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AVANT-PROPOS 

Les systemes electrohydrauliques sont des systemes difficiles a commander, vu leur 

comportement nonlineaire et leurs parametres qui variant en fonction da la temperature et da 

la pression. En effet, ils presentent plusieurs types de nonlinearite ainsi qu'un aspect non-

differentiable qui rendant laur commande encore plus compliquea. 

A regard de ca qui precede, plusieurs strategies at lois de commande ont ate etablias. Dans la 

revue de litterature, nous nous sommes interesses an premier lieu a la commande das 

systemes electrohydrauliquas an general, ensuita nous avons vise las strategies appliqueas 

aux systemes elactrohydrauliques utilises dans I'industria, surtout automobile, en particulier 

la conmiande d'una suspension active elactrohydraulique. Dans ca type d'application, un 

comportement insatisfaisant ast souvant du aux hypotheses simplificatrices qui sont imposeas 

par las ingeniaurs afin da diminuer la complexite de la loi commande. Citons par example la 

fait de linearisar le modela mathematiqua at da negliger la dynamiqua da certains 

composants. 

En affet, notra objactif est d'ameliorar la commande des systemes electrohydrauliquas, an 

proposant una loi da commande nonlineaire et robusta avac la moins d'hypotheses 

simplificatricas possibles. Catta loi doit assurer la stabilite du systema, an tenant compta da la 

discontinuite du modela mathematiqua, da toutas las nonlinearites et de la variation des 

parametres dans la tamps. En resume, les objectifs de catta rachercha pauvant etre recapitules 

an cinq etapas principalas : 

• Concevoir un modela mathematiqua qui decrit la dynamiqua d'un systema 

elactrohydraulique at qui couvra ses aspects nonlineaires, afin d'avoir una representation 

plus realista du processus physique; 

• Simular ansuite ca modela at comparer son comportement avac le systema reel; 

• Developpar una loi de commande nonlineaire, plus performanta et robusta qua las 

strategies classiques deja employees pour ca type da systemes at avac lasquellas las 

resultats obtenus na sont pas encore tres satisfaisants. Faira ensuita una analyse de 

stabilite da I'approche proposee; 



IV 

• Validar la modela at la loi da commande proposes, par simulation at implantation en 

temps real; 

• Visar una application industrialla particuliere telle que la suspension active 

elactrohydraulique. 

Finalamant, le but ultima recherche ast d'axploitar catta strategia da commande dans 

I'industria automobile. En affat, las grands fabricants comma 'General  motors'' at 'Ford'  ont 

recammant au racourt aux systemes elactrohydrauliquas pour la controle de la suspension 

active das voituras, du systema da transmission ainsi qua du systema d'acceleration. Ca type 

da commande ast connu sous le nom da 'Drive By Wire' (DBW) ou 'Commande par signal 

electrique' at ast deja utilise an avioniqua sous la nom da 'Fly By Wire' (FBW). D'oii 

I'interet at I'impact industrial da ca travail. 
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COMMANDE NONLINEAIRE ET NON-DIFFERENTL\BLE 
D'UN SYSTEME ELECTROHYDRAULIQUE 

KADDISSI, Claude 

RESUME 

Catta these traita la modelisation, 1'identification et la commande das systemes 
elactrohydrauliquas et leur integration dans des processus industrials tels qua la suspension 
active das vehicules. La travail est reparti sur trois phases. Dans una premiere etape una 
etuda est menea sur la modela mathematiqua d'un systema electrohydrauliqua generiqua at la 
commande utihsea en tamps real, qui ast basee sur rapprocha du backstapping nonlineaire. 
L'amphase est assantiallamant sur la disposition des parametres du controlaur et la fafon dont 
ils influancant la dynamiqua de I'erreur. Malgre que la backstapping assure la stabilite 
asymptotiqua globala du systema, las parametres du controlaur affectant neanmoins 
considerablamant la saturation at Failure du signal da commande et par consequent, la 
dynamiqua da Farreur. Le backstapping ast un choix incontastabla parca qu'il constitue una 
tachnique nonhneaira puissante at robusta. Les resultats experimentaux, obtanus a ca stada, 
sont compares a ceux d'un controlaur PED, afin da montrar qua las controlaurs lineairas 
classiquas n'assurant pas rafficacite requise, surtout lorsque I'actionnaur du systeme 
hydrauliqua fonctionna a charge maximala. En dauxiema lieu, la variation des parametres 
hydrauliquas du systeme, an fonction da la prassion at da la temperature, ainsi que son affat 
sur la degradation da Tafficacite du controlaur, ast etudiea. En consequanca, il ast conclu 
qu'una strategia da commande adaptative ast necessaira afin da mattra a jour la controlaur 
avac la variation das parametres. En affat, la backstepping adaptatif indirect est employe : 
d'abord, parca qu'il parmat I'idantification das valaurs reellas das parametres du systeme; 
ensuita, il parmat en mama tamps da profiler da la robustessa at de la stabilite qu'offra la 
backstapping. Las resultats experimentaux a ca niveau sont compares a caux d'un controlaur 
backstapping non-adaptadf applique au mama banc d'essai, dans las mamas condirions. 
L'efficacite da I'approche proposea, an termes da stabilite garantia at arraur de poursuite 
negligaabla, an presanca da parametres variables, ast bian demontrea. La troisiema at 
damiera etape, etudia la commande d'una suspension active elactrohydraulique, basea sur una 
combinaison de backstapping at da forwarding. La modela mathematiqua d'una suspension 
active electrohydrauliqua paut etre classifie parmi les systemes antrelaces. Ceci signifia qua 
la modela d'etat ast forme d'equations an 'feedback' et an 'feedforward'. Par consequent, le 
backstapping at la forwarding forment una strategia de commanda appropriee pour stabiliser 
ca type da systemes. L'avantaga ultima da catta damiera ast qu'alla ne laissa aucuna 
dynamiqua interne, contrairamant a d'autres strategies. II sera demontre, qua la backstapping 
combine avac la forwarding ast una strategia da commanda propica pour compenser I'affat 
das perturbations routieras sur la stabilite das vehiculas. Las resultats sont compares a ceux 
d'un PID classiqua at d'un controlaur par mode da glissamant, pour prouvar que la controlaur 
propose surpasse una gamma da controlaurs axistants, pour una gamma da perturbations. 

Mots des : Systemes electrohydrauliqua, suspension active, commande nonlineaire, 
backstapping at integrator forwarding. 



NONLINEAR AND NON-DIFFERENTIABLE CONTROL OF AN 
ELECTROHYDRAULIC SYSTEM 

KADDISSI, Claude 

ABSTRACT 

This thesis studies tha modeling, idantification and control of alactrohydraulic servo systems 
and thair integrafion in industrial processes such as cars active suspension. The work is 
divided into thraa major stages. In a first step tha focus is on tha mathamarical modal of a 
ganaric alactrohydraulic system and the raal-tima control that is being employed, which is 
based on the nonlinear backstapping approach. Emphasis is essentially on the tuning 
parameters affect and on how thay influanca tha errors dynamic behavior, as will ba shown. 
While backstapping control ensures tha global asymptotic stability of tha system, the tuning 
parameters of tha controller nonathalass do greatly affect tha saturation and chattering in tha 
control signal, and consaquantly, tha errors dynamic. Backstapping is used hara bacausa it is 
a powerful and robust nonlinear strategy. Tha axparimantal results are compared to those 
obtained with a raal-tima PID controller, to prove that classic linear controllers fail to achiava 
a good tracking of tha desired output, especially, when tha hydraulic actuator operates at tha 
maximum load. Secondly, tha variation of the alactrohydraulic system parameters dua 
changes in the system pressure and temperature as wall as the effect of this variation on 
degrading tha controller efficiency, is carried on. Consaquantly, it was concluded that an 
adaptive control strategy is needed in order to update tha controller with the parameters 
variation. In such case, indirect adaptive backstapping was used: first, bacausa it allows tha 
idantification of tha system parameters real values; second, because it permits to benefit of 
tha backstapping robustness and stability at tha same time. Tha out coming results ara 
compared to those obtained from a non-adaptive backstepping controller applied to tha same 
alactrohydraulic tast-banch, under tha same conditions. The affactiveness of tha proposed 
approach, in terms of guaranteed stability and negligible tracking error, in tha presanca of 
varying parameters, is wall revealed in tha results. Tha third and final step, studies the control 
of an alactrohydraulic car active suspension, based on a combination of backstapping and 
integrator forwarding. Tha mathematical modal of an alactrohydraulic active suspension can 
be classified among interlaced systems. This means that the state space model is a saquanca 
of feedback and feedforward aquations. Therefore, interlaced backstapping and integrator 
forwarding is an optimal control strategy to stabilize this class of systems. Tha foremost 
advantage carried on by this intarlacad strategy is that it leaves no internal dynamic, as is tha 
case of others. As it will ba demonstrated, tha intarlacad backstapping and integrator 
forwarding is an outstanding control strategy to compansata tha effect of chaotic roads on 
cars stability. The results ara compared with a classic PID and a sliding mode controller, to 
show that tha proposed controller outperform a range of other existing ones for a range of 
perturbation signals. 

Keywords: Elactrohydraulic systems, active suspension, nonlinear control, backstepping and 
integrator forwarding. 
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INTRODUCTION 

De nos jours, les systemes elactrohydrauliques sont tres populairas dans la majorite des 

processus industrials comma la machinerie lourde, la robotiqua, I'avioniqua at I'industria 

automobile. Ceci est du principalamant au rapport elave puissance - volume qu'ils sont 

capablas de foumir, an etant moins ancombrants qua las motaurs electriquas da mama 

puissance. Par contra au niveau commanda, la nonlinearite et la singularite du modela 

mathematiqua das systemes elactrohydrauliquas rendant la plupart das controlaurs classiquas 

a gains constants inadequats. 

En affat, un systema elactrohydraulique est compose da plusieurs elements, a savoir : 

• Une pompa qui alimanta le circuit an fluida, souvant da I'huila qui est rafoulee au 

systeme a una prassion constante dite pression source. 

• Un reservoir contenant le fluida. 

• Un accumulataur qui joue la rola d'une source d'energie complemantaira ou d'un 

absorbeur des chocs dus aux coups de belier. 

• Una valve da regulation qui assure une pression source constante. 

• Un actionneur hydrauliqua lineaire (verin) ou rotatif (motaur) salon la type da 

deplacamant desire. 

• Una servovalva dont le role est de detarminar la direction du mouvemant du motaur ainsi 

qua sa vitesse et son acceleration; ceci an reglant par la position da son tiroir la debit 

d'huila dans les chambras d'admission et da rafoulement da I'actionnaur hydrauliqua. 

L'huila rafoulea par ce damiar ast acheminee a travers la servovalva au reservoir. 

En general, la fonction principala d'un tel systeme est de deplacer una charge a une position 

donnee ou suivant une trajectoira desirea a una vitassa at acceleration bian detarmineas. 

L'element principal da ces systemes est la servovalva ; an affat il an axista deux types 

principaux : las servovalvas a un seul etaga ou a commanda diracta at les sarvovalves a daux 

etages ou a commande indiracta. Dans la premier type, le tiroir ast actionne diractemant par 

un moteur elactromagnetiqua (solenoida); le point faibla da ca modela ast sa dynamiqua 

reduite qui n'offra pas una granda manoeuvrabilite. Tandis qua la second type est compose 



d'un etaga pilote par Faction d'un moteur elactromagnetiqua qui crea une difference da 

prassion au niveau d'un etaga principal forme du tiroir principal ca qui cause son 

deplacamant; catta configuration offre una plus granda manoeuvrabilite. 

La complexite des systemes elactrohydrauliquas est surtout due a la servovalva. En fait, 

r expression du debit du fluida a travers catta damiera est nonlineaire at non-differantiabla. 

D'un cote, la debit ast proportionnel a la racina carrea da la prassion; d'un autre cote, son 

expression contiant una fonction 'signa' qui prand la valaur 1 ou -1 at vice versa, 

depandanunent du sans da Fecoulamant. En outre, d'autras nonhnearites pauvant aussi 

apparaitre au niveau da la servovalva. Citons par axampla : 

• L'expression du champ magnetiqua du solenoida ; 

• La force d'action du solenoida ; 

• La section des orifices qui ast considerea ractangulaire, alors qu'an realite alia ast 

circulaira, etant plus facile a usinar. Caci ramena la section da 1'orifice a un arc da carcle, 

difficile a evaluar, puisqu'alle varie de fagon nonlineaire avac la position du tiroir. 

D'un autre cote, las parametres de tals systemes sont sujats a das fluctuations a causa das 

variations de temperature at da pression; ca qui diminua rafficacite du systema de 

commanda. Effactivemant, quand las systemes elactrohydrauliquas sont utilises dans das 

procedes simples, las commandas lineairas classiquas da placamant da poles, par ratour 

d'etats ainsi qua las conrunandes robustas par synthase H2  ou H^,  donnant das resultats 

acceptablas et mama tres satisfaisants dans plusieurs cas. Capandant 1'utilisation accrae das 

systemes elactrohydrauliques dans das applications industrialias, oil une granda precision du 

mouvemant et un faibla temps da reponsa sont requis, rend indispensable la necassite de 

trouver un modela mathematiqua qui puisse bian decrira leur comportamant nonlineaire et 

non-differantiabla, pour ansuita etabUr une loi da commanda qui tiant compta de cas aspects 

avac la moins d'hypothesas simplificatricas. 

En affat la loi da commanda qua nous adoptons et qui constitue la cle da la solution, est basee 

sur la backstapping nonlineaire at la theoria da Lyapunov. Catta approcha, avac la modela 



mathematiqua que nous avons etabli at las ameliorations apporteas a permis da resoudre la 

problematiqua precedemmant definia at a laqualle nous nous sommas engages au cours da 

notra rachercha. Caci nous a ouvert alors I'horizon pour poussar nos recharchas dans las 

applications industrielles. 

Dans I'industria automobile, on axploita de plus an plus ca ganra de systema, surtout pour 

profiler das differants composants hydrauliquas qui sont deja disponiblas dans une voitura, 

comma : l'huila, la pompa antrainea par la motaur tharmique, le reservoir et les tuyauterias. 

Caci parmat de sauvagardar plus d'aspaca au liau d'installer a nouvaau das actionneurs 

elactriquas at assurer laur alimentation. 

Dans la cadra da notra recherche nous nous sommes interesses a la suspension active 

electrohydrauliqua. En affat, au niveau da la commande de la suspension active, las lois da 

conmianda nonlineaires sont encore pen axploiteas at las recharchas se concantrant plus sur 

la fiabilite des composants mecaniquas at hydrauliquas. 

En ca qui concama la suspension active, la problema principal est qua la confort des 

passagars est souvant ameliore au detriment da la tenue de route du vehicula at vice-versa. 

De plus, la modela mathematiqua da la suspension active n'a pas une stmctura triangulaira 

inferieura (condition necassaire pour 1'application du backstapping); mais, una partia an ast 

triangulaira inferiaura at 1'autre ast triangulaira superieure, ce qui fait que le backstapping a 

lui seul ne suffit plus. 

La solution proposee ast una combinaison du backstepping et d'une autre approcha qui est la 

forwarding. Catta damiera ast I'equivalant du backstapping pour las systemes qui ont un 

modela mathematiqua a stmctura triangulaira superieure. 

Caci a permis d'assurer un controla global de la suspension at un tres bon compromis antra le 

confort at la tanua da route. 

Le resta de ca rapport de these ast constitue da quatre chapitras at d'una conclusion. 



Dans un premier chapitra, nous presantons una ravua da litteratura pour illustrer la 

contribution das travaux precedents a I'elaboration da notra these, ainsi qua I'originalite de 

nos principalas contributions. Las trois chapitras suivants corraspondant a trois articles. Ds 

constituent una contribution originale de I'autaur de catta these at da sas diractaurs. 

L'article du dauxiema chapitra a ate publie dans la ravua lEEE/ASME Transactions On 

Machatronics : 

« Kaddissi, C, J.-P. Kenne, at M. Saad (2007). "Identification and Real-Time Control of an 

Elactrohydraulic Servo System Based on Nonlinear Backstapping." Machatronics, 

EEE/ASME Transactions on 12(1): 12-22. » 

Comma son titra I'indiqua, dans cat article nous presantons I'approcha du backstapping 

applique, an temps real, a un systema electrohydrauliqua generiqua en presantant una fa9on 

particuliere d'introduira les parametres da controla. 

L'article du troisiema chapitra, ast soumis a la ravua lEEE/ASME Transactions On 

Machatronics: 

« Kaddissi, C, J.-P. Kenne, at M. Saad (2007). "Raal-fima Indirect Adaptive Control of an 

Elactrohydraulic Sarvo System Based on Nonlinear Backstapping." Submitted to the 

Machatronics, lEEE/ASME Transactions on » 

Dans cat article nous presantons la backstapping adaptatif indirect applique, an tamps reel, a 

un systema elactrohydrauliqua generiqua afin d'identifier la variation das parametres 

hydrauliquas du systema at da las reinjactar dans la controlaur. 

L'article du quatrieme chapitra, ast accapte pour publicafion dans la ravua Joumal of 

Vibration and Control (JVC): 

« Kaddissi, C, M. Saad, at J.-P. Kenne (2007). "Intarlacad Backstapping and Integrator 

Forwarding for Nonlinear Control of an Elactrohydraulic Active Suspension." Accepted in 

tha Joumal of Vibration and Control (JVC). » 



Dans ca damiar article nous presantons la commande antrelacea basee sur le backstapping at 

la forwarding, appliquea a un modela da suspension active elactrohydrauliqua. 

Las trois articles sont presentes dans laur version originale telle qu'accaptee par la ravua 

corraspondanta. Pour cala, nous avons prevu a la fin de ce rapport trois annexes qui 

expliquant at montrant en detail tons las devaloppaments concamant ces trois articles. Ces 

annexes sont repartis da la maniere suivante : L'annexe A correspond au chapitra 2 (premier 

article); 1'annexe B correspond au chapitra 3 (dauxiema article) at 1'annexe C correspond au 

chapitra 4 (troisiema article). 

Finalamant, una conclusion recapitula le travail at las contributions principalas apporteas. 



CHAPITRE 1 

REVUE DE LITTERATURE 

LI Introduction a la modelisation des systemes electrohydrauliques 

Las systemes elactrohydrauliquas sont employes frequenMnent en aeronautique et dans la 

fabrication de machina-outil. Par consequanca beaucoup d'analyses ont ate faitas pour etablir 

las facteurs qui an affectant le comportement dynamiqua dans las regimes transitoiras at 

parmanants. La figure 1.1 montra la configuration generiqua d'un tal systema at idantifia sas 

composants. L'element de base ast la servovalva qui controla la debit du fluida hydrauliqua a 

travars I'actionnaur. Catta valve est a I'origine de la complexite da ces systemes en 

modelisation at en commanda. 
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Figure 1.1 Schemas d'un systeme electrohydraulique. 



La base da la modelisation das differants composants d'un systema electrohydrauliqua a ate 

etablia par Marritt (1967). En se basant sur la mecanique da fluida, il a derive 1'expression du 

debit a travars Torifica d'una servovalve et la dynamiqua de pression dans las deux chambras 

d'una servovalva a daux etagas ainsi qua dans las chambras d'admission at de rafoulement 

d'un actionneur hydraulique. Capandant, cas modelas portaiant sur das linearisations afin 

d'ecrira la systema sous forma da fonction de transfart at d'an simplifiar I'axpression. Ceci 

n'ast pas ideal quand un systeme elactrohydrauliqua ast utilise dans una tacha complaxa, a 

causa das phenomenas nonlineaires qui pauvant apparaitre; surtout qua son fonctionnament 

dans ca cas n'ast plus restraint autour d'un saul point d'operation. En plus, nous ramarquons 

que I'inartia des tiroirs d'una servovalva ast negligea ralativament a calla da I'actionnaur, ca 

qui induit una dynamiqua non modelisea dont I'affat paut davanir significatif a das 

frequencas elaveas. Da nos jours, ces aspects sont da plus an plus pris an consideration a 

cause de la haute precision raquisa dans las processus qui emploient ces systemes. 

En ca qui concama las sarvovalves a daux etages et a action pilotea, Zavarahi at al. (1999), 

ont propose un modela qui tiant compta du comportamant non ideal das composants. Ds ont 

alors considere tons las aspects nonhneaires dans le modela propose. Au niveau da 1'etaga 

pilota, la solenoida considere n'ast pas ideal, ca qui fait que la courant da restauration ast una 

fonction nonlineaire du flux, ainsi qua la force generee n'ast plus una fonction lineaire du 

carre du flux mais una fonction nonlineaire a detarminar. Ensuita las orifices de la servovalva 

sont circulairas at non rectangulairas, vu la facilite da la fabrication das orifices circulairas, 

done au fur at a masura qua la tiroir couvra Torifica, ca damiar prand la forma d'un segment 

da carcle at la section da I'orifice deviant plus compliquea. Ca modela, pourtant tres realista, 

fait intarvanir baaucoup de parametres at da fonctions a idantifiar. Las auteurs proposant des 

algorithmes at das procedures d'idantification a cat egard. 

Dans la mama esprit, au liau d'etablir un modela mathematiqua complaxa pour miaux 

representar le systema, Li (2001) a propose un nouvaau type de servovalve a daux etagas 

dont le processus da fabrication ast plus simple, ca qui facilite I'obtantion d'un modela qui la 

rapresanta corractamant at qui n'angandra pas trop da parametres comma dans la modela de 



Zavarahi at al. (1999). En fait I'etaga principal est forme da deux tiroirs separes qui reglant 

independantmiant las debits entrant at sortant da la servovalve; l'avantaga da catta 

configuration ast la facilite da fabrication at d'assemblage, puisqua las dimensions sont plus 

facilas a ajustar, par consequant alia land a etre moins chera. Capandant, malgre ces 

avantagas, la dynamiqua da ca type de servovalva ast limitee par rapport a calla das 

sarvovalves convantionnallas. Caci est du a la maniera dont la servovalva ast intarconnectea. 

Una talla connexion paut creer un zero rasponsabla d'una banda passanta de largaur reduita. 

L'autaur propose una amelioration da la dynamiqua, par 1'etuda du liau des racines at 

I'ajustamant das parametres necassairas pour minimiser I'affat dominant du zero. 

D'una fa^on tres differanta, Habibi at Goldanbarg (2000) ont presante una nouvalla 

conception das systemas elactrohydrauliques illustrea dans la figure 1.2 ci-dassous, 
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Figure 1.2 Nouvelle conception sans servovalve. 

La chosa la plus ramarquabla ast I'absanca da la servovalva, qui ast la soiurca da complexite 

da cas systemes. Son rola, qui ast de precisar la direction at la debit du fluida, a ate ramplace 

par una pompa bidiractionnalla at a vitassa variable. Caci elimina la desavantaga de la 

configuration convantionnalla, qui ast jugea inafficaca puisqua la pompa travaillait 

continumant at a vitesse constante independammant du mouvemant da I'actionnaur. Le 

problema qui apparait au niveau da catta conception ast I'affat da la zona morte. Catta 

damiera angandra das problemas da precision a chaqua changamant da vitassa ou da 

direction. En pramiar liau, il axista una zone morte au niveau da la pompa at du motaur 

elactriqua qui I'antraina. En second liau, au niveau da la connexion antra la pompe at 



I'actionnaur hydraulique; catta zona morta ast dua surtout aux fuitas au niveau de la pompa et 

a la parte da charge a travars la connexion pompe - actionneur. La plus important, ast qua 

dans una talla configuration on na paut plus controlar la differanca da prassion dua a la 

charge, ca qui etait faisabia avant grace a la servovalva. Catta conception damaura toutefois 

una bonna altamativa pour das applications simplas oil una granda precision n'ast pas 

raquisa, vu les jeux et las tolerances qui existent au niveau da la pompa at sas connexions. 

Nous ramarquons da ca qui preceda, qua recammant baaucoup da travaux at d'etudes sa font 

au niveau da la modelisation das systemas elactrohydrauliquas dont la comportamant posseda 

das aspects difficiles a etra rapresantes mathematiquamant. La problema ast qu'una 

amelioration donnea a toujours sas inconveniants; la fait da considerar tous les details du 

systema, (Zavarahi at al. 1999), doima un modela complaxa. Alors qu'una conception d'un 

systema plus simple angandra das problemas da precision, (Li 2001) at (Habibi and 

Goldanbarg 2000). 

Concamant notra travail, la modela qua nous avons adopte at qui sera detaille plus tard, ast 

un compromis da ce qui viant d'etre mantionne. En affat, la banc d'assai disponibla au 

laboratoira LITP de I'ETS ast constitue d'una unite hydrauliqua, d'un moteur hydrauliqua 

(rotatif) at d'una servovalve a daux etagas commandea par Taction d'un solenoida. Done, ce 

modela tiant compta da toutas les nonlinearites at surtout da 1'aspect non differantiabla du 

systema. La servovalva, quant a alia, est modelisea par una fonction da transfart du pramiar 

ordra, en considerant das orifices symetriquas rectangulairas et an negligeant I'inartia du 

tiroir par rapport a calla da I'actionnaur et da la charge. 

1.2 Introductio n a la commande des systemes electrohydrauliques 

En ca qui concama la connmande das systemas electrohydrauliques, nous allons decrira et 

commantar las resultats das approchas las plus utiliseas. Nous allons visar par la suite una 

application qui nous interassa dans I'industria automobile, at qui occupa une premiere place 
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dans las recharchas das grands fabricants automobile: la controla da la suspension active 

elactrohydraulique. 

En general, nous avons ramarque qua pour las conmiandas lineairas ou lorsqua la modela 

etait linearise, la succes das resultats sa limitait aux basses frequencas vu las divers 

phenomenas da resonances at da nonlinearites qui pauvant apparaitre dans la region des 

harmoniquas elaves. 

1.2.1 Systeme s electrohydrauliques en general 

Concamant las commandas classiques, le simple placamant da polas a ate employe par Lim 

(1997) sur un modela lineaire. Theoriquamant las poles pauvant etra choisis dans n'importa 

qualla position desirea, capandant il y a en pratique das limitas qui sont lieas a la dynamiqua 

du systema, outre le fait que linearisar la modela induit un manqua da precision. Les resultats 

ont montra una performance limitea at une arraur en regime permanent qui subsistait 

toujours. 

Una autre altamativa ast la commanda par ratour de sortie qui a ate utilisea par Ayalaw at al. 

(2005). Ella consista a linearisar la modela mathematiqua du systema hydrauliqua pour 

controlar la force da I'actionnaur. Malgre la fait qua la ratour da sortie na donna aucuna 

information sur le comportamant das autras variables d'etats, mama si la sortia est stable, 

catta approcha s'ast revelea aussi afficaca que la commanda par ratour d'etat. 

D'autra part, la conmianda adaptative indiracta a ate employee par Yu at Kuo (1997) pour le 

controla d'un systema elactrohydraulique. Les parametres du modela lineaire charche sont 

astimes par la methode des moindras carres avac zona morta; la controlaur adaptatif ast alors 

formula par placamant de polas. La commanda obtanua a ate comparea avac calla d'un 

controlaur PID classiqua at s'ast averea bian plus safisfaisanta at robusta. Capandant, las 

parametres astimes ont converge vers las vraias valaurs avac un certain biais, vu I'existanca 

d'incartituda. 
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Zeng at Hu (1999) ont utilise I'algorithma PDF (Psaudo - Derivative Feedback), qui differa 

da la commanda PID classiqua a ratour da sortia par la fait qua la tarma integrataur ast place 

an chaina diracta, alors qua touta derivation necessaira pour la stabilite du systema doit etre 

placea dans la chaina da ratour (retroaction), ce qui assure une plus granda stabilite at parmat 

d'evitar das commandas satiu-ees. La faiblassa da catta approcha reside dans la limitation da 

sa validite saulamant aux voisinages d'un point fixa afin da gardar la structure lineaire du 

systema. 

D'un autre cote, das methodas plus robustas at nonlineaires ont ate employees. Comparees 

avac las strategies classiquas, alias sa sont revelees plus parformantas. 

