?rd202 + h30252Qrd2) + 2“1B1h301SZQrd1]
as(t) = —[M33 — a;B:M31]7" [201 130152 Gra1]
co(t) = —[M33 — a1 B1M31] " h3015207 a1
To facilitate the stability analysis, equation (6.54) can be expressed as (Coppel, 1965):
X = F(t, %) + G(t, %) (6.56)

Xfo . N 0
ay (X1 + a(OXs, + co(t)l’ G(t.%) = [a3(t)fj§2]

where: F(t, ff) =
It is clear that: G(t,0) = 0 and ||G(t, J~Cf)|| < y||9?f|| where ¥ = sup(as(t)) a non negative
constant. Then, the asymptotical stability of the origin of (6.56) is equivalent to:

X = F(t,%) = A% + C(t) (6.57)

where: A(6) = [a&t) azl(t)] ) = [Co(()t)] - [8] ast =

The asymptotical stability of the origin of (6.57) depends only on the subsystem:
Now, we analyze the asymptotical stability of the previous subsystem to choose the critical

value of @;. A(t) can be written as:
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A(t) = Ay(t) + A(Y) (6.59)

0 1 0 0 - =
Wheres 40(0) = g, |5 8O =[5,y s,0] 0 = K 0 = <D

81(t) = —[Ms3 — ;1 B1M31] 7 [b23452t31Graz + h310G7a2Cat31]
0,(t) = —[M33 — a161M31]_1[h307Qrd252 + h31152q/’d2 + h31751rd2C2t21Qfd2
- a1B1(h315t21QdeQrdzcz + R302520raz2) + 201 B1h301520ra1 ]
We know that: Grq1, §raz) Graz Qraz draz = 0 ast — oo, then &, (¢), 8,(¢) - 0, (A(¢) —
0).
Then the asymptotical stability of the origin of (6.59) is equivalent to the asymptotical

stability of the origin of the following system:

. 0 1

=1 — = |x (6.60)
s [—K f1 _Dfl] s

where Efl and Efl are given in (6.34). The critical value of a; is given when the eigenvalues

of (6.60) change their signs from negative to positive.

Appendix B : Dynamical Model of two flexible links with one mode

The following dynamical model is deduced from (Khalil, 1996) by considering only one
flexible mode to alleviate the computation.

My, My, Mz My, Qr C1(q,9) 0 0 7,
My1 My,  Mpz My, ?T C2(q,9) 0 n 0_ _|%
M3y Mz, Mzz Mz ||4f C3(q,9) Kr151 Dr1dr 0

My My  Myz Mygllgy, Cs(q,9) Kr2ays2 Df2qyo 0

N =

_|_

=

where:
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My1 = by11 + b112¢; + (b113ts + bi1aty)s;
My, = biz1 + b12265 + (D123t + by2ats)s;
Mi3 = bi31 + b13265 + by33tys;
Mys = bysq + b1s2C; + bis3ty s,

My, = byyq
My3 = b3y + bysaC; + (ba3sty + bazats)s,
M,s = bysq

Mss = b33y + b335C; + b33stys;

M35 = b3sq + b35,C; + b3s3tss;

Mss = bssq

t1 = t11951,t2 = t21q52 s t3 = 131451

The by, coefficients are given as follow:
b111 = Jn1 +Jo1 + Jnz + Mp2lf + Jo2 + mplf + Jp + my (17 + 15
bi12 = 2(myd, + mplz)l1

bi13 = 2(myd; + myly)

bi14a = =21,

bia1 = Jnz +Joz +Jp + mpl5

b1z, = (myd; + mplz)l1

bi23 = mad; + myl,

bi2s = -4

biz1 = wiy + (Jna +Joz +/p+ mpl%)q)ll,e + (mpz +my + mp)l1¢1,e
bi3, = (mzdz + mplz)((aLe + 1,01 )
biz3 = _(®1,e + l1®,1,e)

bis1 = w, +]p®,2,e + mplz(az,e

bisy = (v, + mp¢2,e)l1

b153 =7, + mp(zjz,e

bao1 = Jnz +Joz + Jp + mMpl5

by3; = (]hz +Jo2 +/p + mpl%)(zyl,e
ba3, = (Mad; + myly )P,

byzz = =01

bazs = —(Mady + mply)Pq .

bys1 = w, +]p®,2,e + mpZZ(Z)Z,e

b3z1 = my

b33z = 2(mydy + myly)0, .07,

b33z = —2¢1,e®'1,e

bss, = (Wz +]p®’2,e + mpl2®2,e)®’1,e
b3sy = (V2 + MyD2,.)01 ¢

bssz = —(V; + Mp@3.) 01

bss1 =m,

t11 = Dre — L0
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tr1 =V, —MpBy,
Y
t31 - ¢1,e

The Coriolis and centrifugal forces vector coefficients are:
C1 = [(R10102 + h102r1 + Ra0adr2)01 + (Rao82 + Rao7ds1 + h10ody2)6s

+ h111Qf2Qf1]52

+ [(R11501 + P10z + hi17G52)ts + (R11061 + Ri2o0; + Ria1dp)t2]020,
G, = (h201é1 + hZOZQfl)élsZ

+ {[(h20401 + ha0sdr2)ts + (h20761 + haogdr1)t2]64

+ [h211q/‘1t2 + h21451f2t3]‘?f1}02
Cs = [(h30161 + ho202 + h3o4¢?f2)91 + (h30602 + h307q51 + h3o9‘?f2)éz

+ h31151f2‘?f11]52

+ [(h31591 + hs160, + h317‘?f1)t2 + (h31992 + h320‘?f2)t3]ézcz
Cy = (h501é1 + hsozﬁf1)é1cz + [h504t191 + hsosQf1t3]ézcz

The h;ji coefficients are given as follow:
hior = —2(myd, + mplz)l1

hio2 = 2(m,d; + mplz)((bl,e - l1®,1,e)
hios = =2(v; + Mm@, .)14

hige = —(Myd; + mply)l,

hio7 = —(m,d; + mplz)(l1@'1,e)

higo = —2(v, + mp(bz,e)ll

hy11 = =2, + my0, )10,

hi1s = 2(m,d; + myly)

hi1e = Myd; + myl,

hi17 = —(v21 + mpD;)
hy19 = =21

hizo = -1

hizy = _(®1,e - l1¢'1,e)

hyo1 = (Mmyd; + mplz)l1

haoz = 2(myd; + myly)0, ¢
hao4 = —(myd; + mplz)

haos = —(v2 + m, 0, )

hyo7 =l

hyog = B1e + 1107

ha12 = @1,e®’1,e

ha1s = (W + Mmp03 )01
hs3o1 = —(m,d; + mplz)(®1,e - l1®,1,e)
hsoz = —2(myd; + myl;)Pq
hsoqs = —2(v, + mp®2,e)®1,e
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hsp6 = —(Mpd; + myly)0, .
h3o7 = —2(myd, + mplz)(bl,e(bll,e
h3oo = =2(v; + Mp@3)D1 e
hi11 = =2y + Mp@y ) D107 e
ha1s = —(B1e + L 01)

h316 = _(Dl,e

hzi7 = _2®1,e¢'1,e

h319 = —(Mydy + myly)0, .
hszo0 = =2V + Mp@216) D1 e
hsor = (V2 + mp@,0)L4

hsoy = 2(v; + mpD, ) D1 e

h504 =7, + mp(z)z,e

hsos = —(V2 + M, B ) D1 ¢
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ARTICLE 6: WORKSPACE TRAKING CONTROL OF TWO-FLEXIBLE-LINK
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Abstract : In this paper, a distributed nonlinear control strategy for two-flexible-link
manipulators is presented to track a desired trajectory in the robot’s workspace. The inverse
dynamics problem is solved by transforming the desired trajectory from the workspace to the
joint space using an intermediate space, called virtual space, and then using the quasi-static
approach. To solve the non-minimum phase problem, an output redefinition technique is
used. This output consists of the motor’s angle augmented with a weighted value of the link’s
extremity. The distributed control strategy consists in controlling the last link by assuming
that the first link is stable and follows its desired trajectories. The control law is developed to
stabilize the error dynamics and to guarantee bounded internal dynamics such that the new
output is as close as possible to the tip. The weighted parameter defining the non-collocated
output is then selected. The same procedure is applied to control and stabilize the first link.
The asymptotical stability is proved using Lyapunov theory. This algorithm is applied to a
two-flexible-link manipulator in the horizontal plane and simulations showed a good tracking

of the desired trajectory in the workspace.

