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MODELING AND SHAPE ESTIMATION OF SMART STRUCTURES FOR 
ACTIVE CONTROL 

El Mostafa Sekouri 

ABSTRACT 

Piezoelectric materials allow the transformation of electric constraints into mechanical 
constraints and vice versa. They are used as controllers or sensors in the industrial field. 
The analysis of the behavior of piezoelectric materials lays within the use of these 
materials in structures whose form or modes of vibration are to be controlled. 

The need for these studies is crucial. From a general point of view, the need for stability 
of structures has become increasingly important with the development of technologies 
related to telecommunications and microtechniques. Adaptive structures are the only 
means to achieve the requisite stability in the face of diverse situations. The objective of 
this research is to model the effect of electro-mechanical coupling and to estimate the 
shape of the adaptive structures for active control. 

Ideal models were developed for various adaptive structures. These models make it 
possible to determine the static and dynamic behavior of these structures. The model 
behavior was compared with experimental results and the, numerical, finite elements and 
the Rayleigh-Ritz methods. Results obtained from all of the above approaches reveal 
good agreements among them. For a possible application of active control, the analysis 
of substructures in commercial FEA software ANSYS is used to extract the mass, the 
rigidity and input matrices. 

In order to evaluate at real time the shape of the flexible or composite structures, an 
algorithm was developed to determine the forms of the structures under arbitrary loads 
and different boundary conditions. The results obtained by this method were compared 
with those obtained from numerical, the finite elements and experimental methods. The 
results also, show that the developed algorithm makes it possible to correctly estimate 
the structures. 
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SOMMAIRE 

Les matériaux piézo-électriques permettent la transformation de contraintes électriques 
en contraintes mécaniques et vice-versa. Ils sont utilisés comme contrôleurs ou capteurs 
dans l'industrie. L'analyse du comportement des matériaux piézo-électriques, en plus de 
son intérêt propre réside dans l'utilisation de ces matériaux dans des structures dont on 
veut contrôler, soit la forme, soit les modes de vibration. 

L'intérêt de ces études est multiple. D'un point de vue plus général, le besoin de stabilité 
des structures devient de plus en plus important avec le développement des technologies 
liées aux télécommunications et micro - techniques. Les structures adaptatives sont la 
seule solution d'un point de vue théorique en mesure d'assurer la stabilité. L'objectif de 
cette recherche consiste à modéliser l'effet de couplage mécanique - électrique et à 
estimer la forme des structures adaptatives pour le contrôle actif. 

Des modèles théoriques ont été développés pour différentes structures adaptatives. Ces 
modèles permettent de déterminer le comportement statique et dynamique de ces 
stmctures. Les résultats de ces modèles ont été comparés avec les résultats 
expérimentaux et numériques: élément finis ou/et la méthode de Rayleigh Ritz. Les 
résultats obtenus montrent de bonnes concordances avec les trois approches. Pour une 
application éventuelle du contrôle l'analyse de substructure dans le logiciel commercial 
d'élément fini ANSYS est employée pour extraire les matrices de masse, de rigidité et 
d'entrée. 

Afin d'évaluer en temps réel la forme des stmctures flexibles ou composites, un 
algorithme a été développé pour déterminer la forme des stmctures dans des conditions 
de chargement arbitraires et différentes conditions aux limites. Les résultats obtenus par 
cette méthode sont comparés à ceux obtenus par les méthodes numériques, les éléments 
finis et les résultats expérimentaux. Les résultats obtenus montrent que l'algorithme 
développé permet d'estimer les stmctures correctement. 
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RÉSUMÉ 

Les matériaux piézo-électriques permettent la transformation des contraintes électriques 
en contraintes mécaniques et vice-versa. Ils sont utilisés comme contrôleurs ou capteurs 
dans l'industrie. L'analyse du comportement des matériaux piézo-électriques réside en 
plus de son intérêt propre, dans l'utilisation de ces matériaux dans des structures dont on 
veut contrôler soit la forme, soit les modes de vibrations. Le contrôle actif des structures 
ou micro - structures constitue un sujet d'un intérêt capital pour les laboratoires de 
l'Agence Spatiale Canadienne (ASC). 

Les intérêts de ces études sont multiples. D'un point de vue plus général, le besoin de 
stabilité des structures joue, de plus en plus, un rôle majeur dans le développement des 
technologies liées aux domaines des télécommunications et de la micro- technique. Sur 
le plan théorique, les structures adaptatives forment la seule solution en mesure d'assurer 
la stabilité recherchée. 

Pour mieux adapter et rendre en quelque sorte intelligents les matériaux composites et 
surtout les structures composites résultant de la conception d'un objet à diverses 
fonctions, la communauté scientifique internationale a déployé, depuis quelques années, 
des efforts considérables. En effet, ces efforts ont permis d'introduire en surface ou à 
l'intérieur d'une structure composite ou flexible des éléments piézo-électriques pouvant 
jouer le rôle d'actionneur ou de capteur. Les résultats obtenus ont permet donc de 
corriger le comportement de la structure afin d'éviter par exemple une instabilité statique 
ou dynamique, de limiter l'amplitude des vibrations et en fait de prévenir sa destruction 
ou bien un impact sur l'environnement. Ces structures possèdent les caractéristiques de 
structures intelligentes ou adaptatives. 

Le sujet de cette thèse de doctorat se propose de répondre à cette problématique. En 
effet, cette étude concerne la modélisation et l'estimation de la forme des structures 
adaptatives pour le contrôle actif. Les méthodes utilisées sont théoriques, numériques et 
expérimentales applicables aux structures adaptatives de types poutres, plaques et 
membranes qui représentent la grande majorité des structures spatiales et en particulier 
dans les satellites et de leur environnement. 

L'intérêt majeur de ces structures composites réside dans leur capacité d'engendrer des 
déformations contrôlables par application de champs électriques appropriés ou de capter, 
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de façon sensible, des sollicitations mécaniques. Ce résultat ne pourrait être obtenu 
qu'avec des matériaux non structurés. 

Le contrôle actif de vibrations consiste à analyser (amplitudes, modes, fréquences) les 
vibrations mécaniques des structures mécaniques à l'aide de la fonction capteur 
d'éléments piézo-électriques. Il pennet, via des processeurs, d'injecter suivant une loi de 
contrôle (en déplacement, en vitesse retardée, par exemple) un potentiel électrique 
approprié à des éléments piézo-électriques (servant d'actionneurs) judicieusement placés 
pour annihiler certains modes de vibrations indésirables. 

Le concept de base du contrôle passif de vibration est de modifier les propriétés 
dynamiques (masse, rigidité, etc.) de la structure mécanique à contrôler par l'adjonction 
d'éléments tels que des ressorts ou raidisseurs, de masses localisées, d'amortisseurs, de 
couches viscoélastiques, etc. L'utilisation d'actionneurs électromécaniques apporte alors 
de nouvelles opportunités de contrôle. Panni les matériaux présentant un couplage 
électromécanique, ce sont ceux basés sur l'effet piézo-électrique qui s'avèrent les plus 
intéressants. Cela est dû essentiellement à leur bonne réponse fréquentielle, à l'efficacité 
du couplage, et à leur miniaturisation favorisant leur intégration dans les structures 
élastiques. 

Le système le plus simple de contrôle consiste en un élément piézo-électrique attaché à 
la structure élastique à contrôler connecté à un circuit électrique extérieur incluant la 
capacitance de l'élément piézo-électrique lui-même. Le principe est basé sur la 
conversion d'une portion de l'énergie mécanique en énergie électrique via l'effet piézo
électrique. L'efficacité du contrôle est fonction du circuit extérieur et de la modélisation 
de l'élément piézo-électrique. 

La présente recherche s'intéresse, plus particulièrement, à des poutres, membranes et 
plaques intégrant des couches électre - actives du type piézo-électrique. Notre objectif 
est la modélisation et l'estimation de fonne de ces structures. 

La modélisation de l'effet de couplage mécanique - électrique penn et d'estimer la forme 
des structures adaptatives par le contrôle actif. Elle concerne le développement des 
modèles à posteriori correspondant à différents types de structures. Cependant, les 
structures spatiales utilisées pour les satellites (structures flexibles rectangulaire et 
circulaire, composite ou métallique) ont bénéficié d'un intérêt particulier. 

La modélisation prend en compte les points originaux suivants: 

«~ Les conditions d'interface. 

«~ Les conditions aux limites mécaniques et électriques. 
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0 Les effets directs et inverses piézo-électriques. 

0 La possibilité d'appliquer un large éventail de sollicitations électromécaniques 
(forces, contraintes, potentiel électrique, charges électriques). 

Dans la première partie de cette thèse: 

v 

Nous avons développé des modèles pour les structures de type poutre en aluminium et 
en composite avec des piézoélectriques collés sur la surface ou intégrés dans les 
stmctures. Nous avons réalisé un banc d'essai pour faire les tests statique et dynamique. 
Nous avons aussi appliqué des méthodes numériques telles que la méthode des éléments 
finis et la méthode de Ritz. Les résultats obtenus par les modèles sont vérifiés avec celle 
obtenus par des tests expérimentaux et par des simulations numériques. Les résultats 
expérimentaux confirment les estimations fournies par les modèles pour l'analyse 
statique (déflexion, contraintes, charges électriques, etc.) et l'analyse dynamique 
(fréquences naturelles et les modes propres de vibration). 

Pour l'analyse statique, nous avons considéré différents types de sollicitations: 

0 Pression ou force ponctuelle appliquée sur la face supérieure de la plaque. 

0 Différence de potentiel électrique appliqué aux faces des couches piézo-électriques. 

Pour assurer un bon contrôle des perturbations par l'environnement de ces stmctures, 
nous avons réalisé un placement optimal d'éléments actionneurs et capteurs. 

Pour les structures axisymétriques, nous avons développé des modèles théoriques pour 
différentes stmctures adaptatives. Ces modèles développés permettent de déterminer le 
comportements statique et dynamique de ces stmctures. Nous avons aussi appliqué les 
méthodes numériques à ces structures. Enfin, nous avons développé un banc d'essai pour 
faire les tests statique et dynamique de ces stmctures. La comparaison des résultats de 
ces modèles avec les résultats expérimentaux et numériques (élément finis ou la 
méthode de Rayleigh Ritz) montrent qu'il y a de bonnes concordances avec les trois 
approches. Pour une application éventuelle du contrôle actif, nous avons besoin des 
matrices de masse, de rigidité et d'entrée. De ce fait, nous avons utilisé l'analyse de sous 
- stmcture à l'aide du logiciel commercial d'élément fini ANSYS afin d'extraire ces 
matrices. 

La deuxième partie de cette thèse est consacrée à l'estimation de la forme des stmctures. 
Nous avons particulièrement utilisé des stmctures en répondu, en aluminium et en 
composite utilisés dans l'industrie spatiale. Afin d'évaluer en temps réel la forme ces 
stmctures flexibles ou composites, un algorithme a été développé pour déterminer la 
forme des stmctures dans des conditions de chargement arbitraires et des conditions aux 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

Vl 

limites différentes. Le modèle utilise seulement l'information de la déformation mesurée 
par des capteurs de déformation. Ces capteurs sont collés sur la surface des structures. 
Les capteurs (Jauge de contraintes) sont installés sur un nombre limité d'emplacements 
de la structure étudiée. L'emplacement optimal des capteurs a été choisi après plusieurs 
tests par simulations numériques (la méthode des éléments finis). Les études impliquent 
non seulement les emplacements optimaux, mais aussi le nombre optimum pour les 
capteurs. 

Pour les plaques rectangulaires, le champ de déformation est représenté par une fonction 
polynomiale à deux dimensions. Pour les plaques circulaires, le champ de déformation 
est calculé en utilisant les coordonnées polaires et la fonction de contraintes d'Airy. Les 
coefficients de chaque fonction sont déterminés en se basant sur la relation de 
déformation - déplacement, relation de compatibilité et conditions aux limites. Enfin, Le 
champ de déformation est construit par la procédure de la méthode moindre carrée. Les 
résultats obtenus par cette méthode sont comparés à ceux obtenus par la méthode 
numérique (les éléments finis) et les résultats expérimentaux. Les résultats obtenus 
montrent que l'algorithme développé dans le cadre de cette recherche permet d'estimer et 
de déterminer de manière correcte et précise la forme des structures. 
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INTRODUCTION 

Physicists, mathematicians, and engineers from aerospace, chemical, civil, electrical, 

materials, and mechanical engineering fields are all involved in sorne part of the 

development of smart materials and structural systems. One reason for this activity is 

that it may be possible to create structures and systems that are capable of adapting or 

correcting in response to changing operating conditions without human intervention. The 

advantage of incorporating these special types of materials into a structure is that the 

sensing and actuating mechanisms become a part of the structure and can directly sense 

and actuate strains. 

Smart materials are defined as materials that are capable of automatically and inherently 

sensing or detecting changes in their environment and responding to those changes with 

sorne kind of actuation or actions (Shahinpour, 1996). These characteristics provide 

several possible applications for these materials in aerospace, manufacturing, civil 

infrastructure systems, and biomechanics. Active vibration and acoustic transmission 

control, active shape control, and active damage control are sorne of the areas that have 

found innovative applications for smart materials and structures (Shakeri, Noori, and 

Hou, 1996). Examples of specifie applications are micro positioning, vibration isolation, 

fast acting valves and nozzles, transducers, luxury car shock absorbers, and active 

engine mounts in aircraft. Sorne of the benefits of using smart materials are system 

integration, reduction of mass and energy requirements, elimination of moving parts in 

actuators, and collocation between actuator and sensor. 

There are five types of smart materials that have been widely reported in the literature: 

piezoelectric, shape memory alloys, electrostrictors, magnetostrictors and electro

rheological fluids. In this thesis, piezoelectric is used as the adaptive material. 

Piezoelectric materials are now available as piezoceramics and piezopolymers. 

Piezoceramics are polycrystalline ceramics. These rnaterials are hard and dense and can 
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be manufactured in many shapes and tailored to various applications. The most common 

type is made of Lead-Zirconate-Titanate (PZT). The piezoelectric effect occurs when a 

pressure is applied to a material, creating an electric charge on the surface and, as a 

result, a change in the dimensions of the material is observed with an applied electric 

field. Piezopolymers ( e.g. Polyvinylidene fluoride, PVDF) are clear plastic films and can 

be readily eut and shaped into complex patterns. 

Problem statement 

In satellite design, providing prec1s1on surfaces for antenna reflectors has been a 

challenging problern. Surface errors are introduced during manufacture, by thermal 

distortion in orbit, moisture, loose joints, material degradation, and creep. Significant 

time and money is invested during fabrication, analysis and ground testing to minimize 

and predict surface errors. Even with this effort, serial current spacecraft antenna have 

experienced degraded performance due to surface errors higher than predicted. Smart 

structures with the ability to correct surface errors in orbit have great potential for use in 

these microwave deviees. Therefore, smart structure technology has the potential of not 

only improving the performance of these structures, but also to reduce the cost of 

analysis and ground tests. 

Piezoelectric materials are already used as controllers or sensors in industry. Analysis of 

the behavior of piezoelectric materials is based on the use of these materials in structures 

who se form or modes of vibration need to be controled. Mode ling of smart materials and 

structures is often an overlooked step in the development process. In many cases, 

computational modeling is addressed only after the design has been completed and 

initial prototypes have been fabricated and performance problems encountered. This 

approach is in contrast to the use of computational methods in the design of many 

conventional material applications. Smart materials and structures provide unique 

challenges to the analyst. Multiple scales and several materials are included in the 

"typical" smart structure adding complexity to any representation. Material constitutive 
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response for both pass1ve and active materials must be addressed. Analytical and 

computational models that may provide accurate results for an isolated actuator do not 

always provide similar results for actuators embedded in a structure. While diverse 

geometries and materials comprise smart materials and structures, common to aH 

problems are the needs for comparison with experimental results whenever possible and 

the need for multiple types of models and techniques. It is important to understand that 

computational modeling can be used to predict performance and performance trends. 

Modeling should be an integral part of the design and development process from initial 

planning to final deployment. 

For a sensor, a new discipline has emerged conceming the development and integration 

of advanced sensor concepts. Strain sensors such as fiber optic sensors and rosette strain 

gauges ca:n be embedded or bonded into long flexible structures. The readings from 

these sensors can be incorporated into shape estimation algorithms to predict structural 

displacement.. 

Goals 

The primary goal of this research is the mode ling of smart structures. Static and dynamic 

analytic models will be derived for segmented piezoelectric actuators that are either 

bonded to an elastic substructure or embedded in a laminated composite. These models 

lead to the ability to predict: 

e The natural frequencies and mode shapes of these adaptive structures, 

e The deflection and the response of a structure induced by extemal forces or 

piezoelectric actuators or both piezoelectric actuators and extemal forces, 

e The effects of the number and location of the actuators on the control system. 
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The models include the inertia and stiffness of the actuator. In order to control vibration, 

a modeling approach based on the Rayleigh-Ritz assumed mode shape to predict the 

behavior of an adaptive structure will be presented. Moreover, the substructuring 

analysis in ANSYS was used to extract the mass, stiffness and the input matrices (load 

vector of the system). Tow test specimens of cantilevered beams and the test of circular 

plate were constructed, using aluminum and laminated composite beams with distributed 

piezoceramics and circular plate with bonded piezoelectric actuators. The results of 

these models will be compared to numerical and experimental results. 

The second goal of this thesis is the shape estimation of flexible structures. An analytical 

model will be developed to determine the deflection of flexible structures und er arbitrary 

loads and boundary conditions. The model utilizes only strain information from a set 

number of strain sensors mounted on the structure. The numerical method, fini te element 

analysis (FEA) and the experimental results will be used to verify this shape estimation 

method. 

Thesis outline 

This document consists of seven chapters (including the introduction and the conclusion) 

and one appendix. The introduction outlines the problem we are working with and lays 

the foundation for the rest of the thesis. A literature survey including a brief history of 

piezoelectricity, adaptive structures, piezoelectric sensors and actuators, vibration 

control, modeling and shape estimation is presented in chapter 1. 

chapter 2, general models are presented describing the structural dynamics when the 

piezoelectric as actuators and sensors are bonded to aluminum beams. Static as well as 

dynamic mechanical or electrical loading are investigated. The results of these models 

are compared to finite element analysis and to experimental results. 

In chapter 3, an analytical model based on the first order shear deformation bearn theory 

is introduced. The model includes the inertia and stiffness of the actuator, which has 
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been used to predict the frequency response of the composite bearn. Also, a modeling 

approach based on the Rayleigh-Ritz assumed mode shapes method is presented. 

Experimental results obtained from Sung (1992) using T300/976 composite and PZT 

Gll95 piezoelectric ceramics are used to verify the theory and the computer 

simulations. Finally, the effects of the number and location of the actuators on the 

control system are also investigated. 

An analytical approach for modeling circular plate structures containing distributed 

piezoelectric under static as well as dynamic mechanical or electrical loading is 

presented in chapter 4. In addition, this chapter introduces a modeling approach based on 

the Rayleigh-Ritz assumed mode shape method to predict the behavior of a thin circular 

plate excited by a patch of piezoelectric material bonded to its surface. The model 

includes the added inertia and stiffness of the actuator and has been used to predict the 

natural frequencies and mode shape of the plate. The substructuring analysis in ANS YS 

is used to ex tract eigenmodes of the system. Experiments using a thin circular aluminum 

plate structure with distributed piezoelectric actuators are also presented to verify the 

analysis and the computer simulations. 