L'approcha par mode de glissamant (Hassan 2002) prand una place importante dans la 

conmianda das systemas electrohydrauliquas at les resultats axperimantaux corraspondant 

sont souvant tres satisfaisants. Capandant, malgre la robustessa offarta par catta strategia, il 

faut etra pradant an I'utilisant, vu qu'il axista das conditions a verifier at qualquas 

desavantages a considerar. En fait, la signal de conmianda qui assure la stabilite 

asymptotiqua du systema ast discontinu at change da signa a una frequence infinia, ce qui 

paut nuira aux composants du systema. Das tachniquas existent pour adoucir ca signal da 

commanda; par contra avac cas tachniquas la stabilite n'ast garantia qu'a rexteriaiu: d'un 

certain aspaca ferme. Enfin, lorsqua des incertitudes ou perturbations sont considereas, il faut 

qua I'image da la perturbation soil contanua dans calla du signal da controla; ca qu'on 

appalla 'matching conditions', sinon la stabihte n'ast pas garantia. A cat egard. Sun at Chiu 

(1999) ont utilise catta approcha ou las perturbations etaiant astimeas par un obsarvataur du 

second ordra, pour le controle da la force da I'actionnaur hydrauliqua. Dans laur application, 

la discontinuite du modela mathematiqua n'a pas ate traitea, ca qui rand catta approcha valida 

saulamant dans cartaines conditions. Da plus, Hwang (1996) et Chan at al. (2005) ainsi qua 

Ha at al. (1998) ont traita I'attenuation da la discontinuite du signal de commanda d'un 

controlaur par mode da glissamant. Dans la pramiar cas, una fonction da saturation avac das 

parametres da commutation qui variant avac la tamps ont ate employes. Da tres bons resultats 

sont obtanus avac catta approcha, mais la surface da glissamant presantait das oscillations 

severes quand las incartitudas at la charge axtama etaiant prises an consideration. Dans la 
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second cas, la composanta oscillanta du signal da commanda ast attenuea par un signal 

synthetise par das regies an logiqua floua, precisant a quels moments la tarma discontinu doit 

etre d'una amplitude importanta ou non. Caci randait la choix das parametres da controla 

assez critique. 

En affat, l'avantaga majeur da la commanda basee sur la logiqua floua, outra sa robustessa, 

ast la fait qua la connaissanca da la dynamiqua du systeme a commander n'ast pas necessaira. 

Capandant I'implantation das regies da decision n'ast pas toujours evidanta. A litre 

d'axampla, dans la but da compansar les nonhnearites du systema elactrohydrauliqua et 

d'assurar sa stabihte, la controla par logiqua floua a ate employe par Yongqian at al. (1998). 

Contrairamant au mode de glissamant precedent, on na sa soucia plus du modela dynamiqua 

at das incertitudes. La controlaur utilise ast base sur una matrice da regies da decision da 

rarraur. Da bons resultats de suivi de trajectoira, caracterises par un tamps da reponsa reduit 

ont ate obtanus, mais una arraur an regime parmanant, dua au nombra insuffisant da regies de 

decision, subsistait toujoiu-s. A cat egard, un tarma d'integration fut ajoute en parallela pour 

an eliminer I'affat. Dans la mama esprit, Daticak (1999) a utilise la mama tachnique, son 

controlaur s'adaptait rapidamant aux variations das parametres du systema. En fait, la 

controlaur ast base sur daux series da regies da decision: la pramiera series de regies, 

constitue las regies convantionnallas alors qua la dauxiema seria constitue das regies 

capablas da modifier caux da la premiere seria afin da las adapter aux changamants du 

systema elactrohydrauliqua. La simulation a donna des resultats tres satisfaisants avac une 

legera arraur da poursuita. Mais avac un tal controlaur, nous ramarquons que la nombra da 

variables ast da 13 ca qui donna 169 (13x13) regies da decision at rand I'implantation an 

tamps real tres complaxa. 

L'afficacite das resultats de la strategia de commanda precedente, est tres procha da calla 

obtanua par la controlaur a resaaux da neurones artificials et apprantissage an ligna utilise par 

Kandil at al. (1999). Dans ce mode da controle, 1'apprantissage est fait par retro propagation 

da r arraur da sortia at par consequant la connaissanca da la dynamiqua du systema, ancora 

una fois, n'etait pas necessaira. 
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Dans les daux approchas precedantas, nous na pouvons pas ignorer I'axistence d'una legere 

arraur da poursuita an regime parmanant dua a la zona morta du controlaur. En plus, etant 

donna qua la stabilite du systema dans cas approchas (logiqua floua at resaaux da nauronas) 

ast etudiea sur un domaine discrat, alia n'ast garantia qua sur las frontieras du domaina 

d'etuda considere. 

Une autre tachnique, qui prand da I'amplaur dans la commanda das systemas 

elactrohydrauliquas ast la backstapping nonlineaire (Hassan 2002) at (Miroslav at al. 1995). 

En fait, plusieurs applications montrant rafficacite et la robustessa da catta approcha; son 

utilisation dans las systemas elactrohydrauliques ast assez recanta. 

Allayna et Liu (2000) ont utilise la commanda basea sur le backstapping an version 

adaptative pour le controla da la force d'un actionneur hydrauliqua. L'approcha consista a 

ecrire la modela du systeme an forma triangulaira at a constmira un signal da controla qui 

stabilise chaqua etat separemant. Las assais axperimantaux ont montra qua la version 

adaptative a apporte des ameliorations ramarquablas. 

D'aillaurs, la mama approcha est utilisea par Ursu at al. (2004) at (2006), avac un modela 

mathematiqua a quatra variables d'etat dans le pramiar cas et un modela a cinq variables 

d'etat dans le second cas. Dans ca damiar, au liau da la differanca da pression dua a la 

charge, ils ont considere las daux pressions an amont at an aval da I'actionnaur hydrauliqua 

separemant. La but etait le controla da la force at da la position a partir du controla da la 

force saulamant, d'oii le I'appUcation du backstepping a una partia du modela de ca systema. 

Les resultats montrant una arraur de poursuita prasqua nulla, ainsi qu'una granda stabilite 

dans la comportamant transitoira du systema. Capandant, saula las trajactoiras positives ont 

eta considereas afin da contoumar la discontinuite dans la modela mathematiqua at par suite 

dans la loi da conmianda. Notons qu'aucuna amelioration n'ast ramarquea dans le second cas 

par rapport au pramiar. 

Mais en fait, le potential du backstapping na sa limita pas a cas resultats. Catta strategia 

presanta las avantagas suivants : 
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• L'expression das trajactoiras desireas at du signal da commande est analytiqua, ca qui 

evita las derivees numeriquas at par consequence las bmits (Miroslav at al. 1995). 

• Catta approcha nous rand capablas d'etre selactifs anvars la gastion das nonlinearites. 

Ainsi nous pouvons eliminar las nonlinearites nuisiblas a la conmianda et consarver 

callas qui sont utiles at qui parmattant d'evitar das commandas satureas at a amplitude 

elavea (Khalil 2002). 

• Catta approcha allege las 'matching conditions' imposeas sur las incertitudes, comma 

dans la mode da glissamant, at garantit done la stabilite mama pour das incartitudas dites 

'unmatched' (Khalil 2002). 

Dans nos travaux da rachercha, nous avons adopte catta approcha, comma dans (Kaddissi at 

al. 2007) at (Kaddissi at al. 2006). En fait, la backstapping ast ufilise dans notra cas pour le 

controla de la position ainsi qua da la force d'un systema elactrohydrauliqua generiqua. 

1.2.2 Applicatio n industrielle 

Dans ca travail da racharcha, nous nous interassons a appliquer nos resultats dans I'industria 

automobile ou las systemas elactrohydrauliques sont da plus an plus axploites. Nous avons 

vise le controla da la suspension active elactrohydrauUqua rapresentea a la figure 1.3. En fait, 

las grands fabricants ainsi qua las charchaurs, poussent assez largamant laurs etudes dans 

catta application, etant donna la competition qui axista pour combiner le confort des 

passagars at I'adheranca sur la route an mama temps. D axista plusieurs modelas 

mathematiquas at plusieurs strategies da controla dans la litterature pour les suspensions 

actives elactrohydrauliquas. 

Parmi las strategies da commanda classiqua, la placamant da poles a ate utilise par Laita et 

Paras (2002), mais dans laur approcha la dynamiqua da I'actionneur hydraulique etait 

negligea. Dans les commandas robustas, Abdallahi at al (2000) ont employe la synthase par 

H2 at Hoo,  las resultats obtenus etaiant tres satisfaisants, sauf qua cas strategies utilisant das 

modelas mathematiquas linearises, qui na sont valides qu'autour d'un certain point da 
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fonctionnament at par suite na prannent pas an consideration touta la dynamiqua du systema. 

Da mama un controlaur LQG avac la methoda das perturbations singulieras a ate implante 

par Ando at Suzuki (1996). Capandant la aussi, la dynamiqua da Tactionneur a ate negligea 

ca qui reduisait par consequant l'afficacite du controla. 

,xs 

Q2 
Mv 

Servovalve 

Perturbations 
de la route"" 

Figure 1.3 Schema d'une suspension active electrohydraulique. 

Dans le cadra das strategies da commande nonlineaire. La mode da glissamant a ate utilise 

par Sam at al. (2003) an comparaison avac un regulateur LQG. Au niveau du confort das 

passagars at da la force qui laur etait transmisa, la controlaur par mode da glissamant a donna 

da maillaurs resultats. Toutefois, la signal da conmianda genera angendrait beaucoup 

d'oscillation a frequances elaveas; caci rasta toujours la point faibla du mode da glissamant. 

Toujours dans la commanda nonlineaire, Fialho at Balas (2002) ont utilise la conmianda LPV 

combinea avac la backstapping, pour une suspension active. Le LPV consista a ecrira la 

systeme variant, lineairamant an fonction da sas parametres at a utilisar ansuite una cartaina 

strategia de commanda, qui etait la backstapping dans ca cas. Ca damiar ast classe parmi las 

strategies da commanda nonlineaire las plus robustas. Las autaurs Lin at Kanallakopoulos 
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(1997) sa sont bases sur catta approcha pour la commande d'una suspension acfiva 

elactrohydraulique. En affat, ils ont analyse la problema de tous las cotes, an considerant au 

debut un modela mathematiqua simplifie, at ansuita un modela nonlineaire plus complat. 

Dans la pramiera phase, ils ont etabli un modela lineaira simple an negligaant la dynamiqua 

da I'actionnaur. La but etait de verifier si I'absanca da catta dynamiqua eloigna la modela 

mathematiqua da la realite ou non. La resultat etait quand mama attandu; quand ils ont 

implante la controlaur an tamps real, las resultats etaiant loin da caux obtanus an simulation. 

Cast pourquoi dans una dauxiema phase ils ont considere un modela complat qui inclut la 

dynamiqua da tous las composants du systema. Ceci a angandra avac un systema a 6 

variables d'etat au Uau da 4 comma dans la pramiera phase. Quant a I'appUcation du 

backstapping, il s'ast revele qua saulamant 4 das 6 variables d'etat pauvant etra stabiUseas 

par catta approcha, etant donna la stmctura du modela mathematiqua. Par consequant, pau 

importa la choix da la variable controlee, una dynamiqua interna du second ordra va 

subsistar. Le defi deviant alors da choisir la variable a controlar da maniera a obtanir une 

dynamiqua intama stable. Las auteurs ont choisi la course da la suspension comma variable a 

controlar, pour satisfaira catta exigence. 

Suite a ce qui precede nous nous sonmias fixes comma objactif da devaloppar una loi da 

commanda qui rajoint las avantagas das approchas mantionneas plus haul. Caci a ate possible 

an jumalant la backstapping au forwarding (Sepulchre at al. 1997). En affat, le forwarding ast 

la complement du backstapping. En d'autres termes, il s'appliqua aux systemas ou la 

backstapping na s'appliqua pas ou s'appliqua partiallamant, ca qui ast notra cas. Nous nous 

sommas inspires du travail da Krstic (2004), qui decrit dans plusieurs cas la theoria da catta 

approcha at las algorithmas numeriquas qui aidant a sa resolution. Par consequant, an 

combinant la backstapping et la forwarding, nous avons reussi a stabiliser tous las etats du 

modela d'una suspension active elactrohydraulique independammant du choix da la variable 

a controlar qui dans notra cas etait la position varticala du vehicula. Comma il sara montra 

dans la quatriema chapitra, catta approcha assure una stabilite definitiva du systema pour das 

perturbations bomeas at finias, at la signal de commanda resultant est doux et d'una faibla 

amplitude. 
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1.3 Contribution s originales 

Au maillaur da notra connaissanca les contributions suivantas sont originalas at sont 

resumees ci-dassous. 

a) Au niveau das systemas elactrohydrauliquas generiquas: 

• Un modela mathematiqua qui tiant compta da toutas las nonlinearites du systema, sans 

toutefois etra tres complaxa, ast devaloppe. Caci par I'entramisa das hypotheses 

simplificatricas suivantas : 

o Las fuitas axtamas au niveau das actiormaurs hydrauliquas sont negligees; 

o Le frottament sac au niveau das actionneurs hydrauliquas ast neglige; 

o L'inertia du tiroir da la servovalva ast negligea; 

o La section das orifices da la servovalva ast considerea ractangulaire. 

• La non-differantiabilite du modela mathematiqua (fonction signa), qui rapresanta la 

changamant du sens d'ecoulamant du fluida dans la circuit hydrauliqua, ast prise an 

consideration dans la loi da commanda et ast approximea par una sigmoida. Ceci elimina 

las problemas da derivation d'un cote at rand possible la poursuita da toutas sortas da 

trajectoira d'un autre cote. 

• A chaqua etapa da la loi da commanda, basea siu* la backstapping, las expressions das 

trajactoiras desireas et du signal da commanda sont randuas purament analytiques. Caci 

assure un calcul an temps real plus rapide et plus rigouraux. Cas mamas expressions sont 

devaloppeas axplicitamant an fonction das arreurs de poursuite des differantas variables 

d'etat at da la trajectoira desirea da I'actionnaur hydrauliqua. Caci facilite I'analyse da 

I'affat das divers parametres sur la convarganca da cas arraurs vers zero. 

• Un mecanisma particulier pour 1'introduction das parametres da controle dans la fonction 

da Lyapunov est con^u da maniera a accelerar la convergence at la stabilite du systeme, 

moyannant un faibla signal da commande et par consequant una faibla enargia. Ca 

mecanisma consista a: 

o Introduire las parametres da controle dans le denominateur da la fonction da 

Lyapunov a chaqua etapa du backstapping; 
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o Introduire cas mamas parametres de controla dans la trajectoira desirea qui 

rand negative la derivea da catta fonction da Lyapunov, an las multipliant par 

I'arraur corraspondanta. 

• La modela mathematiqua nonlineaire devaloppe ast axprime sous forma LP. Ceci 

constitue una cle pour I'idantification das parametres du systema. En affat, un 

systema sous forma LP, mama nonlineaire, paut etra idantifia avac das algorithmas 

d'idantification lineairas comma las moindras carres recursifs sans avoir racours a 

linearisar la systema. 

b) Au niveau da la suspension active elactrohydraulique : 

• Le modela mathematiqua etabli ast base sur la modela qua nous avons devaloppe pour les 

systemas elactrohydrauliques generiquas. II deviant done possible da constmira 

facilamant la modela d'una application industrielle qui utilise las systemas 

elactrohydrauliquas a partir du modela generiqua. 

• La modela mathematiqua posseda una stmctura mixta faadback/faadforward. Afin da 

pouvoir controlar la systema avac la commande antralacea, un changamant da variable au 

niveau du modela mathematiqua ast fait pour que la systema puisse etra classe parmi las 

systemes antrelaces. Cas damiars pauvant etra stabilises par das sequences da 

'backstapping' et da 'integrator forwarding' ; ca qui ast connu sous la nom da commanda 

antralacea. 

• La nouvaau modela obtanu apres changamant da variable, nous a parmis da controlar 

toutas las variables d'etat du systema sans laissar aucuna dynamiqua intama. En effet, 

dans la cas oii alia ast presante, la dynamiqua intama du modela d'une suspension active 

electrohydrauliqua a un comportamant oscillant. Par suite, une strategic da commande 

qui laissarait una dynamiqua intama dans le systeme, ne garantirait pas la stabilite da ca 

damiar. 

• Finalamant, la commande antralacea, qui ast elaborea at devaloppea dans catta partia da 

la racharcha, ast basea sur una sequence da 'backstepping' at da 'integrator forwarding'. 

Catta strategia jusqu'a present n'a ate appliquea que sur das modelas puremant 
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mathematiquas at theoriquas qui n'ont aucuna significafion physique. En outra, las 

references qui expliquant catta strategia da commande sont tres raras at pau detaillees. 
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Abstract 

This paper studies tha identification and tha raal-tima control of an alactrohydraulic sarvo 

system. Tha control strategy is based on tha nonlinear Backstapping approach. Emphasis is 

essentially on tha tuning parameters affect and on how it influences tha errors dynamic 

behavior, as will ba shown. While Backstapping control ensures tha global asymptotic 

stability of tha system, tha tuning parameters of tha controllar nonathalass do greatly affect 

the saturation and chattering in the control signal, and consaquantly, tha errors dynamic. In 

fact, alactrohydraulic systems ara known to ba highly nonlinear and non-diffarantiabla dua to 

many factors, such as leakage, friction, and especially, tha fluid flow expression through tha 

servovalva. Thasa nonlinear terms appear in tha closed loop errors dynamic. Thair values ara 

so large that in the presence of a poor design, thay can easily overwhelm tha affect of tha 

controllar parameters. Backstapping is used hara bacausa it is a powerful and robust 

nonlinear strategy. Tha experimental results ara compared to those obtained with a raal-tima 

PID controllar, to prove that classic linear controllers fail to achiava a good tracking of tha 

dasirad output, especially, whan tha hydraulic actuator operates at tha maximum load. Before 

going through tha controller design, the system parameters ara identified. Despite tha 

nonlinearity of the system, idantification is based on tha recursive least squares method. This 

is dona by rewriting the mathematical modal of tha system in an LP (Linear in Parameters) 

form. Finally, the experimental results will show tha affactivanass of the proposed approach 

in terms of guaranteed stability and zero tracking error. 

Index Terms - Backstepping, Elactrohydraulic systems. Nonlinear control. 
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2.1 Introductio n 

A brief depiction of alactrohydraulic systems is necessary in order to understand thair 

behavior. An alactrohydraulic system is basically composed of tha following components: a 

pump that faads tha system with hydraulic fluid oil from a tank; an accumulator, located on 

the discharge side of tha pump, which acts as a supporting source of energy in case of an 

abmpt need for additional power; a relief valva, installed next to the accumulator, to limit tha 

maximum operating pressure; a hydraulic actuator that drives loads at dasirad specifications, 

and a servovalva, which directs tha oil flow through the appropriate position of its spool, and 

consaquantly datarminas tha direction of the motion and spaed of tha hydraulic actuator. A 

broader and mora detailed description of alactrohydraulic systems can be found in (Merrit 

1967). 

Elactrohydraulic systems have recently become increasingly popular in many types of 

industrial equipment and processes. Such applications include rolling and paper mills, 

aircrafts and all kinds of automation, including in tha automobile industry, whara linear 

movements, fast response, and accurate positioning with heavy loads ara needed. This is 

principally due to the high-powar density and system solution that thay can offer, being lass 

bulky than DC and AC motors. However, as a result of tha avar increasing complexity of 

such applications, considering nonlinearity and mathematical modal singularity, hnaar 

models and traditional constant-gain controllers have become inadequate. 

Although building a mathematical model that includes all the system dynamics is not a trivial 

matter, several improvamants have baan made in tha domain. Habibi and Goldanbarg (2000), 

proposed a new design for linear hydraulic actuators. Tha work dona by Li (2001) and 

Zavarahi et al.(1999) put forward a dynamic redesign for sarvovalves; in fact, due to its 

nonlinear behavior, this component is responsible for tha complexity of such systems. Tha 

mathematical modal that we propose in this work is similar to tha one presented by LaQuoc 

et al.(1990); however, tha latter is dimansionlass while this one deals with dimensional 

quantities. 
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Regarding control, thraa major types of strategies can be depicted: robust linear control, 

robust nonlinear control and intelligent control strategies. 

Starting with linear control, tha author Lim (1997) applied a simple polas placamant to a 

linearized modal of an alactrohydrauhc system. In Plahuta et al.(1997) and Zang and Hu 

(1999), classic cascaded loops and PID controllers ware employed respectively for the 

position control of a hydraulic actuator. Experiments and simulations carried out in previous 

works showed that factors resulting in dynamic variations ara beyond tha capacity of these 

controllers. There are also many such factors that must ba taken into account, such as load 

variations, changes in tha characteristics of transducers and in the properties of tha hydraulic 

fluid, changes in tha dynamics of sarvo components and in other system components, etc. As 

a result, many robust and adaptive control methods have baan used. 

An indirect adaptive controllar, based on pole placement for tha spaed and position feedback 

of electrohydrauUc systems is used by Yu and Kuo (1996) and (1997). However, the 

controller is based on a linear model of the plant, which imposes certain limitations on tha 

efficiency and robustness of tha controllar. Sliding mode control was used by tha authors 

Fink and Singh (1998) to regulate tha drop in pressure across the hydraulic actuator due to 

the load; the resulting control signal involved high-frequency chattering because of the 

switching function. The latter problem was handled by Chen et al. (2005) where the 

controller is based on varying boundary layers, instead of fixed boundary layers of the sliding 

surface, in order to avoid chattering. Another case is the one in Alleyne and Hedrick (1995), 

where the sliding mode was applied for the control of an electrohydrauUc active suspension, 

with the controller here being a special case of feedback linearization. System performance 

was enhanced by the use of an adaptive version of the controllar. Input-output linearization 

control was also adopted by Hahn at al. (1994) and Ayalaw and Kulakowski (2005) to 

compensate for the global nonlinearities of tha electrohydrauUc system. While this strategy is 

vary suitable for the use of linear control, its resulting control signal is however often a high 

amplitude voltage because of the cancellation of nonlinear terms. Conversely, Lyapunov-

based nonlinear controllers are widely used, with thair main advantage being the lack of 

restrictions in manipulating system nonlinearities. A good example is examined by Liu and 
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Alleyne (2000), whara an electrohydrauUc actuator is provided with good force tracking. 

Backstepping is a particular component of Lyapunov-based controllers. It constitutes a 

powerful control strategy for handling nonlinearities. It was employed on electrohydrauUc 

systems by the authors Ursu et al. (2003) and Kaddissi et al.(2004), as well as on 

electrohydrauUc active suspensions, by Lin and Kanellakopoulos (1997) and Kaddissi at al. 

(2005). 

IntelUgent control as fuzzy logic was adopted by Yongqian et al. (1998), and the controUer 

was based on a decision mles matrix of the error. Results very closely mirrored those of a 

neural network-based controller, used by Kandil et al. (1999), where leaming was 

accomplished through output error retropropagation. While simulation results in these 

advanced strategies were very successful in most cases, stability is however not guaranteed 

using these approaches. This is because in such cases, it is studied on discrete domains, and 

the system behavior cannot be predicted at limits. 

This paper proposes a Backstepping approach for the position control of an electrohydrauUc 

servo system as well as a simple method for parameter identification. Our previous works, 

Kaddissi et al. (2004) and (2005), were based on simulations, with the focus put on 

accounting for all system nonlinearities and on solving the problem of non-differentiability in 

the mathematical model. The current work is based on real-time experiments, with its main 

focus placed on the chosen parameter for the Backstepping controller and on the way they 

are designed to appear in the Lyapunov function. While a major advantage of tha 

backstapping approach is its flexibility in building a control law by avoiding the cancellation 

of useful nonlinearities, electrohydrauUc systems however always pose a major problem. In 

fact, the errors dynamic involves quantities that are a function of system pressure and 

pressure drop. The values of these pressures can become so high that they will cmsh the 

effect of the conti-oUar tuning parameters, as presented by Lee and Tsao (2002), for example. 

The problem is solved in this paper by choosing the Lyapunov function such that the matrix 

of the errors dynamic becomes parameterized. As will be demonstrated, our choice brings 

flexibility by rendering the matrix triangular, and as a result, only the controller parameters 
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will affect the errors dynamic. Moreover, with such a choice, the use of Backstepping 

ensures the global stability of tha system, and generates low amplitude and a chatter-free 

control signal. 

The rest of the paper is organized as follows. The motivation for this work is presented in 

section 2. Section 3 presents a complete description of tha mathematical model used. Section 

4 deals with the identification of the system parameters. The design of the Backstepping 

controller and the choice of tha Lyapunov function is tha subject of Section 5; design details 

are given at the end of the paper in Appendix A2.4. Section 6 contains a brief description of 

the Rt-Lab system used to implement the real-time work on our electrohydrauUc workbench. 

In Section 7, experimental results are compared with those obtained by a real-time PBD 

controller. Finally, some conclusions and remarks bring this work to a close in Section 8. 

2.2 Motivatio n 

ElectrohydrauUc systems have many applications, especially in the automobile industry, 

which is of great interest to us. However, controlling such systems poses several important 

problems for control engineers and researchers. 

It is well known, in control systems, that the key to a successful control is an accurate 

mathematical model. In electrohydrauUc systems, this implies complexity and involvedness 

in both, identification and control, because of the highly nonlinear and non-differentiable 

expressions used. That is why the tendency has always been to make use of linear models. 

Nevertheless, in advanced applications involving high-frequency signals and perturbations, 

the ignored dynamics in linear models will surface and degrade the system behavior 

regardless of the control strategy used. 

The mathematical model that we have built in this paper encloses all the dynamics of the 

elactrohydraulic system; however, certain assumptions are used to lighten its complexity. 

The maximum allowed value of the supply pressure is set at Ps',  with the relief valve used. 
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leaks are supposed to be minor, and the dynamic of the servovalve is fast enough to allow it 

to be depicted with a first-order differential equation; as well, the non-differentiable term is 

approximated with a sigmoid function for verification of Lipschitz conditions. Furthermore, 

the system is written in LP form in order to enable it to ba identified using classic methods. 

Regarding control, it can be seen from tha introduction that finding an ideal strategy free of 

weak spots is not a clear-cut endeavor. However, studies have shown that Lyapunov-based 

approaches are the best strategies for systems with complex dynamics. This is because the 

Lyapunov function is based on the system dynamic itself, thus offering more flexibility in 

building the control signal. Backstepping is a very robust and powerful Lyapunov-based 

control strategy, especially in applications where perturbations and uncertainties are well 

pronounced. Firstly, Backstepping relaxes the 'matching conditions' as explained by Khalil 

(2002), which means that the perturbation signal or the uncertainties in the system model are 

not restricted to show in the state equation that contains the input of the system as in other 

control strategies. A good example is the electrohydrauUc automobile active suspension, 

where road disturbance is the perturbation signal, and appears in states that do not contain tha 

input signal as in Kaddissi at al. (2005). Secondly, Backstepping avoids the canceUation of 

useful nonlinearities and takes advantage of the useful ones to increase system stability and 

reduce the amplitude of the control signal in order to avoid saturation. The only problem, 

which must be carefully examined, is the introduction of the tuning parameters into the 

Lyapunov function, as explained in the last section of the introduction. In fact, this choice 

plays a major role in the errors dynamic behavior, as will be demonstrated. This is why it is 

very important to improve the Backstepping control strategy in order to fully benefit from all 

its advantages. 



Feedback 
Transducer 

K. 
6 & 8 

Actuator&load 

Servovalve 
Amplifier Qi 

:q:^s •x-r 
7 

.JZ-X. X 

Accumulator 

^ 

Servovalve 

P. = 0 

Electric Motor 

Pump 
fl^ 

belief Valve 

LA. _ | O i l T a r ± 

26 

Figure 2.1 Schematic of hydraulic servo-system. 

2.3 System Modeling 

A symbolic representation of an electrohydrauUc system is shown in Figure 2.1. Figure 2.2, 

on the other hand, shows the experimental workbench on which the work was achieved. In 

the latter, the electric motor that drives the pump at a constant speed is DC-based. The pump 

itself has a fixed displacement, and delivers oil flow from the tank to the rest of the 

components. Normally, the pressure Ps  at the pump discharge is kept constant by means of 

the accumulator and the relief valve. The installed accumulator is relatively small, and is 

used as an additional source of hydraulic fluid and a water hammer absorber. The relief valve 

is set to Ps and compensates for pressure increases due to large loads by retuming a required 

additional amount of flow to the tank. The displacement of the rotary hydraulic actuator that 

drives the load is constant; its direction of motion, speed and acceleration are determined by 

the two stage servovalve, through the convenient position of its spool. Tha load is generated 

using pump, which is driven by the hydraulic actuator and another servovalve that creates a 

desired restriction at the pump discharge. All necessary data are collected through the 
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different installed sensors; i.e., torque meter, tachometer and pressure sensors. The control 

signal generated by the controller designed in this paper actuates the servovalve spool to the 

proper position. The dynamic equation for a servovalve spool movement can be given by : 

r,,A,,+A,, =/«:« (2.1) 

Where u is the control input, K is the servovalve constant, T^  is its time constant and A,, is the 

valve opening area. The flow rates to and from the servovalve, through the valve orifices, 

assuming a small leakage, are given as: 

Q,=Q,=C,A,^ 
\P^-sign{A^.)P, (2.2) 

where, PL and Ps are the pressure differential due to load and the pressure discharge of pump 

respectively, (Abdellahi et al.) 

