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Nouvelles techniques rapides pour le contrôle de la tension et de la puissance en temps 
réel sur le réseau de distribution intelligent en tenant compte des problèmes de stabilité 

de la tension  
 

Khaled ALZAAREER 

 
RÉSUMÉ 

 
L'intégration des unités de production distribuées (PD) dans les réseaux de distribution (RD) a 
augmenté ces dernières années. L’augmentation d'intégration de l`unités PD peut ajouter de 
nouveaux défis au fonctionnement, à la stabilité et au contrôle du système d'alimentation. Ces 
défis sont a) les problèmes de surtension / sous-tension causés par la génération intermittente 
de PD, b) les conflits opérationnels entre les unités PD et les dispositifs conventionnels de 
contrôle de tension, c) le problème de stabilité de tension dû à l'augmentation des distances 
électriques entre les nœuds du générateur et les nœuds de charge, et d) un problème de 
commande de puissance active et réactive à l'interface de transport / distribution (T/D) pour 
répondre aux exigences émises par les règlements de connexion à la demande internationaux  à 
ce point. Bien que de nombreux efforts de recherche se soient concentrés sur l'utilisation des 
unités de production distribuées pour résoudre les deux premiers problèmes grâce au contrôle 
de tension coordonné (CTC), les deux derniers problèmes n'ont pas encore été complètement 
étudiés. En outre, le temps de calcul nécessaire pour obtenir le contrôle global via CTC peut ne 
pas répondre aux exigences du réseau intelligent. 
 
Cette thèse vise à développer de nouvelles techniques en temps réel pour le contrôle CTC et 
d'échange de puissance à l'interface T/D pour les DN intelligents tout en tenant compte des 
problèmes de stabilité de la tension et du support côté haute tension (HT). La vitesse de calcul 
rapide associée à ces techniques les rend uniques. L'inclusion du coût dans l'analyse ajoute 
également une caractéristique importante aux techniques. 
 
La CTC est la commande d'échange de puissance de T/D est principalement basée sur la relation 
entre les tensions du réseau et les variables de commande. Ainsi, une méthode d'analyse rapide 
de sensibilité en tension (modèle ABCD) est proposée via la dérivée directe des grandeurs 
nodales (puissance, courant et tension) par rapport aux injections de puissance. De plus, une 
nouvelle technique CTC en temps réel pour choisir un groupe global des variables de contrôle 
les plus efficaces compte tenu de celles à faible coût est proposée. Cette technique est basée sur 
le concept des distances électriques pour définir l'efficacité des variables de contrôle, et sur la 
méthode descendante/ascendante pour la sélection des contrôles. En outre, une nouvelle 
technique de contrôle de stabilité de tension statique en temps réel pour les RD intelligents est 
développée en utilisant la sensibilité de la charge et les impédances équivalentes pour contrôler 
les variables. Les sensibilités d'impédance peuvent être utilisées pour évaluer la marge 
d'impédance de charge de Thevenin. Enfin, un contrôle d'échange de puissance T/D multimodes 
en temps réel est développé en formulant le problème en tant que problème d'optimisation 
quadratique à entiers mixtes. La coordination entre différents types de ressources de contrôle, y 
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compris les appareils appartenant au client et les appareils appartenant aux services publics est 
réalisée à cet effet. 
 
Mots-clés: Réseaux de distribution intelligents, Génération distribuée, contrôle de tension, 
stabilité de tension, analyse de sensibilité. 
 



 

Novel Fast Techniques for Online Voltage and T/D Power Exchange Control in Smart 
Distribution Grids Considering Voltage Stability Issues  

 
Khaled ALZAAREER 

 
ABSTRACT 

 
The integration of Distributed Generation (DG) units into Distribution Networks (DNs) has 
been raised in the recent years. Hosting high penetration levels of DG units can add new 
challenges to power system operation, stability, and control. Such challenges are a) over/under 
voltage problems caused by the intermittent generation of DGs, b) operational conflicts 
between DG units and convention voltage control devices, c) voltage stability problem due to 
increase the electrical distances between the generator nodes and load nodes, and d) active and 
reactive power control problem at Transmission/Distribution (T/D) interface to meet the 
requirements issued by international Demand Connection Codes (DCC) at this point. Although 
numerous research efforts have focused to utilize DG units to solve the first two problems 
through Coordinated Voltage Control (CVC), the last two problems have not yet been fully 
studied. Besides, the calculation time needed to obtain the global control through CVC may 
not meet smart grid requirements.    
 
This thesis aims to develop novel online techniques for CVC and power exchange control at 
T/D interface for smart DNs while considering the voltage stability issues and high-voltage 
(HV) side support. The fast-computational speed associated with these techniques makes them 
unique. Including the cost in the analysis also adds an important feature to the techniques.  
 
The CVC and T/D power exchange control are mainly based on the relation between network 
voltages and control variables. Thus, a fast voltage sensitivity analysis method (ABCD model) 
is proposed via the direct derivative of system nodal quantities (power, current and voltage) 
with respect to power injections. Moreover, a new online CVC technique for choosing a global 
group of the most effective control variables considering the ones with low cost is proposed. 
This technique is based on the concept of electrical distances to define the effectiveness of 
control variables, and on top-down/bottom-up method for control selection. Besides, a new 
technique for online static voltage stability control for smart DNs is developed by using the 
sensitivity of the load and the equivalent impedances to control variables.  The impedance 
sensitivities can be used to evaluate the Thevenin Load Impedance Margin (TLIM). Finally, 
an online multi-modes T/D power exchange control is developed by formulating the problem 
as Mixed-integer Quadratically Constrained Optimization Problem (MIQCP). Coordination 
among different types of control resources, including the customer-owned devices and utility-
owned devices is achieved for this purpose.  
 
Keywords: Smart distribution networks, Distributed Generation, voltage control, voltage 
stability, sensitivity analysis.  
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CHAPTER 1 

INTRODUCTION 

1.1 Background  

Power distribution network is a major part of the electric grid which connects the Transmission 

Network (TN) and the consumers. The environmental issues, demand increase, and the 

dependence on traditional power plants are concerning problems today. To meet such 

problems, renewable energy resources have been used as DG units into DNs (Gama et al., 

2009). The size and power generation of these DG units are very small compared to our 

traditional power generation resources (Short, 2014). The renewable energy-based DGs can 

reduce the dependence on conventional generation units (Wang & Lan, 2011). However, 

integration of DGs with DNs will consequently changes some characteristics of existing 

distribution grids (i.e. transforms the DNs from passive to active ones due to their properties).  

 

1.1.1 Voltage control in distribution networks 

Voltage regulation is one of the operational challenges in DNs. Voltage regulation aims to 

maintain the node voltages inside acceptable limits. This can be achieved by either directly 

controlling the node voltages or by controlling the reactive power flow which in turn can affect 

the voltage drop. On Load Tap Changer (OLTC) transformers, Capacitor Banks (CBs) and 

Voltage Regulators (VRs) are conventional voltage controls that are normally used for this 

purpose (Short, 2014), (Gönen, 1986). However, such controls are designed for passive DNs 

where the power flow is unidirectional (i.e. the power flows from the substation to the loads).  

 

The connection of DGs with DNs may cause bidirectional power flow (Viawan, 2008). This 

will create new challenges in voltage control, especially in case of high penetration levels of 

DG units (Atwa et al., 2010). If DGs are operated at leading power factor mode, the node 

voltages can be increased by injecting reactive power to the system. The direction and 

magnitude of the power might change according to DG location and size (Shivarudraswamy 



2 

& Gaonkar, 2012) (Lopes et al., 2007). Thus, some considerations have to be taken into account 

to avoid the negative impacts of DG integration into the network like voltage rise. To avoid 

such problem, one may try to limit the amount of the power injected by DG units and install 

them near the load centers. However, this reduces the benefits that DG units could provide to 

the system. The intermittent nature of renewable energy resources can also add additional 

challenges on system control, stability and operation.  

 

The integration of multiple DG units into DNs can cause over/under voltage problems as well 

as operational conflicts with other conventional voltage control devices (Ranamuka et al., 

2016). These problems can grow as DNs meet structural changes (Ranamuka et al., 2015). 

Thus, it is required to operationally update the voltage control devices in active DNs. One of 

the favorable ways of reducing the adverse impacts of the operational conflicts among voltage 

control devices is control coordination. Control coordination aims to restrict the voltages 

within the normal range under different operating conditions such as the load variation and 

random output. Generally speaking, CVC techniques can update the control actions based on 

control rules or optimization techniques.  

 

DG units can be actively involved in power systems for voltage regulation (Ranamuka et al., 

2015). Voltage control techniques are mainly based on the relation between the network 

voltages and control variables (i.e. power injections). The sensitivity analysis is usually used 

to find the voltage sensitivity coefficients with respect to nodal reactive and real power 

injections. These sensitivities can be used to evaluate the node voltages due to performing 

control actions for CVC. 

 

IEEE Standard 1547 (Photovoltaics et al., 2009) states a requirement regarding how much 

voltage violation is allowed with or without the presence of DG units. Voltage variations must 

remain within acceptable limits. 
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1.1.2 Power exchange control at T/D interface and HV side support 

The adoption of renewable energy-based DG units has been raised in the recent years. This will 

reduce the dependence on the conventional generating units or transmission lines. The IEEE 

Std 1547.4 (Photovoltaics et al., 2009) considers utilization of DG units to provide the power 

to distribution grids and expand their capabilities for the overall TN support. In other words, 

DNs are requested to provide ancillary services by exporting reactive power to the TN, 

especially during its unexpected system failures. However, injecting power into TN may add 

new challenges to TN operator in the regard of voltage control (Lin et al., 2016). Indeed, high 

production from DG units of DNs and during light loading can increase the connection point 

voltage. Currently, DN operators are not responsible for power exchange control at T/D 

interface. TN operator is normally responsible for managing this problem. As a result, control 

of power exchange between transmission and distribution systems is one of the new 

requirements for modern power networks.  

 

1.1.3 Voltage stability in distribution networks 

Voltage stability is defined as the ability of a power system to maintain acceptable voltages at 

all nodes in the network under normal condition and after being subjected to a disturbance 

(kundur et al., 2004). Voltage stability analysis can be classified into transient and steady-state 

analysis. However, in this thesis, only the static models are applied for analysis to obtain 

voltage stability margin. Voltage stability margin is defined as the minimum distance between 

the current operating point and the maximum loadability point (Bahmanyar & Karami et al., 

2014). 

 

Voltage stability is usually studied for transmission networks. With the rapid increase in 

hosting large penetration levels of DG units, voltage stability problem has raised a main 

concern for DNs (Bolognani & Zampieri, 2015), (Wang et al., 2016), (Aolaritei et al 2018). 

Integration high penetration levels of DG units will pose more challenges in voltage stability 

assessment due to its intermittent nature and displacement of a significant portion of the 

synchronous generation. Moreover, as DNs continue in hosting DG units, the electrical 
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distances between generator nodes and load nodes become larger, which can cause major 

changes in the stability of DNs (Nazari & Ilic, 2014). In addition, some types of DG units, 

especially fixed speed wind turbines, always consume reactive power, which may cause long-

term voltage stability in DNs (Liu & Chu, 2014). It is also known that DNs continuously 

witness fast load increase with a slow expansion in its grid, which can also affect the voltage 

stability. Another essential issue is that when TN meet accidents, the voltage stability in DNs 

can significantly be affected during post disturbances periods (Aristidou et al., 2017). For all 

these reasons, it is expected that future DNs will face several challenges in system operation 

and stability.  

 

The methods of voltage stability analysis that have been developed are mainly oriented to HV 

networks. Voltage stability of DNs had a less attention by researches. Most of researchers 

focused on improving voltage profiles for DNs. However, a good voltage profile cannot 

guarantee that the network is stable since voltage magnitude is not a good indicator of voltage 

stability (Lof et al., 1992). 
 

1.2 Problem statement  

As mentioned in previous sections, integration of large scale of renewable DG units into DNs 

adds new challenges on system operation and control. The existing solutions are not enough to 

meet these challenges, especially in the context of online applications. The motivation behind 

of this thesis research is to a) find solutions for the new challenges associated with active DNs 

and b) enhance the computational speed and convergence. This motivation can be explained 

into four main points as follows:   

 

a. Sensitivity Analysis plays a significant role in voltage prediction and control of power 

networks. The inverse of the Jacobian J (Borghetti et al., 2010), (Zhou et al., 2007) is a 

well-known approach that depends on solving a Newton Raphson power flow.  However, 

the sensitivity coefficients have to be updated with any change in the system operating 

condition. This requires performing new Newton Raphson-based power flow calculations 
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(Peschon et al., 1968), and therefore more computation time is required.  Besides, the 

convergence may not be obtained by this method. Such methods developed for 

transmission load flow studies are not suitable for distribution systems due to the poor 

convergence (Kersting, 2012). Such problems (convergence problems and the remarkable 

calculation time) add new challenges for online applications, especially in the context of 

optimization problems and practical systems. 

 

b. The integration of DG units into DN voltage control may create operational interactions 

with other conventional voltage control devices. The structural changes can also increase 

the possibility to create control conflicts. Control rules-based voltage control methods are 

not suitable for large scale networks where large number of control choices are available 

or when many various objectives are included in the control. Similarly, optimization-based 

voltage control methods are impractical to implement since many control variables have to 

be used to obtain the optimal solution. Another issue is that the wide distribution of control 

variables and the possibility of occurring many voltage violations among the network 

makes it is hard to provide coordination of the controls while activating only the required 

number of controls. Besides, it is not easy to rank the most effective control variables 

during multi violated voltages while considering a set of aspects as cost. Thus, it is 

necessary to obtain the cheapest and the most effective controls for global voltage control 

in DNs. 

 

c. The incorporation of high penetration levels of DG units in DNs could impose a new 

challenge on network stability. This is due to displacement of a significant portion of the 

synchronous generation and increase the electrical distances between nodes (Nazari et al., 

2014). Moreover, DG unavailability (or outage) and the continuously fast load increase can 

also significantly affect the voltage stability in DNs. Besides, some types of DG units (i.e. 

fixed speed wind turbines) always consume reactive power, which may cause voltage 

instability in DNs (Liu et al., 2014). Another essential issue is that when TN is subjected 

to disturbances, the voltage stability in DNs may be affected during post disturbance 

periods. For all these reasons, it is necessary to design voltage control considering voltage 
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stability issues in future DNs. Besides, there is a need for guiding information regarding 

the decisions of control measures for voltage stability prediction and control. The 

information of how each control variable contributes in voltage stability control is an 

important issue for network operators. 