Chapter 5 focuses on the shape estimation of flexible structures. An analytical model to 

determine deflection of structures under arbitrary loads and boundary conditions was 

developed. The model utilizes only strain information from a set number of strain gauge 

sensors mounted on the structures. The research encompasses not only finding the best 

locations for strain sensors, but also the optimum number of strain gauge sensors. For a 

rectangular plate, the strain field is represented by a two-dimensional bi-polynomial 

function, while for a circular plate, the strain field is calculated using polar components 

of stress in terms of Airy's stress function. The strain field is constructed by a least 

squares smoothing procedure. This shape estimation method is verified by the finite 

element method, and by experimental results. 
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Finally, the conclusions and suggestions for future work in the use of piezoelectric 

materials for smart structural systems are presented. 
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CHAPTERl 

BACKGROUND 

In this chapter, the history of piezoelectricity is briefly reviewed. Then, the smart 

materials and adaptive structure are introduced and reviewed. Applications of 

piezoelements as actuators and sensor are extensively reviewed. The modeling of smart 

structures using piezoelectric sensors and actuators are studied. The basic theory and 

issues regarding the implementation of distributed actuators and sensors commonly 

encountered in active vibration control systems are briefly discussed. Finally, the shape 

estimation review was addressed. 

1.1 History of piezoelectridty 

The piezoelectric effect was first discovered in 1880 by Pierre and Jacques Curie who 

demonstrated that when a stress field is applied to certain crystalline materials, an 

electrical charge is produced on the material surface. Their experiments led them to 

elaborate the early theory of piezoelectricity. The first applications of the 

piezoelectricity appeared during the First W orld W ar with the sonar in which 

piezoelectric quartz was used to produce ultrasonic waves (P. Langevin) as sensors. 

W.G. Cady, an American physicist, proposed the use of quartz to control the resonance 

frequency of oscillators. It is during the period following the First World War that most 

of the piezoelectric applications we are now familiar with (microphones, accelerometers, 

ultrasonic transducers, benders ... ) were conceived. However, the materials available at 

that time often limited deviee performance, the development of electronics, especially 

during the Second World War, and the discovery of ferroelectric ceramics increased the 

use of piezoelectric materials. Piezoelectric materials belong to a class of dielectrics, 

which exhibit signi:ficant material deformations response to an applied electric field 

and produce dielectric polarization in response to mechanical strains. In current 
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technology, poling an appropriate substrate through the application of a large electric 

field at high temperatures can create piezoelectric sensors and actuators. Substrates for 

the process are chosen to have a crystalline, ceramic or polymerie lattice structure in 

which the atomic structure along at least one axis differs from that in the remaining co

ordinates; bence the material is anisotropie and typically orthotropic. Poling has the 

effect of partially aligning the polar axes of the domains to yield a macroscopic 

polarization, which facilitates the electromechanical coupling. As a result of this 

coupling, the piezoelectric material will deform in response to an applied electric field. 

Therefore, it gives the material its actuating properties. The sensing capabilities come 

from the converse effect in which the mechanical stresses in the materials cause 

rotations ofthe partially aligned dipoles to generate an electric field. 

The direct piezoelectlic effect consists of the ability of certain crystalline materials (i.e. 

ceramics) to generate an electrical charge in proportion of an externally applied force. 

The direct piezoelectric effect has been widely used in transducers design 

(accelerometers, force and pressure transducers ... ). According to the mverse 

piezoelectric effect, an electric field induces a deformation of the piezoelectric material. 

The inverse piezoelectric effect, an electric field induces a deformation of the 

piezoelectric material (Figure 1 ). The inverse piezoelectric effect has been applied in 

actuator design. 

1.2 Review of Uterature 

1.2.1 Smart materials and structures 

The application of adaptive structure technology at the present time is at the research 

and development stage, as depicted by this brief survey. However, when the technology 

reaches a mature stage, applications could span the aeronautical, aerospace and ground 

transportation fields. Aeronautical applications could include attenuation of dynamic 
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loads by means of an active wing fuselage interface or an active wing -engine pylon; 

flutter vibration suppression by means of adaptive wing camber and active internai 

cockpit noise cancellation. 

In aerospace system, such as the proposed space station and other large truss space 

structures with high performance requirements using length adjustable active truss 

members can attain vibration control. Another potential application would be in the 

realization of space structures with precise shapes, such as space antennas of high 

frequency range and solar collectors. 

Noise and vibration from the motor, road roughness and wind heavily affect ground 

vehicles. There are different options for noise and vibration reduction. The most 

conventional method is to integrate passive damping materials, which unfortunately 

entails additional weight. A more sophisticated way is the use of anti-noise loudspeakers 

in the passenger compartment or in the exhaust system and the use of additional rotating 

shafts integrated in the motor unit, compensating for the second-order harmonie loads 

particularly active as a vibration source in engines. Other possible applications include 

vibration and noise reduction by an active control of motor suspension systems, 

attenuation of noise radiation by actively controlling the vibrations of the roof sheets and 

the splash board, and noise and vibration control by means of an adaptively controlled 

suspension system. 

Flexible structures are widely used in space applications such as potential solar power 

satellites, large antennas, and large space robots as well as terrestrial applications such as 

high-speed robots, large bridges, and others (Ashley (1995), Barrett (1994), Khorrami 

(1994), Preurnont (1990), Umland (1990)). recent years, there has been an increasing 

interest in the development of lightweight smart or intelligent structures for space 

applications to control distortions caused by the effects of out space. 
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Numerous applications for adaptive materials have been reported in the literature. For 

instance, Grawley and Anderson (1990) used piezoceramics bonded to the surface of 

cantilever beams as actuators to excite vibrations and to suppress the vibrations by 

introducing damping to the system. Palazollo et al. (1989) and Lin (1990) derived 

simulation models and demonstrated test results of active vibration control of rotor 

bearing systems utilizing piezoelectric pushers as actuators. Moreover, adaptive 

concepts have been used in vibration suppression oftruss structures. Natori et al. (1989) 

has proposed a method for vibration control of truss structures using struts as active 

axial force actuators. 

Smart composite materials and adaptive structures with sensory/active capabilities 

combine the superior mechanical properties of composite materials as well as 

incorporate the additional capability to sense and adapt their static and vibro-acoustic 

response. Such materials/structures appear promising in revolving current barrier 

problems in advanced propulsion systems. One such area is management of clearance 

between the casing and the tips of the blades in a particular turbo machinery stage 

(reference Saravanos, Lin, Choi, and Hopkins (1994)). In the same reference, the 

developed mechanics are integrated with a control scheme that uses feedback from the 

sensors to actively maintain the tip clearance within acceptable margins. In order to 

obtain real time response, the development of neural network controller architecture is 

addressed. 

The idea of utilizing smart materials in adaptive control applications has been proposed 

in reference Wang, Lai, and Yu (1994). In structural vibration suppression via 

parametric control actions, the structural parameters are varied on-line according to 

feedback signais and control commands. These semi-active (also known as adaptive 

passive) structures have the advantages of both passive and active systems. They can 

adapt to system variations through feedback actions, and are thus more effective than 

passive structures. On the other hand, they normally require less power, are less 

sensitive to spillover, and more stable than structures under fully active actîons. With the 
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recent development of smart materials, online parameter variations could be physically 

achievable. A comprehensive study on real time control of this class of adaptive 

structures has yet to be performed. While the concept of structural vibration control 

using semi-active piezoelectric circuits is promising, more research work is needed to 

realize this idea. Novel methodologies need to be developed to address the unique 

characteristics of such structures. Since the advent of composite materials, the 

development of delaminating cracks has presented one of the principal concems to their 

engineering applications. Vibration methods based on the detection of frequency 

variations associated with the presence of a delaminating have recently gained 

popularity. A relative new area of non-destructive delaminating monitoring is associated 

with adaptive or smart structures and materials. Sorne researchers have recommenced 

the use of piezoelectric sens ors to detect delaminating in composite beams. An analytical 

model for detection and control of delaminating growth using piezoelectric sensors and 

actuators has been proposed in reference Birman, Saravanos, and Hopkins (1994). 

There are five types of adaptive materials that have been widely reported in the 

literature: piezoelectric, shape memory alloys, electrostrictors, magnetostrictors and 

electro-rheological fluids. 

Shape memory alloys have the ability to recover a particular shape when activated by an 

extemal stimulus. One common type is Nitiol, which is a nickel and titanium alloy that 

undergoes a reversible phase transformation from austenite to martensite. The shape of 

the alloy, which is to be remembered, is formed at the high temperature in the 

martensitic phase. Once the alloy is heated above the transformation temperature, the 

originally formed shape is remembered, exerting stresses up to 100,000 psi ifrestrained, 

or creating strains up to 8 percent if unrestrained. 

Like piezoelectric, electrostrictive ceramics also change in dimension when an electric 

field is applied. However, the strain induced is proportional to the square of the electric 

field, so positive displacements are always created, (i.e. the material cannot contract). 
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Magnetostrictive alloy (e.g. Terfenol-D) expands under the influence of a magnetic 

field. Electrorheological fluids consist of polarizable, high dielectric constant particles 

suspended in a dielectric fluid. When exposed to an electric field, the viscosity in these 

fluids increases. 

The definition of piezoelectric was described before this chapter. This thesis focuses on 

models that use piezoelectric as actuators and sensors. 

1.2.2 Actu.ators 

Sensors and actuators are analogous to the nerve and muscle systems, respectively, of a 

human body that is itself an adaptive system. The signais that are sensed by the sensors 

and modified by the actuators must be processed in real time under very restrictive 

conditions. A number of actuator types are available: 

Piezoelectric actuators in general, are best suited for high frequency and medium stroke 

with low to medium power requirements. Piezoelectric fibers are an attractive option due 

to the ease in incorporating them into the manufacturing process; however, they are 

difficult to produce in long enough lengths to be useful. Piezoelectric ceramics and 

polyrners are both good candidates for adaptive structures. They can be machined to a 

wide variety of shapes, and have good strength, stiffness, stroke and bandwidth 

characteristics; however, the application of piezoceramic materials in actuator deviees is 

limited by the material non-linearity and high density. Although the low modulus in 

piezopolymers often precludes their use as actuators, their high field tolerance and 

electro-mechanical coupling result in large actuation strains which make them effective 

actuators in applications where obtaining a good mechanical impedance match is 

possible. 

Electrostrictive deviee appears to be especially suited for high frequency and low stroke 

applications, with lower power requirements. The advantage of constrictive ceramics 
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over piezoelectric is they can potentially achieve a large displacement. Hysteresis 

appears less significant, and since they have a higher density charge, they can produce a 

greater force when activated. 

Furthermore, electrostrictives do not exhibit hysteresis and creep at low frequencies and 

moderate temperatures, due to the absence of permanent polarization. This gives these 

materials excellent set point accuracy, which makes these actuators ideal choices for low 

ftequency precision positioning. 

Magnetostrictive materials are the magnetic analogy of electrostricives. Ferro-magnetic 

materials, or magnetostrictors, strain as a result of the interaction between applied 

magnetic fields and magnetic dipoles in the materials. Magnetostrictive materials have a 

relatively high modulus; they exhibit fast responses and produce large actuation strains. 

However, mechanical resonance, magnetic eddy currents and high-energy requirements 

limit the bandwidth of these materials. 

Shape Memory Alloys are ideal actuators for low frequency and high stroke 

applications, with lower power requirements. Actuator applications are generally in the 

form of fine wires, which are activated by resistive heating when an electric current is 

passed through the wire. This heating raises the metal to its austenite temperature 

including ït to retum to its original shape. The high force and large stroke capability 

exhibited by these materials make them excellent actuator materials. Fatigue may 

become a problem, especially if the alloy is deformed to a high strain configuration. 

Nickel-Titanium alloys (Nitinol) exhibit unique mechanical memory characteristics, 

which make them suitable candidates. 

Electro-Rheological (ER) fluid has the property that its viscosity changes drastically 

upon application of a voltage. This effect has been used to demonstrate an increase

damping rate when the ER fluid is activated. ER fluid responds quîckly enough to 

warrant their application in active control, however, they present weight penalties 
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associated with introducing fluid into the structure. There is also an uncertainty about 

whether they can be made to be stable for a long enough period of time. The most 

common ER fluids are composed of silicon oil and corn starch. 

Mechanical actuators are not considered suitable in adaptive structures applications 

because they tend to be bulky in size, and embedding the deviees an automated 

manufacturing process would be difficult. 

1.2.3 Sensors 

Piezoelectric sensors use the same type of materials described for use as actuators. The 

operation of these transducers is essentially a reversible process. They can act as sensors 

by producing a voltage change in response to deformation. In particular, piezopolymers 

make excellent sensors due to their low modulus and weight, and they can easily be 

shaped into much geometry, which allow for flexible and unobtrusive use in many 

sensing applications. 

Strain Gages are simple and inexpensive sensors, and represent a mature technology. 

Since they are discrete deviees, they may be difficult to embed in a composite type 

structure. This problem can be overcome by producing a thin film with gages printed on 

it at regular intervals. And subsequently, bonding it to the wall of a structure during the 

manufacturing process. 

Fiber Optics make excellent sensors because they are immune to the electromagnetic 

interference which eliminates costly and heavy shielding that is necessary to support 

electrical sensors. Additionally, they can be made extremely small and can be embedded 

into composite materials without structural degradation. The inherent high bandwidth of 

fiber optic sensors and the data links supporting them enable the potential of systems 

with a large number of sensors. Finally, because of the high melting point of these fi bers 
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and the high inherent strength of glass, they are able to perfonn 

environments at high temperatures, vibrations and shocks loading. 

Figure 1 Actuator versus sensor 

1.2.4 Vibration control 

Three important approaches in vibration control can be identified as: 

~& Passive Vibration Control; 

w Active Vibration Control; 

e Combined Passive & Active Vibration Control. 

15 

extremely hostile 
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the passive approach the damping of the structure is increase by using passive 

dampers (materials with significant visco-elasticity). This approach may mcrease 

considerab ly the total weight of structure and is best for high frequency modes. 

ln the active method, a smart structure has built-in sensors, processors and control 

mechanisms as well as actuators, so that the structure can sense a stimulus (mechanical 

or electrical) and process appropriately the information in a predetermined manner. 

Once the stimulus is removed, it reverts to its original state. Therefore, smart structures 

possess a highly distributed control system. Thus a complete control system involves 

distribution and integration of not only the sensing and control elements but also of the 

electronic components involved in signal conditioning, computing and power regulation 

(see Figure 2). Compared with conventional (passive) approach, this method of control 

offers numerous advantages such as reduced cost and better performance. One may find 

following active control schemes in the literatures: 

e Discrete Distributed Control Systems: The continuous system must be discretize to 

incorporate spatially distributed sensors and actuators. 

e Wave Absorbing Controller: Dynamic wave modeling of flexible structures can be 

used to design controllers. 

e Spatially Discretize Control Systems: Applying discritize models of flexible 

structures, e.g. Finite Element Method or Assumed Mode Method, controllers have 

been derived. 

For more references regarding the above schemes please check reference Yousefi-Koma 

(1997). 
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Figure 2 Schematic for active vibration control 

In combined passive and active vibration control sorne benefits of this kind of control is 

e Less expensive overall vibration suppression systems; 

e Relaxed actuator sensor requirements; 

e More robust closed loop systems; 

e Overall more reliable systems. 
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1.2.5 Modeling 

One of the engineering challenges is the modeling of the actuation mechanisms in the 

flexible structures. Extensive research has been done analytically as well as 

experimentally on the implementation of the mechanics of structure and electrical 

energy of the piezoelectric actuators Tzou (1989), Samanta (1996), Carpenter (1997) and 

Crawley (1987). So far, almost aH of the studies were based on the conventional bearn or 

plate theories to formulate a special finite element with piezoelectric as additionallayers. 

Much research effort has been devoted to finite element formulation for the 

electromechanical coupling effects of piezoelectric materials, and fully 

electromechanical-coupled piezoelectric elements. These elements have just recently 

become available in commercial FEA software. Before the new piezoelectric capability 

was developed in commercial FEA codes Swanson (2000), the induced strain actuation 

function of piezoelectric materials had been modeled using analogous thermal 

expansion/contraction characteristics of structural materials. This method was helpful in 

the studies of the resulting stress distribution in actuators and host substructures, and the 

overall deformation of integrated structures under static actuation. However, the intrinsic 

electromechanical coupling effects of piezoelectric materials cannot be modeled, the 

dynamic actuation response of piezoelectric actuators on host substructures is difficult to 

implement by this method. 

Additionally, the use of piezoelectric materials to control the vibration of structures has 

been extensively studied Konis (1994), Reddy (1997), Donthireddy (1996), Crawley 

(1992) and Sung (1992); however, their use controlling the shape of structures has 

received less attention. With proper selection and placement of piezoelectric actuators, it 

is feasible to generate enough forces on a structure in order to control its shape. The 

changes in shape of composite plates for specified applied voltages to the piezoelectric 

actuators have been studied in reference Konis (1994). Recent advances in design and 

manufacturing technologies have greatly enhanced the use of advanced fiber-reinforced 
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composite structures for aircraft and aerospace structural applications. As a 

consequence, the integration of composite structural design with the "smart system" 

concept could potentially result in a significant improvement in the performance of 

aircraft and space structures. 

Modeling of non-linear piezoceramics for structural actuation has been discussed in 

reference Chan and Baruh (1994). The model is based on a description of polarization 

reversai behaviors of a single piezoelectric crystallite in a piezoceramic. The 

piezocerarnic is then modeled as an aggregate of these crystallites rotated into random 

orientations. The model has directly incorporated effects of both electrical and 

mechanical external loads on piezoceramics using the principle of minimum potential 

energy. Non-linear behavior due to either material or geometrical nonlinearly can 

significantly influence the perfonnance of distributed piezoelectric sensors and actuators 

in adaptive piezoelectric laminated structures. The mathematical modeling of a non

linear laminated anisotropie piezoelectric structure has been discussed in reference Tzou, 

Bao and Ye (1994). Geometrie nonlinearly induced by large deformations is considered. 

A generic theory is proposed and its non-linear thermo-electromechanical equations 

have been derived based on the variational principle. Thermo-electromechanical 

couplings among the elastic, electric, and temperature fields are discussed, and non

linear components have been identified. 

According to reference Lalande, Chaudhry and Rogers (1994), piezoelectric actuators 

have been used for active shape, vibration and acoustic control of structures because of 

their adaptability and lightweight. Their ability to be easily integrated into structures 

makes them very attractive in structural control since all the moving parts encountered 

with conventional actuators are eliminated. Structural control is achieved by simply 

embedding PZT actuators in the structure or bonding them on the surface of the 

structure. 
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Circular geometry's are used a wide variety of applications and are often easily 

manufactured, but the full three-dimensional vibration properties ofthese solids have not 

yet been investigated in detail. The knowledge of natural frequencies of components is 

of great interest in the study of responses of structures to various excitations and this 

study is fundamental for high-risk plants. Among plates of various shapes, circular 

plates have a particular importance due to their axial symmetry. Southwell (1992) 

derived equations for a circular plate clamped around the inner boundary and free at the 

outside edge. One can also be observed that the frequency equation for other 

combinations of boundary conditions could be found by proper rearrangement of his 

work. In addition, there are in the literature sorne interesting numerical investigations. 

Vogel and Skinner (1965) studied nine combinations of boundary conditions. Leissa 

(1993) gave data and references. 