\PL=P,-P2 (2.2') 

Figure 2,2 Experimental ElectrohydrauUc Workbench. 
1—electric motor; 2—pump; 3— accumulator; 4—relief valve; 5—tank; 6— rotary hydraulic actuator; 

7—two stage servovalve; 8a—pump; 8b—servovalve; 9—torque meter; 10—tachometer; 
and 11—pressure sensors. 
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Cd is tha flow discharge coefficient and p  is the fluid oil mass density. EquaUties, (2.1), 

(2.2) and (2.2') are held knowing that tha servovalve is critically centered and the orifices are 

matched and symmetrical, (Marritt 1967). 

Tha sign  function in (2.2) stands for change of tha fluid flow direction through the 

servovalve. In fact, when the actuator is rotating in a positive direction PL  is positive and the 

servovalve is in parallel ways position; while in tha negative direction of rotation, PL  is 

negative and the servovalve is in cross ways position. This sign  function gives rise to the 

non-differentiabiUty problem, especially when dealing with bi-directional applications. 

Since oil viscosity might vary with temperature, it should be considered in the actuator dynamics 

along with oil leakage. Thus we give the compressibility equation as: 

- P . -C,AJ^"''"^''^'^'^'-DJ-C,P, (2.3 ) 
2/8 "- ' \ P m L L 

We define CL  as the load leakage coefficient, ft  is tha fluid bulk modulus, 6  is the output 

angular position, V  is the oil volume under compression in one chamber of the actuator, and 

Dm is the actuator volumetric displacement. 

The derivative of (2.3) is needed in building the control signal; in most cases, motion is 

considered in one direction to avoid the differentiation problems. In fact, for a model of the 

form x  = f{x) an essential factor of its validity is the continuous dependence of its solutions 

on tha data of tha problem, which can be stated by the Lipschitz inequality given by: 

| | /(x)-/(y)| |<4v-y| | (2.4) 

To satisfy (2.4), we estimated tha sign function with a sigmoid function of tha form: 

X-e''" sigm{x) = (2.5) 

l + e-" 

This is a continuously diffarentiable function with tha following properties, 

1 if ax —> oo 

a>0 and sigm{x)=\  Oif  ax^O  (2.5') 

— 1 if ax  —> -°° 
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The previous estimation guarantees the existence of the solution and extends the control of 

electrohydrauUc systems to bi-directional applications, thus avoiding differentiability 

problems. 

Let us now consider the hydraulic actuator equation of motion given by Newton's second law. 

Neglecting the Coulomb fricUonal torque, we have: 

J0 = DJP,-P,)-B0-T, (2.6) 

TL is the load torque, B the viscous damping coafficiant, and J tha actuator inertia. 

Finally, choosing, Xi  =0,X2=co=O,  X3 = / \ , x^  =  A^ as state variables; the system can 

be easily described with a 4'*̂  order nonlinear state-space model. 

x^ —X2 

X2=^aX3-'^bX2-^c 

X3 =  p^x^^P.-XySignix^)-p^x^ -p^x^ 

x,=-r^x, +  r,u 

Or, in matrix form, 

/ v A 

V-^4; 

ro 1 0 0 
0 -w ^ w ^ 0 

0 -Pc  -Pb  PaylPs-^r^^S^i^i) 
0 0 0 - r 

^ „ A 

X, 

\^4j 

+ 

0 0 

0 - 1 

0 0 

V* 0 

fu^ 
v^cy 

where ra, r^,  Pa, Pb, Pc, Wa. Wfo v̂ c, are appropriate constants given by. 

^a = • , rb  = 

v̂ yfp 
2PC, 

(2.7) 

(2.7') 

Pc = '  W. = ^b = 
B^ 
J 

TL 

"-7 (2.8) 
V "  J 

In this first step, the mathematical model of the alactrohydraulic system was fully designed 

and established. The next step involves setting up an identification algorithm for the system 

parameters, which is done in the following section. 
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2.4 System Identificatio n 

Examining the system model (2.7), it can be seen that the parameters to be identified are 

those in the last three equations. Besides, the last equation represents the dynamic of the 

servovalve, and so the parameters of the latter can be determined from the data sheet 

provided by the manufacturer. This leads to the conclusion that only parameters in the second 

and thurd equations of system (2.7) need to ba identified, (i.e., Wa, wt,, Wc,  Pa, Pb andpc in the 

following equations). 

(2.9) 
[x^ = p^x^^P^-XySigm{x,)- p^x^  -  p^x^ 

Assuming a zero load, {w^=0),  the equations in (2.9) can be rewritten in matrix form, as 

follows: 

/ 'v A 

\^iJ 

X. - X, 

0 x^.^P^  -x^.sigm{x^) -x^  -X 1) 

^w ^ 

Pa 

Pb 

\Pc) 

(2.10) 

It can be seen that the subsystem (2.10) has linear parameters, which is a sufficient condition 

for those parameters to be identified through tha continuous Recursive Least Square method 

with constant trace as in Astrom and Wittenmark (1989). Now let: 

^ r ^ 
y(0 = 

v-^3y 

(PitY = 
0 0 0 

^0 0 x^..,jP^-XySigm{xf)  -x^  - x zy 

6 = 

fw ^ 

^ 6 

Pa 

Pb 

\Pc 

(2.11) 

Then, 

y{t) = (p{tfe (2.12) 
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This is the classic form of a system that has an LP stmcture, where y is the observed vector of 

variable, (p  is the matrix of regression variables and 6 is the vector of unknown parameters. 

We then define the least square error V(^) and the matrix P(t) follows. 

V{e)= je"^'-'^(y{s)-^{s)^efds  ; 0<or<l 
0 

P{t)Jl<p{s)^(p{s)ds 

(2.13) 

Finally, the parameter estimate 0  that minimizes the least square error must satisfy. 

^ = P{t)^{t)e{t) 
dt 
e{t) = y{t)-(p{tYe{t) 
dP{t) 

dt 
= aP{t)-P{t)(p{t)(p{tYP{t) 

(2.14) 

Through (2.14), we can now identify the system parameters in (2.8), and consequentiy, start 

the design of the Backstepping controller. 

2.5 Backstepping Nonlinear Contro l 

In this section, the Backstapping controllar is designed based on Krstic, Kanellakopoulos et 

al. (1995). A complete list of the intermediate variables and functions, used to alleviate the 

expressions of the system model and the controller aquations, is given in Appendix A2.3.  A 

detailed description of the controller design and the proof of the following proposition are 

given in Appendix A2.4 as well, at the end of this work. 

> Proposition: 

Consider the following nonlinear model of the electrohydrauUc system written in state-space: 

X, 

X2=^aXi-^bX2-^c 

^i=PaX^gi-)-PbXi-Pc^2 
(2.15) 

^ 4 =  - ' • 0 ^ 4 +  ^fe " 
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Let e^  -  X.  - X.J,  for / = 1,2,3,4, be the tracking error between every state variable and its 

desired value, with xid as the desired position to be reached. If there are three stabilizing state 

feedback functions (Steps 1, 2 and 3 of Appendix A2.4): 

X,j = 0 ( ^ 1 , x,^) 

x^d ~^\^\•'^2^^^^•<X\d•>x^J,x^^) 

(2.16) 

where 0,ii and 4* are functions designed such as to stabilize the subsystem x,,X2,X3 of 

(2.15); along with ;c,̂ (0) = 0. Then: 

• Choosing the following positive definite Lyapunov function. 

vSex,e-^,eye^) = -—el +- —ej + 
2/7, 2/?2 

1 2 1 

-el+- (2.18) 
2/?3 2/7 4 

with p^,p2,pyp^>0-

• Choosing the control input u  as follows (final step of Appendix A2.4), 

u —  A t ^ i , ^2 > ^ 3 ' ^ 4 ' X\ii  1  X [ j , X^J  ,  X | J ) 

where A is a function designed to stabilize the full system (2.15), wiU guarantee a zero 

tracking error situation and the global asymptotic stability of the errors dynamic, since we 

will have: 

(2.17) 

IV4 =-ef -el  -e]  -  e]  <0, y{e^,e^,e^,e,^]^0 
(2.19) 

[V4 =0 for e, = 2̂ = 3̂ = ̂ 4 = 0 

In fact, if we rewrite the state-space equations of (2.15) in terms of the tracking errors (last 

section of Appendix A2.4), tha errors dynamic is then found to be: 

e-, = 

e^ = 

e. = 

:- /0,e | +62 

P2 
P\ 

^W,«2 -Piei+PaCdg{-)e4 
P2 

—^PaCd8{-)ei-pie^ 
Pl 

(2.20) 

Or, in matrix form. 
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^2 

^3 

\^A) 

= 

r-A 
- A . 

Pi 

0 

0 

1 

- A 

P2 

0 

0 

-Pl 

- —  PaCdSi-) 
Pl 

A 

0 ^ 

0 

PaCdSi-) 

- A 

hi 
^ 2 

^3 
v^4y 

(2.21) 

As we can see from (2.21), the controller parameters, as expected, appear on the diagonal of 

matrix A.  Their effect on the error convergence to zero is obvious. Larger values of the 

tuning parameters yield to a faster convergence. However, very large values often result in a 

saturated control signal that involves chattering, because of the physical limitations of the 

system. Consequently a compromise has to be made in the tuning parameters choice. 

Unfortunately, in electrohydrauUc systems, this compromise is vary hard to find. In fact, the 

values of Wa  and Pa-Cd-g{-) ara vary large, especially the second term because it depends on 

the system pressure. This makes those terms cmsh the effect of the tuning parameters, which 

cannot be as large as them. The previous problem was solved in this paper with the proper 

choice of the Lyapunov function and the way tuning parameters were introduced, which 

made them appear in ratios in the first sub-diagonal. 

Simulink + Opal-RT 

^ 
W 

User Interface 

i 

^ 

1^ Graphics 
Display 

Backstepping 
Controller 

X|, X2, Xj, X4 

U 

ElectrohydrauUc 
Workbench 

^ U 

Figure 2.3 Block scheme of the Backstepping controller under Simulink and Rt- Lab. 
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With this choice, the ratios / JJ /A ^Pi'^alPi  "̂<̂  PaCd8{-)PjPi  can be rendered very small 

with fairly large values of the tuning parameters p^,p2,p^  and /O4. The smaller these ratios are 

with respect to the tuning parameters, the more the latter tend to ba the eigenvalues of matrix 

A, and the tracking errors convergence is sped up. 

2.6 Experimenta l Workbench and Settings 

The implementation of the Backstepping controller on the electrohydrauUc workbench, 

shown in Figure 2.2, was done on the OPAL-RT system under tha QNX operating system. 

Through the RT-LAB Library, the OPAL-RT communicates with the controller built in 

SIMULINK. The OPAL-RT system has six Intel Pentium IV targets, four of which are for 

calculations and the remaining two dedicated to receiving and sending real-time signals. 

Figure 2.3 shows a block scheme of the controller, the electrohydrauUc workbench and the 

user interface. 

The master block SM_control is the Backstapping controllar that generates the electric 

control signal u for the servovalve. The console block SC_userInterface is the block for data 

acquisition and graphics visualization, in addition to the desired actuator position and load 

that can be manipulated in real time through a signal generator and a slider gain, respectively. 

Data are acquired in this block every 0.1 ms.  The save block SS_electrohydraulic 

communicates with the input/output '0P-SCM-AI0-16A' analog cards. 

The signals that are being acquired from the 0P-SCM-AI0-16A analog output card are the 

angular velocity, the pressure P]  at the hydraulic actuator inlet, the pressure P2  at the 

hydraulic actuator outlet and the fluid flow through the servovalva; whereas the signals that 

are being sent to the 0P-SCM-AI0-16A analog input card are the control input signal to the 

servovalve and the load that is determined by an electric signal raging from -10 V to+10 V. 

Both cards have a voltage limit ranging from -17 V to +17 V,  which are beyond the voltage 

Umit of the servovalve, which ranges from -5 V to +5 V. 
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2.7 Experimental Results 

This section presents and analyzes the experimental results obtained from the Backstepping 

controUer versus those obtained by a real-time classic PID controUar. While it might seem 

unfair to compare a nonlinear controller with a PID controller, we do make it however 

because the PID is the most popular and widespread controUer used in industry. We therefore 

held it as a reference for comparison. The goal is to evaluate the system transient response 

and steady state behavior. The maximum working pressure, during all experiments, is set at 

1250 psi, which is the pressure threshold for the relief valve to open. 
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Figure 2. 4 Experimental position and tracking error for Backstepping  controller with load 
applied on the hydraulic actuator. 
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Figure 2.5 Experimental position and tracking error for PID with maximum load applied on 
the hydraulic actuator. 

2.7.1 Identificatio n 

The online identification of the system parameters is based on the recursive least square 

algorithm, with constant ttace. The identification procedure is achieved in an open-loop 

system. In fact, the input signal that is being sent to the servovalve is a sine wave with a 5Hz 

frequency and 0.5 Volts amplitude, with a low power white noise added to include all 

frequencies. During identification, the sampling time was set to 0.1 ms  to ensure accuracy in 

derivative calculation. After 15 sec of identification, the system parameters became fairly 

constant and were set at the following values during the control process: 

w„ ^ 27.34cm^ l{s\daN); w,  =10.235"'; 

p^ =21.19yfdaNl{cm\s);  p,  =4.625"'; 

p^ =  32.02daN Icm^ 

Using the relations in (2.8), the physical parameters of the system can be figured out. The 

servovalve parameters are deduced from its data sheet. The installed servovalve is 760 valves 

series MOOG 760-103A. Its constant gain, time constant and discharge coefficient are 

respectively: 
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K = 0.0265cm^ IV 
r„ =0.01 sec 
C, =0.63 

The oil physical properties are quite standard for tha density and bulk modulus, respectively: 

p = S5/(9^lx\0' )daN.s^/cm' 
P = 1995daN Icm^ 

The rest of the parameters resulting from the identification process are: 

• Hydraulic actuator chamber volume: 

• Hydraulic actuator displacement: 

• Actuator and load moment of inertia: 

• Leakage coefficient: 

• Viscous friction: 

V= 389.3cm' 

D„ ^ Q.lScm^ 1 rad 

J =0.02S5daN.s\cm 

C^=OA\cm' ldaN.s 

B = 0.0285daN.s.cm 

A complete list of the hydraulic system parameters, with their corresponding nomenclatures 

and dimensions, is given in Appendix A2.7. 
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Figure 2.6 Experimental control signal of the Backstepping controller with maximum load on 
the hydraulic actuator. 
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2.7.2 Real-Tim e Control and Comparisons 

The real-time controller was implemented on the electrohydrauUc workbench, and the results 

were compared to those obtained by a real-time PID controller. AU the tests were performed 

under the same conditions. The parameters of tha Backstepping controller were chosen such 

as to bring the matrix of the errors dynamic close to an inferior triangular one (Appendix 

A2.2); thus, only the controUer parameters will affect the error convergence to zero. 

0.5 

w -0. 5 

-1.5 

0.5 1 1, 5 
Time (sec ) 

2.5 

Figure 2. 7 Control  signal for PID controller with maximum load  applied on the  hydraulic 
actuator. 

As explained in the previous section, fairly large parameter values lead to a faster 

convergence, and consequently to a better transient state. On the other hand, the three gains 

of the PID controller were optimized using the 'NCD Outport' of the 'NCD Blockset' library 

of Matiab-SimuUnk. The 'NCD (NonUnear Control Design) Outport' uses a nonlinear 

optimization algorithm; it converts time-domain constraints into a constrained optimization 

problem, and then solves the problem using state-of-the-art optimization routines taken from 

the Optimization Toolbox. The routine uses a Sequential Quadratic Programming (SQP) 

method. 

Tha desired position to be tracked is a sine wave with a frequency of 1 Hz frequency and a 

2^ rad amplitude. In other words, the hydraulic actuator is made to rotate twice in a positive 
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direction and twice in a negative direction. The experiments were done, for both controllers, with 

a maximum load applied on the hydraulic actuator, which constitutes the worst case. Another test 

with no load applied to the hydraulic actuator was conducted for tha PID controllar to determine 

its efficiency margin. 

Figure 2.4 shows the desired position, the actual position and the tracking error, for the real­

time Backstepping controller. It can ba seen that an excellent transient state is achieved and 

the tracking error is negligible. Figure 2.5 illustrates the same quantities, under the same 

conditions, for the real-time PID controller. In this case, only the angular position of the 

hydrauUc actuator is fed back to the controller, unlike with Backstepping, where the four 

states constitute the feedback signals. As can be seen, tracking is far from achieved, 

especially in the negative direction of motion, because the load was applied in that way. 

Figiures 6 and 7 show the control signals, in volts, which are generated by the Backstepping 

and the PED controllers, respectively, and than sent to the servovalve. We can see a very low 

amplitude and fairly smooth control signal in Figure 2.6, while Figure 2.7 confirms that 

classic linear controllers require more power to achieve tracking. This is a very important 

issue, since energy minimization is a fundamental criterion in control systems. Figure 2.8 

indicates the desired angular velocity, the actual angular velocity and the tracking error of the 

hydraulic actuator resulting from the Backstepping controller. The trajectory of tha desired 

velocity is generated by the Backstepping controller itself, based on the position tracking 

error, as can be seen from X2d in (16) or as detailed in Step 1 of Appendix A2.4. It can be seen 

that the transient regime is very good, and lasts less than 0.05 sec.  On the other hand, the 

tracking error is very small; however there are small peaks whenever the actuator changes its 

direction of motion. This can be interpreted as the effect of static friction, though its 

influence is insignificant. However, in some cases and applications, the PID controller can 

produce satisfactory results, even for nonlinear systems. This is shown in Figure 2.9, where 

the desired position, actual position and tracking error when no load is applied to the 

hydraulic actuator are plotted for the PID controller. It is clear that the tracking error is 

significantly bigger than that of the Backstepping controller, and the transient state is much 
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worse. However, the tracking is very acceptable though it will worsen gradually with a load 

increase. In this paper, we presented tha two extreme cases. 

2.8 Conclusion 

In this work, a complete study was done of the modeling, identification and control of an 

electrohydrauUc system. The mathematical model accounted for all the system dynamics, 

apart from few trivial assumptions that were put together to alleviate the complexity of the 

expressions. System identification was rendered vary simple by rewriting the system model 

in an LP form, which allowed the use of the recursive least square algorithm for this purpose. 

On the other hand, nonlinear Backstapping control was employed for position tracking. 

15 

< - 5 

Tracking error 
Desired spee d 
Actual spee d 

Time (sec) 

Figure 2. 8 Experimental velocity and tracking error for Backstepping controller with 
maximum load applied on the hydraulic actuator. 
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Figure 2.9 Experimental Position and tracking error for PID controller with no load applied. 

The emphasis was laid on the Lyapunov function choice. This was carried out such that the 

controller parameters appear in the errors dynamic, not only in tha diagonal, but also in form 

of ratios at soma other locations; this thus provides greater flexibility to control the error 

convergence to zero. Finally, a PID controller was implemented in order to compare transient 

state behavior, error tracking and the load effect. Our future works will include the real-time 

control of electrohydrauUc active suspension using Backstepping control and theoretical 

improvements of nonlinear control for feedback and feedforward systems. 
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Tableau A 2.1 

List of system parameters 

Name 
Valve orifice opening area 
Viscous damping coefficient 
Discharge coefficient 
Leakage coefficient 
Actuator displacement 
Actuator and load inertia 
Servovalve constant gain 
Pressures in actuator chambers 
Load pressure 
Supply pressiu-a 
Flow rates in/out of actuators 
Actuator load torque 
Servovalve control input 
Oil volume under compression 
Fluid bulk modulus 
Fluid mass density 
Servovalve time constant 
Actuator angular position 

Symbol 
A., 
B 
Cd 
CL 
Dm 
J 
K 
Pl.2 
PL 
Ps 
Ql.2 
TL 
u 
V 
P 
P 
r,. 

6 

Unit 
cm'' 
daN.cm. sec 
dimensionless 
cm^ 1 daN.s 
cm^/ rad 
daN.s^.cm 
cm^/Volt 
daN/cm^ 
daN/cm 
daN/cm 
cm^/sec 
daN.cm 
Volt 
cm 

•J 

daN/cm 
g/cm 
sec 
rad 

Tableau A 2.2 

List of controller parameters 

Tuning parameter s 
Pl 
P2 
P3 
P4 

Value 
50 
150 
40 
0.001 

Observations 
— 

P2 > pl for spaed must converge faster than position 
P3 < p2 to minimize tha affect of Wa = 27.34 
P4 «p3 to minimize tha effect of paCdg(.)  ~ lO'* 

Tableau A 2.3 

List of constants/variables of the stabiUzing functions and control signal 

Constant/variable 

A2 

Value 

A 1 (Wfc-A)A 

Constant/variable 

C2 

Value 

bi +  Pi 
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Constant/variable 

a2 

b, 

b2 

bs 

b4 

bs 

Cl 

Value 

Px-^h+Pi 

Pb^l +  PcPx 

A 
- A A '-

A 
Pf r«2 -A+A 

- / 72«2 

^a^l -  Pb 

" ' " ' ^ P . 
^a 

Pb+n 

b, + ̂ "̂" 
A 

Constant/variable 

h(.) 

f(.) 

d, 

d2 

ds 

J(.) 

g(.) 

Value 
-b^e^ -c^e^  -c^e^  +^4^id +W^\d 

2ae-'^' 
(1 + e-'^' f 

Pl 

-^,+C,/>3 + ^^ '^"" 
A 

- C , W ^ + C 2 / 7 3 

d^e^ +d-,e2 +d^e^ -c^p^^C^gOe^ 

+ ^4X„+fe5X,^+ '" 

^P^ -XySigm{xJ 

A 2.4 Backstepping design and proposition proof 

Step 1: Let y =^_^- be a candidate Lyapunov function for subsystem x, =X2-  Then, 
' 2/7 , ' 

€ € 
^1 = — (^1 -Xij)  =  — {e,  +.X2,  - x , r f ) -

Pi Px 

If we choose the following stabilizing function, 

^2d = ® ( ^ P ^ l J = ' ^ W - A « l 

This will yield to 

V, = -e] <  0 

(2.22) 

(2.23) 

Step 2: Let v̂  = ef  + e^  be a candidate Lyapunov function for subsyst 
2 A 2/7 2 

em 

i j = w^̂ 3 - ŵ Ĵ 2 ~ ^f • Then, 

f 

VA 
V'j =  -^ 1 +  « 2 2 ^ 

A2 
Xj + 

1 ,  (v^fc-A) A 
1̂ + 

Pl '  A ^2 Pl 

Now, if we choose the following stabilizing function. 
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Xj. =D.{e,e2,x..,x,.)^-a.e,  -a-,e.  +—^.v,. + - ^ + —^ 
w„ w„ w„ 

This will yield to 

V^ =  -ef -  e, ' < 0 

(2.24) 

(2.25) 

Step 3:  Let ŷ  ̂ ^—e,^+^_^2 _|_^_^2 î g ^ candidate Lyapunov function for subsystem 
2p^ 2/?2 " 2p3 

•^ =PaXiS{-)-PbXi-PcX2 -  Then, 

^3= -^ f - ^2+^ , 
PaCdX,g{.) b^  . ( b ^ , ^ . , ^ ^ _ ^ . _^--  '^\d  Pb^c 

- r ^ 1 '' " V  .  '* ' .  ''^2 . 3 .  I d _  Id 

Pl Pl  Pl  P2  Pl 

Now, if we choose the following stabilizing function, 

Pl^a Pl^a 

1 

1 

jr 

-b,e, -{b^  +^^^^^)e2  -b^e^+b.x,^  ^bfx^^  + - ^ + 

PaCdSi-) 

This will yield to 

Pj^a 

P2 

P_l^a 

P2 

Pb^c 
W„ W „ 

Pl^ 3 "-3 (2.26) 

-b,e^ -{b,  +^^^^^)e2  -b^e^  +^i,rf +bfx,^  +  '-^  ̂+ -^^-^-p^e^ X,. p^w^ 

V, = -e," - e]  -e] < 0 (2.27) 

At this stage, the stabilizing functions, which are the desired trajectories of all the state 

variables, have been generated. Every stabilizing function depends on the tracking errors of 

the variables of the previous state, on the desired position, and its derivatives. 

Final step: The final step involves the building of the control signal of the system, which is 

the electric signal that actuates the servovalve spool to tha right position. 

Let, V  =——e^+  el  +  e;  + e" be a candidate Lyapunov function for subsystem 
' 2/7, 2/72 2/73 2/7, 

X4 = -r^X4 + r^u .  Then, 

V4=-ef-e2'-e3'+e4 

^b xj{.)h{.) 
2p,C,p.g{.f 

^^P.C,g{.)e,_r^ J{.) 
Pl P^PaCdSi-) 

1 /" i-

2p,C,p,p.g{.f 
XjSgm{xJ 

-ra-hxj{.)^ 
h{-) 



Now, if we choose the control signal u as follows, 

" ^ ^ \ ^ l ' ^2 ' 3 ' 4 ' Id ' Id ' 1(/' "*ld -' 

- — P a C ' ^ g ( . ) e 3 + r„X4 + 
Ji.) fi x^sgm{x^) 

p,C,g{.) 2p^C,p.g{.y\-r^x,xJ{.) + h{.)- p^e, 

45 

(2.28) 

This will yield to 

V,=-e'--el-ei-el<0 (2.29) 

Equation (2.29) shows that the error dynamic is globally asymptotically stable, because any 

error signal will converge to zero. 

Errors dynamic: 

The effect of the controller tuning parameters and the weight of the Lyapunov function 

choice can be seen by examining the errors dynamic of the closed loop system. The latter is 

found by calculating e.  =x. -  x.^  and replacing x, with e.  +x,^ for i = 1,2,3,4. x^,X2,x^  and 

X4 are found direcfly from the system model (2.15); whereas A;^,^^,^^ and x,^ are the 

analytical derivatives of x^J,X2J,x.^J  and x,^ that were found in steps 1, 2, and 3. Therefore, 

we have: 

e, — X, X[^ — X2 X| j 

= ^2 + Xjj — X|j = e , + {—p^Cy  +  X|^) — x , j 

= - / 7 , e , + ^ 2 

2̂ = X2 - X2J  = (w^Xj - Wj,X2 - w j - {-p,e^  + x,^) 

P-
A. 

^ 3 —  -^ 3 -^3 ^ 

= iPa^48()  -  Pb^l  -  Pc^l  ) +«1^1 + ^2^2 

= ^-w^e2  -p^e^  +  p^C^g{.)e, 
P2 

w. 
w„ 

Md 

_ A 4 
^4 =-^4 - ^ 4 d =(- ' "a-^4 + ^ * " ) - ^ 4 d = Pa^d^^^^l  -pA^A 

Pl 

(2.30) 

(2.31) 

(2.32) 

(2.33) 
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INTRODUCTION AU BACKSTEPPING ADAPTATIF INDIRECT 

Dans le chapitre precedent, une etude complete a ete faite sur la modelisation, ridentification 

et la commande d'un systeme electrohydraulique. Le modele developpe tenait compte de 

toute la dynamique du systeme, mis a part quelques approximations infimes qui etaient 

necessaires pour alleger la complexite de certaines expressions mathematiques. Malgre son 

aspect nonlineaire, le systeme etait tres facilement identifie a I'aide de Talgorithme des 

moindres carres recursifs et ceci en reecrivant le modele du systeme sous une forme lineaire 

en parametres ou LP. D'autre part, la commande nonlineaire basee sur le Backstepping a ete 

utilisee dans le but d'obtenir une poursuite precise de la position angulaire desiree du moteur 

hydraulique. L'emphase concemait surtout le choix de la fonction de Lyapunov ainsi que la 

maniere dont les parametres d'ajustement du controleur y etaient introduits de fagon a 

accelerer la convergence de la dynamique de I'erreur vers zero. Finalement, un controleur 

industriel du type PID a ete mis en application afin de comparer les resultats avec le 

Backstepping au niveau de la dynamique de I'erreur et I'effet de la variation de la charge sur 

cette derniere. 

Comme mentionne dans la conclusion du chapitre precedent (article), nos travaux futurs 

viseront une amelioration plus poussee de cette technique de Backstepping appliquee a la 

commande d'un systeme electrohydraulique. Par consequent, le chapitre suivant (article) 

elabore une version adaptative du Backstepping. En effet, durant les differentes experiences 

achevees au laboratoire LITP de I'ETS, il a ete constate que pour des charges elevees sur le 

moteur hydraulique, dans des conditions d'operation identiques, le systeme electro­

hydraulique et son modele mathematique ne se suivaient plus. Ceci explique une variation au 

niveau des parametres hydrauliques du systeme; notamment le coefficient de frottement 

visqueux de I'actionneur ainsi que le module de Bulk du fluide. De ce fait, une necessite 

d'identifier continuellement les parametres du systeme et de les injecter dans le controleur 

afin de le mettre a jour, s'impose. Le choix du Backstepping adaptatif indirect vient du fait 

qu'il permet d'identifier la valeur physique et reelle des parametres du systeme, permettant 

ainsi au moteur hydraulique de suivre la position desiree imposee dans toutes les conditions. 
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Abstract 

This paper studies the real-time position control of an electrohydraulic system using indirect 

adaptive backstepping. In fact, electrohydraulic systems are known to be highly nonlinear 

and non-differentiable due to many factors as leakage, friction and especially the fluid flow 

expression through the servovalve. Backstepping is used for being a powerful, robust 

nonlinear strategy and for its ability to ensure a global asymptotic stability of the controlled 

system without canceling useful nonlinearities. On the other hand, hydraulic parameters are 

prone to variations, particularly fluid viscosity and bulk modulus that increase with pressure 

and decrease with temperature. This in turn, results in a varying viscous friction coefficient. 