 

d. The high production from DG units of DNs and during light loading can increase the 

voltage at T/D connection point and, in turn, cause problems for TN. In contrast, active 

DNs are strongly requested to support TN (i.e. providing ancillary services) during its 

unexpected system failures. Thus, future requirements will be posed for DN operators to 

manage the power exchange. One of these requirements is issued by the ‘Network Code on 

Demand Connection’ of the European Network of Transmission System Operators for 

Electricity (ENTSO-E) (European Commission, 2016). According to this code, the reactive 

power transfer should be inside a range depending on the import or export capability. Such 

a code is beneficial for both networks to keep the system secure and reliable.  However, 

there are open questions about how to steer the power exchange at T/D interface from DN 

side. It is requested that DNs have the ability to maintain their own voltages while managing 

the power exchange at T/D interface.  

 
1.3 Literature review 

1.3.1 Voltage sensitivity analysis 

Many approaches have been developed in the literature for voltage sensitivity analysis. One of 

the well-known approaches is based on the matrix J (Borghetti et al., 2010), (Zhou et al., 2007). 

This approach is a classical method and depends on the solving a Newton Raphson power flow 

which requires iterative process (Peschon et al., 1968). The voltage sensitivities are found by 

taking the inverse of J at one operating condition. One of the disadvantages of iterative methods 

is that the convergence may not be obtained. Although this kind of sensitivity analysis appears 

in recent studies for real-time applications such as voltage control (Alzaareer et al., 2020) and 
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voltage stability issues (Kamel et al., 2017), the analysis is done offline and only at normal 

operating conditions.  

 

Many other sensitivity methods have been discussed in the literature. An approach based on 

the Gauss-Seidel method of load flow is developed (Zhou et al., 2008). The approach depends 

on the impedance matrix of the network and uses iteration process with a fixed number of 

iterations. Therefore, the accuracy of this method is low. An approach in which the network 

impedance matrix was used with the constant-current model of loads to develop a sensitivity 

approach (Conti et al., 2010). However, this approach depends on the approximated 

representation of the network lines. A direct voltage sensitivity analysis method is developed 

which is based on the topological structure of the network and independent of the network 

operating points (Zad et al., 2015). An approach starting from branch currents is used for 

sensitivity analysis (Khatod et al., 2006).  However, this method requires a base load flow 

solution. Other methods based on the use of the so-called adjoint network are also proposed 

(Gurram et al., 1999), (Ferreira et al., 1990), (Bandler et al., 1980), (Bandler et al., 1982).  

Another approach based on the Perturb-And-Observe (P &O) Power Flow is proposed 

(Sansawatt et al., 2012). It considers the current state of the network and two power flows with 

a small change in the active (or reactive) power at the interested bus. An approach based on 

historical data is also presented (Weckx et al., 2014). However, these works suffer from 

inaccuracy and/or low-speed calculations.  
 

1.3.2 Coordinated voltage control  

Numerous research efforts have focused to utilize DG units in voltage control in distribution 

networks. A CVC for active DNs is proposed (Richardot et al., 2006) to show the ability of 

DG units to regulate the system voltage.  Generally speaking, CVC techniques can update the 

control actions based on control rules or optimization techniques.  

 

A novel CVC method is based on installing remote terminal units at DG units is developed 

(Elkhatib et al., 2011). A CVC method based on control rules algorithm is proposed (Kulmala 
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et al., 2014). A dynamic master/slave CVC method is presented (Moursi et al., 2014). A 

method based on power flow sensitivity factor for output control of multiple DG units is 

presented (Jupe et al., 2010). An online combined local and remote voltage control in the 

presence of induction machine-based DG unit is presented (Viawan et al., 2007). A CVC 

method for coordination of OLTC, VR, and DG unit is presented (Muttaqi et al., 2015). The 

method is based on the concept of control zone, line drop compensation, as well as the 

controllers’ parameters.  A real-time CVC employing plug-in electric vehicles, DG, and OLTC 

is proposed (Azzouz et al., 2015). However, all the above-mentioned studies do not consider 

the coordination process in case of multiple conventional voltage control devices and multiple 

DG units. An online CVC method to operationally avoid the impact of simultaneous responses 

of multiple voltage control devices and DG units is developed (Ranamuka et al., 2013). 

However, it does not consider the impacts of non-simultaneous operations of DG units and the 

conventional devices. To minimize the impact of non-simultaneous operations, an online CVC 

by allowing voltage control devices to operate in accordance with a priority scheme is proposed 

(Ranamuka et al., 2015). However, defining of control rules in large scale power system is a 

complex task. 

 

In the literature, many optimization-based CVC methods are proposed for active DNs. A CVC 

for DNs is presented to maintain voltages at their set-point value (Biserica et al., 2011). A CVC 

model based on sensitivity analysis is proposed (Zhou et al., 2007) to minimize the curtailment 

in active power production of DG units. A short-term scheduling of a DN is presented 

(Borghetti et al., 2010) to minimize the variation in the output of DG units and node voltages. 

An CVC method is developed (Oshiro et al., 2011) to reduce the voltage deviation in DNs 

using DG units. An optimal voltage control to minimize the deviation in the voltage at pilot 

bus and the power production by DG units is proposed (Castro et al., 2016). A CVC method is 

proposed by formulating a large-scale optimization problem and solving it using a genetic 

algorithm-based solver (Senjyu et al., 2008). A CVC method based on dynamic programming 

method is proposed (Kim et al., 2012). A new mutation fuzzy adaptive particle swarm 

optimization algorithm is presented to mitigate the overvoltage and minimize total loss in 

active DNs (Yang et al., 2015). A CVC of tap changers and DG units is presented to maximize 
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daily DG production and minimize the daily losses (Jakus et al., 2015). A voltage control 

framework for day-ahead operation is presented with the objective to minimize the power 

losses and voltage violations in active DNs (Degefa et al., 2015). A nonintrusive control 

strategy using voltage and reactive power for DNs based on PV and the nine-zone diagram is 

presented (Dou et al., 2019). A multiagent-based dispatching scheme for DG units for voltage 

support on distribution feeders is proposed (Baran et al., 2007). A CVC method aims to enable 

high solar penetrations in DNs while minimizing the voltage deviations and tap operations is 

proposed (Li et al., 2018). Advanced CVC scheme is proposed for smart microgrids to 

maximize power generated by DG units (Olival et al., 2017). A CVC approach exploits the 

reactive power capability of DG units to minimize the power losses and mitigating 

overvoltages is developed (Kryonidis et al., 2019). A comprehensive decentralized Volt/VAr 

control strategy is proposed for coordination of conventional control devices and synchronous 

machine-based DG units (Viawan et al., 2008). A multiple line drop compensation voltage 

control technique for under-load tap changer transformers is proposed (Choi et al., 2001), 

where the desired tap positions are obtained by solving an integer optimization problem. A 

Trust Region Sequential Quadratic Programming technique for CVC in active DNs is 

presented (Sheng et al., 2015).  Optimal power flow is used for voltage control in medium 

voltage networks with the objective to minimize the curtailment of DG units and reduce the 

shedding of controllable loads (Meirinhos et al., 2017). The aforementioned methods formulate 

the problem as a single step optimization. To compensate the modeling inaccuracies, the MPC 

method to correct the voltages in active DNs is proposed (Valverde et al., 2013). Multi-step 

optimization is used in the literature to speed-up the computation and to avoid numerical 

problems (Alamo et al., 2015), (Guo et al., 2017). However, by using optimization-based 

methods, large number of control variables have to be activated to obtain the best solution, 

which is not suitable for practical systems. Moreover, those works do not fully consider the 

impacts of structural changes in voltage control. 
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1.3.3 Voltage stability assessment  

For static voltage stability analysis, the critical condition of power systems can be determined 

based on the singularity point of power flow Jacobian. The Newton-Raphson method may fail 

to converge, which adds a challenge for singularity point calculation. To address this problem, 

Iwamoto’s approach (Iwamoto & Tamura, 1981), Continuation Power Flow (CPF) (Ajjarapu, 

& Christy, 1992), (Sheng & Chiang, 2013) and holomorphic embedding approach (Trias, 

2012), have been used. Some stability indicators are also developed based on eigen-

decomposition of the power flow Jacobian at the singularity point (Gao et al., 1992), (Lof et 

al., 1993). Another method is characterized by the eigenvector with respect to the zero 

eigenvalue of power flow Jacobian (Dobson et al., 1992). Other methods are based on 

Thevenin equivalent to reduce the system into two-bus network (Vu, 1999), (Milosevic & 

Begovic¸2003), (Smon et al., 2006), (Corsi & Taranto, 2008), (Wang et al., 2011). Branch 

equivalents are also adopted in the literature for network reduction (Jasmon et al., 1991), 

(Chakravorty & Das, 2001), (Yu et al., 2014).  

 

For voltage stability analysis in DNs, several techniques have been proposed: CPF (Dou et al., 

2017), probabilistic evaluation (Liu et al., 2015) and modal analysis technique (Chou et al., 

2014)). However, all these approaches require extensive calculations that are not suitable for 

real-time applications. Several voltage stability indicators have been presented by reducing the 

DN into two-bus system (Gubina et al., 1997), (Jasmon et al., 1991), (Hamada et al., 2010). 

However, those indicators are derived only at one operating point and none of them can involve 

the dynamic nonlinear behavior of loads. The equivalent nodal analysis (Wang et al., 2011) was 

extended to be used in DNs (Alzaareer & Saad, 2018) for voltage stability assessment. The 

same concept was also used (Liu et al., 2014) to detect the voltage instability of fixed-speed 

induction generator in DNs. The equivalent nodal analysis is simple such that Thevenin circuit 

seen by a load bus can be easily obtained and, then, incorporated into voltage stability 

assessment.  
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1.3.4 Power exchange control and HV side support 

Although some works deal with the role of DNs in TN support, employing DNs for online 

power exchange control and considering practical issues has not yet been fully studied. 

However in the literature, a coordinative sub-transmission voltage control for reactive power 

management between TN and DNs is proposed (Ke et al., 2018). In this method, all the 

decisions are done by HV side.  The enhanced utilization of voltage control variables by 

maximizing the DG reactive power output is proposed (Keane et al., 2010). A method for 

minimizing the reactive power transfer by the TN to the DNs is presented (Ochoa et al., 2011). 

Reactive power management at T/D interconnection is proposed (Ali et al., 2015). An optimal 

reactive power control for transmission connected distribution network with wind farms is 

proposed (Stock et al., 2016). A MPC for reactive power control in transmission connected DNs 

is proposed (Stock et al., 2016). These works present passive control methods and do not aim 

to solve the problem online. Moreover, most of them depend on non-linear power flow 

equations to perform optimal power flow technique for problem solving. Other methods based 

on real-time measurements are used for TN support (Valverde et al., 2013), (Morin et al., 2016). 

However, the high required number of monitoring devices is one of the main challenges in these 

methods.  

 

1.4 Research objectives 

This thesis aims to develop novel fast methods for online CVC in smart DNs. The developed 

methods also provide solutions for other important problems in DNs as well as TN. Voltage 

stability issues, power exchange control at T/D interface and HV side support are such 

problems that are considered in this thesis. To solve the problems mentioned in section 1.2, 

this thesis presents four main objectives as follows:  

 

• Since CVC and power exchange control mainly depend on voltage sensitivity analysis, it 

is necessary to speed-up voltage sensitivity analysis for online application purposes. 

Therefore, the first objective of this thesis is to develop fast voltage sensitivity analysis 
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method using analytical derivation for smart DNs. The method does not require iterative 

process to update the sensitivity coefficients and therefore it can be implemented for online 

applications in smart distribution networks. The method represents an analytical 

development for sensitivity analysis, such that it is not limited to a particular type of 

network or governed by a particular power flow method. The method can also be 

considered as an alternative technique for the classical ones but with an extra advantage of 

fast computations. 

 

• To provide a feasible solution for practical implementation for online CVC in active DNs, 

the second objective is to develop a new identification method for global group of controls. 

The proposed method takes into consideration five aspects: the effectiveness, availability, 

and cost of the control variables as well as the structural changes of networks and the 

coordination between control variables to simultaneously eliminate the violation in the 

voltages. By this method, the cheapest and the most effective control variables can be 

selected as a global control set. This means that only the minimum required number of 

control variables can be used for voltage control. Besides, the proposed method is capable 

of ranking the control variables to multi violated voltages (not only one violated voltage) 

and simultaneously (with no time delay) eliminating all the multi violations with only the 

most effective controls, low computational efforts and high speed. It is worth noting that 

the proposed method does not aim to find the optimal voltage control, which requires 

operation of most, if not all, the control variables, but provides a group of the most effective 

control variables.  

 

• To consider the static voltage stability issues while performing CVC in DNs, the third 

objective is to develop an online centralized CVC method aiming to maximize the voltage 

stability margin in the network. The objective can be achieved by optimally dispatch the 

outputs of DG units without needing for a detailed system model and complex calculation 

to find the critical point. This feature makes the proposed method suitable for real-time 

voltage control in DNs. The method also aims to evaluate the sensitivity of the load and 

the equivalent impedances of load buses to control variables to obtain the contribution of 
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each DG unit in change the impedances and, hence, in the voltage stability margin. The 

impedance sensitivity provides an analysis of not only how other buses affect the 

impedances of a specific load bus but also how the specific bus can affect the impedances 

of other load buses. 

 

• To consider HV side support while performimg CVC in DNs, the fourth objective is to 

develop a MIQCP-based multi mode online power exchange control at T/D interface while 

keeping DN voltages within acceptable limits. The control method is centralized and can 

meet the requirements issued by international DCC at T/D interface or fulfill the Demand 

Response (DR) requirements from TN as well as DN voltages. The proposed control 

method provides the option for DNs to operate in different modes: isolated mode, passive 

mode, active mode, and DR mode.  Both active and reactive power exchanges are 

considered for the control. The control can be implemented at the distribution side, without 

needing for any interactive mechanism (or data exchange) between TN and DNs or any 

extra monitoring devices for DNs. The method also aims to formulate the problem as 

MIQCP problem, which can be efficiently solved for its global optimum solution. To 

increase the responsibility degree of DNs for problem control, the method involves 

controllable loads, along with DGs and CBs, in the control.  
 

The relation between the aformentioned four objectives in order to investigate the global 

objective can be understood in Figure 1.1. It can be seen that the first objective is used to 

mainly evaluate the changes in the voltages and impedances in the other three objectives. 

The othre three objectives are generally developed for CVC. The third objective can also 

maximize the system voltage stability margin while the forth objective consider HV side 

support.  
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Figure 1.1     The relation between the work objectives  
 

 

1.5 Methodology overview 

To achieve the four objectives presented in the previous section, the following methodology 

were applied: 

 

a. The fast voltage sensitivity analysis is developed by taking the direct derivatives of nodal 

power equations with respect to power injections, and then constructing the ABCD matrix 

(refer to equation (3.25)). The nodal quantities (power, current and voltage) are expressed 

in Cartesian coordinates to make a complete separation between the sensitivities to active 

and the sensitivities to reactive power injections. ABCD elements represent coefficients 

for the partial derivatives of node voltages (in Cartesian form) and their values remain 

constant regardless of the bus on which the power is injected.  