Applications of distributed piezoelectric sensors and actuators have been the subjects of 

recent interest in the fields of smart structures, structure vibration control and acoustic 

noise isolation. There have been many researches focused on applications to vibration 

control and suppression Crawley and Deluis (1990), Bailey and Hubbarg (1985), Fanson 

and Chen ( 1986). In recent years, there has been a surge of interest in using piezoelectric 

patches attached to optical surfaces in hope of attaining high precision of optical mirrors 

with minimal additional weight. Heyliger and Ramirez (2000) studied the free vibration 

characteristics of laminated circular piezoelectric plates using a discrete-layer model of 

the weak form of the equation of period motion. Dimitiadis, Fuller and Rogers (1991) 

have modeled the vibration of two-dimensional structures excited by a piezoelectric 

actuator for rectangular plate and by Van Niekerk, Tongue and Packard (1995) and 

Tylikowski (2001) for circular plates. Van Niekerk, Tongue and Packard presented a 

comprehensive static model for a circular actuator and a coupled circular plate. Their 

static results were used to predict the dynamic behavior of the coupled system, 

particularly to reduce acoustic transmissions. The axisymmetric vibrations for laminated 

circular plates have also been studied by Jiarang and Jianqiao (1990) using an exact 

approach. Circular plates composed entirely or in part by piezoelectric layers introduce 
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the electrostatic potential as an additional variable and increase the complexity of 

solution because of the coupling between the elastic and electric variables and the 

additional boundary conditions. 

1.2.6 Poiarization 

A material that can be polarized under an electrical field is called a dielectric. 

Polarizability is a property inherent in ali dielectrics Heyliger (1986). One type is 

electronic polarization, caused by shifts in electron clouds of the material away from 

their equilibrium position for an applied field. Polar materials have additional 

contributions to the material polarizability from orientation polarization of the dipoles 

for an applied electric field. In all cases, application of the electric field to the dielectric 

material induces a volume of polarization. The field created in the materials is offset by 

additional charges, which have collected on the electrodes. Thus, the dielectric constant 

is used as a measure of the charge storage capacity of the material. 

One way to describe the polarization state of the material is the volume charge density. 

Altematively, it can be described in terms of the surface charge on the material, which 

exactly cancels the net volume charge. The polarization P of a material is related to the 

electrical displacement D and applied electric field Ee through the following: 

(1.1) 

where (36rcl09)-1 (F/m) is the dielectric of vacuum (the permittivity of the vacuum). 

Note that these parameters are vector quantities. Since the electrical displacement and 

electric field are related through the material dielectric constant in linear dielectrics by: 

(1.2) 
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(1.3) 

Generally, E is much larger than one in most dielectrics, so the polarization can be 

approximated by electric displacement. In most cases, it is easier to measure the 

electrical displacement directly, and the terrns are often used interchangeably. 

Note that the polarization vanishes with zero electric field. That is, the removal of the 

field causes the material retum to its original non-polarized state, and the internai field 

no longer needs to be cancelled by additional charges on the electrodes. In contrast to 

pure dielectrics, the phenomenon of piezoelectricity is described as electric polarization 

produced by a mechanical stress or strain. In these cases, the polarization of 

piezoelectric materials is non-vanishing even after the field is removed. 

1.2. 7 Pie::weledricity 

In an unstressed one-dimensional dielectric medium, the dielectric displacement D 

(charge per unit area, expressed in Cb/m2
) is related to electric field Ee (V/rn) and the 

polarization P ( Cb/m2
) by equation 2.1. Hook's law, the stress -strain relationship no 

electric field applied is: 

cr =CE (1.4) 

where C is the stiffness of material, cr is the stress (N/m2 
) and E is the strain. 

For a piezoelectric material, the electrical and mechanical constitutive equations are 

coupled. A strain E in the material induces a polarization e~:: by the direct piezoelectric 

effect. The total induced polarization is given by: 
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(1.5) 

Conversely, an applied electric field Ee tends to align the internai dipoles, inducing 

stresses -eEe in the material by the inverse piezoelectric effect. The coupled equations 

finally bec orne: 

(1.6) 

D =es+ E 5 E (1.7) 

where e is the piezoelectric constant relating the stress to the electric field Ee in the 

absence of mechanical strain and CE refers to the stiffness when the electric field is 

constant. In second equation, e relates the electric charge per unit area D to the strain 

under a zero electric field (short-circuited electrodes); e is expressed in NV-1m-1 or 

Cb/m2
. é is the permittivity under constant strain. Equation 2.6 is the starting point for 

the formulation of the equation of a piezoelectric actuator, while equation 2.7 is that for 

sens or. 

1.2.8 Shape estimation 

Shape control for flexible structures is of great importance especially in low-weight 

aerospace applications. Shape control is an important task of smart structures and, in 

general, it means control of position or alignment of a certain number of points on the 

structure so as to track a desired value. The solution technique of real-time shape control 

is robust real shape estimation. Another aspect in adaptive systems capability is the 

reahzation of structures with precise shapes. Miura ( 1991) proposed a concept where the 

surface shape of a truss antenna was adjusted by changing the natural length of truss 

cable members. Belvin, Edighoffer and Herstom (1989) reported the shape adjustment of 
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a 15-meter mesh antenna. The shape adjustment algorithm uses the linearized influence 

coefficients between adjustment cables and mesh surface. Mitsugi, Yasaka and Miura 

(1990) studied the shape control concept of the tension truss antenna, where inextensible 

cables and static determinate conditions are assumed. Tabata et al. (1991) have studied 

shape adjustment for the hybrid tension truss antenna, and it also uses flexible cables for 

precise shape forming. Kirby et al. (1997) examined the approximation ofthe strain field 

of a cantilever bearn using both linear and quadratic local basis functions. Davis et aL 

(1994) assumed that the strain measured at any point could be written as a linear 

combination of a set of polynomials forming the strain basis functions, which upon 

successive integration and application of the boundary conditions yielded the 

displacements at any point. In a subsequent study, Kirby et al. ( 1995) approximated the 

strain distribution as a linear combination of sine function and polynomials. Bartley-cho 

et al. (2001) investigated three shape estimation techniques: a distributed sensor 

network, :flight deflection measurement system, and fiber Bragg system. Jones et al. 

(1996) used wavelength division multiplexed fiber Bragg grating sensors to determine 

deformation of a cantilever honeycomb plat under arbitrary loading conditions. 
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CHAPTER2 

MODELING OF ALUMINIUM BEAM WITH PIEZOELECTRIC 

In this chapter, the modelling of piezoelectric patch interactions with the bearn 

structures is developed. The contributions due to piezoelectric can be categorised into 

two types, namely, internai and external moments and forces. Both contributions are 

discussed here, and a general model describing the structural dynamics when the 

piezoelectric as actuators and sensors are bonded to the beams is presented. Modal 

analysis is done for determining the natural frequencies and vibration mode shapes of 

the structures. Then, the harmonie analysis is performed for analysing the steady-state 

behaviour of the structures subjected to cyclic sinusoïdal loads. Experimental results are 

presented and compared to finite element and analytical results. Relatively good 

agreement between the results of these three approaches is observed. 

2.1 Introduction 

One approach to controlling structural deformation is to incorporate into the structure 

elements in which actuation strain can be regulated. Actuation strain is a component of 

the strain that is due to stimuli other than mechanical stress. Actuation strain can be 

produced by adaptive materials, which were presented in chapter 2. In this thesis, the 

piezoelectric is used for actuation strain. 

The contributions due to the piezoelectric can be categorised into two types, namely, 

internai (roaterial) and external moments and forces. The internai moments and forces 

account for the material changes in the structure due to the presence of the piezoelectric 

and are present even when no voltage is being applied to the piezoelectric. The external 

contributions are due to the strain induced by the piezoelectric when voltage is applied, 

and they enter the equations of motion as external loads. Analytical solutions for the 
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mode shapes and natural frequencies of complex smart structures are quite complex. The 

finite element method provides a relatively easy way to model the system. Commercial 

finite element programs have become highly developed in the past few years and their 

utility has increase with the development of faster computers. The analysis method 

presented in this chapter makes use of the availability of highly refined commercial 

finite element programs ANSYS and ABAQUS to perform static and dynamic analysis. 

The next section presents the review of the fini te element formulation. 

2.2 Piezoelectric :finite element formulation 

To perform finite element analysis involving piezoelectric effects, coupled field 

elements, which take into, account structural and electrical coupling are needed. The 

coup led-.fi led element should con tain all necessary nodal degrees of freedom and include 

electrical-structural coupling in the element matrices. In the following, the piezoelectric 

finite element formulation employed in commercial FEM codes is briefly described 

(Swanson, Inc, 1993). 

2.2.1 Equilibrium Equations 

The mechanical response of piezoelectric elements can be described by the equation of 

motion 

{div[ cr]}+ {f} = p{ü} (2.1) 

where cr, f, p and ü are stresses, body force in a unit volume, density and 

accelerations, respectively. On the other hand, the electrical response of piezoelectric 

elements can be expressed by the Maxwell's equation 
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{ oD} = {o} 
,ÔX 

(2.2) 

where D is the electric displacement. 

2.2.2 Constitutive Relation:ships 

The linear direct and converse constitutive relationships for piezoelectric elements are 

the basic equations for actuators and sensors, respectively. These equations are derived 

based on the following assumptions: 

e The piezoelectric sensors and actuators are thin compared with the bearn plate 

thick.ness; 

e The po ling direction of the actuators is in the positive z-direction; 

e Only uniaxialloading of the actuators in the x -direction is considered when an 

electric field is introduced; 

e The piezoelectric material is homogeneous, transversely isotropie and linearly 

elastic. 

The constitutive equation of the actuator is given by 

{cr}= [ c ]{E} - [ e ]{E e} (Direct effect) (2.3) 

where 

e cr and s denote the stress and strain vectors, respectively; 

e c denotes the stiffness tensor (fourth order) under constant electric field conditions; 

e e is a third or der tensor of piezoelectric stress coefficients (constants); 

œ Ee denotes the applied electric field vector or the electrical potential gradient vector, 
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while, the constitutive equation for sensor is 
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{D}=[e]T{E}+[E]{Ee} (Converseeffect) (2.4) 

where D denotes the electric displacement ( electric flux density) vector and E denotes 

the dielectric constants tensor (second order) at constant mechanical strain (under 

constant electric field conditions). 

Equation (2.3) and (2.4) are the usual structural and electrical constitutive equations 

respectively, except for the coupling terms involving the piezoelectric stress coefficients 

e. 

For a piezoelectric finite element, using element shape functions and nodal solution 

variables can approximate the displacements and electrical potentials within the element 

domain: 

(2.5) 

(2.6) 

The strains and electrical potential gradients, i.e., electrical fields, can then be obtained 

as: 

(2.7) 

{E} = -[Bv ]{V} (2.8) 

where Bu and Bv are the spatial derivatives of the element shape functions, Nu and 

Nv, respectively. 
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With the application of variational principles on the mechanical equilibrium equation, 

equation (2.1) and the electrical flux conservation equation, equation (2.2), in 

conjunction with the approximate fields of equations (2.5-2.8) and the constitutive 

properties given in equations (2.3-2.4), the piezoelectric finite element system of 

equations can be derived terms of nodal quantities: 

[
[M] [O]J{{~}}+[[C] [O]J{{~}}+[[K] [K

2 ]]{{u}}={{F}} (2.9) 
[0] [0] {V [0] [0] {V} [K 2

] [Kd] {V} {L} 

where a dot above a variable denotes a time derivatives and {F} is the mechanical force 

vector and {L} is the electrical charge vector. Both mechanical force and electrical 

charge vectors include the body, surface, and nodal quantities. 

[M], [ C], [K], [ K z] and [ K d] are mass matrix, damping matrix, displacement stiffness 

matrix, piezoelectric coupling matrix and dielectric conductivity matrix are expressed as: 

[M]= fp[Nu][Nu]Tdv; [C]= Jc[Nu][Nu]Tdv [K]= J[Bu]T[c][Bu]dv; 
v v v 

[K z] == J[Bu ]T [e][Bv ]dv [K d] =- J[Bv ][S)[Bv ]dv 
v v 

where pis the mass density per unit volume; c is the structural damping. 

The mechanical force vector consists of the body force vector, surface force vector and 

concentrated (point) force vector, as follows: 

The electrical charge vector consists of the body charge vector, surface charge vector 

and point charge vector, as follows: 
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2.3 Arudytical mode! 

2.3.1 Analytical procedures 

Prior to experimental, analytical models were produced to better understand what results 

were to be expected from the testing, and to set the test parameters correctly. Simple 

bearn theory was used to obtain values for natural frequencies and mode shape of the 

specimens that were to be tested, which were followed by finite element solutions. These 

finite element models were created in ANSYS, and could accurately predict the behavior 

of structures for even complex geometry as well as plot their mode shape. 

2.3.2 Simple beam theory 

The bearn depicted in Figure 3, is assumed to have length L, width b, thickness h and 

cantilever end conditions with the fixed end at x = 0 and free at x = L. It is assumed that 

the bearn is homogeneous and constructed from a material, which essentially satisfies 

the Euler-Bernoulli hypothesis for displacement. Finally, it is assumed that a number n 

pair of identical piezoelectric is bonded to opposite sides of the bearn. The Y oung's 

modulo, linear mass density for the bearn and the piezoelectric are given in Table II. The 

bonding layer is taken to be negligible. 

this section, a detailed formulation of the bearn vibration due to partially covered 

surface -bonded piezoelectric is presented. This cantilever bearn is subdivided into five 

spanwise regions, namely, two composite (aluminium bearn bonded with piezo-actuator 

materials) regions and three simple (aluminium bearn) regions. Each segment of 

cantilever bearn (Figure 3) is modelled as an Euler-Bernoulli bearn. The solution for the 

bearn as a whole is obtained in terms of the solutions of the entire component Euler

Bernoulli beams by satisfying the appropriate boundary conditions and continuity 

conditions. 
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Figure 3 Sc hematie of a cantilever bearn with double-sided piezo-actuators 

Figure 4 shows an element of a thin bearn with bonded piezoelectric excited in pure 

bending. For the following derivation it is assumed that the bearn cross-section is 

symmetrical about the centreline and remains normal to the neutral surface. Under these 

assumptions and using deflection relations from Timoshenko and Goodier (1951), the 

longitudinal displacement u is given by: 

àw 
u(x)=-z

ôx 
(2.10) 

where w is out-of-plane displacement of the bearn and z is the transverse co-ordinate of 

the bearn section. 
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Using Hook's law in one dimension, the stress in the bearn is given by 

(2.11) 

The stress in the piezoelectric is given by 

(2.12) 

where Eb and Ep are Y oung's modulus for the bearn and piezoelectric respectively. 

q(x) 

T + dT/dx)dx 

Mx (dMx/dx)dx 
Mx 

T 

l 
~--···································-···········-··--······-··-·····--~ 
! dx : 

Figure 4 Bearn element in bending 

The resulting moment in the coupled structures can then be obtained by integrating the 

stress distribution over the coup led structures cross section such that 

Mx (x)= Jcr(z)zdA (2.13) 
A 

th en 
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f r CÎ+hp 
Mx (x)= cr(z)zdA = 1l~_1, cr(z)zdzdy 

A 2 ·p 

(2.14) 

Th en 

(2.15) 

. h b f d 1 h 3 h3 where n 1s t e num er o actuators an a3 = 3((2+ hP) -(2) ) · 

where x denotes the characteristic function over the ith piezoelectric. Now, if we 

consider the bearn element illustrated in Figure 4 with the resultant shear forces and 

moment acting as shown, and neglecting rotary inertia of the element, the condition of 

moment equilibrium gives 

BMx dx =Tdx 
ax 

(2.16) 

where Mx and T are the internai moment and the transverse shear force acting upon the 

element. ApplyNewton's law ofmotion in the vertical direction gives 

(2.17) 

where q(x) is the extemalload on the element (with units of force per unit length), A is 

the cross-sectional area of the bearn and Ptot is the linear mass density of the total 

structures. p101 = phb + nxpbbhhpp : is piecewise constant with the characteristic function 

Xp used to isolate the piezoelectric contributions. 

Combining equation 2.17 and 2.16 we obtain 
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(2.18) 

Finally, using the expression for bending moment from equation 2.15 and with q(x) set 

to zero we ob tain the Euler - Bernoulli thin bearn equation of motion for each segment 

(2.19) 

where \lf i and <Pi variables are listed in Table I for each segment and Wi represents the 

transverse displacement. Note that three non-dimensional parameters are defined as 

follows: 

(2.20a) 

(2.20b) 

p 
y=-p (2.20c) 

p 

b 
K = _E._ 

b 
(2.20d) 

The second contribution from the piezoelectric is the generation of extemal moment and 

forces, which results from the property that when a voltage is applied, mechanical strains 

are induced in the x direction (see Figure 5). The magnitude of the induced free strains is 

taking to be 
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(2.21) 

(2.22) 

where d31 is a piezoelectric strain constant, and V1 and V2 are the applied voltages into 

the top and bottom piezoelectric. The induced extemal stress distribution in the 

individual patches is taken to be 

(2.23) 

Table I 

Variables in the Euler-Bernoulli bearn equation 

1 Xj 'Vi (flexural rigidity) <l>i 

1 0::;; x ::;;11 1 3 <!> b=pb h 't'b =-Ebb h 
12 

2 1
1 

::;; x::;; 12 '+'rl = '+'b(l + na.ri~plKpJ (3 + 6~pJ + 4~~1)) <l>r1 = <l>b (1 + nKrl~pi Y pt) 

3 1
2 

::;; X::;; 13 1 0 <1> b =pb h 
lVb =-Ebb h" 

12 

4 13 ::;; x::;; 14 'V pl = 'V b (1 + na.rl~pl Kpl (3 + 6~pJ + 4~~1)) <!>pl = $b(l + nKpl~piYpi) 
1 

5 14::;; x::;; 1 1 3 <1> b =pb h 
't'b =-Ebb h 

12 
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(2.24) 

The negative signs result from the conservation of forces wh en balancing the material 

and induced stresses in the patch. The extemal moment and force resultants due to the 

activation of the individual piezoelectric can be expressed as 

h 

(M~ )P2 == bP ff 11
p (cr ,JP2 zdA 

2 

~-h 
(N~)p2=bp[~ P(crx)p2dA 

2 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 
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Figure 5 The activation of piezoelectric bonded to beron 
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Then, after integrating equations 2.26 and 2.28 the extemal moment for each 

piezoelectric are: 

(2.30) 

(2.31) 

and, integrating equations 2.27 and 2.29 the extemal forces for each piezoelectric are 

(2.32) 
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(2.33) 

Note that, the voltage choice V1 = V2 =V causes pure extension in the bearn while pure 

bending occurs with the choice V2 = -V1 =V. Since the bearn is clamped at x= 0, the 

boundary conditions are 

w 1 = 0 (transverse displacement) (2.34) 

àw 1 = 0 (normal slope) 
Ox 

(2.35) 

In order to satisfy the compatibility of displacements and equilibrium of forces at the 

junctions, the conditions of continuity have to be applied at these junctions. Continuity 

of transverse displacement, normal slope, bending moment and shear force at the 

junction x = L1 are: 

(2.36) 

3 3 

a w 1 a W 2 - w l --3- = -\jJ 2 --3-

0x Ox 

Continuity of transverse displacement, normal slope, bending moment and shear force at 

the junction x= Lz are: 
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ÔWz aw3 --=--ax ax 
2 2 

aw2 ( eÎ aw3 
-l.jf z a;-+ 2 Mx }pJ = -l.jf 3 fJx z 

(2.37) 

3 3 

a w2 a w3 
-l.jfz--,- = -\1'3--3-

fJx ax 

Continuity of transverse displacement, normal slope, bending moment and shear force at 

the junction x = L3 are: 

w3 =w4 
aw3 aw4 --=--ax ax 

2 2 

a w3 a w4 ( e) 
-l.jf3--2-=-l.j14--2-+2Mx p2 

ax ax 
3 3 

a w3 a w4 
-l.jf3--,- = -l.jf4--,-

ax ax 

(2.38) 

Continuity of transverse displacement, normal slope, bending moment and shear force at 

the junction x = L4 are: 

w4 =Ws 
aw4 ÔWs --=--ax ax 

(2.39) 

The moment and the shear force are free at the end of the bearn x = L, the boundary 

conditions become 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

40 

( shear force) (2.40) 

(bending moment) (2.41) 

Finally, equation (2.34) to (2.41) can be arranged as follows 

[n]{K} = {r} (2.42) 

where [n] is a 20 X 20 matrix and {r} is a vector of twenty known coefficients, while 

{K} is a vector oftwenty unknown coefficients. 