Hence, it is interesting to employ an adaptive control strategy in order to update the 

controller with the parameters variation. In such case, indirect adaptive control is highly 

recommended, because it has the benefit of identifying the real values of the system 

parameters. Emphasis in this work is also on the tuning parameters effect and their influence 

on the error dynamic behavior, in addition to the smoothness of the control signal. 

The out coming results are compared to those obtained from a non-adaptive backstepping 

controller applied to the same electrohydraulic test-bench. The effectiveness of the proposed 

approach, in terms of guaranteed stability and negligible tracking error, in the presence of 

varying parameters, is well revealed in the results. 

Index Terms: Electrohydraulic systems, Backstepping, Adaptive Control, Nonlinear Control. 



51 

3.1 Introductio n 

Currently, electrohydraulic systems are very popular in most of the industrial processes such 

as heavy machinery, robotics, aircrafts and automotive industry. This is principally due to the 

high power to volume ratio that they can offer, by being less bulky than electrical motors. 

However, in control system applications, the nonlinearities and the mathematical model 

singularity of electrohydraulic systems causes traditional constant gain controllers to be 

inadequate. 

The electrohydraulic test-bench that was used to achieve the current work is represented in 

figure 3.1 and is composed of: 

• A fixed displacement pump driven by an electric motor 

• A hydrostatic tank from where the pump carries fluid oil 

• A small accumulator located at the discharge side of the pump that acts as a water 

hammer arrestor in case of an urgent shut down or a sudden load increase. 

• A relief valve installed next to the accumulator to limit the maximum operating 

pressure 

• A hydraulic actuator that drives a certain load 

• A servovalve that directs the oil flow according to the appropriate position of its 

spool, and consequently determines the direction of motion and speed of the 

hydraulic actuator. 

More details about hydraulic components and electrohydraulic systems can be found in 

Merritt (1967). 

According to what was mentioned in the previous paragraph there are two issues to deal with 

when it comes to electrohydraulic systems: The accuracy of the mathematical model and the 

effectiveness of the control strategy. Regarding the first issue, several improvements were 

made. In Habibi and Goldenberg (2000), a new design for asymmetric linear hydraulic 

actuators is elaborated. A dynamic redesign for a nonlinear servovalve is considered in the of 
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papers Li (2001) and Zavarehi et al. (1999). In fact, the complication of hydraulic systems is 

mainly caused by the nonlinear behavior of this component. However, the mathematical 

model that we adopted in this work is similar to one in LeQuoc et al. (1990) except minor 

differences that will be discussed later. 

Concerning the control issue, several classical and advanced strategies can be encountered in 

literature. Beginning with linear control, simple poles placement was employed to the 

linearized model of an electrohydraulic system. The authors Lim (1997) and Zeng and Hu 

(1999) used cascaded PID controllers to monitor the position of hydraulic actuators. The 

dynamic variations depicted in the previous works, through experiments, lead to the 

conclusion that such phenomena Eire beyond the capacity of these controllers. Those dynamic 

variations that should be taken into account in the control strategy are due to: 

• Load variations ; 

• Changes of transducers characteristic ; 

• Changes of the hydraulic fluid properties ; 

• Changes in the servo components dynamic, etc. 

All the previous observations were behind the use and the development of many robust and 

adaptive control methods. Indirect adaptive control, for speed and position feedback of 

hydraulic actuators was used by Yu and Kuo (1996) and (1997). However, the controller 

efficiency and robustness, in both cases, was limited by the fact that it is based on a linear 

model of the system. Sliding mode control was used by Fink and Singh (1998), to regulate 

the differential pressure, across the hydraulic actuator; however the resulting control signal 

involved high frequency chattering because of the switching function. On the other side, the 

paper of Chen et al. (2005) dealt with the previous chattering problem, in fact the controller 

there is based on variable sliding surfaces, in order to avoid chattering. For the use of linear 

control methods on nonlinear systems. Input-output linearization is very convenient and was 

adopted by Hahn et al. (1994) to compensate the nonlinearities of the electrohydrauUc 

system. The drawback of this method is that it leads to the cancellation of useful 

nonhnearities that would enhance the system stability and reduce the control signal amplitude 
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in their presence. Conversely, backstepping is a very potent control strategy, able to handle 

nonlinearities. It was applied to an electrohydraulic system by Ursu (2004) and Kaddissi et 

al. (2007); as well as to an electrohydraulic active suspension by Lin and Kanellakopoulos 

(1997) and Kaddissi et al. (2005). Intelligent control like fuzzy logic and neural network 

were adopted by Yongqian et al. (1998) and Kandil et al. (1999) respectively. The results 

quality was very satisfactory in both cases. The main disadvantage that could be detected is 

that stability is not guaranteed in these approaches because it is studied on discrete domains 

and the system behavior cannot be predicted at limits. 

This paper proposes an indirect adaptive backstepping approach for position control of an 

electrohydraulic servo system. This allows taking advantage of the backstepping strategy on 

one side and considers the variation of the system parameters on the other. The benefit of 

using indirect adaptive control is that it guaranties the convergence of the system parameters 

to their real physical values and ensures the system stability at the same time. 

The rest of the paper is organized as follow. The motivation for this work is presented in 

section 2. Section 3 is a brief description of the mathematical model. Section 4 deals with the 

identification algorithm and the adaptive controller design that is being employed. In section 

5, the experimental results are compared with there counterparts of a non-adaptive 

backstepping controller. Finally, some conclusions and remarks bring this work to an end in 

section 6. 

3.2 Motivatio n 

Electrohydraulic systems have many applications that are of great interest to us. However, 

their control brings to engineers and researchers several difficulties that are not trivial to 

solve. In fact, it is thorny to find an ideal control strategy that combines all the solutions. This 

is why in our previous work, Kaddissi et al. (2007), the focus was on the nonlinear and non-

differentiable aspects of the mathematical model and how they were managed by the 

backstepping controller. Another issue was the fine tuning of the controller parameters to 
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ensure a good tracking of the reference signal. On the other hand, the current work focuses 

on the hydraulic system parameters and the effect of their variation on the closed loop system 

behavior. This is why we found it intriguing to develop an indirect adaptive version of the 

backstepping controller, in order to take care of cases where a variable load on the hydraulic 

actuator or different ambient conditions or any irregularities could result in a variation of the 

system parameters and affect its stability. Figure 3.2 illustrates a block diagram of the whole 

closed loop system, which will be discussed further in detail. Therefore, in the upcoming 

sections we will be going through the description of each of its blocks. 
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Figure 3.2 Indirect adaptive Backstepping controller. 

Electrohydraulic System Modeling 

Following is a list of all the electrohydraulic system parameters that are used in the 

mathematical model: 

Servovalve control input, V 

Servovalve constant gain, cm^/V 

Servovalve time constant, sec 

u: 

K: 
Xy-. 

A,.: 

Q-

P1.2: 

PL: 

Ps-

Cd-. 

P-

CL. 

li-
V: 

D^ 

TL 

B: 

J: 

Servovalve orifice opening area, cm 

Flow rates from and to the servovalve, through the valve orifices, cm^/sec 

Pressures in the actuator chambers, daN/cm^ 

Differential of pressure due to load, daN/cm^ 

Pressure at the pump discharge, daN/cm 

Flow discharge coefficient, dimensionless 

Fluid oil mass density, g/cm^ 

Load leakage coefficient, cm^/daN.sec 

Fluid bulk modulus, daN/cm^ 

Oil volume in one chamber of the actuator, cm^ 

Actuator volumetric displacement, cmV rad 

Load torque, daN.cm 

Viscous damping coefficient, daN.cm.sec 

Actuator inertia, daN.sec .cm 
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• dp-.  Actuator angular position, ra(i 

The flow through the servovalve is given by. 

Q = C,K1^^-^ if̂ / ' >0 (3.1 ) 

P 

Therefore, since sign{Av) = sign{6p) we can write. 

e = C , A , j ^ ^ ^ - ^ if^, <0  (3.2) 

Q^C,K]P,Zlii!^ (3.3) 

WithP, = P, + Pj and P  ̂=  P^-P^. 

Now, in order to avoid numerical problems due the non-differentiable term in (3.3), the sign 

function is approximated with a sigmoid function that has the following properties: 

sigm(x) = —^- VxeSR (3.4) 
1 + e " 

This is a continuously differentiable function with, 

a > 0 and sigm{x) 

Consequently, 

1 if ax—>oo 

Oif ax^O  (3.5) 

-\ if  ax  ^> -oo 

g^^^^J^Zfi|^^04J^ (3.6 ) 
P 

This approximation guarantees the existence of a solution independently of the rotation 

direction of the actuator, avoiding thus the non-differentiability problem. 

Since oil has a certain degree of compressibility that is more pronounced at high pressures, it 

should be considered in the actuator dynamic. Thus, we give the compressibility equation as, 

^P.-C.'K{'-"";''-"''-Dj-C,P, (3.7) 

Let us now consider the hydraulic actuator equation of motion given by Newton's second 

law. By neglecting the Coulomb frictional torque, we have, 

J0,=DJP,-P,)-Bd^-T, (3.8) 
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The final remaining component is the servovalve, which dynamic equation is a first order 

one, since its spool inertia has been neglected for simplification purposes. It is given by, 

rA+Av=^« (3.9) 

Now if we choose, x^=d^,  Xj = (0= 6^, x^ = P^, X4=  A^ as state variables, the system can be 

easily written in a 4th order nonlinear state-space model. 

(3.10) 

fi, =x-. 

^l=Wa^l-Wi,X2-W^ 

^i = PaX4ylPs-^i-^'S'n(x,^)-

U4=-''a^4+'i" 
- Pb^l  - -Pc^l 

Where ra,  rb, pa, pb, Pc,  Wa,  Wh, Wc, are the systems parameters given by, 

K 
r„ = - rh =• 

Vfp ' 
2^, 2^, 

Pa =  . . < — ' Pb  =  y 

2PD„ D,„ B T, 

The parameters aimed by the identification process are: pa, Pb,  Pc, Wa,  Wb and Wc.  Although Wc 

is proportional to the resistive torque TL,  it is still unknown since it depends on the actuator 

inertia J.  Those parameters will be continuously identified during the control process, and 

then will be injected in the backstepping controller as shown in figure 3.2. This way, the 

parameters variation can be tracked and taken into consideration at any time. On the other 

hand, the parameters ra  and r^ are provided by the servovalve datasheet. The next step is to 

set up and design the indirect adaptive backstepping controller. 

3.4 Indirect Adaptiv e Backsteppin g Controlle r 

By referring to figure 3.2, the control of the electrohydraulic system is achieved as follow: 

• The state variables x;, X2, xs  and X4  are sent to the parameters identification block 

along with the control signal u. 

• Once the system parameters are identified, they are introduced in the backstepping 

controller block as well as the 4 state variables in order to generate the control signal. 
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• The control signal is brought to electrohydraulic system so that the hydraulic actuator 

could track its desired position Xr while taking into consideration the load torque. 

The previous sequence is repeated at every sampling time of the control process. Based on 

(3.10) we can write. 

Or in matrix from. 

•'^2='^aXl-Wt,X2-W^ 

Xj = p^x, fP^  -x^sigm{x,)  -  p^x^  -  p^Xj 

so 

^x ^ 

X3 0 

-x^ 0 

- 1 0 

0 x,g{.) 

0 - X , 

0 "=2 ; 

Pu 

Pb 

\PcJ 

(3.11) 

(3.12) 

It can be seen that the subsystem (3.12) is linear with respect to its parameters, which is a 

sufficient condition for those parameters to be identified through the continuous Recursive 

Least Square method as in Astrom and Wittenmark (1989). Now, let: 

y(0 = 

<p{t)^ 

^x ^ 
A j 

X2 - 1 0 0 0 
0 0 0 x,g{.)  -X3 - X 

(3.13) 

2 / 

d{tY ={w^  w,  w^  p„ p,  pj 

Where: y(t) is the observation vector, <p(t)  is the matrix of regressors and d(t) is the vector of 

unknown parameters that are now time dependent, since they are continuously identified and 

might vary in time. Then, 

y{t) = <p{tmt) (3.14) 
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Next, we define the least square error v(^) and the matrix P{t)  as well according to Astrom 

and Wittenmark (1989), 

V{e)=^e"^'-'^{y{s)-(p{s)d{s)yds \0<a<\ 
0 

P{t) =  \\(p(s)(p{sYds 

(3.15) 

Finally, the parameter estimate 6{t)  that minimizes the least square error, according to 

Astrom and Wittenmark (1989), must satisfy, 

d9{t) P(t)(pity e{t) 
dt 

eO) = y{t)-<p(t)0it) 

'^^'^'^ =aF{t)-P{t)(p{tf<p{t)P{t) 
dt 

(3.16) 

^\th, eoY  ={w^  w,  w^  p^  p,  p j 

By integrating the first equation of (3.16), we get the estimates of the system parameters and 

thus update the backstepping controller at every sampling time. 

Finally, to close the loop in figure 3.2, the design of the backstepping block follows. The 

controller is designed with the estimated system parameters; its tuning parameters and the 

intermediate variables and functions used to alleviate the calculations are listed in appendices 

A3.1 and A3.2 respectively. 

Consider the nonlinear model of the electrohydraulic system in (3.10), and let e.  =x^  -x,^, 

for / = 1,2,3,4, be the tracking error between every state variable and its desired value, with 

x,d = Xr the desired position of the hydraulic actuator to be tracked. 

Step I:  Let y  ^-^e^  be a candidate Lyapunov function for subsystem x, -Xj of (3.10). 
' 2p, ' 

Then, 
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P^ 
V̂l ^-'-C'*^! - • « | J = —(f2+-«2rf -^u) 

If we choose the following stabilizing function, 

^lM^,^u) =  ^u~P^e^ 

This will yield to 

V, = - e , < 0 

(3.17) 

(3.18) 

(3.19) 

Step 2:  Let y  =^_g2^_J_e2 be a candidate Lyapunov function for subsystem 

Xi-w^x^-w^,x^-w^ of (3.10). Then, 

V,=-et+e, w, 

Pl 

1 I  (%-/>.)/^ i 

A A Pl  Pl 
(3.20) 

Now, if we choose the following stabiUzing function. 

^Id \^\.^l-'^\d-'^\d > 

W. X.,  w 

This will yield to 

Vj = - e , - ej < 0 

(3.21) 

(3.22) 

Step 3: Let y  =_Le2+_Lg2+_Le2 be a candidate Lyapunov function for subsystem 
2 A 2pj 2p3 

ij =PaX,g{)-Pb^-PcXi of (3.10). Then, 

' 3 ~  ^ 1 ^ 2 ' ' ^ 3 

+ — e. 

b, w„  b.  b.  . 
+ ( — + — ) e 2 + ^ e 3 - ^ x „ 

^3 ^̂ 2 A Pl 
_£5_.. ^U  PbWc 

[ Pl  Pl^.  Pl^. 

Now, if we choose the following stabilizing function. 

(3.23) 

X^d '^1 » ^2 '  ^3 ' X\a , X |j ,  X ,j ;  — 
1 

PaCdSi-) 

p,w 
-b^e, -{b^  +  '-)e2  -b^e^+b,x,^ 

+ bfx,,+^+P^-p,e, 

(3.24) 

This will yield to 

V,=-e^-e',-el<0 (3.25) 



62 

At this stage, the stabilizing functions, which are the desired trajectories of all the state-

variables, have been designed. Every stabilizing function depends on the tracking error of the 

previous states, on the desired position and its derivatives. 

Final step: The final step involves the design of the closed loop control law, which is in 

other words the electric signal that actuates the servovalve spool to the appropriate position, 

according to the angular position of the hydraulic actuator. 

Let, y  - ^ g 2 ^^_^2 ^^_^2 ^_^g2 be a candidate Lyapunov function for subsystem 
' Ip,  '  2p,  '  2/7, ' 2p,  ' 

X4 =-r^x^ + r̂M of (3.10). Then, 

K J — e, 62  C3 T e^ 

.hf{.)h{.) \ 

ipSdPsi-)' 
J{.) 

Pl PA  pAPa^dSt) 

1 

I 2p„c,p,p.g{.y 
{xjSgmixJ- r^x^x^fi.))h{.) 

(3.26) 

Now, if we choose the control signal u as follows. 

u\e^, ^21 ^3 > ^ 4 ' X|J , X|^, X | j , X|^ ) 

1 
-^p^C,g(.)e,+r,x,+^,^^ +  -^ {x,sgm(x^)-r^XjXj{.))h(.)-p^e^ 

' ^_  x,fi.)h{.)  ^ 

2pSdP-8(y 

(3.27) 

This will yield to 

V,=-e^-el-el-el<0 (3.28) 

Equation (3.28) shows that the error dynamic is globally asymptotically stable, because any 

error signal will converge to zero. 

Finally, if we rewrite the state-space equations of (3.10) in terms of the tracking errors 

e, = X, - x-j,  then the errors dynamic is found to be: (refer to appendix A3.3 for more details) 
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(3.29) 

As we can see from (3.29) the controller parameters, as expected, appear on the diagonal of 

matrix A.  Their effect, on the error convergence to zero, is obvious. Larger values of the 

tuning parameters yield to a faster convergence. However, very large values result often in a 

high amplitude saturated control signal because of the physical limitations of the system. 

Consequently a compromise is to be made in the tuning parameters choice (refer to appendix 

A3.1). 

3.5 Experimental Results 

The implementation of the block diagram in figure 3.2, was done on a SCADA system. Data 

are updated from the electrohydraulic system every 0.1 ms.  The signals that are being 

acquired from the analog output card are the angular velocity of the actuator, the pressure Pi 

at the hydraulic actuator inlet, the pressure Pi  at the hydraulic actuator outlet, and the fluid 

flow through the servovalve. Whereas the signals that are being sent to the analog input card 

are the control input signal of the servovalve and the resistive torque. Both cards have a 

voltage limit ranging from -17 V to +17 V,  which is beyond the maximum voltage of the 

servovalve that ranges from -5 V to + 5 V. The desired angular position trajectory is a sine 

function with 2^  rad  amplitude and 2 Hz  frequency. A low power white noise signal is 

added to the desired position in order to provide the signal with a wide range of frequencies 

without, however, perturbing the system output. This is crucial for a good identification. 

Figure 3.3 shows the angular position, the desired position and the tracking error. 
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Figure 3.3 Angular position, desired position and tracking error, when using the indirect 
adaptive backstepping. 
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Figure 3.4 Zoom in of figure 3.3 during sudden load increase. 

As we can see, the adaptive controller achieves very good tracking with a maximum error of 

l/10;r rad.  At instant 12.24 sec the load on the actuator is increased abruptiy 10 times of its 

actual value. The effect of the perturbation is well pronounced at this moment in the tracking 

error of figure 3.4. However, because of the adaptive control the desired position is reached 

again rapidly in 0.07 sec. 
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Figure 3.5 Control signal generated by the indirect adaptive backstepping controller. 
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Figure 3.6 Parameters of the hydraulic motor (motor displacement & friction coefficient). 

On the other hand, at the same instant, we can notice in figure 3.5 the peak of voltage (-0.34 

Volts), in the control signal, due to the load increase; and the ability of the adaptive controller 

to restore the former signal amplitude. Let us now examine the parameters identification and 

their behavior during the sudden load increase. Figure 3.6 illustrates the convergence of the 
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Figure 3.7 Hydraulic parameters (proportional to the oil bulk modulus). 
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Figure 3. 8 Angular position, desired position and tracking error when using a non-
adaptive backstepping. 

hydraulic motor parameters Wa  and Wb  that are proportional to the motor displacement and 

friction coefficient respectively. It is clear that the identification process achieved a good 

convergence of the parameters toward their physical values. Moreover, Wa  regains its value 

shortly after the sudden load increase; however Wb  converges towards a higher value since 
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the friction coefficient increases with load and consequentiy with the system pressure. On the 

other side, figure 3.7 shows the hydraulic parameters that are proportional to the oil bulk 

modulus. The latter is known to increase with the oil pressure. In fact, at the moment where 

the perturbation occurs the three parameters pa, Pb and pc increase suddenly then converge 

toward a slightly different value. This is because it takes a very big pressure difference to 

create a significant change in the bulk modulus coefficient, while the pressure variation in 

our case, when setting the load to 10 times its initial value, is relatively small - 700 psi. 

Finally, in figures 3.8 and 3.9 the behavior of a non-adaptive backstepping controller is 

studied. The desired position in this case is smoother and has a frequency of 1 Hz. This 

makes the signal easier to track, which can be seen from the tracking error curve. However, 

although the signal is smooth, when the load on the hydraulic actuator is set to 10 times its 

current value (during 2 sec), the tracking is lost during this period and the actuator oscillates 

continuously being unable to regain its desired position. This is because of the control signal 

that turns to be almost saturated as shown in figure 3.9. 
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Figure 3.9 Control signal generated by the non-adaptive backstepping controller. 
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3.6 Conclusio n 

In this paper, a real-time indirect adaptive backstepping controller was designed for an 

electrohydraulic system. It is well known that parameters in electrohydraulic systems are 

subjected to variations depending on the system load and pressure; especially the friction 

coefficient that is affected by both. For that reason, in this experiment, we chose to vary the 

load acting on the hydraulic actuator in order to increase the system pressure and see the 

variation of the system parameters especially the friction coefficient. The latter tends to 

increase with both pressure and load. The results were compared to those obtained with a real 

time non-adaptive backstepping controller, similar to the one in Kaddissi, Kenne et al. 

(2007). We saw that during the parameters variation, the adaptive controller was able to track 

the desired reference signal with a slight transient behavior after the parameters variation. On 

the other hand, the non-adaptive controller was unable to keep the system on track; it ended 

up with large oscillations and instability. Regarding the controller design, we introduced the 

controller tuning parameters in the Lyapunov function in such a way to obtain a triangular 

matrix in the errors dynamic. This is to accelerate the states convergence to their desired 

trajectories and to reduce the amplitude and saturation of the control signal. Finally, based on 

this work, it is apparent that adaptive controllers are the best option in hydraulic systems 

control, since the system parameters are likely to vary depending on the operating conditions. 

Particularly, indirect adaptive control is recommended, because it leads to the real physical 

values of the system parameters unlike direct adaptive control. 



Appendix 

Tableau A 3.1 

List of the controller tuning parameters 

Tuning parameter s 

pl 
Pl 
Pi 
P4 

Value 

50 
150 
40 

0.001 

Observations 

— 

p2 > Pl for speed must converge faster than position 
P3 < p2 to minimize the effect of Wa 
p4 «p3 to minimize the effect of paCdg(.) 

Tableau A 3.2 

List of intermediate constants and functions 
used to alleviate the mathematical expressions 

Constant/variable 

A2 

ai 

b, 

bi 

bs 

b4 

bs 

Value 

Pl 1 iw,-p,)p, 

PA "^a 

P\-<Vi+P2 

Pb^l+PcPl 

-a,p, 
Px 

-Pl^l 

w.a^-p. 

^a 

Pb+^b 

Constant/variable 

Cl 

hi.) 

f(.) 

di 

di 

d3 

J(-) 

Value 

b,+p, 

""" C/t Cl L | C T t--ifcT 

+ b,x^,+bfx,, 

lae-"" 
{\ + e-'^'f 

P\ 
px.,w -b,+c,p,+E^^^ 

Pl 

-c.w^+c^p. 

-C2PaCdgi-)^A 
x ' " + b,x,,+b,x,,+ \' 
^0 
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Constant/variable 

Cl 

Value 

b2+P^^" 
Pl 

Constant/variable 

g(-) 

Value 

yjP^ -  XySigmixJ 

A 3.3 Errors dynamic 

The effect of the controller tuning parameters and the influence of the Lyapunov function 

choice can be seen by examining the errors dynamic of the closed loop system. The latter is 

found by calculating e. = x. -x-^ and replacing x, with e, + x-j for i = 1,2,3,4. ipij--^ ^^^  ^A 

are found directiy from the system model (3.10); whereas x^a^^^hd  ^^'^  ^Ad  ^^  ^he 

analytical derivatives of Xĵ .̂ r^ .̂̂ ĵ  and x^^  that were found in steps 1, 2, and 3 of section 

IV. Therefore, we have: 

= ̂ 2 +  ^Id  -  ^u  =  ̂ 2 +  (-/7|^ 1 +  -^1 J - -̂ W 

= - /7 ,e , +6^ 

(3.30) 

^2 =X2-X2,  =  {w,Xj -W,X2  -Wj  -{-Pf^  +  X^j) 

= e^-p2e2+w^e^ 
Px 

(3.31) 

^3 ~ -^3 ^3d 

W X 
= {PaX4g{-)-Pb^i-Pc^i)+a,e^+a2e2--r-Xxd--r-

w„ w„ 

Pl 
= K^i  -Pie,+PaC,g{.)e, 

PI 

(3.32) 

e,=x,- x,^  =  {-r^x, +  r,u) -  x,^ 

PA ' = PaCdgi-)ei-p,e, 
Pl 

(3.33) 
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INTRODUCTION A LA SUSPENSION ACTIVE ELECTROHYDRAULIQU E 

Au cours du chapitre precedent (2eme article), 1'etude du controle adaptif indirect d'un 

systeme electrohydraulique a ete faite en se basant sur la technique du backstepping, deja 

employee au premier chapitre. En effet, etant donne que les parametres d'un systeme 

electrohydraulique sont sujets a des variations qui dependent de la charge entrainee par le 

moteur hydraulique ainsi que de la pression resultante; le backstepping adaptatif indirect etait 

un choix incontestable : 

• 11 permet d'avoir une poursuite de trajectoire robuste et precise; 

• II permet de maintenir cette precision meme pendant la variation des parametres du 

systeme, en adaptant le controleur a cette variation; 

• II permet 1'identification et la convergence des parametres du systeme vers leurs valeurs 

reelles. 

Les 3 points precedents qui etaient confirmes par les tests experimentaux n'ont pas pu etre 

acheves avec le backstepping non-adaptatif, du deuxieme chapitre, qui ne supporte pas les 

variations des parametres du systeme. En presence de telles variations les resultats sont 

inacceptables. 

Maintenant que le backstepping applique a un systeme electrohydraulique generique est 

etudie, analyse et optimise avec ses differents aspects, il est necessaire de I'employer dans 

une application particuliere afin de percevoir I'etendue et I'utilite de cette approche dans 

rIndustrie. En effet, le chapitre suivant (3eme article) traite la commande nonlineaire d'une 

suspension active electrohydraulique. Cette technologie recente constitue un des sujets de 

recherche les plus actifs de I'industrie automobile. Dans cette etude, le backstepping a lui 

seul s'avere insuffisant pour achever la commande du systeme. L'idee principale porte sur le 

jumelage du backstepping avec une autre strategic du meme type (basee sur Lyapunov) qui 

est le forwarding. En fait, la dynamique de la suspension vient augmenter I'ordre et changer 

la structure du modele mathematique par rapport a celui du systeme electrohydraulique seul. 

Ainsi, le backstepping sera utilise pour commander une partie du systeme alors que le 

forwarding sera utilise pour en commander 1'autre. 
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INTERLACED BACKSTEPPING AND INTEGRATOR FORWARDING FOR 
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Abstract 

Passengers' comfort in long road trips is of crucial importance; as a result, active suspension 

control became a vital subject in recent researches. This paper studies the control of an 

electrohydraulic active suspension, based on a combination of backstepping and integrator 

forwarding. Our goal is to control and reduce the car vertical motion and keep it to zero. The 

active suspension model is highly nonlinear and non-differentiable due to the hydraulic 

components, especially the servovalve and the hydraulic actuator which chambers volume 

varies during extension and retraction. Therefore, a powerful control strategy is required. In 

such cases, Lyapunov based control strategies are the most suitable, for offering a lot of 

maneuverability in building an analytical control signal. The mathematical model of an 

electrohydraulic active suspension can be classified among interlaced systems. This means 

that the state space model is a sequence of feedback and feedforward equations. Therefore, 

interlaced backstepping and integrator forwarding is an optimal control strategy to stabilize 

this class of systems, particularly electrohydraulic active suspension. Afterward, we will 

introduce and define this constmctive control method and its basis. The foremost advantage 

carried on by this interlaced strategy is that it leaves no internal dynamic, as is the case of 

others. This is a great relief in control issues, since an unstable internal dynamic will 

destabilize the whole system whatever control method is being used. As it will be 

demonstrated, the interlaced backstepping and integrator forwarding is an outstanding control 

strategy to compensate the effect of chaotic roads on cars stability. The results are compared 

with a classic Proportional-Integral-Derivative regulator (PID) and a sliding mode controller. 
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to show that the proposed controller outperform a range of other existing ones for a range of 

perturbation signals. 