 

b. The proposed identification method for global control group is developed based on the 

concept of electrical distances between the voltage control devices and network nodes. An 

index, namely Correction Index (CI), is derived based on the electrical distances and the 
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control cost to represent the level of effectiveness of each control variable with respect to 

all violated voltages. This means that the CI can be used for control ranking. The index is 

then implemented in two phase algorithms (top–down and bottom- up) to identify the 

global group of controls (the cheapest and the most efficient ones) to simultaneously 

eliminate the violation in voltages. 

 

c. For voltage stability control in distribution networks, a Thevenin-based Load Impedance 

Margin (TLIM) derived from the nodal measurements is used. This margin takes into the 

consideration the changes in the system operation, especially those caused by the rapid-

response devices of DG units. Sensitivity analysis is then performed on the load and the 

equivalent impedances (terms of TLIM) to obtain the contribution of each control variable 

in the change of TLIM. The sensitivity analysis is investigated via the derivation of nodal 

voltage and current with respect to control variables. The changes of the impedances of 

pilot bus, which has the smallest value among all the TLIMs, are formulated in a multi-

step optimization problem in terms of impedance sensitivities for the optimal dispatch of 

controls.  

 

d. Power exchange control at T/D interface is achieved by performing the problem as a 

MIQCP. To do that, a Linear Power Flow (LPF) taking into account the voltage 

dependence of loads is used for the analysis. The analysis is done at the distribution level 

without any interaction with TN. A mathematical relation for power drawn by the 

substation is determined using LPF, and thus there is no need for interactive mechanism 

with TN or any extra monitoring devices. To increase the responsibility degree of DNs in 

fulfilling DCC or DR requirements, controllable loads are involved in the control strategy. 

 

1.6 Thesis contribution 

This thesis research focuses on finding solutions for voltage and T/D power exchange control 

in active DNs while taking into account the voltage stability issues as well as HV side support. 

The thesis solutions are fast enough, such that it has a high potential to be implemented in 
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online applications for large-scale DNs. Following the literature review, although numerous 

researches deal with some voltage control problem, few of them are concerned with voltage 

stability and T/D power exchange control in DNs. Besides, their solutions are still not fast 

enough to meet the challenges associated with renewable DG integration and/or practical 

power systems.  

 

The key contributions of this thesis can be summarized as follows:  

1. A new analytical and fast approach for voltage sensitivity analysis of power systems is 

proposed via the derivative of the real and imaginary parts of the nodal quantities with 

respect to power injections. It can be extended to compute the sensitivities with respect to 

different types of control variables. It is also suitable for any network (TN or DN, radial or 

meshed networks). The proposed method mainly depends on the construction of ABCD 

matrix to derive one general mathematical expression for sensitivity analysis. Indeed, it 

does not require to update ABCD matrix with changing the bus on which the power is 

injected. One important feature for ABCD model that it was able to completely separate 

between the sensitivities to active and the sensitivities to reactive power injections. This 

can be achieved by expressing the nodal quantities (power, voltage, and current) and 

network admittances in Cartesian coordinates and making an assumption that the real or 

reactive power injections at a particular bus is independent of any other power injections 

in the system.  

 

2. A novel identification method is proposed, to our best knowledge for the first time, to select 

a global set of the most effective control variables for voltage control in DNs. The method 

is feasible for practical implementation. Compared to optimization-based voltage control 

techniques, only the required number of controls are selected for control. Compared with 

control rules-based CVC methods, the proposed method is suitable for large networks 

where a large number of control choices exist or when many various objectives are 

included in the control. Indeed, most of the rules-based methods are not capable to 

simultaneously eliminate the violations due to the time delay associated with conventional 

controls. Besides, the proposed identification control method shows a high level of 
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flexibility such that it can take into consideration the five aspects to eliminate the violation 

in the voltages: the effectiveness, availability, and the cost of each control action as well 

as the structural changes of distribution network and the coordination among control 

actions.  

 

3. Using the common optimization methods for voltage control in DNs, the normal operating 

limits of voltage follow an economical purpose (i.e. the objective function is to minimize 

the cost, loss,…etc.). In contrast, this thesis formulates the problem to maximizes the 

voltage stability margin in smart DNs. Besides, the impedance sensitivity analysis is 

presented for the first time in order to evaluate the changes in the load and the equivalent 

impedances of any load bus (i.e. terms of voltage stability margin) to control variables. 

The proposed sensitivities provide an analysis of not only how other buses affect the 

impedances of a specific load bus, but also how the specific bus can affect the impedances 

of other load buses.  

 

4. The thesis provides a flexible online control framework for DN to steer the power exchange 

at T/D interface without needing interactive mechanism (or data exchange) between TN 

and DNs or any extra monitoring devices for DNs. The framework can work under different 

modes: isolated mode, passive mode, active mode and DR mode. Although some works 

deal with the role of DNs in TN support, employing DNs for online power exchange control 

and considering practical issues has not yet been fully studied. Besides, T/D power control 

considers not only the reactive power but also the active power exchange. Furthermore, 

formulating the problem as MIQCP problem instead of MINLP problem makes the 

proposed method more applicable for smart grid. Such a programming problem can be 

efficiently solved to its optimal or sub-optimal solution while reducing the high-

computational burdens, compered to MINLP problems.   
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1.7 Thesis outline  

The organization of this thesis is given as follows: 

 

The first chapter provides an introduction to this thesis. It presents a general background on 

DNs. It also states the motivation, literature survey, research objectives and the contributions 

of this thesis. 

 

The second chapter describes some of the fundamental concepts that are used to achieve this 

thesis. Such concepts are required for online voltage and power exchange control in smart 

DNs.  

 

The third chapter presents a fast method, namely ABCD model, for voltage sensitivity analysis 

in smart grids. This chapter represents one of the thesis articles and it was submitted for 

publication in International Journal of Electrical Power & Energy Systems. 

 

The fourth chapter presents a new identification method for global control group for online 

CVC in smart DNs. This chapter represents one of the thesis articles and it was published in 

IEEE Transactions on smart grid (Alzaareer et al., 2020b). 

 

The fifth chapter presents an impedance sensitivity-based method for online voltage control in 

smart DNs. This chapter represents one of the thesis articles and it was published in Electric 

Power System Research Journal (Alzaareer et al., 2020a). 

 

The sixth chapter presents a MIQCP-Based Multi-Modes Online Power Exchange Control at 

T/D Interface. This chapter represents one of the thesis articles and it was submitted for 

publication in IEEE Transactions on smart grid. 

 

The conclusion and recommendation of the thesis are stated at the end of this thesis.   



 

CHAPTER 2 

FUNDAMENTAL CONCEPTS 

2.1 Introduction  

As mentioned in chapter 1, this thesis aims to investigate four objectives. This chapter provides 

some fundamental concepts used to achieve the four objectives. The link among the next 

chapters and the coherency between them are also explained.  

2.2 Nodal current equation 

Nodal power equation is widely used for power system issues. This equation relates the node 

voltages V with the node currents I by using the system admittance matrix Y as follows: 

 

 ሾ𝐼ሿ = ሾ𝑌ሿሾ𝑉ሿ    (2.1) 

 

In general, the system buses can be divided into generator buses G, load buses L and tie buses 

T. Accordingly, the nodal current equation can be expressed as:  

 

 ൥ 𝐼−𝐼௅0 ൩ = ൥𝑌 ீ 𝑌 ௅ 𝑌 ்𝑌௅ீ 𝑌௅௅ 𝑌௅்𝑌 ீ 𝑌 ௅ 𝑌 ்൩ ൥𝑉𝑉௅𝑉 ൩  

   (2.2) 

 

For any load bus i, the current injection can be written in terms of the system admittances and 

node voltages as: 

 

 𝐼௜ = ෍𝑌௜௝𝑉௝ே
௝ୀ଴  

   

 (2.3) 
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Where N is the number of system buses. 𝑌௜௝ is the admittance between the nodes i and j. 𝐼௜ is 

the current injection at bus “i” while 𝑉௝ is the voltage of bus “j”. The expression represented in 

(2.3) can be written in polar and rectangular terms as: 

 

 𝐼௜ = |𝐼௜|∠𝛼௜ = 𝐼௜,௥ + 𝑗𝐼௜,௜௠    (2.4) 

 

To explain nodal current equation, let us consider the simple distribution network shown in 

Figure 2.1. The load power at each node and the power produced by DG unit are represented 

by current injections (refer to Figure 2.1 (a)). The system admittances are constants in normal 

cases. If the admittance values and the load currents are available, the network voltages can be 

obtained according to (2.2). If the structure or the topology of the network is changed, the 

corresponding admittances should be changed by ∆𝑌. Similarly, if the load power consumption 

or the power output by DG at any node is changed, the current injection of that node will be 

changed by ∆𝐼. By performing (2.2) again, we can find that the network voltages will be 

changed by ∆𝑉. Not only the voltage of one node will be changed, but also all the node voltages 

having sensitivity to that particular change (i.e. topology or power change). As a result, the 

network voltages are governed by nodal current equation.  

 

According to nodal current equation, the nodal power of any node can be presented as:   

 

 𝑆௜ = 𝑉௜𝐼௜∗ = 𝑉௜ ቌ෍𝑌௜௝𝑉௝ே
௝ୀ଴ ቍ∗ = 𝑃௜ + 𝑗𝑄௜     

(2.5) 

 

Where 𝑆௜, 𝑃௜ ,𝑄௜ are the complex, real and reactive power of bus i, respectively. The symbol 

“*” denotes the conjugate.  
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Figure 2.1     The concept of nodal current 

 equation (a) before and (b) after the control 
 

This thesis mainly depends on nodal current equations to derive the expressions and develop 

the proposed control methods for smart DNs. This equation is simple, easy to handle, and can 

accurately represents the network model.  

 

2.3 Voltage sensitivity Analysis 

The voltage sensitivity analysis is mainly used to find the dependence between the node 

voltages and power injections. Voltage sensitivity analysis is very necessary to evaluate the 
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network voltages for solving many problems.  In this thesis, voltage sensitivity is used to 

evaluate the network voltages for voltage control problem and assess the system voltage 

stability margin for voltage stability analysis.  

One of the well-known methods for voltage sensitivity analysis is the Jacobian-based method 

(Alzaareer et al., 2020c). Jacobina matrix (J) usually links the nodal power mismatch with 

nodal voltage changes as: 

 

 

⎝⎜
⎜⎜⎛

∆𝑃2⋮∆𝑃𝑁________∆𝑄2⋮∆𝑄𝑁 ⎠⎟
⎟⎟⎞ =

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎛𝜕𝑃2𝜕𝜃2 ⋯ 𝜕𝑃2𝜕𝜃𝑁⋮ ⋱ ⋮𝜕𝑃𝑁𝜕𝜃2 ⋯ 𝜕𝑃𝑁𝜕𝜃𝑁

𝜕𝑃2𝜕|𝑉ଶ| ⋯ 𝜕𝑃2𝜕|𝑉ே|⋮ ⋱ ⋮𝜕𝑃𝑁𝜕|𝑉ଶ| ⋯ 𝜕𝑃𝑁𝜕|𝑉ே|𝜕𝑄2𝜕𝜃2 ⋯ 𝜕𝑄2𝜕𝜃𝑁⋮ ⋱ ⋮𝜕𝑄𝑁𝜕𝜃2 ⋯ 𝜕𝑄𝑁𝜕𝜃𝑁
𝜕𝑄2𝜕|𝑉ଶ| ⋯ 𝜕𝑄2𝜕|𝑉ே|⋮ ⋱ ⋮𝜕𝑄𝑁𝜕|𝑉ଶ| ⋯ 𝜕𝑄𝑁𝜕|𝑉ே|⎠⎟

⎟⎟⎟
⎟⎟⎟
⎞

⎝⎜
⎜⎜⎛

∆𝜃2⋮∆𝜃𝑁________∆|𝑉2|⋮∆|𝑉𝑁| ⎠⎟
⎟⎟⎞ 

    

 

 

(2.6) 

 

Where ∆𝑃 and ∆𝑄 denote the real and reactive power mismatch, respectively. ∆𝜃 and ∆|𝑉| 
denote the change in the voltage phase and magnitude, respectively. 𝜕𝑃/𝜕|𝑉| and  𝜕𝑄/𝜕|𝑉| 
denote the partial derivatives of the real and reactive power injection to voltage magnitude, 

respectively. 𝜕𝑃/𝜕𝜃  𝑎𝑛𝑑  𝜕𝑄/𝜕𝜃 denote the partial derivatives of the real and reactive power 

injection to voltage angle, respectively. 

 

It is worth mentioning that the relation illustrated in (2.6) can be modified according to the 

number of PQ and PV buses in the network. Bus 1 is assumed to be slack bus and therefore it 

is omitted from (2.6). The relation in (2.6) can be written as: 

 

 ൬∆𝑃∆𝑄൰ = ൬𝐽ଵ 𝐽ଶ𝐽ଷ 𝐽ସ൰ ൬ ∆𝜃 ∆|𝑉|൰ = ሺ 𝐽ሻ ൬ ∆𝜃 ∆|𝑉|൰ 

    

 

(2.7) 
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Where, 𝐽ଵ, 𝐽ଶ, 𝐽ଷ, 𝐽ସ are the Jacobian matrix elements. Assuming that the control variables are 

only nodal power injection, the sensitivity of voltage magnitudes and angles to power 

injections can be obtained from the inverse of 𝐽 as:     

 

 ቂ∆|𝑉|∆𝜃 ቃ = ሾ 𝐽ሿିଵ ൤∆𝑃∆𝑄൨ 
                    = ቎డ|௏|డ௉ డ|௏|డொడఏడ௉ డఏడொ ቏ ൤∆𝑃∆𝑄൨ 

    

 

 

(2.8) 

 

Where 𝜕|𝑉|/𝜕𝑃 𝑎𝑛𝑑  𝜕|𝑉|/𝜕𝑄 are the sensitivity vectors of nodal voltage magnitudes to real 

and reactive power injection, respectively. 𝜕𝜃/𝜕𝑃  𝑎𝑛𝑑  𝜕𝜃/𝜕𝑄 are the sensitivity vectors of 

nodal voltage angles to real and reactive power injection, respectively.  