2.3.3 Modal Analysis 

The free vibration analysis seeks to obtain the natural frequencies of the bearn structure. 

Extemal loading due to the actuators is not considered. The resulting equations after 

application of the boundary conditions and continuity equations are used to determine 

the natural frequency of the bearn structure. 

any nonnal mode, by definition, no extemalload and w1 (x, t) = <r; (x)f; (t), where fi Ct) 

is a time function, and <p; (x) is the characteristic shape with sorne undetermined 

amplitude. We may also write 

~ ~ ~ ~ 
-

7 
wi (x, t) = <p1 (x)-

2 
fi (t) and - 4 wi (x, t) =fi (t)-4 <fli (x) 

at- ôt - ôx ôx 

Substitution in equation 2.43 provides 
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(2.43) 

or 
\.ji; 84

<p; (x) f; (t) 
=---

$; <!>; (x) 8x 4 f; (t) 
i = 1, ... ,5 (2.44) 

Since the left side of equation (2.44) varies only with x and the right side only with t, 

each must be equal to a constant, which will be shown below, is equal toro[. Thus, by 

setting each side equal to ro[, we may write the two equations 

~ (t) + wff; (t) = 0 i = 1, ... ,5 (2.45) 

(2.46) 

The solution for the first ofthese is 

i=1, ... 5 (2.47) 

which merely indicates that the time function is harmonie with natural frequency ro; , 

and hence that equation (2.44) is valid for normal modes. The solution of the equation 

(2.46) is 

where (À;r =mf$; and the constants ai, bi, Ci and di may be determined by the boundary 
\.ji; 

conditions. where À; is the ith solution of the characteristic frequency equation : 
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2.3.4 Static Analysis 

If the piezo-actuators (see Figure 3) are subjected to the application of a D.C. voltage, V, 

then the excitation frequency, w, is zero and the bearn structure bonded with piezo

actuators undergoes a static deflection. In this case, the relationships for deflection of the 

bearn can be represented as 

for 0::; x ::; L 1 (2.49) 

for L 1 ::; x::; L 2 (2.50) 

for L3 ::; x::; L4 ( 2.52) 

where Ylpt and 1lp2 are defined as follows : 

(2.54) 

(2.55) 

Once a gain, the same type of piezo-actuators are used for both locations th en equation 

(2.54) and (2.55) are equal. For perfect bonding, these equations can be simplified as 

follow: 

12af3(1 + f3) d 31 V 
11 = YlpJ = Ylpz = 1 + 2af3(3 + 6f3 + 4f3 2 ) hPh 

(2.56) 
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where a and i3 are defined in equations (2.20a) and (2.20b ), respectively. 

2.4 Experimental approach 

As explained previously, the natural frequencies and mode shapes of a cantilever bearn 

bonded with piezoelectric elements can be predicted analytically and numerically 

(FEM). Experimental modal analysis has been conducted to verify the analytical and 

numerical approaches. 

Among piezoelectric materials, plumbum zirconate titante has high coupling coefficients 

and piezoelectric charge coefficients. PZT BM500 of Sensor Technology Company is 

used for actuators. On the other hand, polarized homopolymer of VinyliDene Fluoride, 

PVDF, is the most popular piezoelectric material for sensors. They are thin, unobtrusive, 

self-powered, adaptable to complex contours, and available in a variety of 

configurations. The properties of the piezoelectric materials used in this study are 

presented in Table II. 

Figures 6 and 7 represent the experimental set up and its schematic used in the first part 

of numerical results. The experimental set up consists of a cantilever aluminium bearn 

with n piezoactuators. A non-contact laser displacement sensor, Keyence LB-72, was 

used to measure the displacement at the tip (or other points). A control panel instrument 

(Electro-Numeric RS-485) and a personal computer acquired the output data from the 

laser sensor at the same time. A function generator (synthesizer), Adret, was used to 

provide a harmonie signal to an amplifier, Kepco BOP 1 OOOM, which supplied voltage 

to the piezoelectric actuator. 
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Table II 

Properties of various piezoelectric materials 

PZT 500 PZT 532 PVDF 

Curie temperature, °C 360 210 100 

Piezoelectric constant, mN 190xl0-12 200xl0-12 23xl0-12 

Y oung's modulus, GPa 63 71 2-4 

Thickness, mm 0.25 0.31 0.028 

Length, mm 38 76 27 

Width, mm 15.2 25.4 13 

Density, kg/m3 7600 7350 1780 

Figure 6 Experimental set up 
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Figure 7 Schematic of experimental set up 

2.5 ResuJts and comparison 

45 

Noncontaqtlase.r 
displacemeqtsensor 

The objectives of this section are to evaluate the adapted analytical technique for a 

cantilever bearn bonded with piezo-electric elements; 2) examine the numerical results 

obtained with sorne commercial Finite Element Codes; 3) evaluate the experimental 

results obtained in our research group and finally, 4) compare the performance of these 

three approaches (i.e., analytical, numerical and experimental). Two following problems 
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are selected from reference Crawley and Deluis (1987) and Yousefi-Koma (1997), 

respectively. Two bearn specimens were statically deformed with piezo-ceramic 

actuators and the tip deflections are measured. The first two natural frequencies are also 

determined by analytical, numerical and experimental approaches. 

In the following examples, the cantilever beams are modelled with 4-node shell 

elements, while the piezoelectric rnaterials are rnodelled with 3D 8-node brick elements. 

2.5.1 Example 1 

The schematic of this bearn specimen is shown in Figure 3 and the geometrical and 

material properties are given in Table Ill. This example is taken from reference Crawley 

and Deluis (1987). The experimental set up (see Figure 6) used in this example is 

explained previously (Section 2.4). 

Natural frequencies for bearn A without any piezo-elements and with bonded piezo

actuators are presented in Tables IV and V, respectively. The discrepancy is within 4% 

for bearn with bonded piezo-actuators, while it is only about 1 % for bearn without any 

piezo-elements. One can notice the better agreement between the numerical and 

analytical results than between the experimental and analytical ones. The numerical 

results listed in Tables IV and V show that the FEM can accurately predict the natural 

frequencies of an integrated piezo-actuator system, and that the prediction is validated 

by experiments. 

Deflection of the bearn under static piezoelectric actuation is presented in Figure 8. In 

general, good agreements between the three approaches are observed between 30 and 60 

volts, however, better agreements are obtained for the low DC voltages between the 

numerical and analytical. 
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Table 

Bearn A- Geometrical and material properties test specimen 

Bearn 

Length,mm 400 

Width,mm 38 

Thickness, mm 3.18 

Flexural modulus, GPa 70 

Shear modulus, GPa 27 

Density, Kg/m3 2710 

Actuator 

First actuator location, mm 5-43 

Second actuator location, mm 102- 140 

Width,mm 15.2 

Thickness, mm 0.25 

Density, Kg/m
3 7600 

Type (for more details see Table ll) BM500 
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Table IV 

Natural frequencies (Hz) for bearn A without any piezo-elements 

Modenumber Analytical FEM Discrepancy (%) 

1 16.31 16.45 0.9 

2 103.06 103.18 0.2 

Table V 

Natural :frequencies (Hz) for bearn A with bonded piezo-ceramics 

Modenumber Analytical FEA Experimental ,6.FEA (%) ,6.Exp (%) 

1 16.72 16.52 16.42 1.2 1.8 

2 105.62 102.54 101.05 2.9 4.3 

Finally, the tip amplitude of the bearn versus AC voltage (harmonie analysis) is shown 

in Figure 9. The bearn structure was excited in its first mode shape (i.e., natural 

:frequency 16.42 Hz) using piezo-actuators. The voltages with the same magnitude were 

applied to the piezo-actuators and the driving voltages were equal in the phase for this 

mode shape. The actual measured tip amplitude of the bearn, as well as the finite 

element results and the predicted amplitude based on reference Crawley and Deluis 

(1987), are also presented in Figure 9. We can notice that the finite element results are 

slightly less than the other results. On the other hand, good agreement is obtained 

between our experimental results and the ones from Crawley and Deluis (1987). 
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2.5.2 Exam.ple 2 

The second example consists of a cantilever bearn (Figure 1 0), which is taken from 

reference Yousefi-Koma (1997). The geometrical and material properties of aluminium 

bearn with bonded piezoelectric sensors and actuators used in this example are presented 

in Table VI. 

Natural :frequencies for Bearn B without any piezo-elements and with bonded piezo

elements are presented in Tables VII and VIII, respectively. We can notice a better 

agreement between the numerical and analytical results for the bearn structure without 

any piezo-elements than for same bearn with bonded piezo-elements. The numerical 

results listed in Tables VII and VIII show that the both finite element codes (i.e., 

ABAQUS and ANSYS) can predict well the natural frequencies. The difference of 

discrepancies between ABAQUS and ANSYS codes may be explained by the nature of 

the numerical procedures used in these two codes. Note that the Subspace method is 

used in ABAQUS code, while the Reduced method is applied in ANSYS. 

Deflection of the bearn under static piezo-electric actuation is presented in Figure 11. 

The experimental results for this example are taken from reference Yousefi-Koma 

(1997). Once again, good agreements between the three approaches are observed, 

however, the best agreements are obtained for the low DC voltages. 
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Table VI 

Geometrie al and material properties of test specimen 

Bearn 

Length, mm 508 

Width,mm 25.4 

Thickness, mm 0.8 

Flexural modulus, GPa 72 

Shear modulus, GPa 27 

Density, Kg/m3 2710 

Sens or 

First PVDF location, mm 22-49 

Second PVDF location, mm 129-156 

Width, mm 13 

Thickness, mm 0.028 

Density, Kg/m3 1780 

Type (for more details see Table II) PVDF 

Actuator 

PZT location, mm 51-127 

Width, mm 25.4 

Thickness, mm 0.31 

Density, Kg/m3 7350 

Type (for more details see Table II) BM532 
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(sideView J 

Figure 10 Bearn B model with sensor and actuators 

Table VII 

Natural frequencies (Hz) for bearn B without any piezo-ceramics 

Modenumber Analytical ABAQUS ANS YS [\. ABAQUS (%) [\. ANSYS (%) 

1 2.58 2.59 2.59 <0.1 <0.1 

2 16.30 16.29 16.27 0.1 0.2 

Table VIII 

Natural frequencies (Hz) for bearn B with piezoelectric 

Modenumber Analytical ABAQUS ANS YS [\. ABAQUS (%) [\. ANSYS (%) 

1 3.41 3.30 2.88 3.2 15.5 

2 16.90 16.21 15.77 4.1 6.7 
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2.6 Summary 

At this point, a review of the fini te element formulation was presented. 

Theoretical model of piezoelectric patch interactions (actuators and/or sensors) with a 

thin aluminum bearn structures are developed. This model is validated by comparing the 

natural frequencies and static deflection to those calculated by finite element approach 

and experimental results. Good results are observed. The next chapter will focus on 

modeling a laminate bearn with piezoelectric. 
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CHAPTERJ 

MODELING OF LAMINATED BEAM WITH PIEZOELECTRIC 

In this chapter, the modeling of the dynamic response of composite structures with 

bonded and embedded piezoelectric actuators is presented. The first order shear 

deformation bearn theory is used for the analysis to ensure accurate bending solutions. 

Experimental, theoretical and numerical modeling approaches are conducted into the 

active vibration control of laminate bearn structures with bonded and embedded 

piezoelectric actuators. A modal analysis is performed to determine the natural 

frequencies and mode shapes of the structures. The natural frequency results obtained by 

the assumed-modes method and the theoretical solutions are validated through the 

experimental results obtained from Sung (1992) and finite elements. The assumed

modes method can accurately predict the natural frequencies and mode shape of the 

laminate bearn. Finally, the effects of the number and locations of the actuators on the 

control system are also investigated using a static analysis of the model. 

3.1 Introduction 

Recent advances in design and manufacturing technologies have greatly enhanced the 

use of advanced fiber-reinforced composite structures for aircraft and aerospace 

structural applications. As a consequence, the integration of composite structural design 

with the "smart system" concept could potentially result in a significant improvement in 

the performance of aircraft and space structures. The objective of this investigation was 

to develop an analytical method for modeling the mechanical-electrical response of 

fiber-reinforced laminated composite structures containing distributed piezoceramics 

under static as well as dynamic mechanical or electrical loading. This chapter also 

introduces a modeling approach based on the Rayleigh-Ritz assumed mode shape to 

predict the behavior of a laminate bearn excited by a patch of piezoelectric material 
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bonded to the surface of the bearn. The model includes the inertia and stiffness of the 

actuator, and has been used to predict the frequency response of composite beam. 

The experimental results obtained from Sung (1992) using T300/976 composite and PZT 

Gl195 piezoelectric ceramics were used to verify the theory and the computer 

simulations. Finally, the effects of the number and locations of the actuators on the 

control system are also investigated. 

3.2 Problem statement 

Consider a fibre-reinforced laminated composite bearn containing distributed 

piezoelectric ceramics as actuators that can be bonded on the surfaces or embedded 

inside structures. The ply orientation, (}and thickness, h of the laminate can be arbitrary. 

The goal of this paper is to determine the mechanical response of the stmcture for a 

given mechanicalloading condition or electrical potential on the actuators. 

3.3 Transverse vibration of laminate bearn 

In the first order shear deformation laminate plate theory (FSDT), the Kirchhoff 

hypothesis is relaxed by removing the third part, i.e., the transverse normal does not 

remain perpendicular to the midsurface after deformation. This amounts to including 

transverse shear strains in the theory. The inextensibility of transverse normal requires 

that the transverse displacement w not be a function of the thickness co-ordinate, z. 

The linear constitutive relations for the k 1
h orthotropic lamina in the principal material 

co-ordinates of a lamina are: 
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(3.1) 

where Q~k) is the plane stress-reduced stiffness, and cr; and &i are the stress and strain 

field components respectively. 

In non-principal co-ordinates (generally orthotropic lamina), the stress-strain 

relationship is: 

(3.2) 

The laminate constitutive equations for the first arder theory are obtained using the 

lamina constitutive equation and the following relations: 

{ }

(k) [-:yz = Q44 

xz Q45 

(3.3) 

where Q 44 = Q44 cos 2 
(} + Q55 sin 2 

(} 

Qss = Q44 sin2 (} + Qss cos2 (} 

e is the angle-measured counter clockwise from the x-co-ordinate (non-principal co

ordinates) to the material co-ordinate 1 (principal co-ordinates). The laminate 
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constitutive equations for sy:mmetric la:minates, in the absence of in-plane forces, are 

given by: 

D J ox 16 ()A. 
D _'f_y 

26 ày 

D66 a~x + a~y 

(3.5) 

ày àx 

(3.6) 

where A
1
; is the "extensional stiffness," Du the bending stiffuess, defined in terms of 

the lamina stiffness QiJ (see reference Reddy (1997)), Mxx, MYY and M xy the moment 

resultants, and Qyz and Qxz are the transverse shear force resultant. 

The linear constitutive equation in a piezoelectric can be expressèd by the inverse and 

direct piezoelectric equations respectively. 

(3.7) 

(3.8) 

where {s} is the strain tensor, {a} is the stress tensor, {D} is the electric displacement, 

{E} is the electric field intensity, [ QP] is the elastic stiffuess matrix of piezoelectric 

ceramic, [e] is the piezoelectric stress coefficient matrix, and [ E] is the permittivity 

constant matrix. 
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It should be noted that the piezoelectric stress coefficient matrix [e] is expressed 

terms of the commonly available strain coefficient matrix [d], using the relation 

[e] = [Q P J[d]. 

For a one-dimensional composite bearn with actuators, the width in the y-direction is 

assumed to be free of normal stresses, i.e., cr .v = r yz = r x.v = 0, while & Y * 0, &yz * 0 and 

&xy * 0. We assume MYY = Mxy = Qvz = rft.v = 0 everywhere in the bearn, and that both 

w
0 

and rftx are functions of only x and t. 

Following the bearn theory of Timoshenko, the displacement field of the bearn can be 

defined as 

u(x,z,t) =Ua (x,t) + zrjJ,(x,t) (3.9) 

w(x, z, t) = w0 (x, t) (3.10) 

where u and w are the longitudinal and the transverse displacements at any point z from 

the middle plane; ua and w0 are the longitudinal and transverse displacements of the 

bearn middle plane, and iflx is the rotation of the bearn section. The longitudinal strain r-; x 

and shear strain r xz are given by 

ou DUo arpx 
Ex =-=--+z--

OX àx àx 
(3 .11) 

(3.12) 

Therefore, the constitutive equation for the eh layer ofthe laminate bearn can be written 

as: 
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(3.13) 

(3.14) 

and cr x is the axial stress in the x-direction; -rxz the shear stress in the x-z direction; E1 

the modulus of elasticity; vu the Poisson ratio; G iJ (i, j = 1, 2, 3) the shear modulus, and 

the subscript k denotes quantities belonging to the e" layer. 

The constitutive relations for the i 1
h actuator can be written as: 

(3.15) 

(3.16) 

where EP , G P and v P are the modulus of elasticity, shear modulus, and Poisson ratio of 

the actuator, respectively; e31 is the piezoelectric z-x stress coefficient of the actuator; E 

the electric field intensity in the z direction in the actuator, and the subscript p indicates 

the piezoelectric. 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

60 

The stress resultant-displacement relationships for the laminate bearn can be obtained by 

integrating the stresses through the cross-sectional area of the bearn. 