Index Terms  — Backstepping, Integrator Forwarding, Nonlinear control, Electrohydraulic 

Active suspension. 

4.1 Introductio n 

Active suspension control is a very dynamic field in recent researches. This is because of the 

competence among car manufacturers to increase cars handling and to offer the best comfort 

to passengers. When designing a car suspension, there are two main objectives to be reached: 

On one hand, improve the car behavior in hard driving conditions and minimize the vertical 

motion of the car body, due to road imperfections, on the other. This consequently means 

reducing the force that is transmitted, through the suspension to the passengers. 

Electrohydraulic actuators are typically chosen for suspension control, this is because they 

are more powerful and less bulky as compared to D.C and A.C actuators. Moreover, they can 

grant the skyhook damping effect as explained by Yoshimura et al. (1997), which is the ideal 

design of a suspension. The only drawback of electrohydraulic systems is their nonlinear 

behavior. The latter is amplified when linear actuators are used and not motors. In fact, the 

volume of the inlet and outlet chambers is not constant because a linear actuator is not 

symmetric. However, the availability of the hydraulic components in all vehicles, such as the 

supply pump, the oil tank, the fluid hoses, is an ultimate reason which supports their use in 

active suspensions. There are several designs for the mathematical model and for the control 

strategy as well. In classic control, pole location was used by Leite and Peres (2002), where 

the actuator dynamic were neglected. In robust control, H2  and //„ or a combination of both 

gave very satisfactory results with Abdellahi et al. (2000); except for the fact that these 

strategies deal with linear models, while at high frequencies some unmodeled nonlinearities 

could rise up. LPV based control is pretty powerful for nonlinear control systems. Caspar et 

al. (2002) and Fialho and Balas (2002) applied it for active suspension control and obtained 

satisfactory results for a linearized model. On the other hand, singular perturbation method 
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with an LQG controller was adopted by Ando and Suzuki (1996), but here again the actuator 

dynamic was neglected hence reducing the control efficiency. Within nonlinear control 

strategies, a sliding mode controller was used by Sam et al. (2003) and compared with an 

LQG regulator. Noticeably, the sliding mode controller gave better results than the LQG one; 

however there was chattering involved by the switching control signal which would damage 

the hydraulic components. Another nonlinear controller that can be encountered, is the one 

based on the backstepping as Sirouspour and Salcudean (2000), where the controller gave 

very good results. Conversely when it was used in its direct adaptive form there was a steady 

error due to the velocity estimator. However, indirect adaptive backstepping used by 

Kaddissi et al. (2006), gave better results than the direct adaptive approach because it ensures 

the parameters convergence to their real physical values and not to some local optimum 

values. On the other hand, one should be aware that backstepping is used only with systems 

which mathematical model is in a feedback or low triangular form. It will be shown later that 

the mathematical model of an electrohydraulic active suspension is a concatenation of a 

feedback subsystem (lower triangular form) and a feedforward subsystem (upper triangular 

form), or simply, interlaced. Therefore, backstepping can be applied only to some part of the 

active suspension model and one should verify that the remaining part, which is called the 

internal dynamic of the system, is naturally stable. Lin and Kanellakopoulos (1997), used the 

backstepping for the control of an electrohydraulic active suspension., but the choice of the 

vertical motion of the car body as the control variable led to an unstable internal dynamic or 

better known as zero dynamic. This is why suspension travel had been chosen as the control 

variable to ensure stability. 

This paper is an extension to our previous works (Kaddissi et al. 2007) and (2005). In the 

latter the control of an electrohydraulic active suspension was studied; it was based on the 

backstepping control strategy. The main focus in that work was to ensure a stable zero 

dynamic regardless of the control variable choice. This was achievable by adding some 

damping term to the tire model instead of being modeled only as a spring, which is the case 

of Lin and Kanellakopoulos (1997) where the tire was modeled as a set of springs in series. 

Physically, this is very reasonable, since the spring stands for the air in the tire and the 
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damper stands for the rubber material of which it is made. In this paper, figure 4.1 describes 

briefly the problem: x̂  is the road perturbation and x̂  is the vertical displacement of the car 

body that is transmitted to the passengers. The aim is to minimize the effect of Xr  on x̂ , to 

increase passengers' comfort and car handling. The latter is realized by establishing a control 

law that is consistent and that includes the dynamic of the whole system. This is achieved by 

combining the backstepping, described by Krstic et al. (1995) and the integrator forwarding 

described by Sepulchre et al. (1997). These constructive nonlinear control methods are 

extremely powerful and advantageous, because of the flexibility they offer in building a 

control signal based on the system dynamics, without canceling useful nonlinearities, as 

explained by Sepulchre et al. (1997). As it will be proved, this approach ensures ultimately 

bounded stability of the system and generates low amplitude, smooth control signal. 

The rest of the paper is organized as follow: The motivation for this work is presented in 

section 2. In section 3, the mathematical model of the electrohydraulic active suspension is 

established and the class of interlaced systems is defined. In section 4, the constructive 

nonlinear control method based on backstepping and integrator forwarding is built up. 

Section 5 shows the simulation results and the effectiveness of the proposed approach in 

terms of minimizing and rejecting road perturbations and their effect on the car passengers. 

The results are compared with those obtained by a classic PI D controller and those of a 

sliding mode controller, for a deterministic and a stochastic perturbation. While it might 

seem unfair to compare a nonlinear controller with a PID controller, we do make it, however, 

because the PID is the most popular and widespread controller used in industry. We therefore 

held it as a reference for the sake of comparison. Finally, section 6 contains some remarks 

and conclusions that bring this work to a close. 

4.2 Motivatio n 

The main issue is that, when it comes to passengers' comfort and cars handling, compromise 

and comfort must always be traded against other factors, such as performance. That is the 

reason why our prior works focused on enhancing active suspension control. 
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Previously, the emphasis was to improve the mathematical model by taking into account all 

the nonlinearities of the system on one hand, and choosing the most appropriate control 

strategy on the other. The latter topic is more critical. The choice of the backstepping as an 

optimal control strategy by Kaddissi et al. (2005) was based, in addition to what was 

mentioned in the introduction, on the fact that it relaxes the 'matching conditions', as 

explained through Khalil (2002), which are not respected in the active suspension model. 

This means that the perturbation signal or the uncertainties in the system model are not 

restricted to be in the state equation that contains the input of the system, as other control 

strategies require. Moreover, the ensuing control signal is analytical and free of derivatives, 

which reduces numerical errors and lightens the computations. In the current work, the goal 

is to have a closed loop dynamic which order is the same as the open loop system; in other 

words, the internal dynamic is absent. After analyzing the mathematical model of the 

electrohydraulic active suspension, it was clear that the internal dynamic results from its 

feedforward subsystem. With some necessary change of variables, the system can be 

rewritten in an interlaced form that is well defined through Sepulchre and Kokotovic (1997) 

and briefly elucidated in section 3. An archetj^al characteristic of interlaced systems is that 

they are stabilized by sequences of backstepping and integrator forwarding. The main interest 

dwells in the fact that integrator forwarding was seldom tested on real physical systems; 

since most of physical systems have a feedback structure and those which have a feedforward 

structure are very rare. One can find in Kristic (2004) very good examples of stabilization 

studies for feedforward and interlaced systems, using integrator forwarding and 

backstepping; especially algorithms to reduce the calculations load. However, the examples 

refer to no physical systems and are purely mathematical. The present work constitutes an 

excellent opening to test the effectiveness of those approaches on a physical electrohydraulic 

active suspension. 

In a first step, the next section elaborates the mathematical model of an electrohydraulic 

active suspension and defines the class of interlaced systems and shows the modifications 

brought to the active suspension model to fit in this category, in a further step. 
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Controller 

Figure 4.1 Quarter-car electrohydraulic active suspension. 

4.3 Interlaced Systems and System Modeling 

Figure 4.1 shows an electrohydraulic active suspension of a quarter-car model. The 

suspension is composed of the hydraulic system that plays the active part of it, while the 

spring-damper system constitutes the classic passive suspension. The closed loop system 

works as follow: A sensor measures the tire vertical movement; the measured signal is 

transmitted to the controller. The latter, based on the control strategy that is being used, 

generates a control signal. The control signal is sent to the solenoid that controls the position 

of the servovalve spool. This will adjust the amount of oil flow to be sent to the actuator and 

consequentiy control the vertical motion, speed and acceleration of the car body. The actual 

controller is based on successions of backstepping and integrator forwarding steps. 

Therefore, to be able to control the electrohydraulic active suspension, its mathematical 

model must satisfy the conditions of an interlaced system. In fact, interlaced systems 

constitute a class of systems only characterized by their configuration matrix and a local 

stabilizability condition. All these systems are globally stabilizable by a recursive design 
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procedure, which combines steps of backstepping and integrator forwarding according to 

Sepulchre and Kokotovic (1997). In view of that, the following sub-section follows. 

4.3.1 Interlace d Systems Structure 

Definition 1 : (Sepulchre and Kokotovic 1997) 

A nonlinear system .x-f{x,u),  with ueR.et  xe  R",  is called interlaced, if its Jacobian 

linearization matrix is stabilizable and its configuration matrix, 

'df 3/^ 
P{x,u) = 

du (4.1) 

Satisfies the following conditions: 

• If 7 > / + 1 and an element p, ^ ;tO of the P  matrix, then the element p^, =0 for 

every /c > /, k<  j -I  and / < /. (necessary condition to apply integrator forwarding); 

• If an element p^  j :?t 0 of the P matrix for some j<i,  then p^  ,̂ , is independent of the 

state variable x,̂ ., and p.  ,̂ i (x) ^ 0, for all x. (necessary condition to apply 

backstepping) 

In the next sub-sections, we will develop the mathematical model of the electrohydraulic 

active suspension and test out if it verifies the previous definition. 

4.3.2 Activ e Suspension Modeling 

Figure 4.1 shows an electrohydraulic active suspension of a quarter-car model. The 

suspension is composed of the hydraulic system that plays the active part of it; while the 

spring-damper system constitutes the classic passive suspension. 

Concerning the car dynamic, the mathematical model is classic and is obtained with 

Newton's second law. On the other hand, the hydraulic system model is obtained by applying 

the compressibility equations and using the servovalve dynamic. The electric control signal, 

generated by the designed controller actuates the servovalve spool to the right position 



82 

depending on the road perturbations. This in turn determines the action the actuator has to 

take in order to drive the vertical motion of the car body to zero. 

4.3.3 Electrohydrauli c System Model 

The servovalve used in this application, is a double stage one with matched and symmetric 

orifices. Its dynamic equation, referring to LeQuoc et al. (1990), is be given by: 

TX+A=KU (4.2) 

Where u is the control input, K is the servovalve constant, r^  is its time constant and A^, is the 

orifice opening area. The flow rate from and to the servovalve, through the valve orifices, 

assuming small leakage, is given as: 

P.-P, QX=QI=C,KI^ (4-3) 

Where, PL  is the differential of pressure due to load, P^-P^  -P2 in the positive direction of 

motion and PL=  Pi-  Pi  in the negative direction of motion. Finally, P^  =  P^+ P^ is the source 

pressure, Cd is the flow discharge coefficient and p  is the fluid oil density. 

Since oil compressibility varies with pressure, it should be considered in the actuator 

dynamic along with oil leakage. Thus we give the compressibility equation: 

2Vo^ 
P, ' V,'-A\x,-xy 

CA.^^^^f^-LP,-A{x^-x) (4.4) 

Vo is the oil volume in one chamber of the actuator when the piston is at the center position. 

Vo - A(Xs - x)  is the volume of the actuator chamber at every piston position. L  is the flow 

leakage coefficient, /5 is the oil bulk modulus. 

Note that in equation (4.3), as in Kaddissi et al. (2004), the sigmoid function 'sigm{AvY  is an 

approximation of the non-differentiable sign function 'sign{Avy  that stands for the changing 

of the flow direction. The sigmoid function has the following properties: 

1 -oA, 

sigm{AJ= ~^  ^  ; a > 0 (4.5) 
l + e ' 



83 

This is a continuously differentiable function with 

1 if  flX -> oo 

sigm{x) = < 0 //" ax —> 0 
-1 if  ax —> -°o 

and, 

dsigm(.x) 2ae 
dx H  + e-'") ar^2 

(4.6) 

(4.7) 

'Kr 

Figure 4.2 Tire modeling. 

Now, considering the hydraulic actuator equation of motion given by Newton's second law 

and referring to figures 3.1 and 3.2, we can write (refer to Appendix A.3.I  for parameters 

definition): 

x = -f{x,-x) +  -^(Jc,-i)~-^ix-x,) 
M,. M,.  M,. 

M, ' A/, '• 

(4.8) 

4.3.4 Ca r Body Dynamic 

The vertical acceleration of the car body is given by the following equation based on 

Newton's second law (refer to  Appendix A.3.1 for parameters definition): 

Xs = ^ ( x , -X) '-{k^  -x)  +  P, 
M.. M„ M 

(4.9) 

Note that the road fluctuation Xr, is considered as an extemal unknown perturbation. 
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4.3.5 Activ e Suspension Mode l 

Finally, if we set 

x^-x^: Vertical position of the car body, m 

Xj = i | : Vertical speed of the car body, m/s 

x, = X: Vertical position of the car wheel, m 

X4 =X3: Vertical speed of the car wheel, m/s 

X5 =P^ =/^ - / 2 : Pressure differential of the hydraulic. Pa 

X(, =  A^: Area of the servovalve orifice opening, m^ 

u = Electric control signal, Volts 

Then the previous six state variables define the electrohydraulic active suspension and the 

system can be described with a 6th order nonlinear state space model as follow: 

' ' \  (4.10a) 
X2 =-a^{x^-xyi-bQ{x2-xy)  +  a^xA 

4̂ =d^{x^-xy) +  d^{x2-X^)-l\{x•^-X,.) -fc, ( x ^ - x j - q x , 

Xs^-ZT-{C,x^g{-) +  A{x,-X2)-Lx,) 

r r X ^ = X ^ - l - — M 

(4.10) 

(4.10b) 

Subsystem (4.10a) represents the dynamic of the car body and subsystem (4.10b) represents 

the electrohydraulic active suspension. Where, a^^,  a^,  b^,  by, c^,  d^, dy,  h^, J^, are appropriate 

constants given by: 

, a,  =  ,» o =  .  b.  =  — 
M, M^  M^  M, 
A .  K^  _  B^  _  K, 

Jx = 2VoA 

And, /(xj.Xj), ^(xj.Xg), are appropriate functions given by: 
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f{x„x,) =  V,'-A\x^-x,y 

g{Xs,xJ = _ jf-sigm{x^)x, (4.12) 

It is obvious from the mathematical model in (4.10) and the defined functions in (4.12) that 

the active suspension model is highly nonlinear. This is why classic controllers fail to reach 

the desired objective, which is to minimize the vertical motion of the car body. In addition, 

they don't ensure global stability of the closed loop system. In the following section, the 

nonlinear proposed approach that is based on sequences of backstepping and integrator 

forwarding is employed to generate the control signal and simulation results will show its 

efficiency. 

4.3.6 Verificatio n o f Definition 1  for Interlaced Systems 

Let us check if the system model in (4.10) verifies definition 1 of sub-section 4.3.1. 

• Firstly, the Jacobian linearization Matrix, J, of the non-perturbed system (4.10) can be 

easily calculated considering (xi = 0, X2 = 0, X3 = 0, X4 = 0, X5 = 0, X6 = 0) as the 

equilibrium point: 

/ = 

0 

• « o 

0 

do 

0 

0 

1 

-bo 
0 

di 

J,A 

•̂ 0 

0 

0 

« 0 

0 

-do-

0 

0 

^ 

0 

K 
1 

-d, -b, 
J, A 

•̂ 0 

0 

0 

«1 

0 

- C l 

•̂ 0 

0 

0 
0 
0 
0 

AC, 1 
"^0 V 

1 

(4.13) 

It is easy to verify that the eigenvalues of matrix J have negative real part, after replacing the 

constants with their values from Appendices A3.1  and  A3.2.  This implies that the non-

perturbed system is stable and the Jacobian linearization matrix of (4.10) is stabilizable. 

• Secondly, we should calculate the configuration matrix P of the nonlinear system 

(4.10). It can be easily found that: 
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P = 

( 0 

- « o 
0 

^ 0 

a 

0 
^ 

1 

-K 
0 

ds 
J,A 

To 
0 

0 

« 0 

0 

-Wu + /l,) 

p 

0 

0 

^0 

1 

-{d,+b,) 
J,A 

/ ( • ) 

0 

0 

«l 

0 

- c , 

7' 

0 

0 

0 

0 

0 

c,y,g(.) 
/ ( • ) 

1 

r 

0 ^ 

0 

0 

0 

0 

K, 
T J 

(4.14) 

With, 

2 A^y 
a = '  (C ^ g  (. ) .V g +  A  (X4 -  Xj ) -  Lx 5 ) (x , -  X3 ) 

y5 =  -
2 A V , 

(Cjg( . )xj -I-A(x, - . v , ) - Z x 5 ) ( x , - Xj) 

r= 

•/. 

/ ( • ) 

2pg{.) 
if sign{x^)>0 

'\i sign{x^)<0 

(4.15) 

It is easy to notice that P does not verify condition 1 of definition 1. In fact, since 

Pi.A -bo'^O  and p^^  =a, T^O, then we should have p^, =0, P22  =0 , p^,  =0 and p^2  =0 

which is not the case, because p^i =~^o "^^^ Pi2=-bo'^0,  p^j=dQ^O  and p^^ -^\  '^^• 

The consequence of this conclusion is that when applying the integrator forwarding some 

state variables will be cancelled, while building the control law, before being stabilized. In 

other words, it is the equivalent of simplifying a zero and an unstable pole, from the transfer 

function of a linear system, before stabilizing the pole. The system will look stable 

mathematically because the unstable pole was simplified, however, it still exist. 

Consequently, the system doesn't belong to any of the classes studied by Kristic (2004), thus, 

we are unable to control it with sequences of backstepping and integrator forwarding. To 

remedy the problem, we propose the following change of variables: 

y, =  X, ; y j =  X2 ; y , =  X , -  X 3 =  y , -  X j ; y , =  X 3 -  x ^ 

y, =X2-x^=y2-x,^;y^^x^;y^ 
(4.16) 

^6, 

Using this change of variables, the system model turns out to be. 
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y\=yi 

>'2=-«o3 '3-^03 '4+«l> '5 

yi =  yA 

yA=-\yi-\yA +  ^yi+Kyr+biy, 

y5=j^^{-Ay,-Ly,+C,g{.)y,) 

y6^—^6+—" 
T T 

(4.17) 

With, 

A 
Al 

Al 

= flo + ^0 

= bo+di 
= a,+c, 

(4.18) 

It is obvious that the Jacobian matrix is stabilizable, since the system dynamic is the same. 

Now, if we calculate the configuration matrix Pi  of system (4.17), we find: 

To 1 0 0 0 0 0 "i 

(4.19) 

With, 

0 
0 
0 

0 

0 

0 
0 
0 

0 

0 

- « o 

0 
-aa+d„ 

5 

0 

- ^ 0 

1 
-b^ +  d, 

0 

«i 

0 
a,+c, 

9 

0 

0 
0 
0 

CJ.gQ 
/ ( • ) 

1 
T 

0 
0 
0 

0 

K 
r J 

5 = 

d^ 

2 A V , 

f{.? 
{C,,g{-)y(,-Ay,-Ly^)y^ 

J, 
/ ( • ) 

J, 
/ ( • ) 

c,y, 
2pg{.) 

-L 

-L 

ifsign{yf;)>0 

\isign{y^)<0 

(4.20) 

Now, it is obvious that the configuration matrix Pu  verifies the conditions of the interlaced 

systems definition in sub-section 4.3.1. Thus, the new mathematical model structure (4.17), 

of the electrohydraulic active suspension, can be stabilized using sequences of backstepping 

and integrator forwarding. 
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4.4 Controlle r Design Based on Backstepping and Integrator Forwarding 

In this section, the controller is designed based on sequences of backstepping and integrator 

forwarding as by Kristic (2004). A complete list of the intermediate variables and functions 

used to alleviate the expressions of the active suspension open and the closed loop model is 

given in Appendices A3.3, A3.4, A3.5. A detailed description, of the controller design and the 

proof of the following proposition, is given in Appendix A3.6  as well. The choice of the 

control strategy is based on the following assessment: The subsystems of (4.17) that have a 

feedback structure are controlled using nonlinear backstepping and the subsystems that have 

a feedforward structure are controlled using integrator forwarding. Note, that according to the 

variables change in (4.16), yr  is currentiy the unknown perturbation, which is the relative 

motion between the tire and the road shape. Let us consider the following nonlinear model of 

the electrohydraulic active suspension (4.17), and define the following variables change: 

^, =y , + f (^2-A^3-Ao^4)^f (4-21 ) 
0 

42=yi+]{An^,-\^,)dt (4.22) 

0 

e, = yi - Jid  ,  for / = 3, 4, 5 and 6 (4.23) 

yr^h,y^+b,% (4.23') 

• ^ is a variable defined such that its counterpart is its initial value when no input is 

applied and when yr  = 0. (For instance, yi is the initial value of ^| when M = 0 and yr = 0, 

otherwise, ,̂ does not exist, refer to Appendix A3.6 for detailed explanation). 

• Zj  is the value of ^ when an input or a perturbation acts on the system, for i  = 1 and 2. 

(For instance, zi is the value of ,̂ when u^O  and y^  ^0). 

• y,d is the desired value of the state variable y„ for / = 3, 4, 5, 6. 

4.4.1 Propositio n 

• If there exist two stabilizing functions. 
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Vi=A(z,,z„.,) 4̂ 24) 
V2=<l>(z, ,Z2,e , ) 

Where A and <I> are functions designed using the integrator forwarding to stabilize yi and y2 

respectively. And, 

• If there exist three stabilizing functions, 

3'4rf=A(e3) 

y^,=&{Zi,Z2,ej,e,) +  v2+v, (4 .25) 

^6</=*i'(Zl'Z2'«3'^4'«5) 

Where A , 0 and 4* are functions designed using the backstepping to stabilize y^,  y^  and ys 

respectively. And, 

• If there exist a bounded perturbation Yr, with boundaries defined in (4.44), (4.58), 

(4.70), (4.77) and (4.86) 

• Finally, knowing that y^d = 0 since it represents the suspension travel and the goal is 

to keep it to zero. 

Then, two options exist: 

• Choosing the following positive definite Lyapunov function 

ye-\zf^\zl+\e^, + '-el^U,+^el  (4.26) 

• Choosing the control input u as (refer to the final step of Appendix A3.6) 

M = T(z, ,22,^3.^4,^5,eg) (4 .27) 

Where T is a function designed to stabilize the whole system (4.17). This will guarantee an 

ultimately bounded stability of the controlled system, since we will have, 

^ f < 0 - ^{zx,Z2,e„e,,e„e,}^0  ^^^^^ 

\ = 0 for Z| = z, = ^3 = 4̂ = e, = ê  = 0 

In fact, if we rewrite the state space equations of system (4.17) in terms of the new variables, 

we will have the closed loop dynamic of the system, (refer to Appendix A3.6) 
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(4.29) 

" 2 •^1 1 " 2 ' ' 2 ' ^ 1 1 

^2 - ~ " ; ~ 2 l ~  ^9^2 ~Ao^ 4 +  Al^5 +  Ao^ r 
^ 2 

^3 = -A:3e3 -he4 

fc A 
64 = - Zi - Aj iZ j ~ ^3 - ^ 2 ^ 4 + A^e^  +  Y^ 

5̂ =  -A 1̂ 2 + A(-)e4 -  ̂ 5^ 5 + ̂ 6 + AeO^r 

^6 = - e 5 - V 6 + A 7 0 ( - ) l ; 

By examining the system (4.29), it is easy to verify the effect of the different tuning 

parameters ky,k2,kT^,k,^,k^  and A:̂  on how it accelerate or slow down the convergence of each 

state variable. Moreover, as one can see, the resulting closed loop system is a 6th order 

system, like the open loop system, which means there is no internal dynamic, unlike the case 

where solely backstepping is used as with Jung-Shan and Kanellakopoulos (1997)  and 

Kaddissi Kenne et al. (2005). This results in a greater stability. (Refer to Appendix A3.3) 

4.5 Test s and Simulation 

This section presents and analyzes the simulation results obtained from the backstepping -

integrator forwarding controller versus those obtained by a classic PID controller and a 

sliding mode controller. The goal is to evaluate the transient reaction and stability of a car 

body equipped with an electrohydraulic active suspension that is controlled with the previous 

designed controller. 

4.5.1 Th e Controllers Design 

• Refer to Appendix A3.6  for a complete description of the backstepping - integrator 

forwarding controller; 

• The gains of the PID controller were optimized using the 'Nonlinear Control Design' 

outport of the 'NCD Blockset' library of Matiab-Simulink. The maximum allowed 
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value for yi was 3 cm and the maximum allowed value for the control signal u  was 2 

Volts. Their values are given in Appendix A3.3; 

• The sliding mode controller is based on the following sliding surface: 

S=Cj, +c,y, +C,y, +CJ\ (4.30) 

The sliding surface is a function of the controlled variable yl which is the vertical motion of 

the car body and its derivatives. The sliding surface is chosen in a way that its derivative 5 

encloses the control signal u.  This is why in the expression of S there is no need to go further 

than the third order derivative of yi. The tuning parameters Ci, C2, C3 and C4 were chosen by 

identifying the characteristic polynomial of (4.30) with a third degree polynomial having a 3 

multiplicity stable pole equal to - 50. Their values are given in Appendix A3.3. 

4.5.2 Simulatio n Results 

The road disturbances used for this simulation consist of two succeeding bumps of 10 cm 

height that last 0.6 sec  and 0.25 sec  respectively for the first test; and a random perturbation 

of bumps and potholes with a maximum peak of 25 cm  for the second test, as plotted in 

figure 4.3 (a) and (b) respectively. Figure 4.4 compares the vertical motion of the car body 

for the backstepping - integrator forwarding controller (a), the PID controller (b) and the 

sliding mode controller (c) in case of 10 cm height bumps. As we can see in (a), the peaks are 

0.4 cm for a bump that lasts 0.6 sec and 0.95 cm  for a bump that lasts 0.25 sec.  It is obvious 

and expected that this controller outperform the PID controller (b) where the peaks are 3.7 

cm for a bump that lasts 0.6 sec and 5.8 cm for a bump that lasts 0.25 sec. 
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Figure 4.3 a- 10 cm bumps, Xr (cm), b - Random perturbation, Xr (cm). 

The performances of the sliding mode controller (c) are very close to those of the 

backstepping - integrator forwarding controller (a), with slightly lower amplitude of the car 

vertical motion in the case of the backstepping - integrator forwarding controller and a 

slightly better transient state in the case of the sliding mode controller. Figure 4.5 compares 

the vertical motion of the car body for the backstepping - integrator forwarding controller (a), 

the PID controller (b) and the sliding mode controller (c) in case of random perturbations. As 

we can see, the maximum peak is 0.7 cm  in (a) and 7 cm  in (b); here again the resulting 

performance of the controllers is expected. On the other hand, the performances of the sliding 

mode controller (c) are quite different this time from those of the backstepping - integrator 

forwarding controller (a). Much higher amplitudes of the car vertical motion are observed 

with the sliding mode controller than with the backstepping - integrator forwarding 

controller; however, the variations are smoother with the sliding mode controller. Further 

more, the oscillations that are apparent in the backstepping - integrator forwarding are 

extremely small to be sensed by the passengers, hence the latter controller is more efficient in 

presence of random perturbations and chaotic roads. 



93 

E 1 

^ 0. 5 
C o 

I 0 
y -0. 5 

E 6 

4 -

i 2 
(0 
O 

f- 0 
(0 
o 
V. - 2 

E 1. 5 

g 0. 5 

"S -0. 5 
o 

•^ - 1 

> 
• - 1 5 

T 1  1  1  1  1  1— I 1  r 

xlt""^ 

Af 

Time (sec ) 

10 

—\\̂ —\—\—H | i ^— 
10 

10 

Figure 4.4 10 cm bumps, a - Car vertical motion, yj (cm), when using the backstepping -
integrator forwarding nonlinear controller, b - Car vertical motion, yi (cm), 
when using the PID Controller, c - Car vertical motion, yi (cm), when using 
the sliding mode controller. 