 

The voltage sensitivity of any load bus to any power injection (i.e. 𝑑𝑉௜/𝑑𝑃௫ and 𝑑𝑉௜/𝑑𝑄௫) can 

then be calculated as: 

 𝑑𝑉௜𝑑𝑃௫ =  𝑒௝ఏ೔ ቆ𝑑|𝑉௜|𝑑𝑃௫ + 𝑗|𝑉௜| 𝑑𝜃௜𝑑𝑃௫ቇ 
(2.9) 

 

 𝑑𝑉௜𝑑𝑄௫ =  𝑒௝ఏ೔ ቆ𝑑|𝑉௜|𝑑𝑄௫ + 𝑗|𝑉௜| 𝑑𝜃௜𝑑𝑄௫ቇ 
(2.10) 

 

To speed up the calculation time of voltage sensitivity analysis, ABCD model is proposed in 

chapter 3. The steps for developing ABCD method can be described as follows: 

• For each load bus, the real or reactive powers at 1st instant is expressed in terms of real and 

imaginary parts of the network voltages and currents as: 

 

 𝑃ଵ = 𝑓(𝑉௥ ,𝑉௜௠, 𝐼௥ , 𝐼௜௠) 𝑄ଵ = 𝑔(𝑉௥ ,𝑉௜௠, 𝐼௥ , 𝐼௜௠) 

 

(2.11) 

 

Where 𝑉௥ and 𝑉௜௠ are the real and the imaginary parts of the node voltage.  
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• For each load bus, the real or reactive powers at 2nd instant is also expressed in terms of 

real and imaginary parts of the network voltages and currents as: 

 

 𝑃ଶ = 𝑓(𝑉௥ + ∆𝑉௥ ,   𝑉௜௠ + ∆𝑉௜௠,   𝐼௥ + ∆𝐼௥௘,   𝐼௜௠ + ∆𝐼௜௠) 𝑄ଶ = 𝑔(𝑉௥ + ∆𝑉௥ ,   𝑉௜௠ + ∆𝑉௜௠,   𝐼௥ + ∆𝐼௥௘,   𝐼௜௠ + ∆𝐼௜௠) 

 

(2.12) 

 

• For each load bus, the change in active or reactive power injection can be obtained as: 

 

 ∆𝑃 = 𝑃ଶ − 𝑃ଵ = 𝑓ᇱ(𝑉௥ ,𝑉௜௠, 𝐼௥ , 𝐼௜௠) ∆𝑄 = 𝑄ଶ − 𝑄ଵ = 𝑔ᇱ(𝑉௥ ,𝑉௜௠, 𝐼௥ , 𝐼௜௠) 

 

(2.13) 

 

• Ignore the very small values of the terms implied in (2.11), divide (2.11) by amount of real 

or reactive power injection at bus “x” (𝛥𝑃௫ or ∆𝑄௫), and then take the limit of the 

expressions in (2.11) as 𝛥𝑃௫ →0 or 𝛥𝑄௫ →0. 

• By organizing the obtained equations, we get: 

 

 ሾ𝐴    Bሿ ⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑃௫𝜕𝑉௜௠𝜕𝑃௫ ⎦⎥⎥⎥

⎤ =  ൤ 𝜕𝑃𝜕𝑃௫൨     
 

(2.14) 

 

 ሾC    Dሿ ⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑄௫𝜕𝑉௜௠𝜕𝑄௫ ⎦⎥⎥⎥

⎤ =  ൤ 𝜕𝑄𝜕𝑄௫൨      
 

(2.15) 

 

Where డ௉డ௉ೣ  and డொడொೣ are sensitivity vectors of the active and reactive power of PQ nodes with 

respect to active and reactive power injection at node “x”, respectively. డ௏ೝడ௉ೣ , డ௏೔೘డ௉ೣ , డ௏ೝడொೣ and డ௏೔೘డொೣ  are sensitivity vectors of real and imaginary parts of PQ voltages with respect to active 
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and reactive power injection at node “x”, respectively. A, B, C, and D are submatrices with 

constant values.   

 

The sensitivity analysis can also be used to find the voltage sensitivity to any control variable 𝑢௫ (i.e. OLTC, VR, CB, DG) as:  

 

 𝑑𝑉𝑑𝑢௫ = −൤𝑑𝑉𝑑𝑃൨  ൤ 𝑑𝑃𝑑𝑢௫൨      

(2.16) 

Or  

 𝑑𝑉𝑑𝑢௫ = −൤𝑑𝑉𝑑𝑄൨  ൤ 𝑑𝑄𝑑𝑢௫൨     

(2.17) 

 

Where ௗ௏ௗ௨ೣ is a vector of the partial derivatives of network voltages with respect to the control 

variable 𝑢௫. ௗ௏ௗ௉  and ௗ௏ௗொ  are matrices of the partial derivatives of network voltages with respect 

to real and reactive power injection, respectively. ௗ௉ௗ௨ೣ  and ௗொௗ௨ೣ are vectors of the partial 

derivatives of real and reactive power injection with respect to the control variable 𝑢௫, 

respectively. Elements of ௗ௏ௗ௉  and ௗ௏ௗொ  can be found as mentioned early (i.e. the inverse of J or 

using ABCD method). Elements of ௗ௉ௗ௨ೣ  and ௗொௗ௨ೣ are known vectors and represent how the real 

and reactive power injection change with varying the control variable 𝑢௫. Based on the type of 

the control variable, (2.16) or (2.17) is used.  

 

2.4 Electrical distances  

The electrical distance is a concept used to obtain the coupling degrees among different nodes. 

In this thesis, the electrical distances are determined based on the effect of control variables. 

The electrical distance between any two nodes 𝐷௜௝ can be obtained by: 

 

 𝐷௜௝ = −𝐿𝑜𝑔 ൫𝛼௜௝ .𝛼௝௜൯ (2.18) 
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Where 𝛼௜௝ = 𝛼௝௜ represents the attenuation between the two nodes i and j. It normally depends 

on the relative variation in the voltage between any two buses due to the change in the control 

variable located at one of the buses, and can be calculated as (Ranamuka et al., 2015): 
 

 𝛼௜௝ = 𝜕𝑉௜𝜕𝑢௝ / 𝜕𝑉௝𝜕𝑢௝ (2.19) 

 

The electrical distance concept is used in chapter 4 to sort the promising control variables for 

the violated voltages. 

 

2.5 Thevenin-Based Load Impedance Margin (TLIM) 

The TLIM is an index developed in chapter 5 for voltage stability analysis in distribution 

networks. It is used to find the distance to voltage collapse or instability in the network. By 

this method, the DN seen by a load bus can be simplified to Thevenin equivalent circuit as 

shown in Figure 2.2. Where 𝑍௅ and 𝑍௘௤ are the load and the equivalent impedances referred to 

the load bus. 𝐸௧௛ is the Thevenins equivelent voltage. 𝑉௅and 𝐼௅ are the voltage and the current 

of the load bus.   

 

 

Figure 2.2     Simplified DN using Thevenin theorem 
Taken from Alzaareer & Saad (2018) 
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The equivalent impedance 𝑍௘௤ can be calculated using different techniques. However, this 

work uses the equivalent nodal model to capture the dynamic nonlinear changes of loads. The 

equivalent nodal model used the nodal current equation presented in (2.2) to obtain the load 

voltages.  By reorganizing (2.2), we obtain that the voltage of load bus i is: 

 

 𝑉௜ = ෍𝑍௜௝  𝐼௝୨ ఢ ீ −   ⎝⎜
⎛ 𝑍௜௜ + ෍𝑍௜௝ 𝐼௝ 𝐼௜୨ ఢ ௅௜ ஷ௝ ⎠⎟

⎞  𝐼௜              
                                    = 𝐸௘௤,௜ −   𝑍௘௤,௜𝐼௜ 

    

 

 

(2.20) 

 

Where  𝑍௜௜and  𝑍௜௝ are elements of the submatrix  𝑍௅௅which is obtained from (2.2) as: 

 

  𝑍௅௅ =  ൫ 𝑌௅௅ −  𝑌௅் 𝑌 ்ିଵ 𝑌 ௅൯ିଵ (2.21) 

 

Based on the Thevenin impedance theory, the maximum power transfer to a load bus is 

obtained when the load impedance equals the equivalent impedance of the rest of the network. 

(i.e. ห𝑍௘௤ห = |𝑍௅|). Thus, a load impedance margin (i.e. voltage stability index) can be 

formulated as:  

 

 𝑇𝐿𝐼𝑀 = |𝑍௅| − ห𝑍௘௤ห|𝑍௅|  
(2.22) 

 

Where TLIM denotes Thevenin-based Load Impedance Margin. The value of the TLIM ranges 

from 0 to 1, and TLIM = 0 represents the instability point where ห𝑍௘௤ห=|𝑍௅|. The impedance |𝑍௅| can be obtained by taking the ratio between the voltage and current phasors of the network 

bus.       

 

The concept of TLIM can be understood using the r-x plane presented in Figure 2.3. As the 

load varies, the load impedance 𝑍௅ changes in the plane. When 𝑍௅ crosses the Thevenin circle 
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(with radius ห𝑍௘௤ห ), the voltage instability occurs. On the other side, the system equivalent 

impedance 𝑍௘௤ also varies due to the changes in the system operating condition. This means 

that ห𝑍௘௤ห can be increased or decreased, resulting in changing the voltage stability margin.  

 

 

Figure 2.3    r-x Plane for static sensitivity analysis  
Taken from Vu et al. (1999) 

 
2.6 Impedance sensitivity analysis  

It is concluded from Figure 2.1 that any change in load power consumption will change the 

load current and voltage. This will result in an increase or decrease in the load impedance (i.e. 𝛥𝑍௅). Similarly, any change in the current or voltage of other load buses will result in an 

increment or decrement in the equivalent impedance (i.e. 𝛥𝑍௘௤) seen by that load bus. This can 

definitely change the TLIM of the system. To assess the impedance changes, an impedance 

sensitivity analysis is proposed in chapter 5 for voltage stability control in distribution 

networks.   
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Since the impedances 𝑍௅and 𝑍௘௤ referred to any load bus i can be written as: 

 

 𝑍௅,௜ = 𝑓(𝑉௜ , 𝐼௜) 𝑍௘௤ = 𝑔൫𝐼௜ , 𝐼௝ ,𝑍௜௝൯ (2.23a) 

(2.23b) 

 

The impedance sensitivities with respect to control variable 𝑢௫ can be expressed as: 

 

 𝑑𝑍௅,௜𝑑𝑢௫ = 𝑓ᇱ ൬𝑉௜ , 𝐼௜ , 𝑑𝑉௜𝑑𝑢௫ ൰ 𝑑𝑍௘௤,௜𝑑𝑢௫ = 𝑔ᇱ ቆ𝑉௜ , 𝐼௜ ,𝑉௝ , 𝐼௝ ,𝑍௜௝ , 𝑑𝑉௜𝑑𝑢௫ , 𝑑𝑉௝𝑑𝑢௫ ቇ 

(2.24a) 

 

(2.24b) 

 

It is worth noting that the impedance sensitivities depend on the voltage sensitivity analysis 

(i.e. ௗ௏೔ௗ௨ೣ ). The voltage sensitivity is already mentioned in section 2.3. By obtaining the 

sensitivities 𝑑𝑍௅,௜/𝑑𝑢௫ and 𝑑𝑍௘௤,௜/𝑑𝑢௫ , we can evaluate the change in the impedances 

referred to bus i due to control variable 𝑢௫ as: 

 

 𝛥𝑍௅,௜ =  𝑑𝑍௅,௜𝑑𝑢௫  𝛥𝑢௫  
𝛥𝑍௘௤,௜  =   𝑑𝑍௘௤,௜ 𝑑𝑢௫  𝛥𝑢௫  

(2.25a) 

 

(2.25b) 

 

Whrere 𝛥𝑢௫ represents the change in the control variable 𝑢௫. The change in 𝑇𝐿𝐼𝑀 can also be 

evaluated as: 

 

 𝛥𝑇𝐿𝐼𝑀௜ =   ห𝛥𝑍௅,௜ห − ห 𝛥𝑍௘௤,௜หห𝛥𝑍௅,௜ห  

                                  =   ฬ𝑑𝑍௅,௜𝑑𝑢௫  𝛥𝑢௫ฬ − ฬ 𝑑𝑍௘௤,௜ 𝑑𝑢௫  𝛥𝑢௫ฬฬ𝑑𝑍௅,௜𝑑𝑢௫  𝛥𝑢௫ฬ   
 

 

 

(2.26) 



30 

2.7 Multi-step optimization problem  

As mentioned in chapter 1, most of the optimization-based methods for voltage and T/D power 

exchange control have been formulated as single-step optimization problems. Such 

formulations normally depend on sensitivity analysis. However, the sensitivity analysis cannot 

reflect the exact behavior of the system. The sensitivity coefficients suffer from the inaccuracy 

due to the assumptions associated with load modeling. Indeed, the response of network loads 

to voltage is still not well-known. Moreover, single-step optimization problems cannot show a 

smooth response to reach the target point. Besides, the measurement noises can also affect the 

control (Valverde & Cutsem, 2013).  

 

To avoid the aforementioned problems, the optimization-based control methods presented in 

this thesis are formulated as multi-step optimization problems. They are based on MPC to 

optimally dispatch the control variables while satisfying the security constraints. The MPC-

based multi-step optimization problem finds a sequence of control actions in Nc steps and 

predicts the response of these actions in Np steps (Zhang et al., 2018), (Glavic et al. 2011). 

Sensitivity analysis is used through the multi-step optimization problems to assess the 

performance of the system over a future interval of 𝑁௉.   

 

At discrete time, the controller determines the optimal changes of the control variables 𝑢 ,at 

instants 𝑘, 𝑘 + 1,…, +𝑁஼ − 1 with the objective of progressively bringing the calculated or 

monitored voltages inside the desired interval (Valverde & Cutsem, 2013). According to the 

principle of MPC, only the first control action ∆𝑢௞ of the sequence is applied at time k. where ∆𝑢௞ is a set of the control variables. At the next time step, the whole control sequence is 

recomputed and again only the first step is applied (Maciejowski, 2002). This receding-horizon 

scheme allows compensating for model inaccuracies and measurement noise (Valverde & 

Cutsem, 2013). 
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At time k, a standard Quadratic Programming problem can be formulated as:  

 

 ෍    ‖ 𝛥𝐸(𝑡 + 𝑘) ‖ଶீே೎ିଵ
௞ୀ଴  

 

(2.27) 

s.t 

 𝑉௠௜௡ ≤ 𝑉(𝑡 + 𝑘) ≤ 𝑉௠௔௫ 𝑉(𝑡 + 𝑘) = 𝑉(𝑡 + 𝑘 − 1) + 𝜕|𝑉|𝜕𝑢 ∆𝑢(𝑡 + 𝑘) ℎ௠௜௡ ≤ ℎ(𝑡 + 𝑘) ≤ ℎ௠௔௫ 

 

 

Where 𝛥𝐸 is the change in the target objective function (i.e. cost, voltage stability 

margin,…etc.). G is a diagonal weighting matrix to distinguish between the control variables. 𝑉(𝑡 + 𝑘) is the predicted voltage magnitudes of network buses given the measurements (or 

calculation) at time instant t. 𝑉(𝑡 + 𝑘 − 1) is the measured (or calculated) voltage magnitudes 

of network buses at time instant t and it was evaluated using voltage sensitivity analysis 

mentioned in section 2.2. డ|௏|డ௨  is the sensitivity matrix of bus voltage magnitudes with respect 

to the control variables. 𝑉௠௜௡ and 𝑉௠௔௫ are the minimum and the maximum limits of network 

voltages. h is a set of the other system quantities. ℎ௠௜௡ and ℎ௠௔௫ are the minimum and the 

maximum limits of the other network quantities. 
 