(3.16) 

(3.17) 

{NP, M r} =If' __ r_
2 

d 
31 

E (1, z)dz, d 31 = e31 r is the piezoelectric z-x 
np •. ( E J (1- V 

2
} 

·-1 ·H l-v E .1- p . p 
./ 

strain coefficient; Nxx, M xx are the longitudinal force and the moment per unit width of 

the beam; Qxz is called the transverse shear force resultant; X = 0 for bearn sections 

without actuators, and x = 1 for sections with actuators; n denotes the number of layers, 

n the number of actuators, and ks =51 6 is the shear correction factor. Here we 
p 

consider the bending of symmetrically laminated beams according to the :first order 

shear deformation laminate plate theory (FSDT). For symmetric laminates, the equations 

for bending deflection are uncoupled from those of the stretching displacements. If the 

in-plane forces are zero, the in-plane displacements (u 0 , v0 ) are zero, and the problem is 

reduced to one of solving for bending deflection and stress. From the equation of the 

symmetric laminate B11 = 0 , we have 

(3.18) 

or M (x)= bM xx andQ(x) = bQ.u (3.19) 
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The equation of motion 

(3.20) 

(3.20) 

h 
rz+hp 2 

where (J 0 ,11 , I 2 ) = l!!._
11 

p(l, z, z )dz, h and hP are the thickness of bearn and actuators 
2 p 

respectively, A*, D* denote the inverse matrix of A and D respectively, ITJ is the 

applied load, and b is the width of the bearn. From Equations (3.20) and (3.21), the 

equations of motion can be written in terms of the displacement function 

(3.21) 

}!_ Ô
2

cftx _}!_ ÔWo + = bJ ô
2

cftx 
D • a z A* ( a cftx ) z 0 2 

11 x 55 x t 
(3.22) 

3.3.1 Static analysis 

When the laminated bearn problem is such that the bending moment M(x) and Q(x) can 

be readily written in terms of known applied loads (in statically determinate bearn 

problems), Equation (3.18, 3.19, 3.20 and 3.21) can be used to determine cftx, and then 
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nP 
where M = 

boundary conditions 

h b d d
. . d dw1 dw? 

x
1 
s x s x2 t e oun ary con 1tlons are: at x= x 1, w1 = w2 an --=--- , 

dx dx 

for x;:::: x 2 , the boundary conditions are: at x= x 2 , 

where x
1 
and x2 are the positions of actuators. 
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When M(x) and Q(x) cannot be expressed in tenus ofknown loads, Equations (3.22) and 

(3.23) can be used to determine w0 (x) and ifYx (x). 

For uniform loads, the deflexion is: 

(3.24) 

where L is the length ofbeam. 
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3.3.2 Modal analysis 

For modal analyses, we assume that the applied axial force and transverse load are zero 

and that the motion is periodic. For a periodic motion, we assume a solution in the form 

w
0 
(x, t) = W(x)eimt (3.25) 

(3.26) 

where m is the natural frequency of vibration, and Equations (3.22) and (3.23) become 

(3.27) 

or (3.28) 

The general solution of equation (3.28) is: 

W(x) = c1 sin /Lx+ c2 cos /Lx+ c3 sinh ,ux + c4 cosh ,ux (3.29) 

where ...1= -1-(q+~q' +4pr), ,u~~-1-(-q+~q 2 +4pr)and c1 i = 1, ... ,4 are 
2p 2p 

constants, which are to be determined using the boundary conditions. Note that we have 

Altematively, Equation (3.27) can be written, with W given by Equation (3.28) in terms 

ofm as: 

(3.30) 
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Hence, there are two (sets of) roots ofthis equation (when 12 :;t: 0) 

2 1 ~ 2 (œ )1 =-(Q- Q -4PR) 
2P 

(3.31) 

(3.32) 

It can be shown that Q2 
- 4PQ > 0 (and PQ > 0 ), and therefore the frequency given by 

the first equation is the smaller ofthe two values. 

3.4 Numerical approach 

3.4.1 Assumed- modes method 

To derive the equations of motion of the laminate bearn based on the Rayleigh-Ritz 

method, both the strain energy, U and the kinetic energy, T of the bearn, and the 

piezoelectric element must be determined. The strain and kinetic energy result from the 

deformation produced by the applied strain, which is induced by exciting the 

piezoelectric element. 

(3.33) 

1 .2 .z 1 .2 .z 
T=- fp(u +w )dv+- f p (u +w )dv 

2 .t 2 .tp p 
(3.34) 

. 
where u and w are the velocity components the x and z directions respectively. 
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The static or dynamic response of the laminate beam incorporating the piezoelectric 

actuator can be calculated by substituting 

equation: 

strain and kinetic energy into Lagrange's 

(3.34) 

where qi represents the ith generalised co-ordinate, ~ is the ith generalised force, T and 

U are the kinetic energy and the strain energy for the laminate beam and actuator, 

respectively, dv shows volume differentiai, and indices p refer to the piezoelectric 

actuator, and pis the mass density. 

As there are no extemal forces (the force applied by the piezoelectric element is 

included as an applied strain), and there is no added damping, Lagrange's equation is 

reduced to: 

(3.36) 

The assumed-modes method consists of assuming a solution of free vibration problem in 

the form of a series composed of linear combination of admissible functions f/J;, which 

are functions of spatial co-ordinates, multiplied by time-dependent generalised co

ordinates qJt). These admissible functions satisfy the natural boundary condition. For 

the laminate bearn, the transverse displacement is approximately expressed as: 

n 

w(x,t) = Lr/J;(x)q;(t) (3.37) 
i=l 

where rjJJx) = (~); . Using the shape function expressed in Equation (3.37), substituting 

for the potential and kinetic energy terms, the equation of motion can be written as 
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.. 
[M]{q} +[K]{q} = [Bv]{v} (3.38) 

where [M] and [K] are the mass and stiffuess matrices, and [B"] is the input matrix used 

to apply forces to the structure by piezoelectric actuators. Vector q represents the bearn 

response modal amplitudes, and vis the vector of applied voltage on piezoelectric. 

We attempt to find the natural motion of the system, i.e. response without any forcing 

function. The form ofresponse or solution is assumed as: 

{q(t)} = {q)}eimt (3.39) 

where {~} is the mode shape (eigenvector) and rois the natural frequency of the motion. 

In other words, the motion is assumed to be purely sinusoïdal due to zero damping in the 

system. The general solution tums out to be a linear combination of each mode, as in: 

n 

{q(t)}= :Lcj{q))eimjt (3.40) 
j~l 

where each constant ( Cj) is evaluated from initial conditions. Substituting Equation 

(3.39) into Equation (3.38) with {v}= 0 yields 

(3.42) 

the above equation has a nontrivial solution if ( -œ 2 
[ M] + [ K]) becomes singular. In 

others words, there exist n number of ro which satisfy 

det( -m 2 [M] + [K]) = 0 (3.42) 
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Since the mass matrix is positive definite, and the stiffness matrix is at least positive 

semi-definite, all roj is positive. Using Maple, 

computed from: 

L 

mass and stiffness of the matrices are 

Mü =m s~i~1 dx (3.43) 
0 

(3.44) 

3.4.2 Finite element mefhod 

The natural frequencies were also obtained by using the finite element software package, 

ANSYS. The piezoelectric actuator patches were modelled using solid5 piezoelectric 

elements, and the laminate bearn, using shell99 structural elements. Figure 19 illustrates 

the finite element mesh, which consists of 40 elements for each piezoelectric actuator, 

and 750 elements for the laminate bearn structure. The fixed-free boundary condition 

was applied by constraining the nodal displacements in both the x and y directions at the 

left end of the bearn. A modal analysis was performed for the structures using the block 

Lanczos method. 

3.5 Resuits and comparisons 

Numerical and analytical results are presented to show the static and dynamic behaviour 

of laminated beams with piezoelectric actuators. In order to verify the proposed and the 

assumed-modes approaches, numerical calculations were generated from a cantilevered 
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laminated composite bearn with piezoelectric actuators, as shown in Figure 12. The 

dimensions are also shown in the same Figure. The bearn is made of AS/3506 graphite

epoxy composites, and the piezoceramic is PZT BM532. The adhesive layers are 

neglected. The material datais given Table IX. The staking sequence of the composite 

bearn is [0 /± 45],. A constant voltage (equal amplitude) with an opposite sign was 

applied to the piezoelectric on each side of the bearn. Due to the converse piezoelectric 

effect, the distributed piezoelectric actuators contract or expand depending on negative 

or positive active voltage. In general, for an upward displacement, the upper actuators 

need a negative voltage and the lower actuators need a positive one. The control of static 

deformation and modal analysis for the bearn under the distribution piezoelectric are 

analysed. Figure 13 shows the shape of the cantilever bearns for various specified 

voltages. It is observed that the deformation of the laminate beams increases with 

increases in applied voltage. A uniformly distributed load of 1 ( N / m 2 ) is applied to the 

bearn. It is clear from Figure 14 that the structure reverts to the undeformed position as 

the specified voltages are increased. To investigate the effect of the number and 

placement of the actuator pairs on the deformation control, three sets of the actuator 

pairs are considered: three pairs, (the left, the middle and the right); two pairs (the left 

and the middle ones, the left and the right) and one pair, located at the end of the bearn. 

The comparison of Figures 14 to 17 reflects the fact that a lower voltage is needed to 

eliminate the de:flection caused by the extemal load when more actuators are used 

(Figure 15 to 17). When one pair of actuators is used, as shown in Figure a very high 

active voltage is needed to delete the deformation, and the bearn is also not smoothly 

flattened. Figure 15 shows that below a certain active voltage, the bearn can be flattened 

quite smoothly by two pairs of actuators placed in the left and the middle positions of 

the bearn. It is not necessary to cover the structures entirely with piezoelectric. Figure 18 

shows the calculated centreline deflection of the composite bearn with one pair of the 

actuators at different positions. It is seen that 

significant effect on the control ofthe deformation. 

location of the actuators has a 
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Table IX Material properties 

PZT-G 1195N PZT- (BM532) T300/976 AS/3501 

E1 (GPa) 63 71.4 150 144.8 

EzcGPa) 63 71 9 9.65 

G12 (GPa) 24.8 26.8 7.10 7.10 

VJ2 0.3 0.33 0.3 0.3 

G13 (GPa) 24.2 -- 7.10 7.10 

G23 (GPa) 24.2 -- 2.50 5.92 

p(Kg/m3
) 7600 7350 1600 

d31 (pm/V) 254 200 

50.8 294.5 

~---~~.,....,....-------i .1.-5. 
r-----rzz;::zzz:;::zz::z:2:z:z::;r-t----------' ·r--

5.2 

unit is mm 

Figure 12 Laminate bearn with piezoceramics 
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Figure 19 Finite element mesh of the laminate bearn 

Figure 20 Mode shape 1 

Figure 21 Mode shape 2 
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The natural frequencies for composite beams with no piezo elements and with bonded 

piezo-elements are presented in Tables X and XI, respectively. The bearn is made of 

T300/976 graphite-epoxy composites and the piezoceramic is PZT G 1195N. 

exarnple is taken from reference Sung et al. (1992). The discrepancy is 12.6% for a 

composite bearn with bonded piezoactuators, while it is only about 1.6% for a bearn 

without any piezoelectric. It can be observed that there is a better agreement between the 

numerical results and the analytical ones than between that of the experimental results 

and the analytical ones. The numerical results listed in Tables X and XI show that the 

assumed-modes method could accurately predict the natural frequencies of an integrated 

piezo-actuator system. Figures 20 and 21 show the first mode shape and the second 

mode shape of laminate beams using the fini te element method. 

Table X 

Natural frequencies (Hz) of the bearn without piezoelectric 

Modes F.E 1 Theory-2 Assumed-modes -3 %Error (1-2) %Error (2-3) 

1 7.99 8.02 8.02 0.2 0 

2 49.82 50.66 50.57 1.6 0.1 

Table XI 

Natural frequencies (Hz) of the bearn with 6 piezoelectric 

Mode F.E-0 Exper.-1 Theo.- Ass.-modes %Err.l %Err.1 %Err.2-3 

2 -3 -2 -3 

1 9.24 9.25 9.42 9.52 1.8 2.8 1.0 

2 54.4 51.9 59.44 56.44 12.6 8.0 5.2 
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3.6 Summary 

An analytical method for modeling the mechanical-electrical response of fibre

reinforced laminated composite structures containing distributed piezoceramics under 

static as well as dynamic mechanical or electrical loading is presented. The first arder 

shear defonnation bearn theory is used for the analysis to ensure accurate bending 

solutions. The assumed-modes method was also presented. Experimental results 

obtained from reference Sung et al. (1992) using T300/976 composite and PZT Gl195 

piezoelectric ceramics were also conducted in arder to verify the theory and the 

computer simulations. Finally, the effects of the number and locations of the actuators 

on the control system are also investigated. The investigation shows that in designing 

smart structures with distributed piezoelectric actuators, the number and the location of 

the actuators must be given careful consideration. 
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CHAPTER4 

MODELING OF CIRCULAR PLATE WITH PIEZOELECTRIC 

In this chapter, an analytical approach for modeling of a circular plate structures 

containing distributed piezoelectric under static as well as dynamic mechanical or 

electrical loading was presented. The analytical approach used in this chapter is based on 

the Kirchhoff plate model. Experiments using a thin circular aluminum plate structure 

with distributed piezoelectric actuators were also conducted to verify the analysis and 

the computer simulations. This chapter also introduces a modeling approach based on 

the Rayleigh-Ritz assumed mode shape method to predict the behavior of a thin circular 

plate excited by a patch of piezoelectric material bonded to the surface of the plate. The 

model includes the added inertia and stiffness of the actuator and has been used to 

predict the natural :frequencies and mode shape of the plate. Note that the fini te element 

is very attractive; the substructuring analysis in ANSYS is used to extract eigenmodes of 

the system. 

4.1 Introduction 

Vibration suppression of space structures is very important because they are lightly 

damped due to the material used and the absence of air damping. Th us, the modes of the 

structure must be known very accurately in order to be affected by the controller while 

avoiding spillover. This problem increases the difficulty ofpredicting the behavior of the 

structure and consequently it might cause unexpected on-orbit behavior. 

These difficulties have motivated researchers to use the actuation strain concept. One of 

the mechanisms included in actuation strain concept is the piezoelectric actuator effect 

where as the strain induced through a piezoelectric actuator is used to control the 

deformation of the structure. It can be envisaged that using this concept in conjunction 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

ï7 

with control algorithms can enhance the ability to suppress modes of vibration of 

flexible structures. 

Circular geometries are used in a wide variety of applications and are often easily 

manufactured, but the full three-dimensional vibration properties of these solids have not 

been yet investigated in detaiL The knowledge of natural frequencies of components is 

of great interest in the study of responses of structures to various excitations and this 

study is fundamental for high-risk plants. Among plates of various shapes, circular 

plates have a particular importance, due to their axial syrnmetry. 

The next section presents the analytical model, while the following sections address the 

numericai and experimental comparison of this model on a circular plate. 

4.2 Plate model 

The structure under consideration consists of a thin circular plate with piezoceramic 

patches bonded on one side. The plate is clamped around the inner boundary (radius R1) 

and free at the outside edge (radius R2) as illustrated in Figure 22. The free patches 

generate strains in response to an applied voltage. When the plate is bonded to an 

underlying structure, these strains lead to the generation of in plane forces and /or 

bending moments. In this chapter, we will only consider the bending moments generated 

by the patches and will consider them as an input to the model describing the transverse 

vibrations of a plate. 

Moreover the circular plate is assumed to be made of linearly elastic, homogeneous and 

isotropie material. The dynamic extensional strain on the plate surface is calculated by 

considering the dynamic coupling between the actuators and the plate, and by taking into 

account a perfect bonding (infinite shear stiffness). 
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Figure 22 Circular plate with piezoelectric patches 

The plate motion is described by partial differentiai equations relating stresses and 

electric displacements with strains and electric field. The ratio of the radius of the plate 

to its thickness is more than ten, and the Kirchhoff assumption for thin plates is 

applicable and the shear deformation and rotary inertia can be omitted. For wave 

propagation in such a structure, the displacement field is assumed as follow: 

uz = uz(r,El,t) = w(r,El,t) 

au 
u 8 = u6 (r,El, t) = -Z-

2 

n38 

(4.1) 

(4.2) 

(4.3) 

where Uz, Ur and u8 are the displacements in transverse z-direction, radial r-direction, 

and tangential El -direction of the plate, respectively. 
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The poling direction of the piezoelectric material is assumed to be in the z-direction. 

When external an electric potential is applied across the piezoelectric layer, a differentiai 

strain is induced that results in the bending of the plate. The strain in the plate and 

piezoelectric with respect to the radial and tangential directions and the shear component 

are given by 

(4.4) 

(4.5) 

(4.6) 

The constitutive equations ofpiezoelectric ceramic are expressed as 

{cr}=[Cp]({s}-{d]t{E}) (4.7) 

{De}=[ e] { s }+[Es) {Ee}=[ d] {cr}+[ E"] {Ee} ( 4.8) 

where {cr} is the stress tensor, {s} is the strain tensor [Cp] is the elastic stiffness matrix of 

piezoelectric ceramic, De is the electric displacement, [ e] is piezoelectric constant, k] is 

permittivity constant under constant strain condition, and [E"] is permittivity constant 

under constant stress condition. The last two equations give: 

and 

for the plate 
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{a}= [c ]{s} (4.9) 

where [C] is the elastic stiffness matrix of the plate. 

In order to satisfY the assumptions, an electric field Ee is applied along the z-direction, 

i.e., Ee1 = 0, Ee2 = 0 and Ee3 = Ee, and thus the following conditions need to be satisfied: 

d32 = d31 , d36 = 0 and d24 = d1s also for piezoceramic material, e32 = e31 and e36 =O. 

The relationship between the electric field Ee and the applied voltage is given by 

(4.10) 

where 

Renee, when a constant voltage is applied to the network along the z-direction, the 

electrical field generated is { 0 0 ::} T • It should be noted that, although we can only 

supply the electric power with constant voltage (electrode field), the piezoceramic can 

be coated with different types of electrode to produce spatially distributed electric fields. 

Thus, we may consider that the applied voltage ~(x, t) is represented as a product oftwo 

quantities of V (t) and B (x), in which V (t) is the input voltage power and B (x) defines 

the electrode profile. Similarly, the following relation can obtain the electric charge from 

electrical displacement: 

(4.11) 

where {Q} T= [Q1 Qz Q3], and S denotes the surface area of the electrode. 

The radial stresses in the piezolayers are assumed to be uniformly distributed in the 

direction perpendicular to the plate because of the plate's small thick:ness. 
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The equations of each piezoelectric layer have the following form 

D d dur d u.. V 
3 = 3r-+ 38--E33-

dr r hP 

81 

(4.12) 

(4.13) 

(4.14) 

where cr r , cr 8 and -r: are respectively, radial stress, circumferential stress and shear stress 

on the interface surface, d3r and d38 are transverse piezoelectric constants in the radial 

and circumferential directions, respectively. V is the voltage acting in the direction 

perpendicular to plate. Ep and v P are the modulus and Poisson ratio of the actuator. D3 is 

the electrical displacement and E 33 is a permittivity coefficient. 

The constitute equations of the plate 

(4.15) 

E ur 1 ôu 8 ôur) cr 13 = (-+--+v 
l-v 2 r r 88 8r 

(4.16) 

(4.17) 

where E and v are the modulus and Poisson ratio of the material of the plate. 

Assume that, the radial stresses the piezolyers are uniformly distributed m the 

direction perpendicular to plate (small thickness). 
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For the radial actuator motion, the dynamics equation is expressed as follows: 

(4.18) 

2 2 

aar ô ur a ô ôar ô ur or n: = (r-+a -a6)h -ph r-- =>-(re) =-((r-+cr -a6)h -ph r--) ar r p p p àt 2 ôr ôr ôr r p p p àt2 

(4.18b) 

The balance of the moments has the form: 

M 9 - rT + hn = 0 (4.19) 

Using Hook's law we express the moments by the plate transverse displacement in the 

following form: 

E h 3 

D(r,8)=---
12(1-v2) 

(4.20) 
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where T is the shear force, Mr and M9 are internai plate moments and D is the plate 

cylindrical stiffness, hp is the thickness of the actuator, Pp is the modified density of the 

actuator, and t is the time. Differentiating equation ( 4.19) with respect tor 

(4.21) 

The equation of the transverse plate motion is obtained: 

(4.22) 

where p is the density for combined structures given by p = p1 + nppxi (r, 8) whole PP Pp 

and n are the density coefficient for the plate, the patches and the number of 

piezoelectric respectively. Xi (r, 8) is the characteristic function, which has a value of 1 

in the region covered by the ith patch and 0 elsewhere. 