Another essential comparison is to be made for the control signals generated by these 

different controllers. Figures 3.6 puts side by side the control signals of the three controllers, 

in case of 10 c/n height bumps. We can see that the control signal of the backstepping -

integrator forwarding controller (a) is lower in amplitude and smoother than the PID 

controller (b) and the sliding mode controller (c). On the other side, figure 7 evaluates the 

control signals of the three controllers, in case of a random perturbation. Here again, we can 

see that the control signal of the backstepping - integrator forwarding controller (a) is 

obviously lower in amplitude and smoother than the PID controller (b) and the sliding mode 

controller (c). In fact, a lot of oscillations appear in the PID control signal and the chattering 

effect is very present in the sliding mode control signal. Those phenomena make the valve 
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spool shift from one position to another at a high frequency, which can damage the 

servovalve itself. Moreover, this chattering will have larger amplitude in real-time control, 

because the sampling time will be most probably larger. In a few words, the backstepping -

integrator forwarding controller that was designed in this paper allowed us to fully control 

the electrohydraulic active suspension without leaving any intemal dynamics and thus 

leading to a very adequate stability and satisfactory passengers comfort. 

E 1 0 

^ - 5 

-10 
10 

Figure 4. 5 Random perturbations, a - Car vertical motion, yi (cm), when using the 
backstepping - integrator forwarding nonlinear controller, b - Car vertical 
motion, yi (cm), when using the PID Controller, c - Car vertical motion, yi 
(cm), when using the sliding mode Controller. 
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Figure 4. 6 10 cm bumps, a - control signal, u (Volts) when using the backstepping -
integrator forwarding nonlinear controller, b - Control signal, u (Volts) when 
using the PID controller, c - Control signal, u (Volts) when using the sliding 
mode controller. 

4.6 Conclusion 

In this paper, we presented a nonlinear control strategy of an electrohydraulic active 

suspension. Giving that the mathematical model of the electrohydraulic active suspension is 

neither feedback nor feedforward, we made a change of variables that allows the system to be 

classified as an interlaced system. Consequently, the ensuing controller is based on a 

combination of backstepping and integrator forwarding. We can see how the designed 

controller succeeded in stabilizing the vertical motion of the car body and reducing the 

perturbation transmitted to the passengers as well. Two simulation tests were made. The first 
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one was for two succeeding 10 cm  bumps that last 0.6 sec  and 0.25 sec  respectively, the 

second one was for a random perturbation signal with a maximum value of 25 cm. The use of 

this control strategy permitted us to achieve a full control over the hydraulic active 

suspension, without any remaining intemal dynamic as in many other control approaches. 

The results were compared with those obtained by employing a classic PID controller and a 

sliding mode controller. The PID obviously led to less efficient results; however the sliding 

mode controller while giving interesting results in minimizing the car vertical motion, 

generated a high amplitude control signal involving chattering. This can eventually damage 

the hydraulic components especially the servovalve. Our further work relies on implementing 

this control strategy on an industrial active suspension to achieve a real-time control. 
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Figure 4. 7 Random perturbations, a - control signal, u (Volts) when using the 
backstepping - integrator forwarding nonlinear controller, b - Control 
signal, u (Volts) when using PID controller, c - Control signal, u (Volts) 
when using sliding mode controller. 



Appendix 

Tableau A 4.1 

Active suspension properties 

Property Nam e 
Servovalve time constant 
Servovalve amplifier gain 
Flow discharge coefficient 
Fluid bulk modulus 
Actuator chamber volume 
Supply pressure 
Fluid mass density 
Leakage coefficient 
Actuator piston area 
Passive suspension damping 
Passive suspension rigidity 
Car body mass 
Tire and suspension mass 
Tire stiffness 
Tire damping coefficient 
Exponential Constant 

Symbol 
T 
K 
Cd 

P 
Vo 
Ps 
P 
L 
A 
Bp 

Kp 
M, 
Mr 

Kr 

Br 

a 

Value &  Unit 
3.ISxlO'^ sec 
0.0397 cm'/V 
0.63 
7995 daN/cm' 
135.4 cm' 
103.42 daN/cm' 
0.867 g/cm' 
0.09047 cmfdaN.s 
3.35 cm 
1 daNs/cm 
16.812 daN/cm 
290 Kg 
59 Kg 
190 daN/cm 
0.5 daNs/m 
2000 

Tableau A 4.2 

Mathematical model constants 

Constant Valu e 

A 

J,=2VJ 

Constant Valu e 
A 

Mr 

A=ao+^o 

Constant Valu e 

h-^" 
''-K 

dx-"^ 
Mr 

A =^0+^1 

Constant Valu e 

A3 = a , -1 - c, 

Tableau A 4.3 

Controllers tuning parameters 

Tuning paramete r 

A:i 

Value 

50 

Comments 

Large enough to ensure condition (70) 
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Tuning paramete r 

ki 

h 

UA 

k5 

h 

Kp 
Ki 

Kd 

c, 
C2 

C3 

C4 

Value 

100 

10 

33 

106 

1070 

10 

2 

0.01 

125000 

7500 

150 

1 

Comments 

2̂ > 1̂ SO that the car vertical speed 
converges faster than the position and large 
enough to ensure condition (58) 

— 

k^ > k^ SO that the suspension vertical speed 

converges faster than the position and large 

enough to ensure condition (44) 

Large enough to ensure condition (77) 

Large enough to ensure condition (86) 

NCD toolbox - Simuhnk 

NCD toolbox - Simulink 

NCD toolbox - Simulink 

By identification to {s  + 50)^ 

By identification to {s + 50)^ 

By identification to {s + 50)^ 

By identification to {s + 50) 

Tableau A 4.4 

Intermediate constants for controller design 

Constant Valu e 

A -~A[  +^3A2 -A:3 

A i = A 4 - l - l 

A=-«o+V'3-« iA/A 
Den -  1 + ^3^4 

A2o = (A7 - kiAiVDen 

A2 ~"-4 ''""^2A 

A , -
1+ ^3A2 

"*"''2''3AAlAo 

2 ĵ 1 1 ̂ ^ 

• kk2\,DEN) 

I '•3A1A0 J/ 

A „ = ( l + A4)/A3 

Constant Valu e 

Ao ~ ^2 " ^̂3 

A ~ "̂4 ~ Ao 

A = ^ o + « i A / A 
A) ={\+k^A^)/Den 

A2^^A2IAi+A2oAT, 

r.^., . [-l + ̂ 2't3A'l DEN =  AA  2 3 3 1 

H A 2 J 

A , 4 = -

AiAo •'"A 

~AiAA2 • DEN 

Ab - ^lAi •'"'^2Ai 

As "('•4 ~ Ao) 'A ''•"^2A 

+^iA 
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Constant Valu e 

A^g =^2Ai "'"'̂ lAi 
21 ~ 1  3  1 1 " ' ' 2 Ay  A  ̂I 

A23 =  K i / ( K 2 A | | )-h Ki A | g / K 2 

-1- K jA jA ig / ( A : 2 A | | ) 

Ais -'^sA? +  As 

/I2Q —  *f  1 iH/Ci 1  J 1 i-i/li-1 

A50=AoA3 "•" As 

Constant Valu e 

Ao ~  "^2Ai A "• " '^lAiA 

A2 ~ A2 +^iA 

A4 ~"^i '(''2Al)"*"AsA i 
+ AeAg 

Ae ~ "-i A '("-I A1) "•" Ae Ao 
- A| 7 +  A,gA2 2 

Ao ~ ~ • ' i ' ^ " ' ' •'i^As 
A[60 ~~"^lA5o/(''2A|) +As 

+ Ae Ao 

Tableau A 4.5 

Intermediate functions for controller design 

Function Value Function Value 

A7(-)=-A3 + ^ ^ ^ ^ 
/(.)A:2A„ 

As^-)" A4"' ' 

A9( ) -A5 + ft) "̂  /(.) Ao(-)- A b 
J I  /\  J  1  LJ/\I  g 

/(.) /(. ) 
Ai(-) = Ai+A8(-) A32(.) = A3+A3o(.) 

'•''•>'7U-'' w(.) = 
dsigmiy^) lae  ""'• 

dye {\+€-'•''• y 

r r  X df{?)  2 
f,{.)^-j^^-2A y,y, 

V(.)--
sgm{y(,)y^yf, wQy^y^ 
2pg{.)f{.) lptg{.)f(.) 

fp(-)g(-) g{.)ye 
x2 ^ 6 fir fi.)T 

Z() =  J,C, 

K.gi-) 
fi-)r 

2pTgi.)f(.) 

A T O -
*2A, / ' ( • ) 

^290 = -
•J I /\K-i fpi-) 
+y,LA,J/^(.) 

/ (• ) 
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Function Value 

A32(.) = ( y , A - 7 , L A „ ) ^ 

A3()=^^-A,(-)A, 
ki 

+ AiA2(-) 

"•• A8A3(,) ~ Ai(-) 

A3,(.) = ̂ 4 ^ - A 2 , ( . ) 

+ A 2 Q A 3 , ( . ) -1- A22A32(.) 

- |-A3(,( .)A33(.)-A,2(.) 

y,c,g(.)A33(.) 

> ; = ^ > ' r + ^ i j . 

Function Value 

A 4 ( - ) - 2 . 2 A 7 ( - ) 
^2 A| | 

"'lAA2(-) 
KjA,, 

+ A3(-)A7(-) 
^,A,(-) 

ki 

A3,(.) = - M 2 9 ( - ) + A2( - ) 

-KA2g(.)A33(.) 

-A^C) 

A8(-) = -A,A.(-)-AA2(-) 
V,LA33(.) 

A7a (•) ~ Aso A7 (•) - A2 (•) 

- AoAi(-) 
~ AeoAŝ -) 

A 4.6 Backstepping - integrator forwarding controller 

Consider the following subsystem of (4.17) with ys as input, 

yx = yi 

) ' 2 = - « 0 > ' 3 - ^ 0 3'4+«iy5 

>'3=>'4 

yA =-A}'3 - A)'4 + A>'5 +'^l>'r +^l>'r 

In fact, it is easy to find that, 

Pxi-

0 1 0 0 0 

0 0 -Qfl -^Q a, 

0 0 0 1 0 

^0 0 -A, -A2 A3; 

(4.31) 

(4.32) 

The previous matrix is of the form, 
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/» = 

0 
0 
0 
0 

* 
0 
0 
0 

0 0  0 
* *  + 

0 * 0 
* *  * 

J 

(4.33) 

As it can be seen through Sepulchre and Kokotovic (1997), a system which configuration 

matrix is like the one in (4.33), is stabilized with two steps of backstepping, for (ys, y4), 

followed by two steps of integrator forwarding, for (yi, yz). 

Let us apply the backstepping to the subsystem composed of (^3, ^4) : 

3-3 = y4 

4̂ =-A>'3 - A>'4 + A^s +'^)'r +b^y, 
(4.34) 

Step 1:  Define the error variable 63 = >'3-0 = >'3, since the goal is that y^  (the suspension 

travel) converges to zero and define the candidate Lyapunov function for the state y3 = y4, 

2 ^ 
(4.35) 

Then, 

^3 = « 3 ^ 3 =^3>'4 (4 .36) 

If we consider y4 as the virtual input of ^3 , then its desired value that will achieve 

stabilization is, 

yAd^-kie^ (4.37) 

This will give, 

V3 = -^3^3 < 0 (4.38) 

Step 2:  Define the error variable e^  = y^-y^j and the candidate Lyapunov function, 

V,^V,+\el (4.39) 

for the state >'4 = -A^y^ -  A2y^  + A^^y^ +h\yr  +^i>'r of subsystem (4.17). 

First, this allows writing, 

^3 = yj = y4 = ^4 + yAd  =  -kie^ +  ^4 (4 .40) 

Then, 

V>4 = -^3^3^ -I- ̂ 4(^3 -1- A4e3 - A^^e,  +  A^y^ +  Y^) (4 .41) 
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If we consider yg as the virtual input of y4, then its desired value that will achieve 

stabilization is. 

ysd =—[AG^4 - ( A +1)̂ 3 -^4^4] (4.42) 

This will give. 

V^ =-k^e; - k^e^  +eyY^ 

- _ i . ^ 2 _ ^ 2 _ ^ 
33 2  "  2 

V '^A  J 
+ -IK 

Equation (4.43) is negative if, 

Y<^-^K 

(4.43) 

(4.44) 

In order to be able to apply integrator forwarding to the subsystem (i'i,y2), we have to 

augment the input yŝ ; of subsystem (4.31). Hence, equation (4.42) becomes, 

1 
y5d -I Aô 4 - (A + 1)̂ 3 - ^̂ 4̂ 4] + 2̂ (4.45) 

This allows writing, 

^4 =  i' 4 +  ̂ 3^ 3 

= -AiVi -A2y4  +  A^y^^ + ^ y . + ^ly. - ^3^3 + 3̂̂ 4 

= -e^-k^e^+A^V2+Y^ 

And, 

y2=-('oyi-boyA + axy5d 
Ms 
A 

= (-a„ -I- 0̂̂ 3 - ^)e, -  (bo  +  ^)e^ -t - ^ Vj 

T "3 "3 

Substituting (4.46) and (4.47) in subsystem (4.31), leads to the new subsystem, 

yx =  y2 

y2=A,e^-A^e^+^V2 
Al 

e 4 = - e 3 - V 4 + ^3V2+^rJ 

(4.46) 

(4.47) 

(4.48) 

Step 3: Let us consider the non-perturbed subsystem of (4.48) formed by {̂ 2,̂ 3,64} and make 

the following change of variables (Sepulchre et al. 1997), 
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^ 2 = A ^ 3 - A ^ 4 ^2(0 ) = y2 

4 = - * 3 ^ 3 + ^ 4 ^3(0 ) = ̂ 3 

^4 = - ^ 3 - ^ 4 ^4(0 ) =^ 4 

(4.49) 

In other words, {y2,  e^, ef) become the initial values of the new variables (̂ 2 • 3̂ • ^4) • The 

latter variables change allows us to write, 

#2=>'2 + f ( A ^ 3 - A 4 ) ^ ' (4.50) 

Solving the differential equations (4.49) and integrating (4.50), gives the following solution: 

And, 

^ 2 = y 2 + V 3 + A o ^ 4 

i2^yi +  A^3 + Ao^4 

= A,e3 -Age4 -I-—i-Vj -I-A,(-^3^3 -1-£4) 
A 

-HA,o(-e3-^4e4-i-A3V2 + y,) 

(4.51) 

(4.52) 

vA 
••" AAo ''2 + Aon 

Therefore (4.48) becomes. 

Z2=AlV2+Ao>'r 
^3 —  ^^3^ 3 '  ^ 4 

£4 = - ^ 3 - ^4^4 -I- A3V2 -I- Y^ 
(4.53) 

As one can see, the added input vj  will be used to stabilize the subsystem (4.53), 

particularly Z^  -  Therefore, consider the following candidate Lyapunov function, 

V2-V4-Hi (z2 f (4.54 ) 

Then, 

V2=V4 + V2(A„Z2+A^4) + Ao^2n (4-55) 

The value of V2 that will ensure the stabilization of Zj  is, 

V2=-k2{\,Z2+A,ef) (4.56) 

This will give. 



104 

V2 =V, -k2(A,e,  +  A,,Z2y +  AgZ2Y, 

Equation (4.57) is negative if. 

^^3^4 + A,,z;)' , 

A 0^2 

(4.57) 

(4.58) 

Step 4 : In order to stabilize y,; the control V2 should be augmented. Hence, the augmented 

input becomes, 

V2=-^2 (A l ^2+A^4) + Vl (4-59 ) 

Therefore, subsystem (4.48) combined with (4.51), (4.53) and (4.59) becomes, 

>'l =  ̂ 2 = ̂ 2 - A^ 3 -  Ao^ 4 
Zj =-A:2A,|Z2-/:2A|A3e4-I-A|,V|-I-A|Qy^ 

^3 ~  ~  ''3^ 3 +  ^ 4 

(4.60) 

^4 —  ^ 2 3  11^ 2 ^ 3 ^ 2 ^ 4 A ^ l r 

Let us consider the non-perturbed subsystem of (4.60) and make the following change of 

variables. 

bl -  S 2 Ab 3 AoS 4 

b2 -  " ' '2 A 1?2 ~ "̂ 2A 1 A 4̂ 

4 = - * 3 ^ 3 + ^ 4 

,̂ (0) = y, 

^2(0) =  Z2 

^3(0) =  ̂ 3 
(4.61) 

4̂ = -^2 A3 A, ,̂ 2 - 3̂ - A2̂ 4 4̂ (0) = C, 

In other words, (y,, ^ j , £•3 and ^4) become the initial values of the new variables 

(^,, ^2' 3̂ "̂<i ^4) • The latter variables change allows us to write, 

4x-y^Ai^2-^4l-^,^,)dt (4.62) 
0 

Solving the differential equations (4.61) and integrating (4.62), gives the following solution, 

And, 

^1 ~ 3̂ 1 A3^ 2 A4^ 3 A5^ 4 

1̂ =  ^l ~  A3^2 ~ A4^3 ~ A5^4 

= Z2 ~ A^3 ~ Ao^4 ~ A3\~"-2Al^2 ~"^2AlA^4 "'"A 1̂ 1 +  Ao^r ) 

- A 4 (-^3^3 + ̂ 4 ) - A s (-^2 AAl22 -  ̂ 3 - A2^ 4 + A^l +  ̂ r ) 
1 

(4.63) 

(4.64) 

2̂ A 
•V,-(A,oA,3-l-A,5)y, 
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Therefore (4.60) becomes. 

*2A 
-n-AsO^r 

Zj - ^2Al^2 "^2AlA^4 + Al^l ^ Ao^r 

C3 — II  A 

(4.65) 

4̂ =-A:2A3A,,Z2-e3-A,2e4-I-A3V1-ty; 

As one can see, the added input v; will be used to stabilize the subsystem (4.65), particularly 

z,. Consequently, consider the following candidate Lyapunov function. 

V'.-^2+^{^,f 

Then, 

V,=V2+V, 
v^2Ai 

z^ +A^^Z2  +  A^e^ Ai^nZt y. 

(4.66) 

(4.67) 

The value of V| that will ensure the stabilization of z, is, 

V| = - ^ 1 
^/cjAi 

-z, +\iZ2+A^e,^ (4.68) 

This will give, 

V,=V2-kx 
( 1 

^ ''2 A 1 
-Z, -HA|,Z2-^A^4 A 50̂ 1 V (4.69) 

Equation (4.69) is negative if. 

n<-

\ 2 

v''2Ai 
•z, +A^iZ2+Aje, 

A 50̂ 1 
-^. (4.70) 

Let us now apply the backstepping to stabilize the rest of the system. In the previous steps, ys 

was considered as the virtual input of subsystem (4.31). Its desired value that will yield 

subsystem (4.31) to stabilization is found by replacing V2 and vi with their expressions in 

equation (4.45), 

k, 
y5d=-

/CJAI 
Z| A6^2 A 7 ̂ 3 A 8̂ 4 (4.71) 

Step 5 : Since ys^ is not the real input of the system we will define the error variable 

e^= y^-  y^j  and the candidate Lyapunov function. 



for the state y^  -—!-(-A>'4 -Ly^  +Cjg{.)y(,),  of subsystem (4.17). 

First, this allows writing 

k 
es = y5 + 

/ ( • ) 

"^2^11 
1̂ +  A6^2 + A7^3 + As^4 

{-Ay,-Ly,+C,g{.)y^) + 

+ A. 

''2 A I 
^ 7 _ ^ 7 ^ ' A _  4  Y 

• 1A1  ^1 /, ^2 L A ' * ISO^r 
V '^2^\X  "^l  '^2Al y 

-I-A,, 

— Z| A19Z2 ^20^4 -I-A|gyj. 

V ^2 

/ , . \ 
•-—-— Z| - A21 Z2 - ^3 - A2^4 + Yr 

\ *̂ 2Al 

+ A7(-'^3^3+^4 ) 

/(.)A:2A 
z, + 

2"11 y 
-A4 + 

/ ( • ) 

z, + -A5 + 
fAk^ JjL\^ 

/ ( • ) / ( . ) 

/ ( • ) '  / ( . ) 

y6+A,60(-)Yr 

v,=v, 

+ e. Ant)Zx + (Al + A28(-))Z2 + A2,(.)e3 -t-(A3 + Ajo(.))e, - ^ ^ s +  ^6 + A^eoi-K 
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(4.72) 

(4.73) 

Then, 

(4.75) 

If we consider Yf,  as the virtual input of y^,  then its desired value that will achieve 

stabilization is. 

Yed = -A27 (•)Zi - (A 1 -I- As(•))Z2 - A9(-)e3 - (A3 -I- A3o(.))e4 -f 

This will give. 

fL_ 
/ ( • ) 

-k. 

V,=V,-k,e',+A,,,{.)Y^ 

(4.75) 

(4.76) 

Equation (4.76) is negative if. 

Y< 
' A6o(-) 

(4.77) 

Step 6 : Consider now the new error variable ê  = i'g - Y^^j  and the candidate Lyapunov 

function, 



1 k 
for the state ŷ  = — y(,+-^u  of subsystem (4.17). 

Firstly, substituting (4.75) and e(>  in (4.72), allows writing, 

5̂ = - A 1̂ 2 + A(-)^4 - ^5^5 + 6̂ + AeO^r 

Secondly, 

e<, =  y,-y,d-

• Calculation of K 
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(4.78) 

(4.79) 

(4.80) 

Y,-JxCd 

-fc, 

+ -/.Q 

^g(-)/(-)-/(-)g(-) + l O ^ ^ 
/ ( . ) ' ' f{y\ 

' sgm{y^)%yf,  wQy^y]  fp{-)g{-)  g{.)y(, 
1 y6 2pg{.)f{.) 2pTg{.)f{.)  fi.y 

KM-) K,y,y,w{-) 
f{.)T 2prg{.)f{.) 

= V(.) + Z(.)M 

/ ( • )7 , (4.80') 

Calculation of Y, 6d 

Y6d^-A2ii)z,-Ai^{.)z2-A2gi.)e^-Aj2i)^A+-7—ei-kse^-A2-,{.)Zi-Aii(.)z2 

A29(.k3-A2(-K+-
Jffp{.) 
/ '(.) ' 

^2A| 
k^A2^{.) k^A^^{.)  ^iA3A32(.) 

\ "2'^1 1 

<:iA7(-) 

V k2 

+ A33( . )A27( . ) -A2,( . ) 

~Ai(-)A9 •'"A1A2(•)"•"AsA3(.) Ai(-) 

+ (-*3A9(-)+A9()A3(-)+A32(-)-A9(.))e3 

1̂ AAvt') 
/TJA, 

— A29(.) +  A20A31 (.)-!- A22A32(.) +  A 3 Q ( . ) A 3 3 ( . ) — A 3 2 ( . ) 

- A , i A 3 , ( . ) - A 3 A 3 2 ( . ) -
y,z.A33(.) -/.A/"/-) 

/(•) f\.) ) 

+ (A,5oA7(-)-AoAi(-)-A2(-)-A6oA3(-))i; 

j7,C,g(.)A33(.) 

/ ( • ) 

MM 

(4.80") 
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And consequentiy, 

e^=V(.) + Z{.)u-A,,l)z,-A,,i.)z2-A,ii.)e,-A,,i)e,-A,,(.)e,-A,gt)e,-A„,(.)Y^ (4.82) 

(4.83) 

Finally, 

V =V  +e  {^(•)-A4(-)z,-A5(.)Z2-A6(.)e3-A7(-)e4|.. 
' '  ^'\-A,,(.)e,+e,-A,,(.)e,+Z{.)u-A,,,{.)Y^  J 

The value of the real input u  that will ensure the stabilization of the entire electrohydraulic 

active suspension is, 

^ ^ _ l _ | - V ( . ) + A34(.)z,+A35(.)Z2 + A3,(.)e3 1 . 

" ~  Z{.)[+A,^{.)e,+{A,,{.)-l)e,+ A,g{.)e,-k,e,\ 

This will give, 

Ve-V,-k,el +  A,,,{.)Y, 

Equation (4.85) is negative if. 

Y< 
A70(-) 

Substituting u in (4.82) with its expression in (4.84), allows writing. 

The previous steps finally yield to the closed loop system dynamic given by. 

z,=- Z] ; Z2 ~ e,i  /inn^r 
/c jA i ^ 2 ̂ 2 AI 

^150' 

^l 

e. 

- - - — Z | - AgZ j ~  Ao^4 •'"A 1̂ 5 "• " Ao r̂ 
k-. 

= -^3^ 3 -1 - ^4 

.ML 
/CJAI 

Zr - -̂ 21 ̂ 2 - ^3 - ^22^4 + A^5 + Yr 

^5 = - A 1 ^2 + A (•)^4 - ^5^5 + ^6 + Aeoi'r 

^6 = - ^ 5 - V 6 + A 7 0 ( - ) ^ r 

(4.84) 

(4.85) 

(4.86) 

(4.87) 

(4.88) 
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CONCLUSION GENERAL E 

Dans ce travail, une etude complete a ete realisee sur la modelisation, I'identification et le 

controle d'un systeme electrohydraulique generique. En outre, une etude dans le domaine de 

I'industrie automobile, qui porte sur la modelisation et la commande d'une suspension active 

electrohydraulique, a ete faite. Les travaux ont ete realises en trois phases principales. 

Dans un premier temps, un modele mathematique qui tient compte de toute la dynamique 

d'un systeme electrohydraulique, a part quelques hypotheses simplificatrices pour diminuer 

la complexite des equations, a ete developpe. En plus, une identification hors ligne du 

systeme a ete effectuee. 11 etait possible d'utiliser I'algorithme des moindres carres recursifs 

en reecrivant le modele mathematique du systeme sous une forme LP. Concemant la 

commande, le backstepping nonlineaire a ete employe pour controler le suivi de la position 

angulaire du moteur hydraulique. A ce niveau, I'accent a ete mis sur le choix de la fonction 

de Lyapunov. Cette derniere etait choisie de telle sorte que les parametres du controleur 

apparaissent dans la matrice de la dynamique de I'erreur, non seulement dans la diagonale 

principale, mais aussi dans les autres diagonales; offrant ainsi une plus grande flexibilite pour 

controler la convergence de I'erreur vers zero. Pour completer cette phase, un controleur PID 

a ete implante dans le but de comparer I'etat transitoire, les erreurs de suivi de trajectoire et 

I'effet de la variation de la charge. 

Dans une deuxieme etape, un controleur base sur le backstepping adaptatif indirect a ete 

con9u et implante, en temps reel, pour le meme systeme electrohydraulique generique. En 

effet, il est bien connu que les parametres des systemes electrohydrauliques sont soumis a des 

variations, en fonction de la charge et de la pression du systeme; en particulier le coefficient 

de frottement qui est affecte par les deux. Pour cette raison, dans cette these, nous avons 

considere de faire varier la charge agissant sur le moteur hydraulique, afin d'augmenter la 

pression du systeme et de voir la variation de ses parametres en consequence. Les resultats 

ont ete compares a ceux obtenus avec un controleur backstepping non-adaptatif, similaire a 

celui employe dans la premiere phase de cette these. Nous avons remarque alors que, lors de 
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la variation des parametres, le controleur adaptatif etait en mesure de suivre le signal de 

reference desire avec un leger comportement transitoire suite a la variation des parametres. 

Par contre, le controleur non-adaptatif etait incapable d'assurer le suivi de trajectoire lorsque 

les parametres du systeme se sont mis a varier et s'est retrouve dans un etat instable. En ce 

qui concerne la conception du controleur, nous avons adopte la meme strategic de choix des 

parametres de reglage que celle decrite dans le paragraphe precedent. Cette mesure vise a 

accelerer la convergence des etats a leurs trajectoires desirees et a reduire I'amplitude et la 

saturation du signal de commande. Suite a cette etude, il est devenu evident que les 

controleurs adaptatifs sont la meilleure option pour la commande des systemes hydrauliques, 

etant donne que les parametres de tels systemes sont susceptibles de varier en fonction des 

conditions d'operation. La commande adaptative indirecte est particulierement recommandee 

parce qu'elle aboutit aux valeurs reelle et physique des parametres du systeme. 

Dans une troisieme etape, nous avons developpe une strategic de controle nonlineaire pour 

une suspension active electrohydraulique. Etant donne que le modele mathematique de la 

suspension active electrohydraulique est ni triangulaire inferieur, ni triangulaire superieur 

mais plutot entre les deux; il n'etait pas possible d'utiliser ni le backstepping ni le forwarding 

pour la commande. C'est pourquoi, nous avons fait un changement de variables qui permet 

au systeme d'etre classe dans la categoric des systemes entrelaces. Par consequent, il est 

devenu possible de le commander par une combinaison entrelacee de backstepping et de 

forwarding. Le controleur que nous avons congu a reussi a stabiliser le mouvement vertical 

de la carrosserie de la voiture face aux perturbations de la route et de reduire les agitations 

transmises aux passagers. Deux essais de simulation ont ete faits: le premier en utilisant une 

perturbation deterministe du trajet formee par deux bosses successives, le second en utilisant 

une perturbation aleatoire avec des amplitudes variables. L'utilisation de cette strategic de 

commande a permis d'aboutir a un controle complet de la suspension active 

electrohydraulique, sans laisser aucune dynamique interne, contrairement a beaucoup d'autres 

approches de controle. Les resultats ont ete compares avec ceux obtenus par I'emploi d'un 

controleur PID classique et un controleur par mode de glissement. Le PUD evidemment a 

conduit a des resultats moins efficaces, alors que le mode de glissement, tout en donnant des 
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resultats interessants dans la reduction du mouvement vertical de la voiture, a genere un 

signal de controle a forte amplitude impliquant des oscillations a hautes frequences. Ceci 

pent eventuellement endommager les composants hydrauliques en particulier la servovalve. 