Key Words: Flexible manipulators, inverse dynamics, output redefinition, internal dynamics,

stability analysis.
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7.1 Introduction

Many control strategies for manipulators have been the focus of several studies in recent
years. The robot manipulators consist of a sequence of links and joints in various
combinations. In industrial applications, most of the existing manipulators use rigid links and
joints, and are known as rigid manipulators. Rigid manipulators are generally slow,
extremely rigid and massive, and the useful load is very low compared to their weight. To
improve the performance of the robot manipulators, their links must be lighter and therefore
they become more flexible. Flexible manipulators present more advantages when compared
to rigid manipulators: they are faster, less massive, and consume less energy. Some flexible
manipulators are used in different areas e.g. the aerospace applications (Hirzinger et al.,

2003) and medical applications (Hagn, 2008).

For flexible manipulators, the problem of workspace tracking trajectory is less covered so far
than joint space tracking. There are few solutions to the workspace tracking problem,
particularly for manipulators with many flexible links. The workspace tracking trajectory is
very important since most of the tasks are defined in the operational space, such as painting,
welding, and assembly. The flexible link manipulators are a non-minimum phase system
when controlling the position of the end-effector (Cannon et Schmitz, 1984). Unlike rigid
manipulators, the inverse kinematics of flexible manipulators is not sufficient to transform
the desired trajectory from workspace to joint space because they are linked by kinematics
and dynamics relationships. To solve this problem, many studies focused on the output
redefinition technique (Bigras, 2003; Cuvillon, 2012; de Luca et Siciliano, 1989; Mosayebi,
2012). This technique consists in selecting a new output as close as possible to the tip such
that internal dynamics become bounded. In (Bigras, 2003), this approach was used for a class
of manipulators where the last link is flexible. An intermediate space between the joint space
and the workspace called virtual space is used to transform the desired trajectory from the
workspace to the joint space. The virtual space is linked with the workspace by a simple

kinematics relation as in rigid manipulators. In (de Luca et Siciliano, 1989), the output
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redefinition technique was used for one flexible link manipulator. This output consists of the

motor’s angle augmented with a weighted value of the angle of links extremity.

The nonlinear dynamics of flexible link manipulators combined with their under-actuated
nature (the deflection variables are not actuated) present a challenging control problem.
Multi-flexible-link manipulators can be controlled as one MIMO system so a single
controller is used for all joints and links or as a set of interconnected subsystems so each pair
of joint and link is controlled by its own controller. For the first case, many control schemes
were used. Several studies used linearization around a nominal configuration of flexible
manipulators model (De Wit, 1996; Siciliano et Khatib, 2008). Some nonlinear effects such
as the variation of inertia matrix around an operating point were taken into account in the
control design methodology. In (Moallem, Patel et Khorasani, 2001b), a control method
based on the input-output linearization was developed to track a desired trajectory in the
workspace for a class of flexible link manipulators when the last link is flexible. To select an
output near the tip that guarantees the stability of the zero dynamics, authors used the output
redefinition technique. A robust adaptive controller was developed in (Bigras, Saad et
O'Shea, 2001) for a class of flexible link manipulators where the last link is flexible. This
controller is based on feedback linearization and uses the virtual joint space that is
kinematically related to workspace. For trajectory tracking control problems, many other
techniques were covered in the literature such as: singular perturbation technique(Siciliano et
Book, 1988), sliding mode control (Zhang, 2009), inversion-based nonlinear control (De

Luca, 1993), etc.

All the above mentioned control methods use a single controller for all joints and links as one
MIMO system. Unfortunately, due to the complexity of the control structures, the real time
implementation in industrial applications is not easy (Fu, Gonzalez et Lee, 1987). A solution
to this problem can be followed by considering the dynamics of the robot manipulators as
interconnected subsystems (joint and link). Many control schemes consider this
configuration. In (Khorrami, 1993), a decentralized control method for flexible link

manipulators was used. The authors used a simple proportional derivative (PD) controller for
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the joints and a linear quadratic regulator (LQR) with output feedback for each link. In (Sun,
2002), a PD controller was used for each joint and the measurement of linear velocity of the
tip position was used for controlling each link. A distributed control strategy was introduced
in (Fareh, Saad et Saad, 2012b) for rigid link manipulators. The distributed control strategy
consists in controlling one joint at a time starting with the last joint and going backward until
the first one. Lyapunov theory was used to prove the global stability of the error dynamics
and this controller was successfully applied on a 7 DOF manipulator. This control strategy
was modified in (Fareh, Saad et Saad, 2013a) to take into account links’ flexibility. A good
tracking performance in the workspace of a two-flexible-link manipulator was obtained.
However, the control law, based on the feedback linearization approach, ensures only local
stability. In this paper, a nonlinear distributed control strategy is presented for a two-flexible-
link manipulator that ensures global stability. This strategy consists of controlling the second
joint and link by assuming that the remaining joint and link are stable and follow their
desired trajectories. Then, going backward, the first joint and link are controlled by following
the same strategy. For the inversion dynamics problem, the virtual space and the quasi-static
approach are used. The output redefinition technique is used to obtain the nearest point to the
tip that ensures bounded internal dynamics. The Lyapunov approach is used to analyze

stability of the tracking errors.

The paper is organized as follows: Section 7.2 presents the modeling of the two-flexible-link
manipulator and presents its main proprieties that will be used in the control law design.
Section 7.3 presents the distributed control strategy. The stability analysis is given in Section
7.4. The control method is applied on a two-flexible-link manipulator and the simulations are

given in Section 7.5. Finally, a conclusion is given in Section 7.6.
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7.2 Modeling

7.2.1 System description

Figure 7.1 shows a two-flexible-link manipulator. This system moves in the horizontal plane
and consists of two motors that generate two torques, two flexible links with mass m;, length
L;, linear density p;, and rigidity E7; (i=1, 2), and a payload that has a mass m,. The first link
is attached to the first motor, and the second link is clamped to the rotor of the second motor.
The flexible links are supposed uniform and are modeled as Euler-Bernoulli beams and the

deformations are assumed to be small.

Figure 7.1 Two-flexible-link manipulator.

Using Lagrange equations, the dynamical model of an n DOF flexible manipulator is given

by (De Luca et Siciliano, 1991):

M(q)4d +H(q,q) +DGg+Kq=1 (7.1)

where M is the inertia and mass matrix, H(q, q) is the Coriolis and centrifugal forces vector,
D is the friction matrix and K is the rigidity matrix. q represents the vector of the generalized
coordinates and 7 is the vector of the applied torques. For the n rigid coordinates and n

flexible links, the deformation of the i-th flexible link is given by the following equation:
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vi(x, t) = Z Q)l](x)CIfL](t) [ = 1, e, n (72)
j=1

where qy;; is the j-th generalized flexible coordinate, @;;(x) is its j-th shape function and z;
is the number of the retained flexible modes of the i-th flexible link. Note that the total
number of the flexible modes is z = )i~ z; and the number of the rigid modes is n. The

dynamical model (7.1) can be written as follows:
M., M i) H,.(q,q 0 017119 0 O
[ " rf] SO [ 1+ lo w1 =[] 13)
M Mge|ldy (a0, 9) rrildr Frlldrl L0

where M,.. € R™™ and My, € R**? are mass and inertia matrices for rigid and flexible part

respectively. M, € R"™? is a coupled element. K¢, is the stifness diagonal matrix and Dy

is the damping diagonal matrix of the flexible part. The subscripts r and f denotes the rigid

and flexible modes.

7.2.2 Proprieties and problem formulation

The dynamical model of the flexible link manipulators has the following properties that will
be used in the control law development:

P1: M, M,,, M¢s, Dfr and K¢ are symmetric positive definite matrices (De Luca et Siciliano,
1991).

P2. From P1, we can deduce that the diagonal elements of M are positive (Bhatia, 2007):

M;;(q) > 0;fori=1..n (7.4)

P3: There exists a matrix C(q, q) such that:

H(q,9) =C(q,9) q (7.5)
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P4: The inertia-mass matrix M(q) and the Coriolis matrix C(q,q) satisfy the following

skew-symmetric property:

XT(M(q,q) —2C(q,4))X =0 VX € R (7.6)

P5. The propriety P4 is preserved for the diagonal elements of M(q) and C(q, q). Then, we

can write:
M;;(q) — 2C;;(q,q) = 0;fori =1..n (7.7)

The new non-collocated output of the i-th link defined by the motor’s angle augmented with

a weighted value a; of the end point angular position is given as follows:

Vi=qr+aBlqn 0<a; <1 (7.8)

where ] = Lii[(Z)il(Li), s Dizg (Ll-)], with L; being the length of the i-th flexible link, and @;;

is the shape function of link i and mode j. In this paper, we consider only the first flexible
mode of each link (i.e. z; = 1). Thus, we have z = n.