Taking into account a perfect bonding the plate transverse displacement is related to the 

radial actuator displacement by 

hôw 
u =---

r 2ôr 
( 4.23) 

Substituting equation ( 4.22) and ( 4.18b) into equation ( 4.21 ). Finally, the equation for 

modeling the transverse motion is obtained by: 

where V4
:::: _!_~{r~..!..[~(r~)]} is biharmonic operator in the polar co-coordinates, r ar arr ar ar 

n is the number of actuators and P is the external surface force. 
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The displacement the transverse z-direction w of circular plate integrated 

piezoceramics actuators is govemed by equation (4.24). 

4.2.1 Modal Anaiysis 

To obtain the natural frequencies and modes, all extemal mechanical and electric 

excitations are assumed to be zero. The first studies of equation ( 4.24) were those of 

Poisson (1829) and Kirchhoff (1850) and the classical methods of finding the solution 

are based on the separation of variables. In the case of axisymmetric boundary 

conditions, the solution takes the form 

00 co 

w(r, 8, t) = L L g 1nn (r) cos(m8)frnn (t) (4.25) 
m=On=O 

where 

f (t) _ immnt 
in which m and n are the numbers of nodal diameters and circles, nm - e , Bmn, 

Cmn and Dmn are the mode shape constants that are determined by the boundary 

conditions, Jm, Ymare the Bessel :function of the first and second kinds, Im and Km are 

the modifted Bessel :functions of the first and the second kind, and !vnm is the frequency 

parameter, which is also determined by the boundary and joint conditions. 

Note that, the circular plate has been subdivided into two sections, inner ring or outer 

ring who x= 0 and middle composite plate (patch) whom x= 1 . 

Substituting w(r,t) = f(t)g(r) into equation (4.25) we have for each section 
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h h2 

\74gz(r) + Â4 p;;h Vzgz(r)- A.4g2(r) = 0 for 

\74 g
3
(r) -~ 4g 3 (r) = 0 for x=O: R3 +lP ~ r ~ R2 

where gi(r) i = 1, 2, 3 is the amplitude of the z-direction displacement and w is the 

natural frequency. The modal functions can be written in explicit formas: 

gJr) = C1J 0 (Kr) + C2:fo(Kr) + C3I 0 (Kr) + C4K 0 (Kr) 

g
2
(r) = CJ0 (ar) + C6:fo(ar) + C7I 0 (/3r) + C8K 0 (/3r) 

g
3
(r) = C9J 0 (Kr) + C10:fo(Kr) + C1/ 0 (Kr) + C12K0 (Kr) 

(4.27) 

where J
0 

and :fa are the Bessel functions of the first and second kinds, respective! y, and 

J
0 

and K 0 are modified Bessel function of the first and the second kind, respectively. 

The frequency parameter, Àmn, is related to the circular frequency, wmn, of the plate 

with piezoceramic 
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4.2.2 Boundary and joint conditions 

The plate is clamped at r = R1 inner radius and free at r = Rz outside radius. Then the 

boundary conditions are: 

(4.28) 

(4.30) 

where Q =-D(~(V 2w)) is the shear force. 
r ôr 

At The joints between sections, the continuity in plate deflection, slope and radial 

moment have to be satisfied 

(R ) (R ) ddgrl (RI) = ddgrz (R3) gl 1 = g2 3 ' (4.31) 

(4.32) 

(4.33) 

Note that twelve unknown coefficients, Ci, i = 1, 2, ... , 12, in equation (4.28)-(4.33) 

represent the amplitudes of the left and the right travelling and decaying flexural waves 

in each section and can be determined with the boundary and joint conditions, which 

can be arranged into the following matrix equation 

[D]{C}=O (4.34) 
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where [D] is a 12x12 matrix and {C} are 12xl vectors. Once again, the coefficient 

vector {C} can be obtained by solving equation (4.34). Tlms, the vibration field can be 

determined with equation ( 4.28)-( 4.33). 

4.3 Energy method 

In developing the Rayliegh-Ritz model of a circular plate excited by piezoelectric 

bonded to the surface of the plate, a number of assumptions must be made. The 

piezoelectric is assumed to be perfectly bonded to the surface of the plate. The 

magnitude of the strains induced by the piezoelectric element is a linear function of the 

applied voltage. 

To derive the equations of motion of the circular plate based on the Rayliegh-Ritz 

method, both the strain energy U and kinetic energy result T from the deformation 

produced by the applied strain, which is induced by exciting the piezoelectric element. 

4.3.1 Strain energy 

The strain energy of piezo-actuator is 

where dV shows volume differentiai, indices p refer to the piezoelectric actuator and 

Upo is piezoelectric strain energy density function given by 

(4.35) 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

88 

Substitution of equation ( 4.13) into ( 4.35) leads to 

(4.36) 

The strain energy of the annular plate is given by 

(4.37) 

4.3.2 Kinedc E~ergy 

To obtain the kinetic energy, the velocity components in r-direction, e -direction and z

direction are needed. The velocity components are differencing equations ( 4.4 to 4.6). 

Using these velocity components, the kinetic energies of piezoelectric actuators are 

obtained as 

For the annular plate the kinetic energy is given by: 

T =± ipl{~}T{~}dV 
where {uf ={ur u8 uz} (see equations 4.1-4.3) 

4.3.3 Electric energy 

The electric energy generated by the actuator is 

(4.38) 

(4.39) 
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(4.40) 

where W pO is the charged energy density function given by 

Wro = J{De}T d{Ee} ( 4.41) 
vp 

Thus, after using equation (4.8) in (4.41), we have 

The associated variational forrns of above energy functions are 

au r = i a{t:f [Cr]( {s}- 2[d]T {E} )dV 
p 

(4.43) 

au= r c..as--~::--dV 1 IJ ~1 lJ 
(4.44) 

aTP == i ppo{~}T {~}dV 
p 

(4.45) 

(4.46) 

oWr = i o{Ee}T ([E']{Ee} + 2[e] {t:})dV 
p 

(4.47) 

4.4 Lagrange's equation 

The total Lagrangian functional L is 
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L= JL0 (r,8,t)dV (4.48) 
v 

and the Lagrangian density L0 is defined as 

(4.49) 

where U 0(r,t) = U + Up} = flexural energy density 

T0(r,t) = T + Tp = kinetic energy density 

Wo(r,t) = W + Wp = work done by externalload and electrical power 

4.4.1 Equation of Motion 

The static or dynamic response of the plate excited by the piezoelectric actuator can be 

calculated by substituting the strain and kinetic energy into Lagrange's equation 

(4.50) 

where qi represents the generalized coordinate and Qi is the ith generalized force. As 

there are no external forces (the force applied by the piezoelectric element is included as 

an applied strain) or gyroscopic terms and there is no added damping, Lagrange's 

equation reduces to: 

( 4.51) 

Now the equation of motion can be obtained by using the expression obtained for the 

strain and kinetic energy, and the assumed shape functions for flexural motion 
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n 

w(r, e, t) == :L ~i cr, e)qi (t) (4.52) 
i~l 

where ~i is the assume displacement. Using the shape functions expressed T0 and U0, 

the equation of motion of the plate in the form is 

[M]{ q} + [K ]{ q} = [B v ]{V} (4.53) 

where [M] and [K] are the mass, and stiffness matrices and [Bv] is the voltage-to-force 

transformation vector. V ector q represents the plate response modal amplitudes and V is 

the applied voltage. 

[M], [K] and [Bv] will be determined by the assumed mode method for vibration control 

of smart structures. 

4.5 Model for vibration control 

4.5.1 Assumed-modes method 

The assumed-modes method consists of assuming a solution of the free vibration 

problem in the form of a series composed of a hnear combination of admissible 

functions ~;, which are functions of spatial coordinates, multiplied by time-dependent 

generalized coordinates qi(t). These admissible functions satisfy the natural boundary 

condition. 

In developing the Assumed-Modes Methods of the annular plate Figure 23 excited by a 

patch of piezoelectric material bonded to the surface of the plate, a number of 

assumptions must be made. The patch of piezoelectric material is assumed to be 

perfectly bonded to the surface on the plate. 
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Assume that, the admissible functions for annular plate are givens by these equations 

~i (r,8) = r- R 1 cos(i8),i = 0,1,2, ... 
Rz -R~ 

(4.54) 

~ i (r, 8) = r- R 1 cos(j8), j = 0,1,2, ... 
Rz -R~ 

(4.55) 

Theses functions verified the geometry boundary conditions: at r = RJ, $; (r, 8) = 0. 

4.5.2 Plate 

For an annular plate alone the strain energy is given by 

D rrr rz 8
2
w 1 ôw 1 8

2
w ~ 8

2
w 1 ôw 1 8

2
w U=- ((-+--+---)- -2(1-v)(-(--+---)+ 

2 1 8r 2 r ar r 2 88 2 & 2 r ar r 2 88 2 

a lôw a 1aw z 
2(1- v)(-(--))(-(--·)) )rdrd8 

arrae arrae 

(4.56) 

Substituting equation (4.52) into (4.56) than the stiffness matrix is given by: 

(4.57) 

The mass matrix is 

M .. = rrr & f2 (J..-h. 2 8$; 8$j z2 8$; 8$j) d dod 
1J P .b l_h 1. 'Y 1 '+' J + z + 2 r r u z 

21 ar arr aeae 
(4.58) 
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4.3.3 Actu:ator 

For the actuator, the shape of the piezoelectric sheet actuators used for controlling the 

annular plate is defined in Figure 23 or 24. For this analysis, rectangular piezoelectric 

actuator are desired due to the cost and availability of rectangular piezoelectric ceramics, 

but modeling difficulties prevented the piezoelectric to be modeled as purely 

rectangular. In the Figure, the sides of the actuator with length 1 are modeled as straight 

edges while the edges with length 1 have radius R3 and R3+l. Since the width L of the 

piezoelectric is small in comparison to the radius and size of the annular plate, the 

actuator shape is considered to be a reasonable approximation of a rectangular patch. 

As shown, attaching the piezoelectric patches on a circular plate requires that the e 
coordinate of the length 1 is fun etions of the radial position as expressed in equation: 

(4.59) 

(4.60) 

For the each actuator the stiffness matrix is given by: 

(4.61) 

(4.62) 
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Figure 23 Geometry of piezoelectric sheet actuator 

Figure 24 Geometry of piezoelectric sheet actuator 

The input matrix is given by 

(4.63) 

where B1 == L$(r, 8) 
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} 

and for 5 frequencies 

th en 

[L'~' L1<i>z L1<!>3 Ll$4 L,~, 1 
[BI]::::: Lz$1 Lz<Pz Lz$3 Lz$4 LAs 

L3<i>t L3<Pz L3<j>3 L3<j>4 L3<Ps 

note that here z =h/2 

For 4 ac tua tors 

0 0 0 0 

[G] = 0 0 0 0 
1 1 1 1 

hl h2 h3 h4 

In our case the piezoceramic has the same thickness than h1 =hz= h3 = 114 = h. 

The matrix of piezoelectric [ d] constant has the form (2D) 

The stiffness matrix under constant electric field condition is 
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EP 
1 vP 0 

[Cp]=-1 -2 vP 1 0 
-vP 1-v 

0 0 
p 

2 

Not that, the accuracy of the assumed mode method depends on the shape functions of 

the structures, but the finite element method is very attractive to extract the mass and 

stiffness matrices and vector load. 

4.5.4 Mass, stiffness and load vector extractioll 

To obtain the modeling matrices M, K and Bv, we recall that the eigenfunctions are 

orthogonal with respect to the mass and stiffness matrices. Furthermore, if the 

eigenfunctions are normalized with respect to the mass matrix, then we have the 

following orthogonality conditions with respect to the mass and stiffness matrices, 

respectively. 

(4.64) 

(4.65) 

where$i is the modal matrix whose columns is the eigenfunctions for the n modes and 

m~ is a diagonal matrix of the eigenvalues. Renee, the system matrices M and K can be 

found by manipulating equations 4.64 and 4.65. In this work, eigenfunction obtained 

from the finite element package ANSYS compute the mass and stiffness matrices and 

vector load. They are two ways in ANSYS to extract these matrices; first one gives only 

the information defining the mass and stif:fness matrices. This information is defined in 

the file jobnamefull created by ANSYS after performing a modal analysis. This file 
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contains the information in binary format that needs to be converted and extracted from 

the file. This procedure is described in the Guide to Interfacing with ANSYS. In our 

case, the mass and stiffness matrices and the load vector were extracted after performing 

the substructuring analysis. 

4.6 Expe.rimentation 

An experimental investigation was carried out in order to verify the applicability of the 

analytical approach discussed in this chapter. The experimental system consists of a thin 

circular aluminum plate with bonded eight piezoceramic actuators as shown in Figure 

25. A non-contact laser displacement sensor, Keyence LB-72, was used to measure the 

displacement at point A. A data acquisition board and a personal computer acquired the 

output data from the laser sensor. A function generator was used to provide a signal to 

an amplifier, KEPCO BOP 1 OOOM, which supplied voltage to the piezoelectric 

actuators. As explained previously, the natural frequencies and mode shapes of a circular 

plate bonded with piezoelectric elements can be predicted analytically and numerically 

(FEA). Experimental modal, static and harmonie analysis have been conducted to verify 

the analytical and numerical approaches. 

The properties and the physical dimension of plate and piezoactuators are given in Table 

XII. For a circular plate of this size, experimental results provide a basis for comparison 

between measured experimental, analytic and simulation natural frequencies. 
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Figure 25 Experimental set up 

Table XII 

Dimension and material properties of plate and piezoelectric 

Aluminum 3003-H14 PZT (BM532) Units 

p = 2730 p = 7350 Kg/m3 

E = 69 109 Ep= 71.4 109 Pa 

v= 0.33 v=0.3 

R 1= 0.019, Rz = 0.17, R3 = 0.056 L = 0.0508, W = 0.03683 rn 

h = 0.0008 hp= 0.00025 rn 

d31 = 200 10-lZ V/rn 
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4. 7 Results and comparisons 

In order to verify the proposed analysis and the finite element approach, numerical 

calculations were generated to compare with the experimental results from the circular 

plate with distributed eight piezoceramics bonded on the surface of the plate. The 

schematic of this plate is shown in Figure 22 while the dimensions and the material 

properties are given in Table XII. 

The piezoelectric actuator patches were modeled using solid5 piezoelectric elements and 

the aluminum circular plate by shell63 structural elements of a commercial finite 

element code (ANSYS). 

The static response of the structure was determined by applying a constant voltage to the 

five piezoelectric actuators. The deflections of the circular plate at the point A (node 

988) were recorded by the non-contact laser displacement sensors. Figure 27 shows the 

comparison of the deflection of a circular plate between the finite element and the 

experimental results. Good agreements between the two methods are observed. 

The natural frequencies and modes shapes can be predicted by equation 4.24. 

Experimental modal analysis has been conducted to verify the analytical and finite 

element prediction. The first five natural frequencies as obtained by analytical 

prediction, finite element and experimental modal testing are shawn in Table XIII and 

Figure 27. The circular plate madel analytically predicts 25 .5Hz and 26.6Hz for the first 

bending mode and first torsional mode; and these validate by the modal testing results of 

24.9 and 26.5Hz. The discrepancy is within 2.3 %. The experimental data listed in Table 

XIII and Figure 27 shows that the circular plate rnodel can accurately predict the 

frequencies of an integrated piezoelectric actuators system, and that the prediction is 

validated by experiments. 
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Figure 26 Tip deflection on the circular plate in tenus of the input voltage 

Table Xlli 

Natural frequencies for circular plate with eight actuators 

Modenumber Analytical FEA Experimental f.'I.FEA (%) f.'I.Ex.p (%) 

1 25.0 24.4 24.9 2.2 0.1 

2 25.0 24A 24.9 2.2 0.1 

3 26.6 29.2 26.5 9.7 0.3 

4 33.6 37.7 33.5 10 0.2 

5 33.6 37.7 33.5 10 0.2 

100 

1 

1 
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Figure 29 Frequency of the nodal displacement at point A 

Finally, the frequency response of the structure with eight actuators subjected to 

dynamic piezoelectric actuation was also obtained. The frequency response of the nodal 

displacement at the point A (node988) and the free end of circular plate (node 909) is 

shown in Figure 28. The responses at the two nodal locations appear to have the same 

frequency response profile but differ in magnitude. The results obtained using the finite 

element method and experimental result are shown in Figure 29. Comparable results 

were obtained. On the other hand, this discrepancy can be attributed to amplifier 

characteristics and the presence of environmental noise, which was verified by 

observing the poor coherence between the applied voltage signal and the acceleration 

signal measured during the experiments. 
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4.7.1 Obtai:ning matrices using assume mode model 

The objectives of section are to evaluate the analytical and assume mode models for 

annular plate with surface-mounted piezoceramic patch clumped in inner radius, 

examine the numerical results obtained with commercial finite element code ANSYS, 

and compare the performance of these two approaches with finite element method. The 

geometrical and material properties are given in Table XIV. 

Table XIV 

Material properties of plate structure (2) and piezoelectric 

Aluminium 3003-Hl4 PZT (BM532) Units 

p = 2730 p=7350 Kglm3 

E=69109 Ep= 71.4 109 Pa 

v =0.33 v=0.3 

R1 = 0.04, R2 = 0.17, R3 = 0.065 L = 0.048, W = 0.038 rn 

h= 0.000508 hp= 0.0003 rn 

d31 = 200 10"12 V/rn 

Modal analysis was performed for the structure using the Block Lanczos method. Table 

XV and XVI presents the first five natural frequencies for annular plate without any 

piezoelements and with bonded piezoceramics actuators. The discrepancy is within 10 % 

for annular plate with bonded piezoceramics actuators, while it is only about 1.6 % for 

annular plate without any piezoelements. Figure 30 - 34 shows the first lowest modes 

shape of the plate with piezoceramic. 
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Finally, the frequency response of the structure with 8 actuators subject to dynamic 

piezoelectric actuation in one side was also obtained. Electrical loading was applied in 

side of the plate as Vl = 0 and V2 = 140 volt in the other faces for each eight actuators. 

The frequency response of the nodal displacement at the free end of the annular plate 

and the center of the piezoelectric patch is shown in Figure 35. The responses at the two 

nodal locations appear to have the same frequency response profile but differ in 

magnitude. 