Les resultats mentionnes precedemment sont tres encourageants, surtout que la commande 

basee sur le backstepping et le forwarding entrelaces, pour le controle nonlineaire, est un 

sujet tres actif dans les recherches recentes et la comprehension en profondeur de I'approche 

pourrait contribuer a I'amelioration de son application pratique. 

En resume, le backstepping ou le forwarding ne sont pas de nouvelles approches de 

commande en elles-memes. Toutefois, elles sont souvent employees inefficacement. 

L'amelioration que nous avons faite dans la fafon de les employer dans la commande des 

systemes electrohydrauliques, en bien gerant les nonlinearites et en ajustant les parametres de 

reglage du controleur ainsi que dans la commande d'une suspension active 

electrohydraulique en combinant les deux approches pour ameliorer sa performance, a 

contribue a la valorisation de leur interet et leur utilite. 



RECOMMANDATIONS 

Pour conclure cette these apres avoir analyse tous les resultats obtenus; I'auteur aimerait 

mettre le point sur quelques recommandations qui seront utiles aux personnes qui 

travaillerons sur le meme sujet. Les recommandations sont divisees en deux parties : celles 

qui concernent le banc d'essai au laboratoire LITP de I'ETS et celles qui concernent la 

commande des systemes electrohydraulique en general. 

En premier lieu, concernant le banc d'essai, plusieurs ameliorations peuvent etres apportees : 

• Installer un encodeur sur le moteur hydraulique afin d'avoir une mesure plus precise 

de sa position angulaire. Dans notre cas, la position etait calculee en integrant le 

signal du tachymetre, ce qui n'est pas assez precis, surtout que le signal du 

tachymetre engendre des bruits de mesure; 

• Installer une servovalve avec LVDT serait tres recommande afin d'avoir une mesure 

precise de la position de son tiroir. Presentement le seul moyen de connaitre la 

position du tiroir de la servovalve est a partir du debit, de la pression differentielle et 

de la masse volumique de I'huile qui n'est pas toujours connue; 

• Mettre a niveau le banc d'essai en installant des verins hydrauliques. Presentement, 

seulement un moteur hydraulique est installe. L'installation de verins permettrait de 

faire des tests plus varies en temps reel. 

En second lieu, les points suivants donneront, si traites, une valeur ajoutee au travail que 

nous avons deja acheve : 

• Concemant le backstepping adaptatif, nous avons remarque que certains parametres 

varient plus que d'autres. II serait interessant d'etablir la loi de variation de ces 

demiers en fonction de la temperature et de la pression. L'installation d'un 

thermometre permettra d'avoir 1'instrumentation complete pour faire ce travail; 

• Lorsque le banc d'essai sera equipe de verins hydrauliques, il serait interessant 

d'implanter en temps reel les resultats du chapitre quatre, concemant la commande 

d'une suspension active electrohydraulique. Les equipements propres a la suspension 
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(ressort, pneus et chassis) pourront etre simules en parallele, creant ainsi un 

environnement complexe. 



ANNEXE A 

A : Developpement complet du backstepping avec la nouvelle technique d'introductio n 

des parametres de controle. 

Dans ce qui suit, nous allons detailler toutes les etapes de developpement du backstepping 

avec la nouvelle technique qui consiste a introduire les parametres de controle non seulement 

dans la trajectoire desiree, mais aussi dans la fonction de Lyapunov. 

Ensuite, nous allons montrer que cette nouvelle technique permet d'accelerer enormement la 

convergence des erreurs vers zero et d'ameliorer considerablement le regime transitoire en 

boucle fermee. 

Soit le modele mathematique suivant du systeme electrohydraulique : 

i , =X2 
Xl = VV„X3 - Wi,X2 - w , 

•̂ 3 = Pa^dXAgi)-  PbXl-  PcXl 
X4 ^-raX^+rbU 

y —  x^...Sortie 

Ou: 

(A.l) 

. , , l-e-'"'  , . P^-x,sigm{x,) 
si8m{x,) =  -^^-^ ; S(.) = ^ ^ 

1 /̂  „ = M 2^C, 
r.=- , r,^-  , P^  y  ^Pb=^r^ 

2/?D D„ B  T, 
^' V  "  J  '  J  '  J 

Soit e, = X, -x,^ I'erreur entre une variable d'etat et sa valeur desiree. 

Etape 1 : Considerons la fonction de Lyapunov suivante : 

V,=— ef  Alors, V, = -^ (x, - x„) = ^ (X2 - x„) (A.2) 
2/7, A Px 

En prenant, X2d  = x,̂  - /7,e, et en remplagant X2 = 2̂ -f X2̂ , nous aurons : 

V, = -e^ +—--  et e,  = x, -x,^ =-p^e,+e2 



Calcul de ^2 : 
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Cj — Xj X2J 

= w^x,-w,X2-w^+p,e^-x^, 
= ^a^l  -  n (^2 - A ^ l +^Xd)-Wc+  Px  {-Px^X  + ^2 ) - ^Xd 

= w^Xj + {w^-p^ )A^, + (A - vv'i,)e2 - ^b^xd  -  ^xd  -  K 

(A.3) 

Etape 2 : Considerons maintenant la fonction de Lyapunov suivante : 

1 2 1 2 V-, = e,  H e, Alors, 
- 2/7, 2/^2 

£2 

/ ' 2 
V 2 = V , + ^ ^ 2 

2 ^1^ 2 

Pl 
^^^K-A)A,^^(Az^ w. 

^2 - ^ d 
A A 2 A 2 A 

= - e, +^ 2 1^ 
A 

X3 - I - 1 I i^b-Px)Px 
\y\ 

{p.-w.) w. ^d w. 
1 -^Xd 

Pl P2  A A 

(A.4) 

En prenant, 

( 

^ d = - I e,  CT "r X. J - r 

/ ^ l ^ a W„ W 

<h. 

=-a,e, - 0,̂ 2 + - ^ x̂  J + - ^ + ^ ^ 
w w vv. 

Et en rempla^ant x, = 3̂ -f- X3̂  

ŵ  
+-

vy. 

w„ vr 

(A.5) 

,2 1 w_ 
Nous aurons, V2 --^x  ~^2 +"^^2^3 ^ '̂ 

A 
( 

^ 2 = ^ a 

W^ .  X , . W, . 

V w„ w„ w . W 

+ (w, - A )A^i + ( A - "^b  )^2 - f̂t-̂ irf - \d  -  ^c (A.6) 

: -e^-p2e2'rv^^e^ 
Px 



Calcul de e. 
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NT H* , .  X , ,  W 
Nous savons que : e, = X3 -X3^ = x.^+a^e,^ -1-02̂ 2 -^xd  — 

W WW 
a a  a 

{A.l) 

Alors : 

^3 ^3 •'^Id 

Wu 
= [P  aCd^ASi-)  -  Pb^l-  PcXl)  +  ax^X +<^2^2 X,,  -

PaCdX48(-)-Pb 
w. .  x,^ w 

e^ -a,e, - (32^2 +—^x^j+ - ^ - I — - Pc{^2-Px^X+^Xd) 

+ a^{-p^e^+e2) +  a2 P2 
^, - A 2 ^ 2 + ^ a ^ : 

V A'l 
Xxd 

/ 
= PaCdXA8(-)  + Pb^X-^PcPx-^XPx -^2 ^X+{Pb^2-Pc+^X-^2p2)^2 

+ {w^a2-p,)e,- Pb^b 

V ^ . 
+ Pc ^Xd 

J K^a ^aj 

X,j w 
X ——  n  —^ 
•^Xd Pb 

W W 

X w 
= P.C,x,g{.)  +  b,e, +b2e2 + V 3 - Virf -^5-^id — - - P b — 

vv, v v 

(A.8) 

Etape 3  : Considerons a cette etape la fonction de Lyapunov suivante : 

V, = e^  + el  +  el  Alors, 
2p, 2p2  2p, 

v^3=^2+-r^3 

= -e1-el+e^^ 
L^AM^^^eM^ +  ^)ei^^e,-^x,,-^x,, 

Pl Pl  Pl  Pl  Pl  Pl  Pl 

Pl^a Pl'^a 

(A.9) 

En prenant, 

1 

Pa^di^^ 
-b,e, -(^2 + ^ ^ ^ ) ^ 2 -(^3 +A3H ^KKd  ^bfx,,  + ^ + -^*^ 

A w„ v v 
(A.IO) 
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Et en rempla9ant x^=e^+  x, 4 "-A ' -^Ad 

Nous aurons, V3 = -ef -e]  -e]  +  ^^ '^^  e^e^  et. 

^3 = PaCd 
1 

Pa^dSi-) 

-b^e^ -  (̂ 2 + -^-^)e2 -  ^3^3 + 4̂̂ i<i + W^xd 
A 

+  ̂+ PbK 
w„ w „ 

+ b^e^  4-^2^2 -I-Z'3e3 -&4X,^ - ^ j X , ^ 

-A^3 

" " - P . ^ 

« ( • ) 

w„ ŵ  
(A.ll) 

n 
= i W ĝj - A3̂ 3 + Pa(^d8(-K 

A 
Remarque : La fonction X4rf depend de g{.), qui a son tour depend de X4. Ceci risque d'induire 

une confusion, etant donne que la variable stabilisee depend d'elle-meme. En effet, ce qui 

precede n'est pas tout a fait vrai, parce que g{.)  depend du signe de X4 et non pas de la valeur 

dex4. 

Posons: 

I" 
h{.) = -b,e, b2 + Pl^a ^1 -{bi+Pi)e,  +b,x,,  +bfx,,  +^  +  ^B^ 

'2 y vv. w„ 

= -b^e,  -0,62  - Cj^j + b.x^j +bfx,,+^  +  ^ ^ 
w„ w„ 

(A. 12) 

Alors : X4̂  = 
1 

PaCdg(-) 

Calcul de e, 

-h{.) 

Nous savons que 4̂ = X4 -
1 

PaCdSi-) 
h{.), alors : 

«4 =  X, J h{.)-h{.)^ 
PaCdSi-) dt 

1 

\PaCd8i-)j 
(A.13) 

1. Calcul de x. 

X, = -r^x, +  r^u 
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2. Calcul de h{.)  : 

^A) 

h{.) = -b.e, -c.e,-c,e.+b,x,.  +b'x,.  +-^^ ^l"-! ' 'l"-2 ^2*^3 ' "^A^Xd  '  "5^Xd 
W,. 

= -fe,(-/?,e, +^2)-^ , -^e,-p2e2 +  w^e. 
V i^x 

•Wa^l-Pl^l+PaCjgDe, 
V yi 

J'*) 
+ b,x,,+b;x\,+-

w 

f p)  ^ 
^lA+c,— 

I Px) 

e,+ 
p 

-b,+C^p2+C2—W^ 
Pl J 

^i+{-CxWa+C2Pi)e^ 
(A.14) 

+ C2P,Cjg{.)e, +b^x^^  +b^x,j  + ^Ad 

w„ 

d,e^ +d2e2+d^ej-C2P,Cjg{.)e„ +KXxd  +^5-^^ + '^Ad 

W. 

Posons 

/ ( . ) = h{.) = d^e^+d2e2+d^e  ̂-C2PaCjg{.)e^ +bfx^j  +W^'xd  + 
w. 

(A. 15) 

3. Calcul de — 
dt 

1 

Pa^dgi-). 

d_ 
dt 

1 

\PaCdgi-)j 

1 

2;^.C',g(.)^ 
X35Jgm(x4)-l-

( 2ae""'  ^ 
[{\ + e-'"'f] 

/ ( • ) 

X3X4 

^PaCdSi-f 

1 

2AP„C,g(.)-

X35Jgm(x4)- l -
2ae' -> \ 

{\ + e-'''^y 
xA-raX,+r^u) 

/(•) 

\xiSigm{x^)-rJ{.)x^x,] +  -^^——^u 
^PPaCdg(-) 

(A. 16) 

Revenons au calcul de e , 



^4 = -raX,  +  r,u • 
1 

PaCdgi-) 
J{-)-

1 

^PPaC,g{.) 
-[x3.y/^«i(x4)-/;/(.)x3X4] 

, rj{.)h{.)x,  ^^ 

1 
•J{.)-

p^C,g{.) 2pp^C,g{.) 

[ 2pp^c,g{.y 

[x^sigm{xf)- rj  {.)x^x^]h{.) 

h{.) 

+ r. 1 -
rj{.)h{.)x, 

2pp,C,g{.y 

Etape 4  : Considerons finalement la fonction de Lyapunov globale suivante 

T7 ' 2 I 2 ^ 1 ^ 2 . 1 

V, =  e, -I- e'  +  e^  + e:  Alors, 
2/7, 2p2  2/73 '  2/74 
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(A.17) 

V =V +-^e ' ' 4 f}^  C4 

PA 

I ^1 I 4 

A 
•^(•) I PgCjgDe^ 

pAPaC,g{-) 
1 

2p,c,p,p.g{.y 

J X3/(.)/2(. ) 

2p„C,Ag(-)' 

-(x35gm(x4)-r,X3X4/(.))/2(.) 

Si nous choisissons la loi de commande suivante : 

M = 

-^PaCdgi-)ei+r^^A-^ 
J{-) 

+ -
1 

(A. 18) 

PaCdgi-) ^PaCdP-gi-) 
•{x^sgm{x^) - r^x^xj{.))h{.)  -  p^e^ 

\ _ xj{.)h{.)  ^ 

'^PaCdP-gi-y 

Nous aurons, V^  -  -e," - ^2 ~ ^3 ~ ^4 < 0 et, 

e,=-—PaCdgi-)ei-PA^A 
Pl 

(A. 19) 

(A.20) 

L'equation de V4 montre que la dynamique de I'erreur et globalement asymptotiquement 

stable. 
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Dynamique de I'erreur : 

Si nous recapitulons les equations de la dynamique de I'erreur, nous aurons : 

1̂ = - A ^ i + ^ 2 

e =-^ 
•^2 

Px 
P 

e, - / ?2^2+w„e3 

e, = -Wa^i-Piei +  PaCdgi-)e, 

4̂ = -PaCdgi)ei-p,e^ 
Pl 

Ou bien sous forme matricielle : 

•̂ 1 

\^Aj 

Px 

Px 

0 

0 

1 

-Pl 

Pl 

0 -p± 
Pl 

0 

^a 

-Pl 

PaCdgi-) 

0 

0 

PaCdgi-) 

-PA 

'^1 

\^AJ 

(A.21) 

(A.22) 

Comme nous le remarquons, les parametres de controle apparaissent non seulement sur la 

diagonale principale de la matrice A;; mais aussi sur la premiere sous-diagonale. 

Done, un bon choix des parametres, serait de fagon a rendre les termes de la premiere sous-

diagonale : 

_A,_A„. , .A^_C, , ( . ) 
Px Pl  Pl 

Tres faible par rapport aux termes de la diagonale principale qui sont les parametres de 

controle /7,,/72,A ^^PA-  De cette maniere la matrice A; tend a se comporter comme une 

matrice triangulaire superieure dont les valeurs propres sont -/7,, -/Jj, - A et - P4. En 

procedant ainsi, nous garantissons que seulement les termes de la diagonale 

-/7,,-/72,-A ^t  - A affectent la convergence des erreurs vers zero. 
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ANNEXE B 

B : Developpement du backstepping adaptatif indirect . 

Le backstepping adaptatif indirect, du point de vue developpement mathematique, est realise 

de la meme maniere que le backstepping non-adaptif La seule difference est que les 

parametres du systeme, qui etaient supposes connus dans le cas non-adaptatif, sont 

maintenant inconnus. Par consequent, ces parametres sont identifies continuellement a 

chaque pas de calcul pendant le processus de controle; et leur valeur est injectee dans la 

stmcture du controleur. 

Nous supposons ici que la variation des parametres du systeme electrohydraulique est faible 

et surtout lente. En d'autres termes, les parametres du systeme sont supposes constants sur 

I'intervalle de calcul; par suite il n'est pas necessaire de calculer leur derivee temporelle vu 

que cette derniere est presque nulle. 

L'algorithme d'identification utilise est celui des moindres carres recursifs (MCR) a trace 

constante pour les systemes a parametres variables. 

En ce referant au chapitre 3, le systeme a identifier est le suivant: 

'3 7 

(B.l) 

X, 

-X2 

- 1 
0 
0 
0 

0 ^ 
0 
0 

x,gt) 
-X, 

~ ^?  J 

I 

X 

f""l 
w. 

Pa 

Pb 

.Pc. 

Etant donne que le systeme est lineaire par rapport a ses parametres nous pouvons employer 

l'algorithme des moindres carres recursifs. Pour cela nous avons pose : 
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yit) = 

m= 

rx2^ 

\Xl^ 

.̂ 3 - X 2 - 1 0 0 0 

^ 0 0 0 x,g{.)  -X3 -x,^ 
(B.2) 

d{ty ={w^  w,  w^  p^  p^  pj 

y(t) est le vecteur d'observation, (p(t)  est la matrice des regresseurs et d(t)  est le vecteur des 

parametres inconnus a identifier. 

Done, nous pouvons ecrire : 

y{t) = (p{t)0{t) (B.3) 

Nous definissons maintenant I'erreur €{t)  de y{t), I'erreur quadratique V{0)  de y(t) et la 

matrice P(t) suivantes : 

£{t) = y{t)-q>{t)0{t) 

V{e) =  \e"^-'^ {y{s)-<p{s)0{s)f  ds  ; 0 < a r < l (B.4) 
0 

p{t)=(\(p{s)<p{syds 
Vo 

Les parametres sont identifies de maniere a minimiser I'erreur quadratique V{6).  Alors, 

l'algorithme d'identification est implante en temps reel de la maniere suivante : 

1. Nous posons un instant to; 

a. Lorsque t  < to I'erreur £{t)  est surtout due a I'erreur d'estimation et par suite les 

variations de 6{t)  peuvent etre negligees; 

b. A partir de r > fo I'erreur £{t)  provient surtout de la variation du vrai vecteur 6{t)  et 

non de I'erreur d'estimation. 

2. Par consequent, pour un systeme lentement variant comme le notre, nous commengons 

par appliquer l'algorithme MCR regulier, en supposant que le systeme est invariant; 

3. A partir de I'instant ro ou la trace de P{to)  devient suffisamment faible, nous appliquons 

l'algorithme MCR a trace constante. Typiquement, la trace de P{to)  est consideree faible 

si elle est inferieure a Nxc, N etant le nombre des parametres a estimer (5 dans notre cas) 
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et c une constante comprise entre 0 et 4; 

En definitive, l'algorithme MCR pour les systemes variants devient le suivant: 

1. Initialement, nous introduisons la constante c et nous donnons a ro une tres grande valeur; 

2. La matrice P{t-l)  et les vecteurs ^t)  et 0{t),  obtenus durant 1'etape t, sont stockes dans 

la memoire; 

3. A I'instant t,  nous lisons les valeurs de y{t) et de u{t) (la loi de commande); 

4. Durant I'etape r + 1, c'est-a-dire entre t  et  t  +  1, nous effectuons successivement les 

operations suivantes: 

a. y{t)  = ^t)e{t); 
b. m  =  y{t)-y{t); 
c. Si  t> to,  nous passons a f; 

d. P{t)  = P{t - 1 ) - ^(^~^)-^ {t).<p{t).P{t-l)   ̂^^^^  ^ ^ ^ ^ constante arbitraire; 
l/A{t) + m.P{t-W{t) 

e. Si la trace de P{t) < Nxc, nous posons to = tettr =  trace[P(r)]. Nous passons a h; 

\\P(t-l).(pit)f 
f. /l(r) = l 

g. P{t)  = 

k + (p^{t)P{t-\).(p{t).tr' 

1 
Mt) 

^^^ ^^  P{t-\).(p{t).(p'{t).P{t-\) 
k + <p^it).F(t-l).<pit) 

h. 0{t  + \) = d{t) + a,.P{t).^{t).£{t); 
i. / ( r+ l ) = [-y(0, ^{t),----,  (Pin-x){t),u{t),  ^ „ + i)(r),...., (p(„^m.i){t)]. 
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ANNEXE C 

C : Developpement complet de la commande entrelacee pour une suspension active 

electrohydraulique 

Par convenance, le 'backstepping' et le 'integrator forwarding' sont introduits dans la 

litterature comme etant des strategies de commande pour les systemes qui consistent en un 

sous systeme z-nonlineaire et un sous-systeme forme par une chaine d'integrateurs. 

Cependant, ces deux strategies s'appliquent a des classes plus larges de systeme. 

En effet, le backstepping s'applique a des systemes qui ont la structure 'feedback' ou 

triangulaire inferieure suivante : 

z = /(z)-i-^(z,^,)^, 

4=a2(^P^2'#3) (C.l) 

4 = « n ( ^ n ^ 2 ' ^ 3 ' - ' ^ « ' " ) 

D'un autre cote le 'integrator forwarding' s'applique a des systemes qui ont la stmcture 

'feedforward' ou triangulaire superieure suivante : 

V, =/l(^,)+i^,(^P^2'^3 ^n'Z,U) 
^1= f2i^l)  +  ¥2iMl^-^^n^Z,u) 

(C.2) 

z = f{z) + y/{z,OL 

La combinaison de ces deux strategies de commande s'applique pour des systemes dont la 

stmcture est un melange des deux stmctures precedentes, avec quelques conditions a verifier. 

Tel est le cas de la suspension active electrohydraulique. 

Soit alors le modele ci-dessous, d'une suspension active electrohydraulique, tel que 

developpe dans le chapitre 4 : 
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X2 = -a^{x^  - Xj) - ^0(X2 - X4) -I- a,X5 

X 4 = J o ( x , - X 3 ) +  c / , ( X 2 - X 4 ) - / l , ( X 3 - x J - i 7 , ( X 4 - x J - C , X 5 

^ ( C , x , g ( . ) + A(x4-X2)-Lx,) 
/(•) 

T 
X, =  X , +  — ^ M 

Avec 

g(.) = . 
lP^-sigm{x^).x^ 

(C.3) 

sigm{Xf,) = 
\-e' 
\ + e' 

f{.)^V,'-A\x,-x,y 

Posons :x = [x, X2 X3 X4 Xj Xg] 

Et, 

X2 

- f l o (X, - X3 ) - ^0 (-^2 - ^4 ) + «1^5 

F{x,u) = 
d^{x,- x^)  + d,{x2- x,)-h,{x^-  x^)-b^{x,-  x^)-  c^x^ 

JL_{c^x,g{.) +  A{x,-X2)-Lx,) 

t 
Xg +-^u K 

T 

(C.4) 

Alors : x  = F{x,u) 

La matrice de configuration P{x,u)  = 
3F 3F 

dx du 
de ce systeme est: 
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P = 

( 0 

-«o 

0 

d. 

a 

0 
^ 

1 

-K 
0 

dx 
J, A 
fi-) 

0 

0 

«o 

0 

-id, +  h,) 

fi 

0 

0 

^0 

1 

-id,+bf 
J, A 
f i ) 

0 

0 

«1 

0 

- ^ 1 

r 

0 

0 

0 

0 

0 

C,J,g{.) 
fi-) 

1 

r 

0 ^ 

0 

0 

0 

0 

K^ 
T J 

(C.5) 

Avec, 

a- ^x^ 

_a_ 
dx, 

fi-) 
iCjX^g{.) +  A{x, - Xj) - Lx,) 

[V„^-A^(x , -X3)^] 

2A'y,(x, -X3) 

{CjX^g{.) +  A{x^ -X2)-Lx^) 

[V^--A\x,-X,)'] 
{CjX^g{.) +  A{x  ̂-X2)-Lx^) 

2AV, 

/ ( . ) ' 
{C^x^g{.) +  A{x^-X2)-Lx^){x^-x^) 

(C.6) 

fi = dx. fi-) 
{CjX^g{.) +  A{x,-X2)-Lx^) 

3x, r(Crf-^55(-) + '̂ (-^4 - • ^ 2 ) - - ^ 5 ) 
[V„^-A^(x , -X3)^] 

(CrfXgg(.)-l-A(x4-X2)-Zji;5) 

V 

-2A^yi(x, -X3) 

[V„^-A^(x , -X3)^] 

2AV| 

/ ( . ) ' 
{C^ ̂ 6 g (.) + A (X4 - X2) - LX5) (x, - X3) 

(C.7) 
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7-
d (  J, 

dxAf{.) 
{CjX^g{.) +  A{x^-X2)-Lx^) 

dx,: 
J 

fi-) 
P -X 

CdXiJ— +  A{x, -Xj)-LX5 

/ ( . ) 

V - ' ^ ' V 
f 

^dX(> 
-1 

2 P , ^ 
-L 

f i ) 

C,x. \ 
d-^6 

2Pgi-) 
+ L 

si sigm{x^) >0 

(C.8) 

7- dx. 

3xc 

/ , 

/ , 

f J  ( 

{C^x^g{.) +  A{x^- X2)-Lxf) 

fi-) 

yfi-)y 

CdXe 

P +x 
Cd^iJ- ^ + A ( X 4 - X 2 ) - Z J : 5 

1 

2 A M - ^ 
-L 

fi-)[2pg{-) 
CdX^ ^ \ 

si sigm{x^) <0 

(C.9) 

Nous rappelons que la fonction sigmoide [sigm{x6)]  n'est qu'une approximation continue de 

la fonction discontinue sign{x6). 

Comme nous 1'avons explique dans le chapitre 4, la premiere condition pour que le systeme 

soit entrelace n'est pas verifiee par la matrice P. 

C'est pourquoi nous allons faire un changement de variables qui permettra a cette condition 

d'etre verifiee. 

Changement de variables 

Posons: 
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y, =x , ; y2=X2; y^=x,-Xj  =  y^-x^•, y^ =X2-x^ = yj-X4; y^^x^;  yg^^e (CIO) 

Alors le nouveau systeme devient: 

yx =  y2 
yi=-^oyi-boyA+axy5 
yi =  yA 
y 4 = X 2 - X 4 

. .  ,  ,  ,  ,  -  K (X , -X3 ) + J,(X2-X4) 1 
= [-ao(x,-X3)-^o(x2-X4) + a,X5]-<^ \ 

[-h^{x,-xA-bfx,-xA-c,x,\ (c.l l) 
= - { « 0 +^0 ) 3̂ 3 - ( ^ +^ 1 ) >'4 +(«• +^ 1 ) ys +^ (>' l - >' 3 - ^ r ) + l̂ (>' 2 - )' 4 - - ^ J 

y6^ — ^ 6 + — " 
T T 

Rappelons que : X3 - x̂  = y, - y3 - x̂  est le deplacement vertical du pneu par rapport a la 

route. Ce deplacement est du a I'elasticite du pneu et pent etre suppose tres faible. C'est 

pourquoi nous allons considerer apres ce nouveau changement de variable que la perturbation 

e s t ^3 - X, = >>,. 

Le nouveau modele mathematique devient alors : 

>'2=-«0>'3-^0>'4+«l>'5 

>'3=>'4 

J4 = -(«0 +^^0) ̂ 3 -(^0 +^1) 3̂4 + ( A +C, ) ys +hyr +^1 Jr (C 12) 

%-j^^{-Ay,-Lys+C,g{.)y,) 

T T 

Avec, 
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g{-) 
lP^-sigm{y^).y, 

\-e""" 
sigm{x,)=^^^_^^^ 

f{.)=V,'-A'yl 

Posons: 

y^bx yi  yi  VA  y^  ^eT 

Et, 

F{y,u) = 

yi 
-a^y^-Ky^+a^y, 

VA 

-A,y,-A^y,+A,y,+h,y^+bj^ 

-j^^{-Ay,-Ly, +  C,g{.)y,) 

— y 6 + — " 

Alors : 

y^F{y,u) 

La nouvelle matrice de configuration P{y,u)  = 
dF_ dF_ 
dy du 

(C.13) 

(C.14) 

de ce nouveau systeme est: 

P = 

(0 
0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

-«o 

0 

- A 

s 

0 

0 

-K 
1 

- ^ 2 

0 

0 

a, 
0 

A 
d 

0 

0 

0 

0 

0 

C,J,8i.) 
/ ( • ) 

1 

T 

0 ^ 

0 

0 

0 

0 
(C.15) 



Avec, 

d = 
^yi\ 

d_ 
dyi 

^{C,yegi-)-Ay,-Ly,) 
fi-) 

[Vo'-AVi] 
{C,yegi-)-Ay,-Ly,) 

= r^^^iCdy.gi-)-Ay.-Ly,) 

= j^{C,yegi-)-Ay,-Ly,)y, 
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(C.16) 

^ = 
a^s 

a^s 

_ -̂ 1 

^ ( Q y e g ( . ) - A y 4 - L y 3 ) 
/ ( • ) 

7, 
/ ( • ) 

C.ye,P-^-Ay4-^ys 
\A 

yy 

/ ( • ) 
Cdye-

-1 

2/>. 