In the distributed control strategy, when controlling the i-th link, we assume that the other
links follow their desired trajectories. For the i-th link, a new generalized coordinate Q; is
defined such that the i-th coordinate is the controlled one and the other links follow their

desired trajectories such that:

T
Q; = [Qrd1 ** Qrda(i-1) 9ri Qrd(i+1) = 9ran 9fd1 """ drai-1) 9fi drdi+1) ---Qfdn] (7.9)

where (g, qf;) are the rigid and flexible modes associated with the i-th motor and link,
respectively. The objective of this work is to track a desired trajectory defined in the
workspace of a two-flexible-link manipulator using distributed control. Three steps are
followed to achieve this objective:

Step 1. Transform the desired trajectory from the workspace to the joint space using inverse

kinematics and quasi-static approach.
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Step 2. Develop the control law for the second and first links to stabilize the errors dynamics
and to guarantee bounded internal dynamics such that the output is as close as possible to the
tip.

Step 3. Study the global stability.

7.3 Distributed control strategy

7.3.1 Inverse dynamics

To achieve the objective of workspace tracking trajectories, we need to transform the desired
trajectories from the workspace to the joint space. The flexible manipulator is a non-
minimum phase system when the end-effector is used as the output. In this case, kinematic
and dynamic relationships link the workspace and the joint space. To overcome this problem,
an intermediate space called virtual space can be used. Then the desired workspace trajectory
is transformed to the virtual space using an inverse kinematics relation as in rigid
manipulators. To transform the desired trajectories from the virtual space to the joint pace,
the quasi-static approach can be used to solve a nonlinear equation for the flexible part.

Using inverse kinematics as in rigid manipulators, the generalized coordinates in virtual
space can be easily found. The deformation is assumed to be small. According to Figure 7.2,

we can write:

vLi

Gvi = Grai = arctan(7) ~ (7.10)
In the virtual space, the generalized coordinate is given as follows:
Qvi = Qrai + Bilrai (7.11)

2i(Ly)
L; ’

where f5; = @; is the shape function of link i.
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Figure 7.2 Virtual space.

Using the Jacobian matrix as in rigid manipulators, the velocity and acceleration in the
virtual space can be deduced. Then, for a two DOF manipulator, the inverse kinematics is

given by the following equation:

qv1 arctan2(y,x) — arctan2(L,s,,L, + L,C5)
T = [%2] [ arctanZ(sz,czz) e (7.12)
_[an] _ - X
=lan] =@ ;] (713
o= ] = [ - @i, (7.14)

where x and y are the workspace desired positions,

—L151 — LyS1;  —LySq;
Licy + Lacqy Ljcy;

x2+y?—12-13

c, = 2. s, = 11— sz and J(q,) = is the Jacobian
2L, L,

matrix.

s1 = sin(qy1); ¢4 = €05(qy1) ;5 S12 = Sin(qy1 + Gu2); €12 = €05(qy1 + Gu2); Ly is length of
link 1 and L, is length of link 2. The rigid and flexible coordinates are derived via quasi-

static approach and using the generalized coordinates in the virtual space.

The dynamical model (7.3) can be written as a function of the desired coordinates as follows:
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M, (Qa)bra + Mys(qa)dra + Hr(qa,qa) = 7 (7.15)

M7 (qa)ira + Mpr(qa)dra + Hr(qa, da) + Dypdga + Kepdpa = 0 (7.16)

The generalized flexible and rigid coordinates in the joint space are deduced using the quasi-
static approach. In the first step, the nonlinear equation of the flexible part (7.16) is solved to
find the generalized flexible coordinates. The quasi-static approach neglects the desired

velocity and acceleration of the flexible coordinates (Grq = Grq = 0). Then, the equation of

the flexible part (7.16) can be written as follows:

M/ (qa)Gra + Hp(qq, Ga) + Kppqpqa = 0 (7.17)

where:

Qrai = Qui — B drais Grai = Qois Grai = Gvi (7.18)

Using (7.18), the generalized flexible coordinates g4 are found by solving (7.17). Then the

generalized rigid coordinates are given by (7.18).

7.4 Control strategy

For two-flexible-link manipulator, the distributed control strategy consists of controlling and
stabilizing the last joint and flexible link by assuming that the first joint and flexible link are
stable and follow their desired trajectories. Then, we move backward and apply the same
procedure to the first joint and link. For each step, a new non-collocated output and a control
law are developed. The weighting parameter characterizing the non-collocated output is
calculated such as the tracking error is asymptotically stable. Thus, the system becomes

minimum phase with the selected new weighted outputs.
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In this paper, the two-flexible-link model given in (De Luca et Siciliano, 1990; 1991) is
modified by considering only the first flexible mode of each link (Fareh, Saad et Saad,
2013a). Thus, we have: n =z = 2,and z; = z, = 1.

Using P3, the dynamical model of the two-flexible-link manipulator can be written as:

M(q)G+C(q,q)q+Dq+Kq=1Lt (7.19)
My, My, Myz My, Ci1 Gz Ci3 Cyy
M M M C C C C

Where M — 21 22 23 24 : C _ 21 22 23 24 :
M31 M32 M33 M34— C31 C32 C33 C34-
M4-1 M4-2 M43 M44- C4-1 C4-2 C4-3 C4-4-

0 0 0 0 0 0 0 0 dr1 1 0
. 0 0 0 0 _ 0 0 0 0 |92 _lo 1 M
D = 0 0 D O[K=lp o0 Ku O ,q = qfl’L_ 0 OandT_[Tz]'

In rigid and flexible part decomposition, the dynamical model (7.19) can be written as:

M M ] C C ; 0 017T4 0 0
e P P P A1 o R A [ 4 R A R
My Mg (L9r)] |Gy Cr | L4y r11qr rlldrl 10
M M M M M M C C
where M =[ 11 12]; M — 13 14]; M — 33 34]; C =[ 11 12];
" M21 M22 S M23 M24- f M4-3 M4-4 C21 C22
Cin C Cisz C Dy O Ky O
C =[ 13 14];6’ =33 34];D = ]andK = ]
f Crz (4 I Ca3 Cyy ! 0 sz f 0 Kfz

To develop a control law, the dynamical model (7.19) is written as two interconnected
subsystems. Each subsystem has a pair of joint and link. There exists a non-singular matrix

of transformation T, such as:

(7.21)

Bl
I
=
o)
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where q =[9r 4f]" =[q1 T2 9r1 94r2]T is the original generalized coordinate,
g=[1 a%]"=[q 9r1 92 9r2]" is the transformed one and the matrix of

transformation T;. is given by:

(7.22)

SO RO O
(=N ]
oo O

Using the previous transformation, the dynamical model (7.19) can be written as follows:

M(QT 'q+C(q, )T 'q+ DT g+ KT, 'q = Lt (7.23)

where ¢ = T, and g = T,q.

Equation (7.23) is equivalent to the following expression:

M(q)q+C(q.9)g+Dg+Kqg=Lt (7.24)

where M = T,M(q)T/; C = T,C(q,{)T7%; D =T, DT/, K =T, KT g=[91 92]" =

q q T. T 1 0 0 O 11
* —_— prm— —
[QTl Qfl T2 fZ] ) L ZrL [0 0 0] and T [TZ].