Figure 30 Mode 1 
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Figure 31 Mode2 

Figure 32 Mode3 
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Figure 33 Mode4 

Figure 34 ModeS 
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Figure 35 Frequency response at the free end and the centre of the actuator 

Table XV 

Natural frequencies (Hz) of the plate with 8 piezoelectric 

Modes Theory FEA Error% 

1 26.1 23.79 8.1 

2 26.1 23.79 8.1 

3 27.7 24.91 7.7 

4 34 30.84 10 

5 34 30.86 10 

Now, the assume-mode method is used to calculate the mass, stiffness, and input 

matrices for vibration control of the annular plate with 8 piezoceramic and calculate the 

natural frequencies. The result shows a good agreement between finite element and this 

method Table XVI and XVII. The Maple software was used to calculate thesis matrices. 
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Table XVI 

Natural frequencies ro for annular plate without actuators 

Modes Assume-mode FEA Error% 

1 152.39 150.41 1.3 

2 152.39 150.41 1.3 

3 183.8 178.54 2.86 

4 331.77 228.58 31.10 

5 331.77 228.58 31.10 

Table XVII 

Natural frequencies ro for annular plate with actuators 

Modes Assume-mode FEA Error% 

1 165.13 152.37 7.7 

2 165.13 152.37 7.7 

3 200.53 182.84 8.8 

4 353.21 236.76 32.9 

5 353.21 236.76 32.9 
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The input matrix 

,- 0324 
-0.229 0 0.229 0.324 0.229 0 -0.229 

[BJ = 103 -1~44 
-0.229 -0.324 0.229 0 0.229 0.324 0.229 

-1.244 -1.244 -1.244 -1.244 -1.244 -1.244 -1.244 

l 2.~28 0 -2.328 0 2.328 0 -2.328 0 

2.328 0 2.328 0 2.328 0 -2.328 

The mass matrix 

0.04828619 

0.04828619 

[M]:= 0.09657311 

0.04828825 0 

0.04828825 0 

The stiffness matrix 

712.56 

712.56 

[K)== 2238.26 

4436.26 

4436.26 

4.7.2 Obtaining matrices using super-element 

The mass and stiffness matrices are initially very large, and can be condensed using 

mass condensation (Guyan reduction). These matrices need to be reduced in order to 

solve the eigenvalue problem and to determine the natural frequencies and modes of 
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vibration. A substructure analysis can be condensing a group of regular finite elements 

into a single super element by using the generation pass. The condensation is done by 

identifying a set of master degrees of freedom, which are mainly used to define the 

interface between the super element and other elements and capture dynamic 

characteristics for dynamic analyzes. The size of the matrices is defined by the number 

of master nodes multiplied by the degree of freedom associated to each master node. In 

our study, height master nodes associated with one degree of freedom each (uz) were 

selected. The mass and stiffness matrices are 8 X 8 and the load vector is 8 X 1. The 

location of these master nodes was taken in the center of each actuator Figure 36. These 

locations were chosen after several finite element computation .The modal analysis was 

done by performing the Block Lanczos and Reduced mode extraction method. The 

natural frequencies were compared for these two methods Table XVIII. Note that, Block 

Lanczos method is independent of the master nodes but Reduced mode extraction 

method depends on mastet nodes. The schematic of this plate is shown in Figure 22 

while the dimensions and the material properties are given in Table XIV. 

We applied the method described below, and we did static and substructure analysis 

applying different voltage loads to the piezoceramic actuators according to the matrix V. 

The ith column of matrix V is the voltage applied to 8 piezoceramic actuators for the ith 

time. The ith column of the matrix Fis the ith vector load. 

The stiffness matrix K is given by 

6814.5951 -4322.1307 2510.0879 -459.13263 163.00 -657.27072 2914.3463 -4891.8933 

-4322.1307 6802.0513 -5395.1334 2186.0492 -652.73766 272.26689 -654.48444 226.70033 

2510.0 -5395.1334 8704.6277 -4675.1893 2637.1262-765.38972 309.66975 -733.45816 

-459.13263 2186.0492 -4675.1893 6182.0674 -4759.372 2729.1376 -649.17194 176.88525 

(K]= 163.00924 -652.73766 2637.1262 -4759.3721 8407.4499 -6503.2263 3138.7566 -531.08816 

-657.27072 272.26689 -765.38972 2729.1376 -6503.2263 11408.712 -7665.3349 2847.1881 

2914.3463 -654.48444 309.66975 -649.17194 3138.7566 -7665.3349 11600.324 -6102.8671 

-4891.8933 2267.0033 -733.45816 176.88525 -531.08816 2847.1881 -6102.8671 7286.1081 
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Table XVIII 

Natural frequencies (Hz) for circular plate with actuators 

Modes Reduced (8 master Bolck Lanczos Error% 

nodes) 

1 25.5 24.4 4 

2 25.5 24.4 4 

3 30.9 29.2 5 

4 40.1 37.7 5 

5 40.1 37.7 5 

The mass matrix M is given by 

0.03396 0.00529 -0.00543 0.00072 0.00000 0.00069 -0.00667 0.00115 

0.00529 0.03450 0.00248 -0.00286 0.00129 -0.00042 0.00180 -0.00386 

-0.00543 0.00248 0.03876 0.00596 -0.00704 0.00229 -0.00075 0.00169 

[M]= 
0.00072 -0.00286 0.00596 0.03621 0.00301 -0.00563 0.00074 -0.00006 

0.00000 0.00129 -0.00704 0.00301 0.04180 0.00707 -0.00579 -0.00008 

0.00069 -0.00042 0.00229 -0.00563 0.00707 0.04659 O.Gl012 -0.00415 

-0.00667 0.001805 - 0.00075 0.00074 -0.00579 O.ü1012 0.04367 0.0065 

0.00115 -0.00386 0.00169 -0.00006 -0.000083 -0.00415 0.00659 0.03477 

200 0 0 0 0 0 0 !50 

200 200 0 0 0 0 0 150 

0 200 200 0 0 0 0 150 

[v]= 
0 0 200 200 0 0 0 150 

0 0 0 200 200 0 0 150 

0 0 0 0 200 200 0 150 

0 0 0 0 0 200 200 150 

0 0 0 0 0 0 200 200 

and 
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0.00415 -0.0979 0.07090 0.001450 -0.01152 0.0955 -0.06813 -0.04788 

-0.0307 -0.1227840 -0.2556716 0.00539 -0.010647 -0.01803 0.01077 -0.2061085 

-0.1466434 0.1395746 0.1658368 -0.1040485 0.048945 -0.01066 -0.003642 0.04561 

[Fz]= 
0.01766 -0.2298646 -0.1262212 -0.1048581 -0.1573156 0.0702 -0.00761 -0.2050650 

-0.001789 0.0843 -0.09328 0.1080839 -0.0332 -0.2498542 0.08238 -0.03240 

-0.007374 -0.02283 0.01512 -0.2636266 0.1443018 0.08730 -0.3608548 -0.1563777 

0.03270 -0.0007097 0.00291 0.07304 -0.3028275 0.078975 0.280401 -0.03540 

-0.1584589 0.01321 -0.02038 -0.00685 0.08231 -0.2324949 -0.1714760-0.1632792 

To find the input matrix, there are two methods. First one according to substructure 

analysis we determinate the matrix [Fz] and the matrix [V] is given: 

The second method is based on both the result of static and substructure analysis. The 

[ q] matrix is from the results of static analysis. [K] is from the results of substructure 

analysis, it exists: 

[K] [q] = [Fz] and [Bv]=[K][q][vr1 

Figure 36 Location of master nodes 
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4.8 Summ.ary 

An analytical approach for modeling circular plate structures with integrated distributed 

piezoelectric actuators under static as well as dynamic mechanical or electrical loading 

is developed. The mathematical solution based on the Kirchhoff plate model for free 

vibration is presented. The validity of the theory is established by examining static as 

well as dynamic analysis of the circular plate containing eight bonded actuators. The 

equations goveming the dynamics of the plate and relating the strains in the piezoelectric 

elements to the strain induced in the system are derived for circular plate using the 

partial differentiai equation. Modal analysis is done to determine the natural frequencies 

and mode shapes of the structures while the harmonie analysis is performed to analyze 

the steady-state behavior of the structures subjected to cyclic sinusoïdal loads. 

Numerical simulation results are obtained using finite element approach. Experiments 

using a thin aluminum circular plate structure with distributed piezoelectric ceramics 

PZT BM532 were also conducted to validate the analysis and the computer simulations. 

Relatively good agreements between the results of these three approaches are observed. 

Finally, the results show that the model can predict natural frequencies and mode shapes 

of the plate very accurately. This chapter introduces also a modeling approach based on 

the Rayleigh-Ritz assumed mode shape method. The model has been used to predict the 

natural frequencies and mode shape of the plate. Finally, the substructuring analysis in 

ANS YS is used to extract the mass and stiffness matrices and load vector of the system 

for active control application eventually. 
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CHAPTER5 

SHAPE ESTIMATION OF STRUCTURES 

In this chapter, an algorithm has been developed to determine deflection of rectangular 

and circular structures under arbitrary loading and boundary conditions. 

5.1 Introduction 

To estimate the shape of the surface from strain sensors for continuous structures can 

use either one of two techniques, namely, approximation of the strain field with global 

basis functions or approximation of the strain with local basis functions. 

This chapter focuses on the shape estimation of thin and composite structures. The next 

challenge is to estimate the deformed shape for these structures. Note that, we can apply 

the fini te element method and easily estimate the deformed shape of the above structure, 

but in space (real environment), running a well-known commercial FE code on a 

powerful workstation is neither practical nor possible. For this reason, a mathematical 

model to estimate quickly the deformed shape of the above structure was developed. 

This chapter proposes a shape estimation method to estimate the deformed shape of the 

flat structures. The strain field is represented by a two-dimensional bi-polynomial 

function for rectangular plate and by stress function for circular plate. The coefficients 

of each function are determined based on the relationship of strain, displacement, and 

strain compatibility. The strain field is constructed by a least squares smoothing 

procedure. This shape estimation method is verified by the finite element method, and 

by experimental results. 
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5.2 Model for recta:ngular plate 

5.2.1 Assumptimu 

Assume that an aluminium and laminate flat structures with strain gages installed on its 

surface are subjected to an in-plane force as shown in Figure 37 and 38. The strain 

components have been measured, using strain gage, at limited number of positions. 

Using a FE code the strain components are extracted for a limited number of nodes. 

These values can be considered as the measured strains from the strain gages. The 

advantage of this approach is clear because the experimental measurement of strain 

components is not cost effective. 

z 

y strain gages 

x 

Figure 37 Geometry of flat plate subjected force in z-direction 
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Figure 38 Geometry of Laminate plate with strain gages 

It is well known that for plates, the results Kirchhoff plate bending theory are very 

similar to tho se for Euler Bernoulli bearn theory. One of the most important assumptions 

for both theories is that the transverse deformation is neglected. 

5.2.2 Method 

A strain-displacement relationship exists such that: 

(5.1) 
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(5.2) 

(5.3) 

where & x , & Y and & xy are the linear strain in direction x and y, and the angular strain 

respectively, z is the distance from the neutra! axis of the plate to the sensor location, 

and w is the out-of-plane displacement function. 

5.2.3 Least Squares Method 

The great mathematician Gauss developed the method of least squares in the early 

nineteenth century. This analytical technique is the best available for extracting 

information from sets of experimental observations, in the sense that any values 

calculated have statistical errors, but they are normally distributed about their true value 

with least possible standard deviation. In the present context, the data points are given 

by strain gage sensor. 

The method of least squares is used to model the strain field using the measured strains 

from known locations on the plate. Firstly a polynomial in x and y that describes the 

strain field for every location on the plate is defined. A two-dimensional strain field that 

has the complete linear or quadratic or cubic polynomial terms is assumed. Three cases 

are study here. For the case of a cubic polynomial the terms are as follows: 

&x(x,y)=a1 +a2 x+a3 y+a4x 2 +a5xy+a6 y 2 + 
2 2 3 22 3 32 a7x y+ a8.xy + a9 x + a10 x y + a11 x y+ a12 x y 

(5.4) 

(5.5) 
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(5.6) 

For a quadratic polynomial the terms are: 

(5.7) 

(5.8) 

(5.9) 

Finally for a linear polynomial the terms are: 

(5.10) 

(5.11) 

(5.12) 

the compatibility equation is 

(5.13) 

The unknown parameters ai, bi and ci, i = 1, 2 ... rn (rn= 3, or 6 or 12) in the above 

equations can be determined from the strain compatibility relations strain-displacement 

relationship and the boundary conditions using a least squares fitting technique. The 

fitting is performed by converting the strain field given in terms of polynomial terms 

(linear, quadratic or cubic) into the following matrix form: 

[x]{c}={s} (5.14) 
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where s is the vector containing the target readings (given by the experiment or finite 

element method), c is the vector containing the coefficients (to be detennined), and X is 

the matrix of generalized coordinates corresponding to a location of the strain gages. 

Then, an error function to be minimized is defined by the sum of differences between 

the strain computed by the cubic, quadratic or linear polynomial terms and the finite 

element method or experimental results Lancaster (1986). 

n 

E(sx(x,y)) = 2)sx(X;,y;)-s~E(xpy;)) (5.15) 
i=l 

(5.16) 

Il 

E(Exy(x, y))= 2)sxy (x;, yJ -€~~ (x;, yJ) (5.17) 
i~l 

These error function will have a minimum only if BE = 0 , aE = 0 and BE = 0 for 
aaJ. ôb oc. 

J J 

j=l, ... ,m. 

Note that n 1s the number of measurement locations and rn = 12 for a cubic 

approximation, rn = 6 for a quadratic approximation and m = 3 for linear approximation. 

Then the error function can be expressed as 

[xY[x]{c}= [x Y {s} (5.18) 

Then, the vector containing the coefficients is given by: 

(5.19) 
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where [x Y [x ]r is the pseudo-inverse matrix. 

For a lin.ear approximation 

The field ofthe strain is assumed linear, equations 5.10, 5.11 and 5.12. 

The compatibility equation 5.13 is verified. Introducing equation 5.10 into equation 5.1 

and double integration about x of this equation, then the deflection of the plate is 

obtained 

(5.20) 

where f1(y) and fz(Y) are function ofy only. Using equations 5.2 and 5.11 gives 

(5.21) 

and equations 5.3 and 5.12 gives 

(5.22) 

Then c2 = a3 and c1= constant and f1 become 

(5.23) 

where K1 is a constant. Equation 5.21 involves c3 = bz, b 1 = constant and f2(y) become 

(5.24) 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

121 

Finally, the field of strain becomes 

(5.25) 

(5.26) 

(5.27) 

and the deflection given by equation (5.20) 

K1, K2 and K3 were determined by the boundary condition. 

At x= 0 and y 

ôw ôw 
w(x,y) = 0, -(x, y)= 0 and -(x, y)= 0 ax ay 

Th en 

(5.28) 

The same method was applied for the case quadratic and cubic polynomial 

approximation. 

For a quadratic approximation 

The field of strain and the deflection for a quadratic polynomial approximation are 

(5.29) 
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and the deflection 

(5.32) 

h f (y) c y+ b3 yz + bs y3 +g and fz(y)=- b2J yz + b6z y3 + b124 y4 +gzy+g3 were 1 =12 6 1 

g1, g2 and g3 were detennined by the boundary condition. 

For a cubic approximation 

The field of strain and the deflection for a cubic polynomial approximation are 

(5.33) 

(5.34) 

(5.35) 

and 
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1 al 2 a2 3 a3 2 a 4 4 as 3 a6 2 2 
w(x y)= --(-x +-x +-x y+-x +-x y+-x y 

, z 2 6 2 12 6 2 

a A 
+_l_x4 y +_§_x5 + xf

1
(y) + f

2
(y)) 

12 20 

(5.36) 

where 

and 
b b 7 b B f (y)=--1 y2 +-- y3 +-4 y4 +-6 y5 +g y+g 

2 2 6 12 20 2 3 

g1, g2 and g3 were determined by the boundary condition. 

Table XIX 

Dimension and material properties of plate and piezoelectric 

PZT- (BM532) Aluminium AS/3501-6 

graphite-epoxy 

E1 (GPa) 71.4 69 138 

E2 (GPa) 71.4 69 9 

Gl2 (GPa) 71.4 69 6.9 

VJz 0.3 0.33 0.3 

p (Kg/m3
) 7350 2730 1600 

Length (m) 0.0508 0.28 0.265 

Width (rn) 0.03683 0.2 0.255 

Thickness (rn) 0.00025 0.00075 0.0029 

d31 (pm/V) 200 
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5.3 Model for drcular plate 

5.3.1 Description 

The structure under consideration consists of a thin circular plate with piezoceramic 

patches bonded on one side and the strain gages in the others side. The plate is clamped 

around the inner boundary radius R1 and free at the outside edge radius R2 as illustrated 

in Figure 22. The patches generate strains in response to an applied voltage. When 

bonded to an underlying structure, these strains lead to the generation of in plane forces 

and /or bending moments. In this chapter, we will consider only the bending moments, 

which are generated by the patches and will consider them as an input to the model 

describing the transverse deformation of a plate. The circular plate is also assumed to be 

made of linearly elastic, homogeneous and isotropie material. On the other hand, using 

strain gages, one has measured the strain components at limited number of positions. 

This chapter develops a mathematical model to estimate quickly the deformed shape of 

the above circular structure. 

5.3.2 Method 

Equilibrium equations in cylindrical co-ordinates 

(5.37) 

àare 2 are 1 8a ee F 0 --+ --+---+ e = 
or r r ()() 

(5.38) 

where (J" rr, (j ee and (j re are the stress in r-direction, e -direction and the shear stress 

respectively and Fr and Fe are the body forces in r-direction and e -direction 

respectively. 
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The displacement field is assumed as follows: 

= uz (r,B,t) = w(r,B,t) 

ur = u,. (r,B,t) = -z auz ar 

u8 = u8 (r,B,t) = -z 8uz raB 
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(5.39) 

(5.40) 

(5.41) 

where uz, u,. and u8 are the displacement in transverse z-direction, radial r-direction, 

and tangential B -direction of the plate, respectively. The strain displacement 

relationship is 

au,. 
&,.,. =-ar 

u,. 1 aue 
& =-+---

ee r r ae 

where &r, and &88 are the r-radial and B -direction strain respectively. 

Assume that the stress can be represented by Airy's Stress function rp such that 

(5.42) 

(5.43) 

(5.44) 

(5.45) 

(5.46) 
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1 arp 1 o2
r/J 

Œ e =------
r r ae r arae (5.47) 

rjJ has to satisfy the bihannonic equation V4 rjJ = 0 , where the body forces are zero or 

constants. 

Where 

5.3.3 Application 

5.3.3.1 Axisymmetric problem 

In this case the stress is independent on e then 

1 or/J 
(J' =-

rr r or 

The solution of this equation is 

where C. i = 1 ... 4 are the constants. 
1 

Then the field stress 

(5.48) 

(5.49) 
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Hook's law, the strain in plane stress 

1 
e ,.,. = E {arr - va ae ) 

1+v 
fira = --(a,.a) 

E 

where E is Young modulus and vis Poisson coefficient, then the field strain is: 

Integrate the equation 5.54, we obtained the radial displacement: 
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{5.50) 

(5.51) 

(5.52) 

(5.53) 

(5.54) 

(5.55) 

1 C (l+v) 
u =-(- 3 +2C2 (1-v)r+C1(1-v)(2rlnr-r)-2w-C1 +constant) (5.56) 

,. E r 

Or, s88 = !!..r_, then 
r 

1 C (l+v) 
ur = E (- 3 r + 2C2 (1- v)r + C1 (1- v)(2r lnr- r)- 2w-C1 ) 

Equations 5.56 and 5.57 involve the constant= 0 and C1 = 0, then 

(5.57) 

1 c3 (1 +v) 
u,. =-(- +2C2 (1-v)r) (5.58) 

E r 
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The deflection is given by w: 

(5.59) 

21 v 1 2 v 2 
w=--(--C ln(r)--ln(r)C +-Cr --Cr)+ l' 

h E 3 E 3 E z E 2 Ji 
(5.60) 

where J; is the constant. This constant was calculated by the boundary condition, h is 

the thickness of the plate, C; are the unknowns' coefficients. 