/ ( • ) 
Cdye 

2pg{.) 

\Ps-y5 

\ 
+ L 

-L 

si sigm{yf,) > 0 

(C.17) 

0 = 
dys 

_a_ 
5ys 

/ ( . ) 
(C,y,g( . ) -Ay4-Ly5) 

vf(-\ 
Cdy.^^-M-Lys 

\ \ 

si sigm{y^)<0 

(C.18) 

/ ( • ) 
Cdye-

^P. 
\Ps-ys 

fi-) 
Cdye 

2pgi-) 
+ L 

file:///Ps-y5
file:///Ps-ys
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Nous remarquons, que cette nouvelle matrice P  verifie la premiere condition pour pouvoir 

classer le systeme comme entrelace et proceder a sa stabilisation par une serie d'etapes de 

'backstepping' etde 'integrator forwarding'. 

Soit alors, le modele final de la suspension active electrohydraulique : 

.V2=-«o3'3-^O.V4+«l>'5 

3'3=>'4 

J (C.19) 

> ' 3 = y ^ M > ' 4 - ^ y 5 + c , g ( . ) y J 

1 K 
y6=—^6+—" 

T T 

II est evident que le sous-systeme [y^yyf,)  a une stmcture 'feedback'. Par contre, le sous 

systeme (yp y2 ̂  >'3. y4) ^ une structure entrelacee, avec ys comme entree : 
yx =  y2 
y2=-aoyj-boy,+a^y^ 

yi =  yA 

yA=-Ayi-A2y, +  A,y,+h,y^+b^y^ 

Posons: 

y=[yx yi  yi  yAf 

Et, 

-«0)'3-^O>'4+«l)'5 

VA 
-A^y,-A2y,+A,y,+h,y^+b^y^ 

(C.20) 

F'iy\ys) = (C.21) 

Alors: y'  =  F'{y ,y^) 

Pour savoir la sequence de stabilisation de ce sous systeme, il faut calculer sa matrice de 

^dF' dF'^ 
configuration P  (y ,yi)  = dy' dy. 5 / 
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P = 

0 1 0 0  0 
0 0 -UQ  —bg  a, 

\ 

(C.22) 0 0  0  1  0 
0 0  -A^  -A2  -A3 

Selon P  le sous-systeme (ypy2.y3.y4) doit etre stabilise au debut par deux etapes de 

'backstepping' pour (y3, y4) suivies de deux etapes de 'integrator forwarding' pour (yp y2) • 

Backstepping 

\^'^^' (C.23) 

[y,=-A,y^-A2y,+A,y,+h,y^+b,% 

Etape 1  : Posons 3̂ = V3 et 4̂ = y4 - y,^^  et considerons la fonction de Lyapunov 

w 1 2 
suivante •.V,-  — ei, 

2 

Alors, V3 =^3^3 =e3y4 

Done, la valeur desiree de y4 qui stabilise yi est y4^ = -^3^3. Ce qui donne V3 = -k.^e] < 0. 

Posons maintenant e^  = y^- y^^  = '̂4 -1- ^̂ 3̂ 3 • 

Alors 3̂ = y4 = -^3^3 -I- e^ 

Et, 
^ 4 = ^ 4 + ^ 3 

= (-A, y,-A2y,+A,y,+h,y^+b,y,)- k^e,  + k,e, (C.24) 
= (-A,-H/C3 A2 - A:3̂ ) ^3 - (A2 - ^3 ) ^4-H A3 y , - f / i , y^-h fe, y^ 

Etape 2 : Considerons maintenant la fonction de Lyapunov, 

1 2 1  2 ^ 1 
— e, = — e. + — 
2 ' 2 ' 2 

V^=V,+]-el=\el+]-el (C.25) 

Alors, 

V4 = e, {-k,e, -H ̂ 4) + ̂ 4 (A4e3 - Aô 4 + A ̂ s + ^J 

= -^3^3' + e, {e, +  A,e, -  A,^e,  + A3y5 + K̂ ) 

Done, si nous choisissons I'entree yj du sous-systeme (C.20) de la maniere suivante : 

(C.26) 

http://ypy2.y3.y4
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ysd = —[A5o^4 - ( A 4 -l-Dej - ^ 4 ^ 4 ] 
A, 

Nous aurons. 

V4 = -k^el -  k^el  + efY  ̂ developpement en carre parfait 

— /c,̂ 3 e. 
' ' 2 ' 2 ^4 

+ -2k. 

V4 est negative pour des valeurs assez grandes de ki et k4 ou plus precisement si : 

A ) 

Y^ 
2k. 

^A J ~ e. 
Y,\ ^Y_l_ 
-4 y  /C 4 

Y Y 
K-4 «- 4 

y <.^ 4 
2̂ :4 

(C.27) 

(C.28) 

(C.29) 

Etant donne que e4  est majoree par ŷ  la condition precedente pent etre ecrite de la fagon 

suivante : 

max(y4) 
Yr< 

2k, 

En plus, en remplagant ys par ysd dans e,  et y2 nous aurons : 
^4 = - ^ 3 - ^ 4 ^ 4 + ^ r 

Et, 

yi =  -«0>'3 - ^ ^4 + -7^ [^0^4 - (^4 + 1)«3 - ^4^4 ] 

= - 00^3 - ^0 (-/:3e3 + ^4) + ^ [ - (A4 + 1 ) ^3 - (/:4 - A o ) ^4 ] 

^ A, A, 

(C.30) 

(C.31) 

(C.32) 

Ce qui donne apres regroupement, 
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y2 = (-ao +  b,k, -  ^ ) e , -  {b,  +  ^ ) e, (C.33) 
A3 A3 

Le sous-systeme (C.20) apres deux etapes de 'backstepping' devient: 

1̂ = yi 

yi =  AjC,  -  A^e, 

Cy = —k^Cj + e, 

e,^-e,-k,e, +  Y^ 

(C.34) 

Integrator Forwarding 

Nous allons commencer par appliquer le 'integrator forwarding' ^i{y2,e^,e,^}.  Pour cela 

I'entree y^j  du sous-systeme doit etre augmentee d'une commande V2 : 

ysd =--[A5oe4-(A4-l-l)e3-/:4e4]-fV2 (C.35) 
A3 

Par suite, le nouveau sous-systeme (C.20) devient: 

yx = yi 

y2^A,e,-A,e,+^V2 
A3 (C.36) 

^3 —  3  3  4 

e,=-e,-k,e, +  A,V2+Y^ 

Posons, { 4 . ^3.^4} les valeurs respectives de {y2,e3,64}lorsque V2 = 0 et Yr  =0. Alors : 

^ 2 = A # 3 - A ^ 4 avec ^2(0) = 2̂ 

^3=-/:3^3-f4 avec ^3(0) = 3̂ (C.37) 

4 =-^3-^4^4 avec ^4(0) = 4̂ 

Done, les etats y2, es, Cd deviennent les conditions initiales des nouvelles variables ^2.^3. 4̂ • 

Si nous resolvons le sous-systeme (C.37) pour 2̂ en integrant, nous obtenons : 

^2=y2+I(A,^3-A3#4)^r (C.38) 
0 



138 

^2 =  ^ 2 + 
•A + ^ 4 ^ 
1 + ̂ :3̂ 4 J 

e,+ \+k,k, J 
A, 

Soit Z2 la valeur de 2̂ lorsque V2^0  ttY^^O.  Alors, 

^2 —  ^2 "* " ^^^3 "* " Ao^4 

a. 
= A^e^ - \e,  -f- —*- V2 -f Ag (-^3^3 -i- ^4) -I- A,o {-e  ̂- k^e,  + A3V2 + Y^) 

(C.39) 

(C.40) 

vA 
+ AAo v2+Ao>; 

Le sous-systeme (C.37) devient alors, 

Z2=A.^2+Ao>'r 
i,=-k,e,+e, (C.41) 

e, =-e^-k,e,+A^V2+Y^ 

Etape 3  : Considerons maintenant la fonction de Lyapunov, 

^2 =  ̂ 4 + -  ̂ 2 = -  ̂ 3 + 2  ̂ ^'  ̂2  ^ ' ^ ' ° ' ' ' ' 

V2=e^{-k^e^ +eJ  +  e,{-e^-k,e, +  A^V2 -hyj-hZ2(AiV2 + Ao^r) 

= - 3̂̂ 3 - /:4̂ 4 -I- V2 ( A , Z2 + A^4 ) + ^AK +  AoZlYr 

Done, la valeur de Vj qui stabilise le sous-systeme (C.41) est: 

V2=-/C2(A„Z2+A3e4) 

Ce qui donne : V2  -  -k^e^-k^el  -A:2(Ai^2 + ^^4)^ +^4^r + Ao22^r 

V2 est negative pour des valeurs assez grandes de ^2.^3 et k,^  ou plus precisement s i : 

-^2 (A I Z2 + A^4 )' +  Ao22>'r ^  0  ^ 

-^2(AlZ2+V4) '^-AoZ2l ' r=> 

^ 2 ( A . Z 2 + A ^ 4 ) ' ^ A o Z 2 ^ r ^ (C.45 ) 

(C.42) 

(C.43) 

(C.44) 

(A„Z2+A3.4)^>- f^y , 
ki 

•,1 -^  AnZ , 

~~ k. 

^{\,Z2+A,e,r 
' A" 1 ' 
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Rappelons que Z2 et CA ont le meme ordre de grandeur. En effet, max (Z2) = max (y2) oii y2 est 

la vitesse du mouvement vertical du corps du vehicule. D'un autre cote, max(e4) = max(y4). 

Done nous pouvons dire que Zj = 4̂ • 

Done, Y^  <  ^ ^ ' ^ ^ ^ ^̂  max(y2) (C.46) 
Ao 

En plus, nous aurons en remplagant V2 par son expression dans Z2  et e,, 

Z2 =  -A:2A'Z2 - ^ 2 Ai V4 +  Ao^r (C-47 ) 

Et, 

^4 = -A: 2 A3 A,, Z2 - ^ 3 - (^4- h ^2 Aĵ  ) ^4 + ^ r 

Le sous-systeme (C.41) apres une etape de 'integrator forwarding' devient: 

yx =  yi =  Z2-Age,-A^^e, 

Zl —  ~^2 A I  ̂ 2 ~ ^2 A I  ^ 4̂ +  Ao-S -

^3 —  3^ 3 ^ 4 

(C.48) 

A = - ^ 2 M l ^ 2 - ^ 3 - A 2 ^ 4 + i ' , 

Maintenant, pour apphquer le 'integrator forwarding' a {yi,Z2,^3,^4}, I'entree V2 doit etre 

augmentee d'une commande v,, done : 

V 2 = - ^ 2 ( A l ^ 2 + V 4 ) +  ^l (C-50 ) 

Le sous-systeme (C.48) devient, 

y, = Z2 --A^3 ~ Ao^4 

Zl =~^2Al^2 ~^2Al-A^4 + Al^l +  Ao^r 

^3 —  ^3^ 3 " ^ ^ 4 

(C.51) 

e, =  -k2A,A,^Z2 -e,-  A2^4 + A,v, +  Y^ 

Posons, {^,^,(^3,^4} les valeurs respectives de {y,,Zj,^3.^4}lorsque vi = 0 et Kr =0. Alors : 

^1 =  ̂ 2 - A,^i  -  Ao^ 4 ave c ^ , (0) = y, 

^2 =  -^2A'#2 - ^ 2 A i A ^ 4 ave c ̂ 2 (0) = Z2 

4 = - ^ 3 ^ 3 + 4 avec^3(0 ) = e3 

4 =  -^2 A A i 2̂ -  ̂ 3 - A2^ 4 ave c ̂ 4 (0) = e. 
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Done, les etats [yi,  Z2,  ej, Cd]  deviennent les conditions initiales des nouvelles variables 

{#..^2.^3.^4}-

Si nous resolvons le sous-systeme (C.52) pour ,̂ en integrant, nous obtenons : 

1̂ =yx  + U<^i-A,^3-AoOdt 

^x=yx-
K'y /i. , \ 1  r  K-y K-t /irt K-i / li ^  f 

^3A A A i ^3AoA i 
/C^ /\t I  ^  1  I  iC-y K,-y ^T Q /C- 1 /\t J J 

z,-
AoAi"'"A AA1A 2 "^^2AAAi 

A l V  ^"'"^I'^s A ~'^3A2 ^ 

(C.53) 

Soit Zl la valeur de ^| lorsque v^^O  ctY^^O.  Alors, 

î - yx  ~ A3^2 ~ A4^3 ~ As^4 

= ( z 2 - A « 3 - A o ^ 4 ) - A 3 ( - ^ 2 A ' z 2 - ^ 2 A l V 4 + A | V , + A o > ' r ) - A 4 ( - M 3 + ^ 4 ) 

- A s ( - ^ 2 A A i Z 2 - ^ 3 - A 2 ^ 4 +  A v , + 1 ; ) 

1 

^2Al 
v,-(AoA3+A5)>; 

Done, le sous-systeme (C.51) devient, 

1 

2̂ A 
- ^ l -AsO^r 

Z2-~^2Al^2 ^2Al-A^4 + Al^l + Ao^r 

£ 3 =  ^^3^ 3 "• " ^ 4 

£4 =-/:2 A3 A, Az2 - 3̂ - A,2e4 + A3V, + F̂  

Etape 4  : Considerons maintenant la fonction de Lyapunov, 

v. = V, -i--z,^ = - ^ 3 +-el  +-zl  +-zl  alors, 
1 2 2 2 2 2 2 

V; = e, {-k,e, +e,)  +  e, [-k2A,A,,Z2 -e,-  A,2̂ 4 + A3V, + Y^) 

+ Z2 (-^2 A'l Z2 - 2̂ Al A^4 + Al^, + A,Jr ) + 2l 
yKjA,, 

• ^ l -AsO^r 

(C.54) 

(C.55) 

(C.56) 
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V; =-k,el -k.e]  -k2[\,Z2+/^e,)  +v. 
^KA\ 

•z, -i-AiZ2+A^ 4 + ( A O Z 2 + ^ 4 - A S O Z I ) > ; (C.57 ) 

Done, la valeur de v, qui stabilise le sous-systeme (C.55) est. 

V, =  - ^ , - — z , -l-A„Z2+A3^4 
v''2Ai J 

(C.58) 

Ce qui donne : 

2 ( 1 V 
V, = - V 3 - V 4 - ^ 2 ( A I Z 2 + A ^ 4 ) -kx  - — Z , + A I Z 2 + A « 4 + (A0Z2 +^4 " AsO l̂ ) ̂ r (C-59) 

V'̂ 2Ai ) 

y, est negative pour des valeurs assez grandes de k\,k2,k^  et k,.  En plus, nous aurons en 

rempla9ant v/ par son expression dans Z2 et e, : 

k, Z2 —  ,  Zy  (A:2A,, -|-K,A,,) Z2 ("^2Al̂ 3 "*" ""IAI-'^3)^4 "*" Aov 
Ai„ 

Et, 

• _ ^lA 

^2Al 
Z, - (^2AAl+^ lAAl )Z2-^3- (A2+^ lA^)^4+^ r 

(C.60) 

(C.61) 

Le sous-systeme (C.55) devient alors. 

Zl = 

Zi = 

^3 = 

^4 = 

- ' • z -
^2 A l 

- ^ z - A 
Z, / i 

2 
- ^ 3 ^ 3 -f ^4 

k, 
ki 

9Z2 

• 4 i 

^lA 
Z2 , / ^ 4 -

'^2Al 

•~ A20^4 + Ao^r 

Zl —^l  ~ ' A 2 2 ^ 4 

'AsO^r 

+ n 
^2Al 

(C.62) 

Pour completer, en rempla§ant V2 et vi dans I'expression de I'entree ys^ du sous-systeme de 

depart, nous obtenons : 

^5^=-- r r -Zi -{kAx+f^iAx)^!-
kAx • 7  ' 

^1 + A ' 
V A  y 

^ 3 -
y A3 

I Ky / l o " r K, / L , (C.63) 
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Etape 5  : En effet, y^^  n'est pas la vraie entree du systeme. Ce n'est que la pression 

differentielle due a la charge, entre les ports de I'actionneur hydraulique. Pour cela nous 

allons definir la variable 

Ŝ =  ̂ 5 - ySd  =  ys  + 7^ Z , + A,,Z2 + A7^3 + A8^4 (C.64) 

Appliquons maintenant le 'backstepping' pour stabiliser le reste du systeme, comme nous 

I'avons explique au debut. 

5̂ = y 5 + - - ^ Z, +A6Z2+A7^3+A8^ 4 
^2Al 

- ^ ( - A y 4 - L y 3 +  C,g(.)yJ + ^ 
/ ( . ) 

+ A6 

+ A8 

ATjA,, 

^ kx  ^ 
-— Z , -  A9Z 2 ~  ^0^4 +  Ao^ r 

V "̂ 2 
f 

k\ __L  ^1^ 3 ^  .  y 

V '^•2^1 1 " 2 "•2'^i i y 

^i-A , 
'^2Al 

+ A7( -V3+^4) 

AixZi ^3 A22^4"'"^r 

(C.65) 

Ce qui donne apres un premier regroupement. 

^ 5 = -
k' ^lA e .  ^ lAA i 

^ 2 A l 
4._l_12. + . 

^2A l 

^ k^ 
Zl -

v^2 Al 
• — + A,8A2, -l-A,gA,5 Z2-{k,A^,+Aje^ 

Aii 

,2 . 2 • ' "AeA o -An  +  A s A 2 
V ^2 A1 

, J^C,g{.)  J,A 
4̂ + '  ,  , ̂ 6 - ^K -  V 3 ) / ( . ) / ( . ) 

(C.66) 

7,L 

/ (•) 
^ 5 -

2̂ A 
•Zl A6Z 2 A7^ 3 A8^ 4 -I- ^lAso 

^2Al 
+ AeAo """As 

•4,60() 

Et finalement, 

-A21 + 
J,Lk, 

fi-)k2\ 
z, + 

l y 
- ^ 4 + 

/(•) 
z, + -A25 + 

*/1/i/C-i J  ,Lt/\^', 
• + 

/ ( . ) / ( . ) 
/l2,(.) 

+ 
7|A _ 7,ZA,g 

+ -/ ( . ) / ( • ) 

7,L ^ , 7,C,^(.) 

A,,(.) 

-g , - f -
' ' / ( . ) '  / ( . ) 

y.+\.oi-)yr 

(C.67) 

Am(.) 
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• _ 1 1 l A A  V 
Zl ~ ~ , 2 .2 Zl ~ 7 ~ Z2 — ^4 - AjSOV 

/C2/I, I K.2  '^l"-\X 

Z2 - , Z| A^Zj A2(,e4-I-A,,g5-I-A,^^). 

K. A , 
z, •A1Z2 ^3 A22e4-f Aj^j-I-y^ 

^2Al 

^5 = A7(-)Z, + A23(.)Z2 + A2,(.)^3 + A3„(.)^4 " - ^ 7 ^5 + ^ ^ ^ ^ ^6 + AaO (O^^ 
LLe +Ij£A8i-) 
fi-) '  fi-) 

1 ^ ^ v 
7 6 = ^ 6 + " 

T T 

(C.68) 

Considerons maintenant la fonction de Lyapunov, 

Tf TT I2 I2 I2 I2 I2 I2 
V5 = V, +-e^ = - ^ 3 - f - ^ - f - Z j -1--Z1 - i - -e5 (C.69) 

Alors, 

^ 5 = ^ + ^ 5 ^ 5 = ( ) + ' 

<0 depuis I'dtape 4 

A I Z Z + M + A T O Z , +A2g(.)Z2+A2,(.)^3 

+A3o(.).4 - - ^ . 3 +Z£Li ( : ) ^̂  + A„„(.)n (C.70) 

Done, si nous choisissons Y(,  de la maniere suivante : 

J,L 
Yed =  -A2^{•)z  ̂ - A.Zj " A2g(.)z2 - A2,(.)e3 - A3e4 - A3o(.)e4 +"777^5 " V s 

= -A27(.)Z, - ( A , + A 2 g ( . ) ) z 2 - A 2 , ( . ) ^ 3 - ( A 3 + A3o(.))e4 + 
^ JL ^ 

A„{.) •432 (•) 
/ ( •) y 

/»,,(.) 

(C.71) 

Nous aurons, V^  = V, -^5^5 -I-A,go(-)yr (C.72) 

II est simple de verifier que V, est negative pour de valeurs assez grandes de ^i, k2,  k^, kA,  ks 

ou plus precisement si : F < e^ 
A\f,o{-) 

Comme es  est majoree par ys = X5 alors Y^  <  — - — max(x5) 
A60C) 

(C.73) 

(C.74) 
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Etape 6  : Definissons maintenant la nouvelle variable, 

^6=y6-Y6d=y6 +  A2-,{-)z, +A,,{.)z2+A2,{.)e,  +  A,2{.)e,-A,,{.)e, 

En rempla9ant ^6 = ^6 + Y^d  dans e^  nous obtenons, 

5̂ = - A 1Z2 + Ai{.)e, -  k^e^  +e^ + \^J^ 

Calcul de  e. 

e,=Y,-Y,, 

1. Y,=J,C, 

• g{.) 

Or, 

^gi-)fi-)-fi-)gi-).. , gi-)  ^ 
fi-f •}'6 + 

/(.) 
>'6 

25(.) 
1 

5igm(yg)y5 +5/gm(y6)y5 
A 

- ' ' >6 '—'~;;̂ —^ dsigm{y^)  2ae sigm{y^)^ - — ^ = - — ^ - — - ) ; ^ = 
dt {\+e-'"^y 

2ae' 
{X + e-'^'-y 

(C.75) 

(C.76) 

(C.77) 

(C.78) 

(C.79) 

(C.80) 

Done, 

•. s  ^ sigm{y,)y,  wQy^y, /i:,y5w(.) ^ 

2/7g(.) 2/7rg(.) 2/7rg(.) 

• / ( . ) = /p(.) = -2A'y33'3--2A'3'3) '4 (C.82) 

gi-) -  ^gil 
fi.) fi.) 

1 ^K,  ^ 
- y 6 + — " 

g(-)y6 , K,g{.)^ 
fi.)T f{.)T 

(C.81) 

(C.83) 

Ce qui donne en regroupant les termes qui contiennent la commande u. 

Y,-fC, 
sgrriyf,)%y(, w{-)ysyl  fpi-)gi-)  gi.)y(, 

{ 2pg{.)f{.)  2prg{.)f{.)  f{.y  ^'  f{.)T 
+ fC, (K^gj.) Ky.yM-) 

f{.)T 2ptg{.)f{.) 
u 

I (C.84) 
V(.) Z(.) 

= V{.) + Z{.)u 

2- l'6rf=-'A7(-)Z, -A3,(.)Z2-A2,(.)^3-A32(.)e4+A33(.)e5 

-A27(.)Z, - A3,(.)Z2 -A2,(.)^3 -A32(-K + 
JxLf.i.) 

f\.) ' 
(C.85) 
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>;.=-A7(-) 
k,A, 

Zl .  .  ^i  A  in- ' . k'^A^ ' k  "^  k  A  '  '̂ ° V ' ^ 2 ^ 1 '^2 " 2 ^ 1 y 

-A l ( - ) 
V ^^2 

Z, A9Z2 ^0^4 + Al^5 + Ao^r - A 2 5 ( . ) ( - V 3 + ^ 4 ) 

A32(.) kA. 
kAx 

z, -A2,Z2-e3-A22e4+A^s+^r 

-^3(-) ( -AlZ2 + A ( ' K - V s +^6 + A60>'.) 

J.Lf {.) 
-A27(.)z, -A3,(.)z2-A2,(.)g3-A32(.)e4+ '^  e, r(.) 

Avec, 

^^^•^-ar^'^-^- k2Axf\-) 

4(-) = |-A.(-) = |:As(.) = - 7 , Z A „^ 

4 C ) = |-A2,(.) = -(7,AA:3 + 7 , L A „ ) ^ 
w / (.) 

A32(.) = | - A 3 2 ( . ) = | A 3 „ ( . ) = ( 7 , A - 7 , L A , 3 ) | ^ 

Finalement, 

(C.86) 

(C.87) 

f 
Yed = ^ - ^ - ^ 4 T ^ + A3(-)A2.(.)-A2,(.) 

v̂  K 2 / I , , K2 kiA 2"\X 

4„(.) 

kAii-) 
K ^ 2 

^3l(-)A9 '•"^l'A2(-) +A8^33(.) ~ Al(-) 

A„(.) 

+ ( - ^ 3 4 9 ( - ) + A32(.)-|-A29(.)A33(.)-A2<,(.))g3 

A>60 

+ 

+ 

K|A3A27(.) 

^ "- 2 ^2Al 
•'A9(-) + A2oA3,(.) + A22A2(-) + ^o(-)A3(-)-A32(-) 

A„t) 

-A,,A3,(.) A3A32(.) 
7,ZA33(.) J.Lf^i-)] 

fi-) fi-) e,+ 
0,C,g(.)A33(.)^ 

/(•) 
An(.) A„U 

•(A5oA7C)-AaAi(-)-A2(-)-A6oA3(-))i ' . 

A70() 
(C.88) 
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Alors, 

e,=V(.) + Z(.)M-A34(.)z, -A5(-)Z2 -A,,{.)e,  -A,^{.)e,-A,,{.)e,-A,,{.)e,-A,,,{.)Y,  (C.89) 

Le systeme (C.68) devient maintenant, 

• _ 1 1 lAj A  V 
Zl ~ ~TJT2"Z| ~T~Z2 ~ , 4̂ ~ Aso^r 

Zj = --— Z| - A5Z2 - A2oe4 + A, ,£5 -I- A|gy^ 
ki 

^ 3 = - V 3 + « 4 (C.90) 

k A 
4̂ = - z, ~ A2, Z2 - ^3 - A22̂ 4 -I- A3e5 -I- Y^ 

AC2A1 

5̂ = - A 1 Z2 + A (• )^4 - ^5^5 + 6̂ + AeO^r 

e^=V(.)-A34(.)z , -A5(-)z2-A36(.)e3-A3,(.)g4-A38(.)e5-A3,(.)e^-HZ(.)M-HA„o(.)y^ 

Considerons maintenant la fonction de Lyapunov globale. 

V^=v+-el=-e',+-el+-zl+-z^+-el+-el (C.91) 
' ' 2 * 2 ' 2 2 ' 2 2 ' 2 

Alors, 

Ve=V,+e,e, 
, . ^ |V(.)-A34(.)Z, -A33(.)z2-A3,(.)e3-A3,(.)g4| (C.92) 

' '7""""""" ''\-A,,{.)e,+e,-A,,{.)e,  +  Z{.)u +  A,,,{.)Y^ J 
<0 depuis Utapc 5 

Alors finalement, la commande u  qui va assurer la stabilite du systeme et qui n'est que le 

signal de commande envoye a la servovalve est: 

1 
M = -(-V(.) + A34(.)z,-^A33(.)z2+A3,(.)e3 + A3,(.)e4+(A33(.)-l)g3-hA„(.)g,-fc,g,) (C.93) 

Z(.) 

Ce qui donne, V,=V,-  k/,  +  A,,^{.)Y  ̂ (C.94) 

II est simple de verifier que V^  est negative pour de valeurs assez grandes de k\,  k2,  k-}, k^, ks, 

k^ ou plus precisement si : Y^ <  —-—ej (C.95) 
A7o(-) 

Alors, en repla9ant u  dans e^  nous obtenons : 
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^ 6 = - ^ s - V 6 + A7o(-)n (C.96) 

Pour terminer, la dynamique du systeme de depart (C.3), en boucle fermee, est donnee par : 

1 
•2 

k, 
'•2 AI ̂ " 2 '^2A l 

Z 2 = - 7 ^ Z , - A „ Z 2 - A 2 o e 4 - f A l ^ S + A o ^ r 
ki 

e,=-k,e,+e, {C.91) 

k,A. 
e. =  — - - ^ z, - A2,Z2 - ^ 3 - A22g4 + A,^, + y^ _ ^l-* 3 

•̂4 ~ 
^2Al 

^5 = - A l Z2 + ^ 3 ( - K -^5^ S +^ 6 + AeO^ r 

L ^ 6 = - ^ 5 - V 6 +  A7o(-)>' . 
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