The MPC-based multi-step optimization method aims at progressively bringing DN voltages 

in a pre-specified range of values. This can be explained in Figure 2.4. At time k, the method 

uses an internal model to predict the performance of the system over a future prediction interval 

with Np discrete steps, and computes an optimal sequence of Nc control actions, where Nc ≤ 

Np (Maciejowski, 2002). The solid lines in Figure 2.4 show the constraints imposed on voltage 

to restore the voltage to acceptable value at the end of the prediction interval (Valverde et al., 

2013). 
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Figure 2.4     Concept of the MPC-based  
multi-optimizationproblem appliedfor CVC 

Taken from Valverde & Cutsem (2013b) 
 
 

In this thesis, multi-step optimization problem is used in chapter 5 for voltage stability control 

in distribution networks and in chapter 6 for power exchange control at T/D interface. For 

voltage stability control, the problem is formulated with an objective function mainly to 

maximize TLIM of pilot bus as:  

 

 𝑚𝑖𝑛ා   ብ  ห𝑍௘௤ +  𝛥𝑍௘௤(𝑡 + 𝑘)ห |𝑍௅ +  𝛥𝑍௅(𝑡 + 𝑘)| ብଶ
ே಴ିଵ

௞ୀ଴
 

 

(2.28) 
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The load and the equivalent impedances are evaluated inside the optimization problem using 

the impedance sensitivity analysis mentioned in section 2.6.   

 

For T/D power exchange, the problem is formulated with an objective function mainly to 

minimize the cost.  

 
 

2.8 Linear power flow (LPF) 

Nonlinear power flow can be replaced by LPF for fast solutions of different problems in smart 

grids, especially in the context of optimization problems. According to (marti et al., 2013), the 

power flow equations can be described as: 

 

 ቂ𝐺 −𝐵𝐵    𝐺ቃ ቂ𝑉௥௘𝑉௜௠ቃ = ቈ𝐼௣௅𝐼௤௅቉  

(2.29) 

 

For N number of network buses, G and B are submatrices (each of N×N dimension) of the real 

and the imaginary parts of the new admittance matrix, respectively. 𝑉௥௘ and 𝑉௜௠ are vectors 

(each of N×1 dimension) of the real and the imaginary parts of the node voltages, respectively. 𝐼௣௅ and 𝐼௤௅ are vectors (each of N×1 dimension) of the parts of the load currents. 

 

The LPF is used in chapter 6 to formulate the T/D power exchange control problem as MIQCP, 

which can be solved efficiently to its global optimum solution.  To achieve that, the active and 

reactive power drawn from the substation (i.e. 𝑃௘௫ 𝑎𝑛𝑑 𝑄௘௫) is formulated based on LPF as:  

 

 𝑃௘௫ = 𝑉௦௨௕෍   ൫𝐺௦௨௕,௝𝑉௝௥௘ − 𝐵௦௨௕,௝𝑉௝௜௠൯   ே
௝ୀଵ  

 

(2.30) 

 

 𝑄௘௫ = −𝑉௦௨௕෍   ൫𝐺௦௨௕,௝𝑉௝௜௠ + 𝐵௦௨௕,௝𝑉௝௥௘൯  ே
௝ୀଵ  

 

(2.31) 
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Where sub denotes substation. The expressions illustrated in (2.30) and (2.31) can be used as 

constraints for the optimization problem of T/D power exchange. 

 

2.9 Top-down approach and Bottom-up approach 

Top-down and bottom-up are both strategies of data treatment and knowledge organizing used 

in chapter 4 to identify a group of control variables to simultaneously correct the voltages in 

active distribution networks. According to Top-down approach, the main problem is divided 

into many smaller subproblems to easily understand it. Each subproblem is separately analyzed 

to solve the global problem. In contrast, the bottom-up method works in an inverse manner for 

top-down method. The bottom-up method defines a set of rules for the individual performances 

and the interactions and then are combined into the entire problem. Figure 2.5 represents the 

concept of the two approaches. Since the bottom-up approach implemented on the basis of the 

concept of the information hiding, it can omit the redundancies in the results obtained via Top-

down method. A comparison between Top-down approach and Bottom-up approach is 

described in Table 2.1. 

 

 

Figure 2.5 Top-down approach Vs Bottom-up approach 
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Table 2.1   A comparison between Top-down approach and Bottom-up approach 

Issue Top-down Bottom-up 

Basic  Breaks the massive problem into 

smaller subproblems. 

Solves the fundamental low-level 

problem and integrates them into a 

larger one. 

Process  Submodules are solitarily analyzed. Examine what data is to be 

encapsulated, and implies the 

concept of information hiding. 

Communication Not required in the top-down 

approach. 

May need some communication 

Redundancy Contain redundant information. Redundancy can be eliminated. 

Application  Documentation  Testing  

 

In this thesis, the two approaches have been used for identifying the global group of controls 

for voltage control in active DNs. The top-down approach uses aggregate control to obtain the 

global group, which is then allocated to individual control variables on the basis of their 

ranking in correction index (CI) index. The bottom-up approach employs individual control 

variables to test the voltage estimation process.  

 

2.10 Distribution management system 

Distribution Management System (DMS) is a group of applications (or devices) designed to 

help the control room and network operators with the monitoring and control DNs. This could 

increase the system reliability, especially in terms of eliminating outages and maintaining 

acceptable frequency and voltages.  DMS can support various functions for DNs. In the context 

of this work, DMS can easily identify the network or components. In other word, it can capture 

the system operating state and structure (i.e. radial or meshed mode). Besides, it can perform 

load flow analysis and Volt-VAR control of the network.  
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The work in this thesis depends on the feature of the use of DMS for online voltage and T/D 

power exchange control. The DMS is assumed to be a substation centered system. The 

softwares of control methods can be implemented with the aid of the advanced DMS for online 

voltage control (NR Electric Corporation, 2012), (Uluski,2011), (ABB Pvt, 2012). The 

hardware modules for other functions can be also embedded in the DMS. The control methods 

normally use pseudo measurements of loads and DG power generations, and the updated 

topology data of the system as inputs. A general overview of the DMS used for this work can 

be understood in Figure 2.6. 

 

Figure 2.6     General overview of DMS used in this work 
 

The figure shows the DMS contains power flow module, electric distance module, impedance 

sensitivity module, voltage sensitivity module, voltage stability-based optimization module, 

T/D optimization module, identification control module and control setting update module. 

Each module is used for a specific function. The power flow module is for obtaining the 

network voltages. The electric distance module is for obtaining the electrical distances between 

DG units and network nodes. The impedance sensitivity module and voltage sensitivity module 

are for obtaining the impedance and voltage sensitivities, respectively. The voltage stability-

based optimization module is for maximizing the voltage stability margin in DNs while 

fulfilling a set of system constraints. T/D optimization module is for power exchange control 

at T/D interface. The identification control module is for selecting a global group of controls 

for CVR in DNs. The control setting update module is for updating the control parameters. A 

decision making control layer with separate functional control layers for DG units, CBs, VRs, 
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OLTC, and controllable loads can also be included for enacting the control devices according 

to the information provided by the decision making control layer. Operation of DNs by 

involving reactive power capabilities of DG units is explained in (Zou et al., 2011). To transmit 

the real-time information about the status of control variables to DMS modules, the control 

panels of the control variables are proposed to be equipped with Supervisory Control and Data 

Acquisition (SCADA) facilities (Ranamuka et al., 2016).
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Abstract 

Sensitivity Analysis plays a significant role in voltage prediction and control of power 

networks. However, the classical sensitivity methods require significant computation time. As 

active distribution networks require real-time implementation for voltage control, reducing the 

computation time becomes a necessary task for network operators, especially in the context of 

optimization techniques. In this work, a new and fast voltage sensitivity analysis method is 

developed via the derivative of the nodal quantities (power, current and voltage) with respect 

to power injections. The proposed method mainly depends on the construction of ABCD 

matrix. The values of the matrix elements remain the same regardless of the bus on which the 

power is injected. Thus, it has a high potential to be implemented in online applications. To 

make a complete separation between the sensitivities to active and the sensitivities to reactive 

power injections, the analytical formulations are expressed in Cartesian coordinates. A radial 

distribution network including several DG units are used to verify and assess the proposed 

sensitivity method under different scenarios.   
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Generation, Jacobian Matrix; Cartesian Coordinates.  
 

3.1 Introduction  

Future Power networks will meet new challenges in voltage control due to the high penetration 

levels of Distributed Generation (DG) units (Walling et al., 2008). DG units can be actively 

involved in power systems for voltage regulation (Ochoa et al., 2009). Voltage control 

techniques are mainly based on the relation between the network voltages and control variables 

(i.e. power injections). The sensitivity analysis is usually used to find the voltage sensitivity 

coefficients with respect to nodal reactive and real power injections. These sensitivities can be 

actively used to manage control variables to solve voltage problems in an accurate way. Many 

approaches have been proposed in the literature to compute these sensitivities.  

 

One of the well-known approaches is based on the Jacobian matrix (Borghetti et al., 2010), 

(Zhou et al., 2007). This approach is a classical method and depends on the solving a Newton 

Raphson power flow (Peschon et al., 1968). The voltage sensitivities are found by taking the 

inverse of J at one operating condition. However, the sensitivity coefficients have to be updated 

with any change in system state (e.g. changes of demand, generation, topology, and/or network 

parameters). This requires performing new Newton Raphson-based power flow calculations 

and, therefore, more computation time is required. Besides, the convergence may not be 

obtained by this method. Such methods developed for transmission load flow studies are not 

suitable for distribution networks due to poor convergence (Kersting, 2012). This is due to the 

radial structure and the high R/X ratio of distribution networks. Thus, these issues may add a 

new challenge for real-time voltage control. Although this kind of sensitivity analysis appears 

in recent studies for real-time applications such as voltage control (Alzaareer et al., 2020) and 

voltage stability issues (Kamel et al., 2017), the analysis is done offline and only at normal 

operating conditions.  

 

Many other sensitivity methods have been discussed in the literature. An approach based on 

the Gauss-Seidel method of load flow is developed (Zhou et al., 2008). The approach depends 
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on the impedance matrix of the network and uses iteration process with a fixed number of 

iterations. Therefore, the accuracy of this method is low. An approach in which the network 

impedance matrix was used with the constant-current model of loads to develop a sensitivity 

approach (Khatod et al., 2006).  However, this approach depends on the approximated 

representation of the network lines. An approach starting from branch currents is used for 

sensitivity analysis (Conti et al., 2010).  This method requires a base load flow solution. Other 

methods based on the use of the so-called adjoint network are also proposed (Gurram et al., 

1999), (Ferreira et al., 1990), (Bandler et al., 1980), (Bandler et al., 1982). Another approach 

based on the Perturb-And-Observe (P &O) Power Flow is proposed (Sansawatt et al., 2012). 

It considers the current state of the network and two power flows with a small change in the 

active (or reactive) power at the interested bus. An approach based on historical data is also 

presented (Weckx et al., 2014). A direct voltage sensitivity analysis method is developed which 

is based on the topological structure of the network and independent of the network operating 

points (Zad et al., 2015). However, these works suffer from inaccuracy and/or low-speed 

calculations.  

 

As power systems continue in hosting large penetration levels of DG units, the need for online 

voltage control approaches is advanced. Sensitivity analysis represents the main role in voltage 

prediction and control. However, most of the common sensitivity techniques may not meet the 

requirements of future distribution networks to continuously update the sensitivities. The 

convergence problems and the remarkable calculation time associated with the common 

sensitivity analysis methods add new challenges for online applications, especially in the 

context of optimization problems and practical systems. In this regard, this work aims to 

develop a new and fast approach for voltage sensitivity analysis in power systems. The 

sensitivities are obtained via the direct derivative of nodal quantities (power, voltages, and 

currents) with respect to active and reactive power injections. The proposed method, namely 

ABCD model, mainly depends on the construction of ABCD matrix (refer to equation (3.25)). 

ABCD elements represent coefficients for the partial derivatives of node voltages (in Cartesian 

form). Their values remain constant regardless of the bus on which the power is injected. 
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The method developed in this work is oriented for online applications in smart grids. The 

problem is formulated such that the sensitivities can be directly obtained using the final 

expression (refer to equation (3.24)). The final expression illustrated in (3.24) can be 

considered to be a general formula for sensitivity analysis in distribution networks. The method 

is also flexible, such that it is not limited to a particular type of network or governed by a 

particular power flow method. The method can also be extended to include PV buses effect 

and different types of control variables (i.e. load tap changers). The ABCD model can be used 

as an alternative technique for the classical ones but with an extra advantage of fast 

computations. 

 

The characteristics associated with ABCD method make the proposed method unique. These 

significant characteristics are: a) ABCD matrix is constant regardless of the node on which the 

power is injected, b) the expressions are in Cartesian coordinates for fast calculations and c) 

the complete separation between the sensitivities to active and the sensitivities to reactive 

power injections. 

     

The features of the ABCD method can be summarized as:  

• It depends on sparse submatrices, which can also speed up the computation.    

• It is an accurate method such that the errors in the sensitivities or in the predicted voltages 

are very small.  

• It does not require to update ABCD matrix with changing the bus on which the power is 

injected. This will also reduce the computation time. 

• It can account for any change in the demand, generation, or network parameters.  

• It is strongly related to the parts of system admittance bus. Thus, it can take into accounts 

the structural changes in the networks. 

• It completely separates between the sensitivities to active and the sensitivities to reactive 

power injections. 

• It can be extended to compute the sensitivities with respect to different types of control 

variables.  

• It is suitable for any network (transmission or distribution, radial or meshed networks). 
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The key contributions of this work are: 

5. Development of a new and fast approach for voltage sensitivity analysis of power systems 

via the direct derivative of the real and imaginary parts of the nodal quantities with respect 

to power injections, which to the best to our knowledge, is not done in literature. 

6. Construction of ABCD matrix, which the proposed method depends on, and derivation of 

one mathematical expression to find the sensitivities with respect to any power injection. 

The value of ABCD matrix elements of a particular system remains the same regardless of 

the bus on which the power is injected.  

7. The complete separation between the sensitivities to active and the sensitivities to reactive 

power injections. 

8. Validation of the fast computation of the proposed method and its applicability in online 

voltage control.  

 

The remainder of this work is organized as follows. Section II derives the mathematical 

development for nodal power injections in Cartesian coordinates. Section III presents the 

proposed sensitivity analysis method. Simulation results are presented in section IV.  Section 

V provides the conclusions.  

 

3.2 Mathematical model in Cartesian coordinates formula for nodal power 
injections  

This section aims to find the mathematical relation for the network states and parameters in 

Cartesian coordinates. 