The modified dynamical model (7.24) can be written as follows:

Azln Azlu] {1:1]_*_[6:11 Cj12] (:h]+ 1?11 ?12] 6:11]_*_[1311 1312] [‘h]
M;1  M3,1 142 Co1 Cplla D31 Dil 142 Ky Ky,1l92
_[LyT
B ZZT]

(7.25)

b

where M, = My, My My, MM]'C_ _[511 613]_6— _ [Clz CH]

; M = s - s -
M31 M33] 12 M32 M34 1 C31 C33 12 C32 C34

= [0 071 = _ 10 0]  _ [0 01 _ 10 01. & _ [Ma1 Mays].
Dll_[O Df1]’D12_ [O 0]’ K11—[() Kfl]’Klz_ [0 O]’M21_ My, M43]’
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_ M M _ C C - C C — 0 0 =
iy, = 22 24]_ Cpy = [ 21 23]; P ¥ 24]; D,, = [0 0]; D,, =

Myy Mgyl Cy1 Cy3 227 [Cay Cuy
0 01 5 _j0 0] m _[0 07 ~ _fd _ _[92. 7 _[1 0]
[0 sz], Ky = 0 O]’ Ky, = [0 Kfz]: qd1 = CIf1]’ QZ—[qu], L1—[0 0],
= _ [0 1
L2=1o o]'
Equation (7.25) can be written in the following form that will be used for control law:
M{]:+ cr 5y 5{];+[1?1T]__[Z1]T
mrl T er| 9T el T k)T L, (7.26)

where M1T = [Mn M12]; 51T = [611 512]; 5{ = [511 512]; 1?171 = [Rn Ku]; MZT =
[M21 Mzz];ézT = [621 622]; 52T = [521 522];1?; = [1?21 1?22]-

The first and the second subsystems can be characterized by two mass and inertia symmetric

My My M2 M24]

and M =[
M3 M33] 227 My, My,

positive definite matrices: My, =

The new generalized coordinate, used for the second joint and link while the first joint and

link are assumed stable, is given as follows:
Q2 =[9ar @2]" =[qrar 9rar dr2 4r2]" (7.27)

Note that the coordinates of the first subsystem are the desired ones, and the coordinates of
the second subsystem are the controlled ones. Using (7.26), the equation of motion of the

second joint and link can be written as:

M3 (02)0; + €7 (02 Q2) 02 + DI 0, + K Q, = Lyt (7.28)
The velocity éz is the time derivative of Q, and the acceleration 52 is the time derivative of

Q2.

According to (7.8), the new non-collocated output is given as follows:
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Yo = Q2 + B3 45 0<a,<1 (7.29)

L D : .
where B =B, = QZIL—(ZZ) when considering just one mode. a, is the weighted parameter

characterizing the second non-collocated output.

Using (7.29), the equation of motion of the second subsystem is given as follows:

MZléirdl + MZZj}Z + MZSqfdl + (M24 - aZBZMZZ)fjfZ + CZléIrdl + CZZYZ

) . (7.30)
+ C23q5a1 + Cougsr = 75
My1Grar + MaoV, + MazGrar + (Mag — a2B2My2)Gpr + Ca1Grar + Cazdo
. . . (7.31)
+ Ca3qra1 + Caaqpr + Dpaqpr + Kpaqpr, = 0
where Cpy = Cp4 — @3B2C5; and Cyy = Cyy — @3B,C4,
The internal dynamics of the second link is deduced from (7.31) as follows:
Gr2 = —Mu41Grar = MyzGrar — Ma2V2 — Ca1Grar — Ca2Y2 — Cazqrar — Caaly2
(7.32)

— Ks20q52 — Dyadys

where: My = (Myy — 3B, Myp) "My My, = (Myq — aBoMyn) "My, Myz =
(Myy — “282M42)_1M43; Ca1 = (Myy — “232M42)_1C41; Caz = (Myy — “232M42)_1C42;

Chga = (Myy — CZZBZM42)—1(C44; j(‘fz =My, — a282M42)_1Kf2; sz = (M, —
a;B2M,;) Dy, and a is chosen such as: a, # Mas
B2My

Inserting (7.32) in (7.30), we get:

M31Grar + M3;35 + M33Grar + Co1Grar + C22Y2 + C33qrar + Coudrz + Kraqyo
. (733)
+ Dfaqp2 =72
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where: M3y = Myy — (Ma4 — @3B Maa) Moy M3, = Mayy — (Mg — azB2M22) Mays;
M35 = My3 — (Myy — aaBoMa2)Mys; €3y = Coy — (Mag — a3BoM22)Ca1; €3y = Cop —
(Mz4 — a3B2M32)C2; Cr3 = Co3 — (Ma4 — a3B;M33)Cls; Crq = Cog — (Mpy —
azB2M22)Ch4; kaz = —(My4 — aszMzz)xfz and sz = —(My4 — aszMzz)sz-

To control the second link, we propose the following control law:

Ty = Ty + sz + 8T2 (734)

where 7., is used for the rigid part, 7, is for the flexible part and 87, is the setting term.

Ty = Kpa Vo + Ka29, + M3,35 + M31Grar + C31Grar + CoaVaz (7.35)
T2 = C53Qfd1 + C§4Qf2 + “232(M51éifd1 + C;151fd1) + kazqu + D}kzqu (7.36)
871, = 8M3,3; + 8M3 Va1 + 8C31 Va1 + 8C3Yaz + 6C33q a1 + 6C34qs, (7.37)

where ¥, = Y42 — Y23 ¥2 = Va2 — V2 and 3 = V4, + 1,3,, 1, > 0. The terms of 8, are

given in Appendix.

Now going backward for the first subsystem and assuming that the second subsystem is

stable. The new generalized coordinate associate to the second subsystem becomes:

0.=[01 qa2]” =[qyn 951 Graz Graz]” (7.38)

Using (7.26), the equation of motion of the first subsystem (i.e. first link and joint) is given

as follows:

MT(Q0)0: + €T (01, Q1) 0y + DIQ, + KT Gy = Liry (7:39)
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The new non-collocated output, defined as the angle of the first motor augmented by a
weighted value of the link’s extremity angle, is given as follows:
Y1=¢qr1 t+ “13{%’1' 0<a, <1 (7.40)

011(L
where fT =B, = % for one mode.

Using (7.39) and (7.40), the equation of motion of the first joint and link is given as follows:

M1 31 + MGz + (My3 — a1B1M11)éif1 + Mi4Graz + Ci1Y1 + Ci2Graz

. . 7.41
+ Ci3451 + CiaGrar = 71 (741)
M3,91 + M3zGraz + (Mas — a1 B1M31)Gp1 + M3aGraz + C3191 + C32Graz
. . . 7.42
+ C33G51 + (344542 + Dr1Gs1 + Kr1qpr = 0 ( )
Let us deﬁne ((:13 = 613 - alﬂlcn and ((:33 == C33 - 0(1[31631.
To find the internal dynamics of the first link, G, is given from (7.42) as follows:
Gr1 = —M3z191 — Mz2Graz — M34qraz — C3191 — C32qraz — 33451 — C34qra
(7.43)

- 7‘}1%‘1 - Dflc.Ifl

where:  Myy = (Mg3 — @11 M31) *Msy;  Mzy = (M33 — ayBiM3) M3, 5 Mz, =
(M33 — “181M31)_1M34i C31 = (M35 — a181M31)_1C31; C33 = (M35 — a181M31)_1(C33;
C3q = (M3 — 1 B1M31) 7 Ca4; Kpr = (M35 — a1B1M31)_1Kf1; Dpy = (M35 —

M33

a161M31)_1Dfl and a4 is selected such as: a; # . Using the same strategy, the control

1M31

law of the first subsystem is given as follows:

T4 = T + Tfl + 8T1 (744)

where:
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Tr1 = Kp1 91 + Kan V1 + M1 35 + Miyraz + Ci1Ya1 + CaGraz (7.45)
Tr1 = Ci3q51 + Ciaqfazr + alﬁl(Mfzqfdz + sz‘?fdz) + Kf1qp1 + Df1qsq (7.46)
87y = 8M1 Y1 + OM13V 4z + 6C11 Va1 + 8C12Yaz + 8Ci3qp1 + 6Ci4qrar (7.47)

where ; = Y41 — Y135 = Va2 + LYo and ¥, = yay — y2 3 A, > 0.
ij =M,; — (M3 — alBlMll)M3j; j=124; Cl*j = Clj - (M3 - a181M11)63j; j=
1,2,3,4; K}:‘kl == _(M13 - alﬁlMll)fol; Dj—‘kl == _(M13 - alﬁlMll)‘Dfl. The terms Of 8T1

are given in Appendix.

i=2
v
Redefined output (29)
v
Modified Model (30)-(31)

v
Control law (34)

v

Critical value of a;

\ 4

Figure 7.3 Distributed control strategy.
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7.5 Stability analysis

This section presents the stability analysis of the tracking errors of the rigid and the flexible
parts. First, we study the global stability of the rigid part by inserting the two control laws in
the initial dynamical model. Second, the stability of the flexible part is studied to select the
weighted parameters and guarantee bounded internal dynamics such that the new output is as

close as possible to the tip.