5.3.3.2 Quasi axisymmetric problem 

In this case, assume that the stresses are independent on B but the displacements may be 

depend onB, the field strain is: 

au 1 c (1 +v) 
& ==-' =-( 3 

2 
+2C2 (1-v)+C1 (1-v)(2lnr+l)-2~1 ) (5.61) 

'' ar E r 

u au 1 c (1 +v) 
&ee ==-' +-0 =-(- 3 

2 
+2C2 (1-v)+C1(1-v)(21nr+1)+2C1 ) (5.62) 

r raB E r 

(5.63) 

Integrating equation 5.61, it is obtained, 

1 C (1 +v) 
u =-(- 3 +2C2 (1-v)r+C1(1-v)(2rlnr-r)-2wC1)+ f(B) (5.64) 

' E r 

Substituting into equation 5.42 we find 
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Integration we obtain 

Substituting u8 into shear strain expression: 

where f and g are the functions depend only on () and r respectively. 

then: 

r ôg(r)- g(r) = C
5 

ôr 

Jj(())d() + ôj(()) = -C
5 ô() 

Solving above two equations, it is obtained: 

j(()) = C7 sinl9 + C8 cosl9 

The displacement u,., is derived, 

1 C (1 +v) 
u, = E( 3 r +2C2 (1-v)r+C1(1-v)(2rlnr-r)-

2vrC1 + C7 sin() + C8 cos 19) 
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(5.65) 

(5.66) 
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where C; i = 1... 8 are the constants. 

The deflection is given by w: 

5.3.3.3 General case 

w(r) = _ _!_ furdr 
z 

For the general case the Airy's Stress function is 

tjJ == (C1rlnr + C2 r 3 + C3 + C4 r)sine 
r 

The field strain is: 
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(5.67) 

(5.68) 

(5.69) 

l+v cl sine 
err ==(2C3 - 3 +2(1-3v)C2r+(l-v)-)-E (5.70) 

r r 

1 c 
u

8 
= -( -(1 +v)-}-- (5 + v)C2r 2 + (1- v)C1 lnr)cose + 

E r (5.74) 

2C]Bsin(e)- C4r- c5 sine+ CG cose 
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Finally, the deflection is given by the equations 

(5.75) 

and the boundary conditions. 

Now, strain field is defined by the equations 5.70 to 5.72 for every location on circular 

plate, the C; terms are real-valued coefficients that define the individual contributions of 

each tenn to global strains function. The question remains: how may we estimate 

judiciously the coefficients C; using the collected information about the strain field? 

What is the best fit? A very common method to respond to this question is known as the 

method of least squares. 

The fitting is performed by converting equations 5.70 to 5.72 in the following matrix 

form: 

[A]{C}= {s} 

where sis the vector containing the target readings given by strain gage sensor, C is the 

vector containing the unknown coefficients C; , and A is the matrix of generalized co-

ordinate whose individual row conespond to the term of equations 5.70 to 5.72 at the 

target locations r and (} . The matrix A may be square or not depended of the number of 

the target readings, which is equal or greater than the number of terms in the shape 

function. In the last cases a pseudo-inverse matrix must be found. The C vector is solved 

by performing the following matrix operation: 

(5.79) 
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5.5 Experimentation 

In order to verify the applicability of the shape estimation method, experimental 

investigations have been initiated and a laboratory test arrangement has been developed 

at the CSA. 

The experimental system consists of: 

1. A laminate rectangular plate with glued five strain gages as shown in Figure 38. 

Figure 39 shows the setup used for this plate. The plate is made of AS/3506 

graphite-epoxy composites. The material data and the dimensions of this plate are 

given in Table XIV. The staking sequence of the composite plate is [0 2 /90 7 /0 2 ]
8

. 

2. A thin circular aluminium plate with bonded eight piezoceramic actuators on one

side and strain gages on other sides. Figure 40 shows the test set up with close-up 

views of the components. Four actuators were chosen to apply the voltage 150 

voltages symmetrically. The output voltage was measured from conditioning 

amplifier and transformed to strain. A non-contact laser sensor instrument was used 

to measure the displacement at different points along the radius of plate. 

The strain gage is connected to a Wheatstone Bridge Circuit and built into an amplifier. 

The model 563-H transducer - conditioning amplifier is used in this experimentation. 

This amplifier is a wide band; true differentiai DC instrumentation amplifier with built 

in transducer signal conditioning functions. The output of the basic amplifier is 1 OV at 

10 mA. Strain gages are the small active deviees that change resistance when subjected 

to a dimensional change. They are used in a bridge configuration having one active 

element (quarter bridge). To measure strain, one of the resistors is replaced by the strain 

gage. The output voltage V0 can be calculated from Ohm's law. Also, using the 

relationship for change in resistance of a strain gage as a function of axial strain, 

resistance, and strain gage factor, namely 
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Finally, 

dR= S'e 
R 
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(5.80) 

(5.81) 

where S'= S R , R is resistance of strain gages; Rw resistance of wire, S is the 
R+Rw 

strain gage factor and VE is the exiting voltage. 

The strain gages used here hasan electrical resistance R = 350 Q, the strain gage factor 

S = 2.12, Rw = 0.172 Q and VE = 1 OV. The strain due to the temperature is assumed to 

be zero. The output voltage was measured from conditioning amplifier and transformed 

to strain by using equation 5.81. A contact depth displacement instrument was used to 

measure the displacement at different points of plate. 

Figure 39 Set-up ofLaminate plate with strain gages 
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Figure 40 Experimental set up 

Figure 41 Experimental set up of simply supported circular plate 
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Figure 42 Placement of strain gages 

5.5 Results and comparison 

5.5.1 Rectangular plate 

The proposed method was used to estimate the deformation of a clamped plate with 

strain gages and actuators bonded on its surface. The schematic of this plate is shown in 

Figure 37 while the dimensions and the material properties are given in Table XIV. In 

Figures 43, 44 and 45 the linear, quadratic and cubic approximations, respectively, were 

used for the strain field to estimate the shape of the plate. Two load cases were 

investigated. In the first one a concentrated force of 0.2 N was applied at location 

x=0.28,y=Oin positive z direction. In the second case a voltage lOOV was applied to the 

two piezoelectric actuators as shown in Figure 3 7. 
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In order to verify the accuracy of the proposed shape estimation method, a commercial 

finite element method software (ANSYS) was used to generate the strain field for the 

plate. Various sets of strain information obtained from ANSYS were used also to 

determine the optimum strain gage locations necessary to produce the most accurate 

estimation of the plate deformation. It was decided that the strain field must be 

recovered from 4 nodes, 6 nodes, 12 nodes and 18 nodes. The reason is, because one 

cannot install too many strain gages in practice. The finite element method also 

produced out-of-plane displacements for the element locations. 

In order to show the effectiveness of the proposed shape estimation method and the 

optimum sensor locations, the deformation of the plate with different strain gage sensors 

and FEM results are shown in Figures 43, 44 and 45. The applied loading in this case is 

0.2 N acting at location x = 0.28 and y= O. The method of least squares is used to model 

the strain field using the measured strains from known locations on the plate. A two

dimensional strain field that has the complete linear, quadratic and cubic polynomial 

terms was used in this method. Five sets of strain information 4, 6, 8, 12 and 18 strain 

gages were investigated. It is found that the accuracy is improved when the number of 

strain gage sensors is 12 and the approximation field strain is linear. The shape 

estimation error is approximately less than 0.1 percent compared with the finite element 

method for the linear, quadratic and cubic approximation. 

In Figure 46, a load of 0.2 N is applied at location x = 0.28 and y = 0 in positive z 

direction. The rosette strain gages are installed on 12 numbers of locations of the plate. 

The location of the strain gage sensors was chosen after several trial-and-error 

optimization studies were performed (Figures 43, 44 and 45). The least squares 

displacement estimates (linear, quadratic and cubic) are compared to the FEM 

displacement results. For x-direction (y= - 0.1 ), the displacement magnitude match very 

well (Figure 46). Figure 46 shows a least square displacement estimate is quite as 

accurate as the FEM solution when the strain field has linear, quadratic and cubic 
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polynomial terms and 12 strain gages. The maximum error for three approximations is 

less than 2 %. 

In Figure 4 7, we consider the same plate and an isotropie BM532 piezoceramic patches 

are applied on the top of the plates in the manner shows in Figure 37. lOO volts was 

applied across two symmetric patches placed in the left end of the plate. The rosette 

strain gages are installed on 12 numbers of locations of the plate. The linear polynomial 

terms are used to approximate the field strain. The deflections along y = - 0.1 was 

calculated by the fini te element method and shape estimation method. These results were 

th en compared in Figure 4 7. The results in this Figure show good agreement between the 

proposed method and finite element method. 

In Figure 48, a load of 0.2 N is applied at one of the free corners of plate 

( x=0.28,y==-0.1) in the positive z direction and the rosette strain gages are installed on 

15 numbers of locations of the plate. For the x-direction, the linear and quadratic !east

square estimate match very well the finite element solution. Comparing the two 

maximum displacement values, the quadratic least squares estimate is approximately 5 

percent higher than the finite element method. The linear least-square estimate is 

approximately 7 percent lower than the finite element method. The cubic least-square 

estimate matches very well the finite element method the error is less than 0.1 percent. 

In the y-direction along the line x = 0.266, Figure 49 shows a least- squares 

displacement estimate that is not quite as accurate as the finite element solution. 

However, the same general shape of the deformed plate is present in the estimate, the 

maximum displacement difference is 12 percent for linear, 15 percent for quadratic and 

approximately less than 2 percent for a cubic !east-square estimate. 

In Figure 50, loads of 0.2 N are applied at both of the free corners of plate 

((x=0.28,y=-0.1) and (x=0.28,y=O.l)) in the positive z direction. For the x-direction, 

the cubic and quadratic least-square estimate match very weil the finite element solution. 

Comparing the two maximum displacement values, the cubic least squares estimate is 
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approximately the same as the finite element method. The quadratic least-square 

estimate is approximately 1 percent lower than the finite element method in the free end 

of the plate. The linear least-square estimate match well the finite element method where 

the error between the maximum displacements is 0.1 percent. In the y-direction along 

the line x = 0.266, Figure 51 again shows the correct deformed shape. The maximum 

displacement difference is 0.3 percent for linear, 4 percent for quadratic and 

approximately 7 percent for a cubic least-square estimate. 

In Figure 52, a load of 0.2 N is applied to one of the free corners of plate 

( x=0.28,y=-0.1) in the positive z-direction, and a load of 0.2 N is applied in the other 

free corner in the negative z-direction. For the x-direction, the cubic least-square 

estimate matches very well the finite element solution the error is less than 2 percent. 

Figure 54 shows if we increase the number of the strain gages, the error decreases, the 

cubic least-square estimate match very well the finite element solution, the error is less 

than 1 percent. In the y-direction along the line x = 0.266, Figure 53 shows a !east

squares displacement estimate that is quite as accurate as the finite element solution for 

cubic approximation; however, for linear and quadratic approximation the same general 

shape of the deformed plate is present in the estimate. 

In order to verify the shape estimation approaches, numerical calculations and 

experiment results were generated from a cantilevered laminated composite plate with 

five glued strain gages. Figure 39 shows the setup used for this plate. The dimensions of 

this plate and the material data are given in Table XN. 

Figure 55 and 56 show the comparison between the least square method and the 

experiment result for laminate plate along y = - 0.1105 and x = 0.2473 respectively. 

These Figures shows that the estimation method can predicted accurately the shape of 

the composite structures. 
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Figure 47 Deflection for a plate with piezoelectric 
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Figure 48 Deformation at line y= 0.06 and load at one of the free crones 
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55.2 Circular plate 

In order to verify the proposed shape estimation method, experiments results and 

numerical calculations were generated to compare with the estimation method to the 

circular plate with distributed eight piezoceramics bonded on the surface of the plate. 

The schematic of this plate is shown in Figure 22 while the dimensions and the material 

properties are given in TableXII. 

The piezoelectric actuator patches were modeled using solid5 piezoelectric elements and 

the aluminium circular plate by shell63 stmctural elements of a commercial finite 

element code (ANSYS). The static response of the stmcture was determined by applying 

a constant voltage to the five piezoelectric actuators. 

The various sets of strain information obtained :from ANS YS were used to determine the 

optimum strain gage locations necessary to produce the most accurate estimation of the 

plate deformation. Figure 42 shows the strain sensors locations on the circular plate. 

Eight locations of strain gages in the quarter of plate are investigated after several trial 

and error optimization studies were performed. After that, two load cases and two 

boundary conditions were investigated. Case one applied concentrated displacement in 

the centre of plate and clamped in the radius as shown in Figure 41. Case two apply 

voltage 150V to the piezoelectric actuators and the circular plate is clamped at the inner 

Figure 40. 

Now, the strain field is recovered only :from eight strains gage. The reason is simple, 

because in the practical cases, one cannot install too many strain gages. This field was 

accessible from any element location on the plate. The finite element also produced out

of-plane displacements for the element locations. 

In Figure 57, a voltage of lOOV is applied at each piezoelectric. The estimated shape 

obtained by the proposed method is compared with the fini te element method. The shape 
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estimation error is approximately 1 percent compared with the finite element method. 

Good agreements are obtained. 

Figure 58, the deformed shape from the shape estimated method and the finite 

element are presented for all circular plate structure in three dimensions. Good 

agreements are obtained for most of points. 

In Figure 59, we consider that 8 strain sensors are bonded as Figure 42 and a 

displacement is applied at the centre of plate and the plate is supported in radius. The 

estimate shape of the circular plate along the radius r with 8=0 using the proposed 

method and experiment results. The shape estimation error is approximately less than 4 

percent compared with experiment results. 

Figure 60 present the comparison between the least square method and the experiment 

result. 150 volt was applied to four piezoelectric. The maximum error is less than 1.5 

percent. 

raduis (m) 

Figure 57 For applied voltage lOOV at eight actuator and eight strain gages 
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An algorithrn has been developed to determine deflection of structures under arbitrary 

conditions and boundary conditions. The model utilizes only strain information from a 

set of number of strain gage sensors mounted on the structures. The rosette strain gages 

are installed on the limited number of locations of the studied structure. The location of 

the strains gages sensors was chosen after several trial-and-error optimization studies 

were performed. The studies involved finding not only the best locations for strain 

sensors, but also the optimum number of the strain gages sensors as well. For a 

rectangular plate the strain field is represented by a two-dimensional bi-polynomial 

function, while for a circular plate, the strain field is calculated using polar components 

of stress in terms of Airy's stress function. The coefficients of each function are 
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determined based on the relationship of strain, displacement, and strain compatibility. 

The strain field is constructed by least squares smoothing procedure. This shape 

estimation method is verified by the numerical method, finite element experimental 

results. Relatively good agreements between the results of these three approaches are 

observed. 
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CONCLUSION 

Advanced intelligent structures with integrated actuators and sensors are becoming 

increasingly important in high-performance space structures and mechanical systems. In 

the first part of this thesis, an integrated distributed piezoelectric actuator/ sens or design 

for flexible structures (aluminum and laminate bearns, plates and shells) was developed 

and the static and dynarnic analysis and characteristics of the system were studied and 

evaluated. 

In order to evaluate the dynamic and static performance of the structure, two major 

packages, ANSYS by Swanson, Inc. and ABAQUS by HKS, Inc. were used and the 

capabilities of the piezoelectric elements were reviewed. It was shown that the 

piezoelectric elements provided by the commercial FEA code gave results comparable to 

those obtained from proven a analytical method and experimental results. 

The contributions due to the piezoelectric elements have been discussed in detail. A 

general model describing the structural dynarnics when piezoelectric actuators and 

sensors are bonded to aluminum beams was developed and verified experimentally. The 

Euler - Bernoulli hypothesis was used to obtain values for natural frequencies, vibration 

mode shapes and to analyze the steady-state behavior of this structure. A cantilever 

bearn of aluminum bonded with eight actuators was tested and the experimental results 

were presented and compared to finite element analysis and other analytical results. 

Relatively good agreement between the results ofthese three approaches was observed. 

For composite structures, an analytical method for modehng the mechanical-electrical 

response of fiber-reinforced laminated composite structures containing distributed 

piezoceramics under static as well as dynamic mechanical or electrical loading was 

presented. The first order shear deformation bearn theory was used for the analysis to 

ensure accurate bending solutions. The assumed-modes method and finite element 

analysis results were also presented and compared to the analytical model. Experimental 
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results obtained from Sung (1992) usmg T300/976 composite and PZT Gll95 

piezoelectric ceramics were used to verify the theoretical and the computer simulations. 

In general, the predictions obtained from finite element analysis (FEA), the assumed

mode method and the analytical results correlated with experimental results. Finally, the 

effects of the number and location of the actuators on the control system were also 

investigated. The investigation showed that in designing smart structures with 

distributed piezoelectric actuators, the number and the location of the actuators must be 

given careful consideration. 

For axisymmetric structures, an analytical approach was developed for modeling a 

circular plate structure with integrated distributed piezoelectric actuators, under static as 

weil as dynamic mechanical or electricalloading. Also, the mathematical solution based 

on the Kirchhoff plate mo del for free vibration was introduced. Examining static as well 

as dynamic analysis of a circular plate containing eight bonded actuators established the 

validity of the theory. The equations goveming the dynamics of the plate, relating the 

strains in the piezoelectric elements to the strain induced in the system, were derived for 

a circular plate using partial differentiai equations. Numerical simulation results were 

obtained using the finite element approach. In addition, a modeling approach based on 

the Rayleigh-Ritz assumed mode shape method was presented. The sub-structuring 

analysis in ANSYS was used to extract the mass and stiffness matrices and load vector 

of the system to apply active control measures. Experiments using a thin aluminum 

circular plate structure with distributed piezoelectric ceramics PZT BM532 were also 

conducted to validate the analytical model and the computer simulations. Relatively 

good agreements between the results of these three approaches was observed. Finally, 

the results showed that the model can very accurately predict natural frequencies and 

mode shapes of a circular plate structure. 

The second part of this thesis focused on the shape estimation method. An algorithm was 

developed to determine deflection of structures under arbitrary loading and boundary 

conditions. The model only utilizes strain information from a set number of strain gauge 
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sensors mounted on the structures. Strain and displacement data acquired from a finite 

element model provided a means of detem1ining the optimum measurement locations to 

produce accurate displacement estimates. Deploying a set of strain sensors placed on a 

cantilever aluminum plate (Figure 37), cantilever laminate plate (Figure 38) and circular 

plate (Figure 42) was investigated. It was found that highly accurate estimates of 

displacements could be obtained for arbitrary loading. The maximum difference between 

experiment results and cubic least-squares estimation did not exceed 7 percent for 

different load scenario. For a circular plate, the errer is less than 3 percent. Note that for 

a rectangular plate, the strain field is represented by a two-dimensional bi-polynomial 

function, while for a circular plate, the strain field is calculated using polar components 

of stress in terms of Airy's stress function. The coefficients of each function were 

determined based on the relationship of strain, displacement, and strain compatibility. 

The strain field was constructed by the least squares smoothing procedure. 

Suggestions for future work 

The following studies would be appropriate for the continuation of this research to 

improve active control systems and to extend them to more complex smart structures. 

e Implementation of digital and analog controllers for these structures. 

e Extending modeling and shape estimation to other flexible structures such as 

inflatable membrane structures. 

e Modeling inflated structures with bonded piezoelectric patches. Developing of 

testing procedures for inflated structures. 

e Investigating the feasibility of using piezoelectric materials to attenuate vibration 

in inflated structures. 
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e Developing a new method to reduce the number of sensors embedded in 

structures and to obtain the desired shape accuracy. Application of this method to 

reflector structures. 

e Modeling other smart actuators and sensors such as shape memory alloys and 

fiber optics. 
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