 

3.2.1 Nodal current injection in Cartesian coordinates  

The nodal bus currents 𝐼 can be written in terms of nodal voltages 𝑉 and system admittance 𝑌 

as: 
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⎣⎢⎢
⎢⎢⎡𝐼ଵ..𝐼௜..𝐼ே⎦⎥⎥

⎥⎥⎤ =  ⎣⎢⎢
⎢⎢⎡  
𝑌ଵଵ . .𝑌ଵ௜ . .𝑌ଵே   .         .         ..         .         .    𝑌௜ଵ . .𝑌௜௜ . .𝑌௜ே  .         .         ..         .         .  𝑌ேଵ . .𝑌ே௜ . .𝑌ேே

 ⎦⎥⎥
⎥⎥⎤
⎣⎢⎢
⎢⎢⎡𝑉ଵ..𝑉௜..𝑉ே⎦⎥⎥

⎥⎥⎤    

 

   (3.1) 

 

Where N denotes the number of system nodes. The element 𝑌௜௝  can be written as 𝐺௜௝ + 𝑗𝐵௜௝, 
where 𝐺 and 𝐵 denote the conductance and susceptance, respectively. Similarly, the voltage 𝑉௝ 
can be written as 𝑉௝,௥ + 𝑗 𝑉௝,௜௠, where  𝑉௝,௥ 𝑎𝑛𝑑 𝑉௝,௜௠ are the real and the imaginary parts, 

respectively. Accordingly, the current 𝐼௜ can be expressed as:  

 

 𝐼௜ = ෍ 𝑌௜௝𝑉௝௝ ఢ ே    
=  ෍ ቀ൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯ + 𝑗 ൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯ቁ௝ ఢ ே  

 

 

   (3.2) 

 

Thus, the real and the imaginary parts of the current 𝐼௜  (i.e. 𝐼௜,௥ 𝑎𝑛𝑑 𝐼௜,௜௠, respectively) can be 

obtained as:  

 

 𝐼௜,௥ = ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯௝ ఢ ே     (3.3) 

 

 𝐼௜,௜௠ = ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯௝ ఢ ே     (3.4) 

 

3.2.2  Nodal power injection in Cartesian coordinates  

The complex power at node i (𝑆௜) can be written in terms of real and reactive power (i.e. 𝑃୧ 𝑎𝑛𝑑 𝑄୧ , respectively) as: 
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                 𝑆௜ = 𝑉௜  𝐼௜∗  
                    = (𝑉௜,௥ + 𝑗 𝑉௜,௜௠)(𝐼௜,௥ − 𝑗 𝐼௜,௜௠) = (𝑉௜,௥𝐼௜,௥ + 𝑉௜,௜௠𝐼௜,௜௠) + 𝑗(𝑉௜,௜௠𝐼௜,௥ − 𝑉௜,௥ 𝐼௜,௜௠) 

 

 

 

   (3.5) 

 

Thus, we obtain: 

 

 𝑃௜ = (𝑉௜,௥𝐼௜,௥ + 𝑉௜,௜௠𝐼௜,௜௠)    (3.6) 

 

 𝑄௜ = ൫𝑉௜,௜௠𝐼௜,௥ − 𝑉௜,௥ 𝐼௜,௜௠൯    (3.7) 

 

By substituting (3.3) and (3.4) into (3.6) and (3.7), we obtain: 

 

 𝑃௜ = 𝑉௜,௥ ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯௝ ఢ ே + 𝑉௜,௜௠ ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯ ௝ ఢ ே     (3.8) 

 

 𝑄௜ = 𝑉௜,௜௠ ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯୨ ఢ ே − 𝑉௜,௥ ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯ ୨ ఢ ே     (3.9) 

It is clear from (3.8) and (3.9) that the real and reactive power are expressed in terms of real 

and imaginary parts of the network admittance and network voltages. 

 

3.3 Proposed sensitivity analysis method  

3.3.1 Change in power injections in Cartesian coordinates  

To explain the concept behind the proposed sensitivity method, the simple system presented 

in Figure 3.1 is considered. 𝑉 and 𝐼 denote for load voltage and current, respectively. P+jQ 

denotes for load power. It is worth noting that the developed expressions in this section have 

an assumption of constant power model for load and DG units. 
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Figure 3.1     Simple power system 

      

Any increment in the power injection (ΔP or ΔQ) at any node “x” will increase the voltage at 

node “i” by 𝛥𝑉௜ = 𝛥𝑉௥,௜ + 𝑗𝛥𝑉௜௠,௜. The new voltage of node 𝑖𝜖 𝑀 can be then expressed as 𝑉௜ + 𝛥𝑉௜ = (𝑉௥,௜ + 𝛥𝑉௥,௜) + 𝑗(𝑉௜௠,௜ + 𝛥𝑉௜௠,௜). Similarly, the load current will also be varied by 𝛥𝐼௜ = 𝛥𝐼௥,௜ + 𝑗𝛥𝐼௜௠,௜, resulting in an expression for the new current as 𝐼௜ + 𝛥𝐼௜ = (𝐼௥,௜ +𝛥𝐼௥,௜) + 𝑗(𝐼௜௠,௜ + 𝛥𝐼௜௠,௜). To find an expression for the voltage sensitivity to real power 

injection, let the load of node “i” at the 1st instant be 𝑆୧,ଵ = 𝑃୧,ଵ + 𝑗𝑄௜ and the load at the 2nd 

instant be 𝑆୧,ଶ = 𝑃୧,ଶ + 𝑗𝑄௜. According to (3.6), the real power at both instants can be written 

as: 

 
 𝑃୧,ଵ = 𝑉௥,௜𝐼௥,௜ + 𝑉௜௠,௜𝐼௜௠,௜ 𝑃 ,ଶ = (𝑉௥,௜ + 𝛥𝑉௥,௜)(𝐼௥,௜ + 𝛥𝐼௥,௜) + (𝑉௜௠,௜ + 𝛥𝑉௜௠,௜)(𝐼௜௠,௜ + 𝛥𝐼௜௠,௜) 
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The change in the real power 𝛥𝑃௜ = 𝑃୧,ଶ − 𝑃୧,ଵ is written as:   

 

                   𝛥𝑃௜  =  𝐼௥,௜𝛥𝑉௥,௜ + 𝑉௥,௜𝛥𝐼௥,௜ + 𝛥𝑉௥,௜𝛥𝐼௥,௜ 
                                  + 𝐼௜௠,௜𝛥𝑉௜௠,௜ +  𝑉௜௠,௜𝛥𝐼௜௠,௜ + 𝛥𝑉௜௠,௜𝛥𝐼௜௠,௜   

 

 (3.10) 

 

It is worth mentioning that the smaller the value of 𝛥𝑃௜ (implying terms of 𝛥𝑉௜ &𝛥𝐼௜  are also 

small), the closer the two operating points are the better the estimation of the sensitivity 

coefficients. The terms 𝛥𝑉௥,௜𝛥𝐼௥,௜ and 𝛥𝑉௜௠,௜𝛥𝐼௜௠,௜ of (3.10) represents very small values and 

therefore can be ignored. Accordingly, (3.10) can be written as:  

 

 𝛥𝑃௜ = 𝐼௥,௜𝛥𝑉௥,௜ + 𝑉௥,௜𝛥𝐼௥,௜ + 𝐼௜௠,௜𝛥𝑉௜௠,௜ +  𝑉௜௠,௜𝛥𝐼௜௠,௜  (3.11) 

 

To find an expression for the voltage sensitivity to reactive power injection, let the load at node 

“i” at the 1st instant be 𝑆୧,ଵ = P + 𝑗𝑄୧,ଵ and the load at the 2nd instant be 𝑆୧,ଶ = P + 𝑗𝑄୧,ଶ. 

According to (3.7), the reactive power at both instants can be expressed as: 

 

 𝑄୧,ଵ = 𝑉௜௠,௜𝐼௥,௜ − 𝑉௥,௜ 𝐼௜௠,௜ 𝑄୧,ଶ = (𝑉௜௠,௜ + 𝛥𝑉௜௠,௜)(𝐼௥,௜ + 𝛥𝐼௥,௜) − (𝑉௥,௜ + 𝛥𝑉௥,௜)(𝐼௜௠,௜ + 𝛥𝐼௜௠,௜) 

 

   

 The reactive power change 𝛥𝑄௜ = 𝑄୧,ଶ − 𝑄୧,ଵ can be written as: 

 

                𝛥𝑄௜ = 𝑉௜௠,௜𝛥𝐼௥,௜ +  𝛥𝑉௜௠,௜𝐼௥,௜ + 𝛥𝑉௜௠,௜𝛥𝐼௥,௜ 
                                           −𝑉௥,௜𝛥𝐼௜௠,௜ −  𝛥𝑉௥,௜𝐼௜௠,௜ − 𝛥𝑉௥,௜𝛥𝐼௜௠,௜ 

 

 (3.12) 

 

By ignoring the terms 𝛥𝑉௜௠,௜𝛥𝐼௥,௜ and 𝛥𝑉௥,௜𝛥𝐼௜௠,௜, (3.12) becomes: 

  

 𝛥𝑄௜ = − 𝐼௜௠,௜𝛥𝑉௥,௜ + 𝑉௜௠,௜𝛥𝐼௥,௜ + 𝐼௥,௜𝛥𝑉௜௠,௜ − 𝑉௥,௜𝛥𝐼௜௠,௜  (3.13) 
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It is clear from (3.11) and (3.13) that the real and reactive power changes are expressed in 

terms of real and imaginary parts of the network voltages and currents. 

 

3.3.2 Analytical derivation of power injections  

In this section, mathematical expressions that link network voltages to node power injections 

are derived. 

      

The expressions presented in (3.11) and (3.13) represent the change in active or reactive power 

injection in Cartesian coordinates. Dividing (3.11) by amount of real power injection at bus 

“x” (𝛥𝑃௫) yields: 

 

 𝛥𝑃௜𝛥𝑃௫ = 𝐼௥,௜ 𝛥𝑉௥,௜𝛥𝑃௫ + 𝑉௥,௜ 𝛥𝐼௥,௜𝛥𝑃௫  +  𝐼௜௠,௜ 𝛥𝑉௜௠,௜𝛥𝑃௫ + 𝑉௜௠,௜ 𝛥𝐼௜௠,௜𝛥𝑃௫   (3.14) 

 

By taking the limit of the expression in (3.14) as 𝛥𝑃௫ →0, (3.14) becomes:  

 

 𝜕𝑃௜𝜕𝑃௫ = 𝐼௜,௥ 𝜕𝑉௜,௥𝜕𝑃௫ + 𝑉௜,௥ 𝜕𝐼௜,௥𝜕𝑃௫  + 𝐼௜,௜௠ 𝜕𝑉௜,௜௠𝜕𝑃௫ + 𝑉௜,௜௠ 𝜕𝐼௜,௜௠𝜕𝑃௫   (3.15) 

 

Similarly, dividing (3.13) by an amount of 𝛥𝑄௫ and taking the limit of the expression as 𝛥𝑄௫ →0, we obtain: 

 

 𝜕𝑄௜𝜕𝑄௫ = − 𝐼௜,௜௠ 𝜕𝑉௜,௥𝜕𝑄௫ + 𝑉௜,௜௠ 𝜕𝐼௜,௥𝜕𝑄௫ + 𝐼௜,௥ 𝜕𝑉௜,௜௠𝜕𝑄௫ − 𝑉௜,௥ 𝜕𝐼௜,௜௠𝜕𝑄௫   (3.16) 

 

Where డ௉೔డ௉ೣ  and డொ೔డொೣ represent the partial derivatives of the real and reactive power of node “i” 

with respect to active and reactive power injected into node x, respectively. డ௏೔,ೝడ௉ೣ , డ௏೔,೔೘డ௉ೣ , డூ೔,ೝడ௉ೣ , డூ೔,೔೘డ௉ೣ  and డ௏೔,ೝడொೣ , డ௏೔,೔೘డொೣ , డூ೔,ೝడொೣ , డூ೔,೔೘డொೣ  represent the partial derivatives of the voltage and current 

(real and imaginary parts) of bus “i” with respect to active and reactive power injected into 
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node “x”, respectively. The partial derivatives డூ೔,ೝడ௉ೣ , డூ೔,೔೘డ௉ೣ  , డூ೔,ೝడொೣ  𝑎𝑛𝑑 డூ೔,೔೘డொೣ  can be obtained by 

taking the derivation of (3.3) and (3.4) with respect to active or reactive power injection as 

follows: 

 

 𝜕𝐼௜,௥𝜕𝑃௫ = ෍ቆ𝐺௜௝ 𝜕𝑉௝,௥𝜕𝑃௫ − 𝐵௜௝ 𝜕𝑉௝,௜௠𝜕𝑃௫  ቇ୨ ఢ ே                          𝑖𝜖 𝑀 
(3.17a) 

 

 𝜕𝐼௜,௥𝜕𝑄௫ = ෍ቆ𝐺௜௝ 𝜕𝑉௝,௥𝜕𝑄௫ − 𝐵௜௝  𝜕𝑉௝,௜௠𝜕𝑄௫  ቇ୨ ఢ ே                        𝑖𝜖 𝑀 
(3.17b) 

 

 𝜕𝐼௜,௜௠𝜕𝑃௫ = ෍ቆ𝐺௜௝  𝜕𝑉௝,௜௠𝜕𝑃௫ + 𝐵௜௝ 𝜕𝑉௝,௥𝜕𝑃௫  ቇ୨ ఢ ே                       𝑖𝜖 𝑀 
(3.17c) 

 

 𝜕𝐼௜,௜௠𝜕𝑄௫ = ෍ቆ𝐺௜௝  𝜕𝑉௝,௜௠𝜕𝑄௫ + 𝐵௜௝ 𝜕𝑉௝,௥𝜕𝑄௫ ቇ୨ ఢ ே                       𝑖𝜖 𝑀 
(3.17d) 

 

Where డ௏ೕ,ೝడ௉ೣ , డ௏ೕ,ೝడொೣ , డ௏ೕ,೔೘డ௉ೣ  𝑎𝑛𝑑 డ௏ೕ,೔೘డொೣ  are partial derivations referred to the node j. M represents 

number of PQ buses. By substituting (3.3), (3.4) and (3.17) into (3.15) and (3.16), we obtain: 

 

 𝜕𝑃௜𝜕𝑃௫ = ෍ ቆ𝐺௜௝𝑉௜,௥ 𝜕𝑉௝,௥𝜕𝑃௫ − 𝐵௜௝𝑉௜,௥  𝜕𝑉௝,௜௠𝜕𝑃௫  ቇ௝ ఢ ெ + 𝜕𝑉௜,௥𝜕𝑃௫ ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯௝ ఢ ே+ ෍ ቆ𝐺௜௝𝑉௜,௜௠ 𝜕𝑉௝,௜௠𝜕𝑃௫ +  𝐵௜௝𝑉௜,௜௠ 𝜕𝑉௝,௥𝜕𝑃௫ ቇ௝ ఢ ெ+ 𝜕𝑉௜,௜௠𝜕𝑃௫ ෍൫𝐺௜௝ 𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯  ௝ ఢ ே                     𝑖𝜖 𝑀 