7.5.1 Stability of rigid part

In compact form, the first (7.34) and second (7.44) control laws can be written as follows:

T=17,+7+ 61 (7.48)

where:
Tr = py + Kdi’ + M;dy* + M:ndq'rd + C:d)./d + C:ndc'Ird (7'49)
T = Cirdp + aB(Minalira + Crnadra) + Kfar + Dy (7.50)
8T = 8M; i + SMpnada + 8Ciya + 8Crrdy (7.51)
Kdl 0], . _ [Mi1 0]_ . _[0 Mfz]. £
K ] Kdz ) Mrd - 0 MSZ B Mrnd - MSl o rd —
Cll ClZ] * CIS Cf‘l-] * [5Mik1 ] _
sz] rnd [621 Crf C;3 654 ) 6Mrd - 0 6M22 oM. rnd -

[ SM;, 8Cry 5612] 5 8Cy3  6CH,
SM;, 5Cyy  6C5,) = 8Cy3 8Csy

To study the global stability, we insert the control law given in (7.48) in the dynamical model

] 6C; = ]; &M;; are given in (7.88).

given in (7.1).
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Proposition 1
The equation of motion of the two-flexible-link manipulator (7.19) is equivalent to the

following model:

M7 (qa)y + G (4a 4a)Y + Cip(qa 4a)qr + Kr Gy + Drqr =1 (7.52)

* *
Miy My,

where q, =[y1 Y2 4r1 4r2]T; M} = [M* M ] is positive definite matrix; C,; =
21 22

[ 1 ﬁz], and Cip = 13 1*4]; M; and C; satisfy the following skew-symmetric
Ca1 (2 Cz Ca4
property:

XT(M;—2C))X=0 VX€ER" (7.53)

Proof: see Appendix.

M;: can be written as:

My = Mg+ Mg (7.54)

where M;; is the diagonal elements and M., ;is the non-diagonal elements of M, ;. Then, the

dynamical model (7.52) can be written as follows:

M;4(qa)¥ + Ming(4a)¥ + 7 (e 4)Y + Crp(das o)y + Krqp + Drgp = T (7.55)

Using (7.54), the control law (7.48) is equivalent to :

T =K, + Kay + Myq(Q)F" + Mina(Q)3a + C(Q, Q)ya + Cir(Q, Q)dy

. .. (7.56)
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Now, the global stability is studied by inserting the control law (7.56) in the dynamical

model (7.55). Then, the error dynamics are given by the following equation:

pr + Kdi’ + [M:d(Q)y* - M:d (qa')y] + [M:nd(Q)yd - M:nd(Qa)y]
+[C(Q Q94 — G4 4] + G (Q Q) — G (de 42Dy ] (7.57)
+6t=0

Proposition 2
When using the control law (7.56) and the dynamical model (7.55), the error dynamics given
by (7.57) are equivalent to:

pr + Kdi’ + M;(qa)jj + 7 (qa Qa)fl + AM:d(Qa)f] =0 (7.58)

Proof: see Appendix.

To prove the asymptotical stability of the error dynamics, we propose the following

Lyapunov function:

1

V—E*TM**+—~TK~
—23’ ry 23’ ay (7.59)

The time derivative of V is:
: L % 1 2 atrss ~ 2
V() ="My + Y My + 57Ky
L & * & ~ 2 1 27 atrs b ~ L
= JT(=Cry — AM; 4y — K5 — Ka¥) + 9" M;5 + 7K,
2

Using proposition 1, we can conclude that:

V(6) = =57 (Ky + AM;)3 (7.60)
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K4, A and M;; are positive definite diagonal matrices. Then, using LaSalle theorem (Spong et

Vidyasagar, 1989), the error dynamics are globally asymptotically stable.

7.5.2 Stability of the flexible part

In this section, asymptotical stability of the flexible part is studied using the internal
dynamics. From the dynamical model given in (7.1) and (7.3), the equation of motion of the

flexible part of the second link is given by:

My1Gr1 + MazGry + My3Gpr + MysGpp + Hy + Draqpo + Kraqyo = 0 (7.61)

Using the new generalized coordinate (7.27) and the new non-collocated output (7.29), the

equation (7.61) is equivalent to:

My1Grar + MypYp + MysGrar + (Mag — @252My3)Grp + Hy + DepGra + Kea Qg
=0

(7.62)

The internal dynamics of the second link are given by subtracting ¢, from (7.62) as follows:

Gr2 = —~Mu1Grar — Ma2V2 — MazGrar — Ha — Kpaqr2 — Dr2qye (7.63)

where My = (Myq — B2 Maz) ™ Myy; Mz = (Myy — 2B, Maz) " Myy; My =
(Myq — a2B2Ma2) " Myz; Hy = (May — @2B:Maz) " Ha; Dpp = (Myy — a3B2Maz) ™ Dya;

Myq
B2aMyz

Kry = (Myq — a3B,My5) 'K, and a; is chosen such as ar, #

The quasi-static approach, using the inverse dynamics, neglects qr4q and Ggqq. Then, the
tracking errors of the rigid and flexible part of the second link are given by the following

expressions:
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A2 = Graz — G2 = —(Mgar — My1)lirar — MaazVo — (Has — Hy)
. ' (7.64)
_(deZQfdz - 31szqu) - (Dfdszfdz - szsz)

In the above section, the tracking error of the rigid part was proved to be asymptotically
stable, then ,,%,,¥, — 0 as t — oo. Then, the tracking error of the flexible part can be

written as:

é~I.f2 = —(Mga1 — My1)Grar — (Hga — Hy) — j(fzqu - szélfz (7.65)

In state space form, the tracking error of the flexible part takes the same form than the one

obtained in (Fareh, Saad et Saad, 2013a) and is given by the following expression:

7;51 =X
< .. .. (7.66)
X2 = qfaz2 — g2
s — 1% #1T = [4 2 1Ts
Let X = X1 X]" = [sz qu] s 452 = Qa2 — qf2-
The critical value of a; is selected such that As, is Hurwitz and the Nyquist diagram of Af,

0 1

is in the right half-plan (Fareh, Saad et Saad, 2013a), where Af, = [—Kf —D;
2 2

]. Ky, and

Dy, are given in (7.63).
The same procedure is now applied, proceeding to the first joint-link subsystem. Using (7.1)

and (7.3), the equation of motion of the flexible part of the first link is given by:
M31Gry + M32Grz + M33Gp1 + M3aGpp + Hz + D1 Gpq + Kp1qp1 = 0 (7.67)

Using the new generalized coordinate (7.38) and the new non-collocated output (7.40), the

equation of motion becomes:

M3131 + M3yGras + (M33 — a1B1M31)Gp1 + M3aGraz + Hz + Dp1Grr + Ke1qpq
=0

(7.68)
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Subtracting G ¢, from (7.68), the internal dynamics is given as follows:

Gr1 = —M31Y1 — Mz2Graz — M34qraz — Hz — Kr1qr1 — Dr1qp4 (7.69)
where: M3y = (Ms3 — @B M3 )" "M3y 5 Myp = (M33 — 1B Ms1) " Myp; M, =
(M33 — a1 B1M31) " M3,; Hz = (M33 — oy B3 M3q) " "Hy; Kpy = (M33 — a1 M3q) 'Ky
Dfy = (M3 — a1 81M31) Dy and @, is chosen such as a; # 811”1;331'

In the state space form, the tracking error of the flexible part of the first link can be written as

follows:

Xe1 =G =X
{fl U1 = %2 (7.70)

fffz = ‘jfl = ‘jfdl - f?f1
Let: X = [Xr1  Xp2]" = [qﬁ cLlfl]T-
As already shown in the stability analysis of the rigid part, §;, y;and y; — 0 as t — oo. The
error dynamics of the flexible part (7.70) take the same form as the one obtained one in
(Fareh, Saad et Saad, 2013a).
The critical value of a; is selected when the eigenvalues of Ag; change their signs from

negative to positive, i.e. the internal dynamics become instable (Fareh, Saad et Saad, 2013a),

here: A _[ 0 1 ]
where: Ag; = —Kp1 —Dp)

7.6 Simulation results

The two-flexible-link manipulator shown in Figure 7.2 is used to test the control strategy
performance. Using the trial and error method, the controllers’ gains are chosen as: K,; =
12,Kp, = 10, K44 = 15, K, = 18. In sections 7.3 and 7.4, the theoretical development of
the control law and stability analysis are given in the general case i.e. for any higher order.
In the simulation case, a finite order of Taylor series is fixed. In this section, and for

simplicity, the Taylor series is limited to the first order. Then, RMnj = Ran = Rg, = 0.