 

 

 

 

 

 

 

(3.18) 
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 𝜕𝑄௜𝜕𝑄௫ = ෍ቆ𝐺௜௝𝑉௜,௜௠ 𝜕𝑉௝,௥𝜕𝑄௫ − 𝐵௜௝𝑉௜,௜௠  𝜕𝑉௝,௜௠𝜕𝑄௫  ቇ୨ ఢ ெ +     𝜕𝑉௜,௜௠𝜕𝑄௫ ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯୨ ఢ ே−  ෍ቆ𝐺௜௝𝑉௜,௥  𝜕𝑉௝,௜௠𝜕𝑄௫ +     𝐵௜௝𝑉௜,௥ 𝜕𝑉௝,௥𝜕𝑄௫ ቇ୨ ఢ ெ− 𝜕𝑉௜,௥𝜕𝑄௫ ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯                    𝑖𝜖 𝑀 ୨ ఢ ே  

 

 

 

 

 

 

 

(3.19) 

 

It is clear from (3.18) and (3.19) that right hand side is written in terms of the partial derivation 

of node voltages (real and imaginary parts) with respect to active or reactive power injected at 

node “x”. For 𝑖 𝜖 𝑀, (3.18) and (3.19) can be organized as:  

 

 𝜕𝑃௜𝜕𝑃௫ = ෍൫𝐺௜௝𝑉௜,௥ + 𝐵௜௝𝑉௜,௜௠൯ 𝜕𝑉௝,௥𝜕𝑃௫୨ ఢ ெ௜ ஷ௝
+ ቌ𝐺௜௜𝑉௜,௥ + 𝐵௜௜𝑉௜,௜௠ +  ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯୨ ఢ ே ቍ  𝜕𝑉௜,௥𝜕𝑃௫
+ ෍൫𝐺௜௝𝑉௜,௜௠ −   𝐵௜௝𝑉௜,௥ ൯ 𝜕𝑉௝,௜௠𝜕𝑃௫୨ ఢ ெ௜ ஷ௝
+  ቌ𝐺௜௜𝑉௜,௜௠ − 𝐵௜௜𝑉௜,௥ + ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯୨ ఢ ே ቍ𝜕𝑉௜,௜௠𝜕𝑃௫  

 

 

 

 

 

 

 

 

 

(3.20) 
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 𝜕𝑄௜𝜕𝑄௫ = ෍൫𝐺௜௝𝑉௜,௜௠ − 𝐵௜௝𝑉௜,௥൯ 𝜕𝑉௝,௥𝜕𝑄௫୨ ఢ ெ௜ ஷ௝
+ ቌ𝐺௜௜𝑉௜,௜௠ −  𝐵௜௜𝑉௜,௥ − ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯୨ ఢ ே ቍ  𝜕𝑉௜,௥𝜕𝑄௫
−  ෍൫𝐺௜௝𝑉௜,௥ + 𝐵௜௝𝑉௝,௜௠ ൯ 𝜕𝑉௝,௜௠𝜕𝑄௫୨ ఢ ெ௜ ஷ௝

 
+ ቌ−𝐺௜௜𝑉௜,௥ − 𝐵௜௜𝑉௜,௜௠ + ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯୨ ఢ ே ቍ𝜕𝑉௜,௜௠𝜕𝑄௫  

 

 

 

 

 

 

 

 

 

(3.21) 

 

 

3.3.3 Build up the proposed model: ABCD matrix  

To find the partial derivatives of node voltages (real and imaginary parts) with respect to active 

and reactive power injection at node “x”, (3.20) and (3.21) are performed for each bus i 𝜖 𝑀. 

In a matrix form, the system of equations can be organized as:         

 

 

⎣⎢⎢
⎢⎢⎢
⎡ 𝑎ଵଵ . .𝑎ଵ௜  . . 𝑎ଵெ  .           .          ..           .          .    𝑎௜ଵ . .𝑎௜௜ . . 𝑎௜ெ  .            .          .  .            .          .   𝑎ெଵ . . 𝑎ெ௜ . .𝑎ெெ
ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ஺ 𝑏ଵଵ . . 𝑏ଵ௜ . . 𝑏ଵெ  .            .          ..            .          . 𝑏௜ଵ . . 𝑏௜௜ . . 𝑏௜ெ  .            .          ..            .          . 𝑏ெଵ . . 𝑏ெ௜ . . 𝑏ெெ

ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ஻

⎦⎥⎥
⎥⎥⎥
⎤

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥோ
⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑃௫𝜕𝑉௜௠𝜕𝑃௫ ⎦⎥⎥⎥

⎤ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡𝜕𝑃ଵ𝜕𝑃௫..𝜕𝑃௜𝜕𝑃௫..𝜕𝑃ெ𝜕𝑃௫ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤
     

 

 

 

(3.22) 
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⎣⎢⎢
⎢⎢⎢
⎡ 𝑐ଵଵ . . 𝑐ଵ௜ . . 𝑐ଵெ..𝑐௜ଵ . . 𝑐௜௜ . . 𝑐௜ெ..𝑐ெଵ . . 𝑐ெ௜ . . 𝑐ெெ
ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ஼ 𝑑ଵଵ . .𝑑ଵ௜ . .𝑑ଵெ..𝑑௜ଵ . .𝑑௜௜ . .𝑑௜ெ..𝑑ெଵ . .𝑑ெ௜ . .𝑑ெெ

ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ஽

⎦⎥⎥
⎥⎥⎥
⎤

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ்
⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑄௫𝜕𝑉௜௠𝜕𝑄௫ ⎦⎥⎥⎥

⎤ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡𝜕𝑄ଵ𝜕𝑄௫..𝜕𝑄௜𝜕𝑄௫..𝜕𝑄ெ𝜕𝑄௫ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤
  

 

 

 

(3.23) 

 

Where డ௏ೝడ௉ೣ = ቂడ௏భ,ೝడ௉ೣ  . . డ௏೔,ೝడ௉ೣ  . . డ௏ಾ,ೝడ௉ೣ ቃ் and డ௏೔೘డ௉ೣ = ቂడ௏భ,೔೘డ௉ೣ  . . డ௏೔,೔೘డ௉ೣ  . . డ௏ಾ,೔೘డ௉ೣ ቃ் are sensitivity 

vectors of real and imaginary parts of PQ voltages with respect to active power injection at 

node “x”, respectively. డ௏ೝడொೣ = ቂడ௏భ,ೝడொೣ  . . డ௏೔,ೝడொೣ  . . డ௏ಾ,ೝడொೣ ቃ் and డ௏೔೘డொೣ = ቂడ௏భ,೔೘డொೣ  . . డ௏೔,೔೘డொೣ  . . డ௏ಾ,೔೘డொೣ ቃ் are 

sensitivity vectors of real and imaginary parts of PQ voltages with respect to reactive power 

injection at node “x”, respectively. “T” denotes for transpose. From (3.22), we can see that the 

matrix R consists of two submatrices A and B. The elements of A represent the coefficients 

associated with the sensitivities ப୚౨ப୔౮ while the elements of B represent the coefficients 

associated with the sensitivities  ப୚౟ౣப୔౮ . Similarly, we can see from (3.23) that the matrix T 

consists of two submatrices C and D. The elements of C represent the coefficients associated 

with the sensitivities ப୚౨ப୕౮ while the elements of D represent the coefficients associated with the 

sensitivities ப୚౟ౣப୕౮ . In a general form, (3.22) and (3.23) can be expressed as: 

 

 ሾ𝐴    𝐵ሿ ⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑃௫𝜕𝑉௜௠𝜕𝑃௫ ⎦⎥⎥⎥

⎤ =  ൤ 𝜕𝑃𝜕𝑃௫൨    , ሾ𝐶    𝐷ሿ ⎣⎢⎢⎢
⎡ 𝜕𝑉௥𝜕𝑄௫𝜕𝑉௜௠𝜕𝑄௫ ⎦⎥⎥⎥

⎤ =  ൤ 𝜕𝑄𝜕𝑄௫൨ 
 

(3.24) 

 

Where డ௉డ௉ೣ  and డொడொೣ are sensitivity vectors of the active and reactive power of PQ nodes with 

respect to active and reactive power injection at node “x”, respectively. The ijth element of the 

matrix can be found as (where both i and j 𝜖 𝑀): 
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 𝑎௜௝ = ቐ 𝐺௜௜𝑉௜,௥ + 𝐵௜௜𝑉௜,௜௠ + ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯୨ ఢ ே       𝑗 = 𝑖 𝐺௜௝𝑉௜,௥ + 𝐵௜௝𝑉௜,௜௠            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   
 

(3.25a) 

 

 𝑏௜௝ = ቐ𝐺௜௜𝑉௜,௜௠ − 𝐵௜௜𝑉௜,௥ + ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯୨ ఢ ே    𝑗 = 𝑖 𝐺௜௝𝑉௜,௜௠ − 𝐵௜௝𝑉௜,௥            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   
 

(3.25b) 

 

 𝑐௜௝ = ቐ𝐺௜௜𝑉௜,௜௠ − 𝐵௜௜𝑉௜,௥ − ෍൫𝐺௜௝  𝑉௝,௜௠ + 𝐵௜௝𝑉௝,௥൯୨ ఢ ே    𝑗 = 𝑖 𝐺௜௝𝑉௜,௜௠ − 𝐵௜௝𝑉௜,௥            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      

(3.25c) 

 

 𝑑௜௝ = ቐ −𝐺௜௜𝑉௜,௥ − 𝐵௜௜𝑉௜,௜௠ + ෍൫𝐺௜௝𝑉௝,௥ − 𝐵௜௝  𝑉௝,௜௠ ൯௝ ఢ ே    𝑗 = 𝑖−𝐺௜௝𝑉௜,௥ − 𝐵௜௝𝑉௜,௜௠            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   
 

(3.25d) 

 

To obtain the voltages 𝑉௥௘ and 𝑉௜௠, one may use the information gathered from SCADA and 

nodal measurements. Alternatively, the linear power flow method developed in Cartesian 

coordinates in (Martí et al., 2013) can be used as:  

 

 ቂ𝐺 −𝐵𝐵 𝐺 ቃ ൤𝑉௥௘𝑉௜௠൨ = ൤𝐼௣𝐼௤൨  

 

Where 𝐼௣and 𝐼௤ are vectors of the real and imaginary parts of load currents. 𝑉௥௘ and 𝑉௜௠ are 

vectors of network voltage parts.  G and B are submatrices of a modified admittance matrix. 

These quantities and parameters are explained in detail in (Martí et al., 2013). 

      

The power injection at a particular bus is independent of power injections of other buses. 

Therefore, the partial derivation డ௉೔డ௉ೣ  and డொ೔డொೣ can be found as: 
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  𝜕𝑃௜𝜕𝑃௫ = 𝜕𝑄௜𝜕𝑄௫ = ቄ           1                 𝑖 = 𝑥            0              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒      (3.26) 

 

Similar system of equations presented in (3.24) can be used to find the partial derivatives with 

respect to other power injections (i.e. for power injections at node x 𝜖 𝑁).  Based on the 

expressions illustrated in (3.24-3.26), we can conclude the following points: 

• A and B are developed to find the voltage sensitivities to active power injections while B 

and C are developed to find the voltage sensitivities to reactive power injections. 

• The submatrices A, B, C and D are the same regardless of the node on which the active or 

reactive power is injected. The only change is the value of ப୔౟ப୔౮  or ப୕౟ப୕౮.  
• It is clear that D=-A, and B=C for non-diagonal elements.  

• The size of A, B, C , and D is M×M while the size of డ௏ೝడ௉ೣ , డ௏೔೘డ௉ೣ  డ௏ೝడொೣ , డ௏೔೘డொೣ  , డ௉డ௉ೣ  𝑎𝑛𝑑 డொడொೣ is 

M×1.   

 

Once the partial derivations డ௏೔,ೝడ௉ೣ ,  డ௏೔,೔೘డ௉ೣ  or డ௏೔,ೝడொೣ ,  డ௏೔,೔೘డொೣ  are obtained, the voltage sensitivity 

coefficients can be easily computed. Since the voltage magnitude of bus “i” |𝑉௜| can be 

represented by |𝑉௜| = (𝑉௜,௥ଶ + 𝑉௜,௜௠ଶ)ଵ/ଶ, the voltage sensitivities of bus “i” to power injections 

at node  “x” can be found as: 

 

  𝜕|𝑉௜|𝜕𝑃௫ =  1|𝑉௜|   ൬𝑉௜,௥ 𝜕𝑉௜,௥𝜕𝑃௫ + 𝑉௜,௜௠ 𝜕𝑉௜,௜௠𝑑𝑃௫ ൰ 
(3.27a) 

 

   𝜕|𝑉௜|𝜕𝑄௫ =  1|𝑉௜|   ൬𝑉௜,௥ 𝜕𝑉௜,௥𝜕𝑄௫ + 𝑉௜,௜௠ 𝜕𝑉௜,௜௠𝑑𝑄௫ ൰ 
(3.27b) 
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3.3.4 Effect of PV buses 

The PV buses can also be considered in the sensitivity analysis. When active or reactive power 

is injected at any node of the network, some system voltages may change. Consequently, 

reactive power injections will be required at PV buses (i.e. 𝛥𝑄௚) to keep constant voltages at 

those buses. Any increment in active or reactive power injection at bus “x” (i.e. 𝛥𝑢௫ ) will 

cause a change in the voltages of PV buses (i.e. 𝛥𝑉௚). This can be represented as: 

 

 𝜕ห𝑉௚ห𝜕𝑢௫  𝛥𝑢௫ + 𝜕ห𝑉௚ห𝜕𝑄௚ 𝛥𝑄௚  = 0                (3.28) 

 

Where డห௏೒หడ௨ೣ  is the vector of PV bus sensitivities with respect to active or reactive power 

injection at bus “x”. డห௏೒หడொ೒  is a matrix of PV bus sensitivities with respect to reactive power 

injection at these buses. 𝛥𝑄௚ is the change vector of reactive power injections at PV buses. For 

any increment in active or reactive power injection at any bus, the change in the node voltage 

sensitivities (including impact of PV buses) can be expressed as: 

     

 𝛥|V| = 𝜕|V|𝜕𝑢௫ 𝛥𝑢௫ + 𝜕|V|𝜕𝑄௚ 𝛥𝑄௚   (3.29) 

 

Where |V| is a vector of node voltage magnitudes. డ|୚|డ௨ೣ  is the vector of node voltage 

sensitivities with respect to active or reactive power injection at “x” node.  డ|୚|డொ೒ is a matrix of 

the voltage sensitivities with respect to reactive power injection at PV buses. Dividing (3.29) 

by 𝛥𝑢௫ and substituting ௱ொ೒௱௨ೣ (equation (3.28)) into (3.29) we obtain: 

 

 𝛥|V|𝛥𝑢௫ = 𝜕|V|𝜕𝑢௫ − 𝜕|V|𝜕𝑄௚ ቈ𝜕ห𝑉௚ห𝜕𝑄௚ ቉ିଵ 𝜕ห𝑉௚ห𝜕𝑢௫    (3.30) 
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From (3.30), it is clear that the ௱|୚|௱௨ೣ depends on the voltage sensitivity calculation illustrated in 

(3.27).   A flowchart of the proposed voltage sensitivity analysis is shown in Figure 3.2.  