Table 7.1 presents the parameters of the two-flexible-link manipulator.
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Table 7.1 System parameters
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Figure 7.4 X-Y desired workspace trajectory.
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Figure 7.5 Desired workspace trajectory: (a)-(b) position trajectory,
(c)-(d) velocity trajectories and (e)-(f) acceleration trajectories.
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Figure 7.6 Desired virtual space trajectories: (a)-(b) position trajectories,
(c)-(d) velocity trajectories and (e)-(f) acceleration trajectories.
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Figure 7.7 Desired joint space trajectories: (a)-(b) positiontrajectories of rigid coordinates,
(c)-(d) velocity trajectories of rigidcoordinates, (e)-(f) acceleration trajectories of rigid
coordinatesand (g)-(h) position trajectories of flexible coordinates.
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Figure 7.10 Tracking trajectories of non-collocated outputs.
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Figure 7.11. Tracking errors in joint space. (a)-(b) tracking errors of non-collocated

outputs and (c)-(d) tracking errors of the flexible coordinates.
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Figure 7.12. Tracking in the workspace. (a) x-position tracking and

(b) y-position tracking.
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Figure 7.13. Workspace tracking errors. (a) x-position tracking errors and

(b) y-position tracking errors.
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Figure 7.14. X-Y workspace tracking.
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For two-flexible-link manipulators, the desired workspace trajectory is chosen as lozenge
form. The results of the inverse kinematics problem are given in Figures 7.4-7.7. Workspace
trajectory is shown in Figures 7.4-7.5, virtual space trajectories are given in Figure 7.6 and
joint space trajectories are shown in Figure 7.7. According to simulation results, the
workspace desired trajectory was well transformed to the joint space using the virtual space
and the quasi-static approach. For the second subsystem, the Nyquist diagram and the

evolution of eigenvalues of Ar, are given in Figure 7.8. For the first subsystem, the
eigenvalues evolution of Agqis given in Figure 7.9. Using the system parameters given in

Table 7.1, the critical value of the second and first links are a,, = 0.92. and a;,. = 0.85,
respectively. The simulation results were obtained with ¢, = 0.9 < a,. and a; = 0.8 < a4,.
Note that these values satisfy the conditions given in equations (7.28) and (7.38). A good
tracking performance of the new non-collocated output was obtained as shown in Figure
7.10. This tracking is confirmed by Figure 7.11 which shows the tracking error. In the
workspace, a good tracking performance is shown in Figure 7.12 and the tracking error
shown in Figure 7.13 doesn’t exceed 2mm in x-position and y-position. The good tracking in
the workspace is confirmed in Figure 7.14 that shows the tracking of the desired lozenge.
Thus, we can conclude that the control strategy was effective to ensure the tracking of the
non-collocated output and to reduce vibrations at the extremity; this explains the satisfactory

results obtained using this approach.

7.7 Conclusion

This paper presents a nonlinear distributed control for two-flexible-link manipulator. For the
inverse dynamics, a virtual space, linked with the workspace by a simple kinematics relation
as in rigid manipulators, and a quasi-static approach were used. Using this transformation
procedure, a workspace desired trajectory (lozenge) has been successfully transformed to the
joint space. The distributed control strategy presented in this paper use the output redefinition
technique and consists of stabilizing the flexible manipulators starting with the last joint and

flexible link and going backward until the first joint and link. Lyapunov theory was used to
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prove the asymptotical stability. An adaptive version of this control strategy will be

investigated in future work.

7.8 Appendix

Proof of proposition 1

Using (7.3) and (7.5), the dynamical model can be written as follows:

[t [ 4 Y R A R A A B

Equation (7.71) can be written as:

M,,.G, + Mrfc.if + Crgr + Crf‘?f =1

MGy + MypGs + Cipdr + CrpQp + Dypqy + Krpqy = 0

Using the outputs redefinition (7.29) and (7.40), we can write:

q4r =y — aBqy

where g, = [@r1 Gr2]; g =[9r1 9r2]";y =[Y1 Y2]" and ap = [ 181

the dynamical model becomes:

M,y + Mrféif + Gy + Crqu‘ =1

Msy + Myl + Clry + Crpdy + Dppdy + Kepqp = 0

0

a,PB;

(7.71)

(7.72)

(7.73)

(7.74)

] . Then,

(7.75)

(7.76)
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where Mrf = MTf - aBMrr; Cr‘f = Crf - aBCTT'; Mff = Mff - aBMZf, Cff = Cff -

a BCrTf;
Deducing ¢ from (7.76), we get the following internal dynamics:

G = M7 (M3 + Clpy + Crpdy + Dypdy + Krpqy)

Inserting (7.77) in (7.75), we obtain:

(7.77)

(7.78)

where My = My, — M MM Cf = Cpp — Mg MG Clps Gl = Crp — My p M7 Crys

Df = =M, Mgy Dyy and Kf = —Mo s Myy' Ky

The models using the collocated output (7.3) and the new output (7.75)-(7.76) are linked by a

non-singular positive transformation matrix as follows:

q, + anf]
= =T

where g, = [V 4r]T and T = [(1) 0(18].

Using the transformation T, the mass matrix becomes:

Mrr(CI) Mrf(Q) 4a=Tq

_ Mrr(CIa) Mrf(CIa)
M (@) Mge(q) — M) _I

M(q) = [ M{r(qa) Mrr(qa)

(7.79)

(7.80)

where; Mrf(CIa) = Mrf(CIa) — aBM,,(q,) and Mff(CIa) = Mff(q(x) - aBMIf(Qa), orin a

matrix form:

M(qe) = M(T7qa)T™"

(7.81)
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The parameter « is selected such that M is positive definite matrix. Then, using P1 and P2,
M, Msr and M;; are positive definite matrices. The same transformation matrix can be

used for the Coriolis matrix as follows:

CQa 4a) = C(T_lqa'T_1Qa)T_1 (7.82)

Crr Cr f

CT C— l,crf = Crf - aBCTT' and Cff = Cff - (lBCZf
rf  “ff

where C(q,) = [

From P4, by multiplying (7.6) by a constant matrix T, we can write:

XT(M(qa) — 2€(4e, §o))X =0 VX ERT (7.83)

The Schur complement of the positive definite matrix My, given by:

M} = My, — M, M M (7.84)

is positive (Bhatia, 2007). Then, from P2, the diagonal elements of M, are also positive.

The Schur complement of Cyf is given by the following equation:
Cy =Cprr— Crfo_ICrTf (7.85)

Using the dynamical model of the two-flexible-link manipulator (Fareh, Saad et Saad,

2013a), we can write:

XT(M;—2C)X=0 VXeR" (7.86)
Proof of proposition 2

In the following section, we study the error dynamics given by (7.57). In the first step, we

investigate the following elements of the error dynamics:
[M:d(Q)y* - M:d (qa)j}]a [M:nd(Q)yd - M;nd (Qa)j}]a [C; (Q: Q)yd - C: (Qa' qa)y] and
[Crr (@ Q)dr — € (de 4a)dr ]
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The first element is developed as:

[M7q(@)J" — M;4(qe)¥]
_ [Mik1(Q1) 0 ] }’f] _ [Mﬁ(q(x)
0 M3, Q)1 12 0

_ M1, Q¥ — Mikl(Qa)yl]
M32(Q2)2 — M32(qa)¥>

where q, = [y1 Y2 4r1 4r2]",Q, =[y1 Qraz 9r1 Graz]T,
Q; =1[qrax Y2 qra1 4r2]" and q, = [4r2  qr2]".
Using Taylor series, we can write:

0M,,(qq)

Mi1(qq) = M{;(Q1) + 94,

(@2 — 9a2) + Ry, (@2)

OM,;(qq)

= Mik1(Q1) - 94,
r

2 + Ru,, (G2)
dfdz

qr2 —
drd2

= Mik1(Q1) —6M,y,

where

_ OM,1(qq)

oM
5My, = 5o 5o+ 11(qq)
T

r2 42 — lel(flz)

dfdz

drdz aqu

Ry, , are the high order terms of the Taylor series for M1;(q,). Then,

M:1(Qq) = M{;(qq) + 6M{,

The Taylor series is also applied to the following elements to obtain:
M;4(Q) = My4(qa) + 6Myy

M7a(Q) = M7 (qa) + My

¢;(Q,Q) = C:(qar 4a) + 8C;

Cr(Q,Q) = C(qa da) + 6Cf

Then the previous elements in the error dynamics become:

M Q)" — M73(q)y = M7y (@)™ — y1 + My, 3"

ustaol [

(7.87)

(7.88)

(7.89)
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= :d(CIa)jj + AMr*d(Qa):):; + 6M:dy*
[M:nd(Q)yd - M:nd(Qa)y] = M:nd(Qa)jN} + 5M:ndyd
[C2(Q,Q)Ya — CF(4er 40)V] = € (e 4T + 6CYg

Inserting these expressions into the error dynamics (7.57), they become:

pr + Kdi + M;d (Qa)j} + AM:d (qa)};’ + M;nd (Qa)jd} + C; (qa' q.a:)j} + 5M:dy*
+ MgV + 6Ciyg + 6C + 8Tt =0

(7.90)

Using the expression of 8§t given in (7.51), the error dynamics become:

K, 5+ Ka9 + M7 (qe)y + € (qa 4a)V + AM; 4 (qo)y = 0 (7.91)






CONCLUSIONS ET RECOMMANDATION

Cette thése poursuivait les principaux objectifs suivants: i) proposer une stratégie de
commande distribuée et robuste pour les manipulateurs rigides assurant la stabilité des
erreurs de suivi; ii) modifier cette stratégie de commande pour tenir compte de la flexibilité
des bras au niveau des manipulateurs flexibles en assurant la poursuite dans l’espace

articulaire et cartésien.

Pour atteindre les objectifs visés, la modélisation des manipulateurs rigides et flexibles
constitue une étape primordiale afin de déduire les principales propriétés a utiliser dans le
développement des lois de commande. Premi¢rement, un modéle mathématique d’un
manipulateur rigide a 7 ddl (ANAT) a été développé pour I’exploiter dans le développement
de la commande distribuée et adaptative. Par la suite, nous avons développé un modele

mathématique d’un manipulateur a deux bras flexibles.

Pour développer une stratégie de commande distribuée assurant la stabilit¢ de la dynamique
des erreurs de suivi dans 1’espace de travail des manipulateurs rigides, trois étapes ont été
suivies; 1) utilisation de la cinématique inverse pour transformer la trajectoire désirée définie
dans D’espace de travail vers 1’espace articulaire; 2) développement d’une stratégie de
commande distribuée pour assurer la stabilité de la dynamique des erreurs de suivi et 3)
utilisation de la cinématique directe pour transformer la trajectoire obtenue dans 1’espace
articulaire vers I’espace de travail. Afin de faciliter I’implémentation en temps réel de la
stratégie de commande, la dynamique du systéme a été mise sous forme d’un ensemble de
sous-systemes interconnectés, dont chacun représente une articulation. En commengant par la
derniere articulation, une loi de commande est développée en supposant que le reste des
articulations est stable. Cette démarche a été appliquée, au rebours, jusqu’au premier joint.
La stabilité globale de tous les sous-systémes a été prouvée par I’approche de Lyapunov.
L’implémentation en temps réel de cette stratégie sur un manipulateur rigide a 7 ddl (ANAT)

a montré un bon suivi de trajectoire désirée sous forme triangulaire. Cette stratégie a été
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comparée avec celle du couple pré-calculé pour montrer son efficacité et son apport par

rapport a une configuration classique.

Une version adaptative de la stratégie de commande distribuée, dite « hiérarchique », a
ensuite été proposée pour assurer la robustesse de la loi de commande tout en suivant des
trajectoires désirées dans I’espace de travail. Apres la transformation de la trajectoire désirée
de I’espace de travail vers I’espace articulaire via la cinématique inverse, la stratégie de
commande adaptative a été ensuite développée a partir de la derniére articulation jusqu’au
premier. Une seule commande par articulation est développée a chaque étape. La loi de
commande du dernier sous systeme a été développée en utilisant juste les parameétres estimés
existant dans 1’équation de mouvement de la dernicre articulation. La loi de commande de la
i*™ articulation dépend de ses propres paramétres estimés et celles de tous les sous-systémes
de niveau supérieur. Une implémentation a temps réel a été présentée pour un manipulateur a
7 ddl pour montrer I’efficacité et la performance de cette approche. Une comparaison avec la

version non-adaptative a été ¢galement présentée.

La stratégie de commande déja développée pour les manipulateurs rigides a ét¢ modifiée
pour prendre en considération la flexibilité existant dans les manipulateurs a bras flexibles.
Le premier objectif était le développement d’une commande distribuée pour assurer la
stabilit¢ de la dynamique des erreurs dans I’espace articulaire des manipulateurs flexibles. Le
modele dynamique a été réorganisé pour prendre la forme d’un ensemble de sous-systémes
interconnectés. Chaque sous-systéme est représenté par une articulation et son bras flexible
associé. La stratégie de commande consiste a commander un seul sous-systéme a la fois en
commencant par le dernier. En effet, le dernier sous-systéme est contr6lé en supposant que le
reste des sous-systémes sont stables. Puis, la méme procédure est suivie au rebours jusqu’au
premier sous-systéme. Cette stratégie de commande a été implémentée en temps-réel sur un
robot a deux bras flexibles. L’étude expérimentale a montré un bon suivi de trajectoire et une
réduction des vibrations au niveau des bras flexibles. Une comparaison avec une commande
PD a montré I’apport et D’efficacité de cette stratégie de commande par rapport a une

configuration classique.
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Pour assurer la robustesse de la loi de commande distribuée développée pour les
manipulateurs flexibles, une commande adaptative indirecte a été développée pour suivre les
trajectoires désirées dans I’espace articulaire et minimiser les vibrations au niveau des b. La
loi de commande du dernier sous-systeme a été développée en utilisant les parametres
estimés existant dans 1’équation de mouvement de ce systéme. En reculant vers 1’arriere, la
loi de commande du i™ sous-systéme est développée en fonction de ses propres paramétres
estimés et les parametres déja estimés dans les sous-systémes de niveaux supérieurs. La
stabilité globale a été prouvée par 1’approche de Lyapunov. Les résultats expérimentaux ont
montré que cette commande adaptative assure un bon suivi de trajectoire dans 1’espace

articulaire et qu’elle est capable de minimiser les vibrations mieux que la version non-

adaptative.

La stratégie de commande distribuée a été étendue pour assurer un suivi de trajectoire dans
I’espace de travail pour un manipulateur a deux bras flexibles. Lors du controle de
I’extrémité d’un manipulateur flexible, le systéme devient a non-minimum de phase et la
dynamique interne n’est plus bornée. La technique de redéfinition de sortie a été utilisée pour
sélectionner la sortie la plus proche possible de I’extrémité assurant une dynamique interne
bornée. L’espace de travail et articulaire ne sont plus liés par une seule relation cinématique,
comme le cas des manipulateurs rigides. Donc, la cinématique inverse n’est plus suffisante
pour transformer les trajectoires désirées de 1’espace de travail vers 1’espace articulaire des
manipulateurs flexibles. Un espace intermédiaire nommé « espace virtuel » a été défini pour
résoudre le probléme de I’inversion de la dynamique. Le mod¢le dynamique du manipulateur
a deux bras flexibles a été organis¢, dans un premier temps, pour prendre la forme de deux
sous-systemes interconnectés. Chaque sous-systéme contient une articulation et le bras
flexible associé¢. En commengant par le deuxiéme sous-systéme, nous avons supposé que le
premier sous-systéme est stable et une loi de commande basée sur 1’approche de linéarisation
par retour d’état a été développée. La loi de commande pour le premier sous-systéme a été

développée en utilisant la méme démarche.
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Pour étudier la stabilité de la dynamique interne, le théoréme de passivité est utilisé. En effet,
la dynamique interne est divisée en deux parties: une partie linéaire en contre réaction une
partie non linéaire. Avec ce genre des systemes, la théorie de passivité permet d’étudier la
stabilité généralisée du systtme et de démontrer sa convergence asymptotique, voir
exponentielle et globale. La valeur critique du paramétre caractérisant la sortie paramétrisée a
été déduite en utilisant la passivité de la dynamique interne. Juste la stabilité locale a été
prouvée par cette stratégie de commande. Les résultats de simulation montrent un bon suivi
de trajectoire dans ’espace de travail sous forme triangulaire. Afin d’assurer la stabilité
globale des erreurs de suivi, la loi de commande distribuée développée pour les
manipulateurs rigides a été modifiée et appliquée sur un robot a deux bras flexibles. La
technique de redéfinition de sortie, 1’espace virtuel et I’approche quasi-statique ont été
utilisés pour résoudre les problémes de déphasage non-minimal et de I’inversion de la
dynamique. La théorie de Lyapunov a été utilisée pour démontrer la stabilité globale de la
partie rigide et flexible. Un bon suivi de trajectoire sous forme d’un losange a été obtenu

avec cette loi de commande.

Finalement nous pouvons conclure que la stratégie de commande développée, que ce soit
pour les manipulateurs rigides ou flexibles, assure toujours la stabilité des erreurs de suivi et

minimise les vibrations dans les bras flexibles.

Des limitations et des problémes peuvent étre soulevés dans cette thése. Dans le cas des
manipulateurs flexibles, le nombre de modes flexibles a été limité a un seul mode. Il est clair
cependant que plus le nombre de modes flexibles augmente plus le modele dynamique du
manipulateur a bras flexible devient plus précis. L’augmentation du nombre de modes
flexibles est fortement recommandable pour voir son effet sur la précision en utilisant la

méme stratégie de commande.

La stratégie de commande, assurant le suivi de trajectoire dans I’espace de travail, a été
appliquée a un robot a deux bras flexible. Une généralisation a plusieurs bras flexibles est

toujours possible.
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L’inversion de la dynamique du manipulateur flexible utilise 1’approche quasi-statique qui
néglige la vitesse et 1’accélération de la dynamique flexible. Le développement d’autres
approches, qui tiennent en compte la dynamique flexible, peut donner plus de précision lors

de I’inversion de la dynamique.

Afin de rendre cette stratégie de commande plus utile pour I’industrie ou pour les robots de
service, elle peut étre modifiée pour I’appliquer a des manipulateurs mobiles. En effet, une
nouvelle stratégie consiste a contrdler une plate-forme pour suivre une trajectoire bien définie
afin d’amener le manipulateur a 1’endroit de 1’exécution de la tache. Puis, la stratégie de
commande distribuée peut étre appliquée pendant la phase de manipulation tout en faisant

une attention particuliere au probléme de la coordination de la plate-forme et du bras.
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ANNEXE

Dans cette section, on présente quelques détails pour démontrer quelques propositions
données dans le Chapitre 6.

Détails pour Proposition 6.2

Le systéme précédent est passif si on prend la sortie I’erreur de la vitesse y,, et I’entrée Su,,.

Pour démontrer cette passivité soit la fonction d’énergie suivante :

1 : . . (D
V() = Efg = V(X) = %3%3 = Uz ¥qz
Donc : [ Su,¥,, = V(&) =0
La propriété de passivité est conservée avec la loi de commande suivant :
_ - _ - ()
O0uy; = —Kp¥ao + 6v = —KpX%; + 6v
En choisissant la fonction d’énergie suivante :
1.1 (3)
V(&) = Ex% + Eprlz
La dérivée de cette fonction d’énergie est donnée par :
V(f) = f33’2’3 + Kpflfl
= J~C3JLC3 + Kpi1f3
= .9~C3(x’;3 + Kpfl)
= fg(é‘uz + Kpfl)
= .52’3617
= 6775’052
Donc :
“4)

f(?uzji/’az = V(JNC) > 0
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Par la suite, le systéme (8v, X3) est toujours passif.

En choisissant, la loi de commande suivante :

I < ()
U = _praz —KyYar + 6V

ouk,etK; =.
La relation entre ’entrée 8v et la sortie ¥,, devient strictement passive a la sortie. En effet,

soit la fonction d’énergie suivante :

1 1 1 (6)
V(&) = 5’712 +§Kp;z12 +§9?§ >0
la dérivée de cette fonction est donnée par I'expression suivante :
V(f) = flfl + Kpflfl + f35623
= 3?15%1 + Kpflf:‘} + f36u2
= %%, + K, %, %3 + X3(—K, %, — K% + 6v)
= flx;’:l - de:)% + 5}“2617
Donc
o 2 2 . - (7)
X%, — | KgZ5+ | vy, =V(X) =0
On peut écrire donc :
(8)

[ 6VVay = Ky [ 92, + B avec p = —%9?12 ER
D’ou le systéme est strictement passif a la sortie.
Donc, d’aprés (Ortega 1998) les erreurs de la position ,, et la vitesse y,, = 0 quand t —
0.

Détails pour Proposition 6.3

Aprées la stabilisation de la partie rigide, on choisit maintenant &, pour que la dynamique

flexible devienne asymptotiquement stable.
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Le point d’équilibre du systeme ¥ = 0 est asymptotiquement stable si le systéme est (Khalil,
1996):

1. Strictement passif a la sortie, et;

ii.  Détectable.
La premiere condition est déja vérifiée dans la section précédente et pour tester la
détectabilité du systéme, on vérifie la stabilité asymptotique du point d’équilibre en annulant

I’entrée et la sortie de la dynamique de la partie flexible suivante :
! Xf2 qu 9~sz = —Kfszl - szffz — [bssq — a282b251]_1¢(t, y)

q
Avecy = Cf X = [—azB2 [ le

Y(t,y) = (hso1G2u1 + bissti1qra) [sin(CLqay) — sin(CLqa; — ¥)]
+ by5,[c05(C3 qaz) — cos(Cqqaz — ¥)]
+ h504t11Qfd1Qrd1{Qrd2 c05(qraz) — Grz c05(qr2)}

Soit :
a(t) = hsp1Gia; + bisst119ra1
b(t) = b;s;

c(t) = h504t11Qfd1Qd1

En utilisant le développement de Taylor :

FGy) = Fl@b) + 5 @Bl —al + 5 @by~ 5]
Soit X = qy2; Y = Qr2; @ = Qraz €L b = Grgo

Qrz COS(Qrz) = qrdz Cos(qrdz) - qrdz Sin(Qrdz) (Qrz - Qrdz) + COS(qrdz) (Qrz - ‘*:Irdz)

= qrdz COS(QrdZ) + ‘*:Irdz Sin(qrdz) qrz + COS(QrdZ) ﬁrz
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= Qraz COS(qrdZ) + Graz Sin(QrdZ) Vaz + COS(qrdz) 57112

— 2020raz Sin(Graz) Gr2 — az B, cos(qraz) quz

En plus, on a :
Gr2 = Qraz — Qr2 = (yadz - azﬁZQfdz) - (Yaz - azﬂz‘]fz) = Yaz — azﬁzqu
‘?rz =draz — Qr2 = (Yadz - azﬁZQfdz) - (Yaz - azﬂz‘?fz) = f’az - azﬁzﬁfz

Donc :

Graz €0S(Qraz) — Grz c05(qr2)
= —Qraz Sin(Graz) Vaz — €05(qraz) f’az + a282Graz Sin(Graz) dr2

+ a3, cos(qraz) ‘?fz

Or, a partir de la section précédente on a J4, Y4, — 0 quand t — o.

Donc :

Y(t,y) = a(®)[sin(Czqaz) — sin(Caqaz — ¥)1 + b(D)[cos(Caqaz) — cos(Czqaz — ¥)]

+ C(t){azﬂzéhdz sin(qraz) G2 + a2 c0s(qraz) észz}

= A2 f2Gra2C () Sin(Graz) Grz + azf2c(t) c0s(Graz) C;Ifz +1(ty)

Avec :

P1(6y) = a(®)[sin(Cgqaz) — sin(Czqaz — y)]
+ b(t)[cos(Cgqaz) — cos(Caqaz — ¥)]

)

(10)

P1(6,y) = a(®)[sin(Czqaz) — sin(Czqaz — ¥)1 + b(8)[cos(Ca qaz) — cos(Caqaz — ¥)]

Or,ona:

sin(CYqaz) — sin(Cyqaz; —y) = 2cos(Cxqqz — y/2)sin(y/2)
cos(Cyqq2) — cos(CLqar —y) = —2sin(CLqq, — y/2)sin(y/2)
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Donc :

P, (t,y) = 2a(t) cos(CFqqr — y/2) sin(y/2) — 2b(t) sin(Cy qq2 — y/2)sin(y/2)

Cette dynamique peut étre mise sous la forme suivante :
o 0 1 - 0
= — _ t’
*f —ay(t) _al(t)] *r [[b551 — aB2by54] 1] ¥a(t) (11)
= Ar()%r — Br1(t,y)
Avec : ag(t) = [bss1 — a282b251]_1(Kf2 — @22qra2¢(t) Sin(Qrdz))
a;(t) = [bss; — az sz251]_1(Df2 — ayfrc(t) COS(CIrdz))
Il existe une valeur critique de a., pour la quelle le point d’équilibre =0 soit

asymptotiquement stable.

La dynamique précédente peut étre mise sous forme d’un systéme linéaire en contre réaction

d’une fonction linéaire comme le montre la figure suivante :

0 . .
+ Systéme linéaire
Y > ¥
Systéme non linéaire
lpl (t’ Y)
Figure 1. systéme a contre réaction.
Avec
c. X; = Ap%s + Bpv (12)
=%

En contre réaction avec :
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13
v = _Rbl(t'}’) ( )

Le point d’équilibre du systeme précédent est globalement asymptotiquement stable si la
partie non linéaire ¥, (t,y) est passive et le systéme linéaire est strictement passif a 1’entrée

(Khalil, 1996).