 

 
Figure 3.2     A flowchart of the proposed voltage  

          sensitivity method 

3.4 Simulation results  

To validate the accuracy of the proposed sensitivity analysis method, 75-bus, 11 kV 

distribution system (Figure 3.3) is considered in this work. It is assumed that the network hosts 

22 DG units (each with a rating of 3MVA). No output powers are generated by DG units unless 
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otherwise is mentioned. The system data and parameters can be found in (UKGDS, 2005). The 

study network and the proposed algorithm are implemented in MATLAB environment. To 

improve the readability of the figures, in this article, the first two digits of each bus number 

are omitted (i.e. 1175 will be 75). 

 

 

Figure 3.3     Topology of the test system 
b)2020( et al. Alzaareer from Taken 

 

3.4.1 Verification at base load condition 

In this section, the voltage sensitivity coefficients (𝑑|𝑉|/𝑑𝑃 and 𝑑|𝑉|/𝑑𝑄) are computed at 

base load condition using ABCD method. The coefficients are demonstrated in the matrices 

shown in Figure 3.4.  From both matrices, we can see that the sensitivity coefficients are 
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positive. This demonstrates the fact that injecting active or reactive power into power network 

will definitely increase the voltage magnitudes. The higher values of the self-sensitivity 

coefficients compared with the cross-sensitivity coefficients demonstrate also the accuracy of 

the proposed method. Indeed, power injection at a specific bus can increase its own voltage 

magnitude more than the voltage magnitudes of other buses. This is because system 

impedances mainly affect the power flow. Moreover, it is clear that the sensitivity coefficients 

of a specific node due to power injections into the same feeder is much higher than the 

coefficients due to power injections into other feeders. 

 

 

Figure 3.4     𝑑|𝑉|/𝑑𝑃  and 𝑑|𝑉|/𝑑𝑄 sensitivity coefficients at base load  
condition using ABCD method 

 

Figure 3.5 shows sensitivity matrices obtained using the inverse of J (J-1). By comparing the 

matrices obtained using ABCD method with the ones obtained using J-1, we can notice that the 

matrices are very close to each other, rather they almost seem the same matrices.  
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Figure 3.5     𝑑|𝑉|/𝑑𝑃 and 𝑑|𝑉|/𝑑𝑄 sensitivity coefficients at base load condition 
 using inverse of J 

 

Power flow calculations point out that V75 is the lowest voltage among network buses. The 𝑑|𝑉|/𝑑𝑃 and 𝑑|𝑉|/𝑑𝑄 coefficients of bus 75 obtained via ABCD method are illustrated in 

Figure 3.6. Since the sensitivities to power injections into other feeders are very small, they 

aren’t included in this figure.  

 

 

Figure 3.6     Voltage sensitivity coefficients of bus 75 with respect to active and 
 reactive power injections at base load condition 

 

From Figure 3.6, it is clear that the sensitivity coefficients of bus 75 due to power injections 

Q75 or P75 are higher than the sensitivity coefficients to power injections into other buses. 

Moreover, the sensitivity coefficients of bus 75 due to power injections Q66 or P66 are the 
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second largest among all the sensitivity coefficients. The expressions for the submatrices A, 

B, C, and D shown in (3.25) demonstrate this point, which show that their elements directly 

depend on the coupling admittances between system nodes. Since the bus 66 is the nearest 

node to bus 75, the sensitivity coefficients of bus 75 to power injections into node 66 is the 

largest cross-sensitivity. Verification of the self-sensitivity coefficients and the largest cross-

sensitivity coefficients of bus 75 validates the proposed method for sensitivity analysis. 

 

The verification of voltage self-sensitivity coefficients and the largest cross-sensitivity 

coefficients of node 75 (which has the lowest voltage) at base load condition is also 

investigated, in detail. This verification is investigated by assessing the performance of the 

sensitivity coefficients in voltage prediction. The predicted voltages are obtained by 

multiplying the sensitivity with the amount of the active or reactive power injection (or 

reduction). A comparison of the predicted voltages (obtained using the proposed method, 

inverse of J method, and perturb-and-observe (P&O) method presented in (Sansawatt et al., 

2012)) with the actual voltages are then done. The actual voltages are obtained using power 

flow calculations. Power flow was performed after each step of power reduction or power 

injection, at a time. 

 

To verify the self-sensitivity coefficients of bus 75 (obtained at base case condition), 1.0 p.u 

of its own active (or reactive) load power with step 0.1 p.u are deducted.  To verify the largest 

cross-sensitivity coefficients of bus 75, 1.0 p.u of bus 66 active (or reactive) load power with 

step 0.1 p.u are deducted.  Figure 3.7 shows a comparison between the predicted and the actual 

voltages of bus 75 due to active (or reactive) power reductions at bus 75 (or bus 66). It shows 

that the errors between the predicted voltages using ABCD method and the ones obtained using 

other methods are very small. It is also clear that as the load power reduction increases, the 

errors increase.  Moreover, the errors due to the self-sensitivities are smaller than the ones due 

to the cross-sensitivities. Besides, the errors due to 𝑑|𝑉|/𝑑𝑄 sensitivities are smaller than the 

ones due to 𝑑|𝑉|/𝑑𝑃 sensitivities. These characteristics coincide with the results obtained 

using the inverse of J.  
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Figure 3.7     A comparison between the actual and the predicted voltages of bus 75 due 
 to active and reactive power reductions at buses (75 and 66) for load base condition 

 

The percent errors between the actual voltages and the predicted ones of node 75 are 

summarized in Table 3.1. The percent errors in Table 3.1 are very small (in the order of 10-02 

to 10-07). These percent errors are considered common in the sensitivity coefficients that are 

used for prediction and control in nonlinear power networks. This provides a rigorous 

justification for the accuracy of ABCD method.   
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Table 3.1     The errors (%) in the voltage V75 at load base condition 

ΔQ 
Or  
ΔP 
(p.u) 

Self-sensitivity to: Cross-sensitivity to: 𝑷𝟕𝟓 𝑸𝟕𝟓 𝑷𝟔𝟔 𝑸𝟔𝟔 

Using  
J-1  

(×10-4) 

Using 
ABCD 
(×10-4)  

Using  
 J-1  

(×10-4) 

Using 
ABCD  
(×10-4) 

Using 
  J-1 

(×10-3) 

Using 
ABCD 
(×10-3)  

Using   
J-1  

(×10-4) 

Using 
ABCD 
(×10-4)  

0 0 0 0 0 0 0 0 0 

0.1 0.056 5.648 0.0017 0.237 1.837 1.340 2.806 1.468 

0.2 0.224 11.18 0.0071 0.471 3.694 2.700 5.620 2.944 

0.3 0.504 16.60 0.0160 0.701 5.571 4.081 8.440 4.426 

0.4 0.896 21.90 0.0286 0.928 7.468 5.481 11.26 5.914 

0.5 1.399 27.10 0.0447 1.151 9.385 6.902 14.09 7.410 

0.6 2.014 32.17 0.0643 1.370 11.32 8.342 16.93 8.912 

0.7 2.739 37.14 0.0876 1.586 13.27 9.803 19.78 10.42 

0.8 3.575 41.99 0.1144 1.798 15.25 11.28 22.63 11.93 

0.9 4.522 46.73 0.1448 2.007 17.24 12.78 25.49 13.45 

1.0 5.579 51.36 0.1787 2.212 19.26 14.30 28.36 14.98 

 

 

3.4.2 Verification at different loading conditions  

To verify the voltage sensitivity coefficients at different operating conditions, the self-

sensitivity and the largest cross sensitivity of bus 75 are also selected for this purpose.  As 

section A of simulation results, 1.0 p.u of the active (or reactive) load powers with step 0.1 p.u 

are deducted. The only difference is that as the operating condition is changed, the sensitivity 

coefficients will be also updated. Accordingly, the predicted voltages are obtained by taking 

the summation of the individual multiplication (multiplication of the sensitivity with the 

amount of power change for each step). Table 3.2. shows the percent errors between the 

sensitivities obtained using ABCD method and the ones obtained via inverse of J method. 
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Table 3.2 The errors (%) in the updated sensitivities 

ΔQ Or 
ΔP (p.u) 

Self-sensitivity to: Cross-sensitivity to: 𝒅|𝑽𝟕𝟓|/𝒅𝑷𝟕𝟓 𝒅|𝑽𝟕𝟓|/𝒅𝑸𝟕𝟓 𝒅|𝑽𝟕𝟓|/𝒅𝑷𝟔𝟔 𝒅|𝑽𝟕𝟓|/𝒅𝑸𝟔𝟔 

0 0.00257 0.000544 0.001473 0.001983 

0.1 0.00256 0.000538 0.001445 0.001979 

0.2 0.00253 0.000532 0.001416 0.001976 

0.3 0.00250 0.000526 0.001387 0.001973 

0.4 0.00247 0.000520 0.001358 0.001969 

0.5 0.00243 0.000514 0.001330 0.001966 

0.6 0.00240 0.000508 0.001302 0.001962 

0.7 0.00237 0.000502 0.001273 0.001959 

0.8 0.00247 0.000496 0.001245 0.001955 

0.9 0.002312 0.000490 0.001217 0.001952 

1.0 0.002281 0.000484 0.001189 0.001949 

 

A comparison between the actual and the predicted voltages of bus 75 due to active (or 

reactive) power reductions at bus 75 (or bus 66) is shown in Figure 3.8. The percent errors in 

the predicted voltage using the proposed method are summarized in Table 3.3. It can be 

concluded from these results that the errors in the sensitivities and the predicted voltages are 

also very small. 

      

By comparing the predicted voltages using ABCD method shown in Table 3.1 with the ones 

shown in Table 3.3, we can notice that the errors are smaller in case of updating the sensitivities 

in each step (i.e. with the changes in system operating conditions). This demonstrates the 

necessary for updating the sensitivities in voltage control. 
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Figure 3.8.     A comparison between the actual and the predicted voltages of bus 75 due to 
active and reactive power reductions at buses (75 and 66) for different loading conditions 

 
 

3.4.3 Verification during DG power influences    

To verify the voltage sensitivities during the influence of DG power, it is assumed that DG 

units can supply reactive power up to 3MVAR and make active power curtailments up to 

3MW. This amount of power supply or curtailment represents a high value and can cause 

distinct variations in network voltage as well as the voltage sensitivities. Thus, the verification 

during DG power influences can provide a good demonstration on the accuracy of the proposed 

sensitivity method. Moreover, different voltages far away from the DG unit are considered for 

verification. 3.0 MW curtailment (or MVAR injection) by DGହଽ with step 0.3MW (or 

0.3MVAR) are done. The sensitivity coefficients will be updated during each step. 

Accordingly, the predicted voltages are obtained by taking the summation of the individual 
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multiplication (multiplication of the sensitivity with the amount of power change for each 

step).  

 

Table 3.3 The errors (%) in V75 due the updated sensitivities 

ΔQ Or 
ΔP (p.u) 

Self-sensitivity due to: Cross-sensitivity due to: 𝑷𝟕𝟓 𝑸𝟕𝟓 𝑷𝟔𝟔 𝑸𝟔𝟔 

0 0 0 0 0 

0.1 5.648×10-5 2.373×10-6 1.340×10-4 1.468×10-5 

0.2 1.122×10-4 4.721×10-6 2.686×10-4 2.938×10-5 

0.3 1.672×10-4 7.042×10-6 4.039×10-4 4.409×10-5 

0.4 2.216×10-4 9.336×10-6 5.398×10-4 5.882×10-5 

0.5 2.752×10-4 1.160×10-5 6.763×10-4 7.355×10-5 

0.6 3.281×10-4 1.384×10-5 8.134×10-4 8.830×10-5 

0.7 3.803×10-4 1.606×10-5 9.511×10-4 1.030×10-4 

0.8 4.317×10-4 1.824×10-5 1.089×10-3 1.178×10-4 

0.9 4.825×10-4 2.041×10-5 1.228×10-3 1.326×10-4 

1.0 5.325×10-4 2.254×10-5 1.367×10-3 1.474×10-4 

 

A comparison between the actual and the predicted voltages due to reactive power injections 

(or active power curtailments by 𝐷𝐺ହଽ) can be found in Figure 3.9. The predicted voltages are 

done using ABCD method and the inverse of J method. The percent errors in the sensitivities 

and in the predicted voltages are summarized in Table 3.4 and Table 3.5, respectively. 

Although large power injections are considered in this case and considering different voltages 

far away from DG unit, it is clear that the errors are still very small. The errors in the 

sensitivities and in the predicted voltages are in order of 10-02 (or 10-01) and 10-04 (or 10-03), 

respectively. This also provides a rigorous justification for the accuracy of ABCD method. It 

is also clear that the percent errors in the sensitivities of nodes in the same feeder (the feeder 

owning the DG) are higher than the precent errors in the sensitivities of nodes of other feeders. 
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Figure 3.9     A comparison between the actual and the predicted voltages of some 

 buses due to reactive power injection (active power curtailment) by 𝐷𝐺ହଽ 
 

3.4.4 The performance assessment in online voltage control    

To assess the performance of the proposed sensitivity method through transient simulation 

studies, multi-step optimization problem formulated in (Valverde et al., 2013) is used for 

voltage control in this section. This problem is formulated as: 

 

  𝑚𝑖𝑛෍‖𝛥𝑄(𝑡 + 𝑘)‖ிଶ௡ିଵ
௞ୀ଴ + ‖𝜀‖ଶீ                      3.31 

 

Subjected to: 

 

0 0.6 1.2 1.8 2.4 3
ΔQ,59 (MVAR)

1.025

1.03

1.035

1.04

Actual Voltage using  inverse of J using ABCD method

0 0.6 1.2 1.8 2.4 3
ΔQ,75 (MVAR)

1.02

1.025

1.03

0 0.6 1.2 1.8 2.4 3
ΔQ,59 (MVAR)

1.0496

1.0498

1.05

0 0.6 1.2 1.8 2.4 3
ΔP,59 (MW)

1.03

1.035

1.04

0 0.6 1.2 1.8 2.4 3
ΔP,59 (MW)

1.02

1.025

1.03

0 0.6 1.2 1.8 2.4 3
ΔP,59 (MW)

1.0496

1.04965

1.0497
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  −𝜀ଵ𝐴 + 𝑉௜௠௜௡ ≤ 𝑉௜(𝑡 + 𝑘) ≤ 𝑉௜௠௔௫ + 𝜀ଶ𝐴 𝑉௜(𝑡 + 𝑘) = 𝑉௜(𝑡 + 𝑘 − 1) + 𝜕|𝑉|𝜕𝑄 ∆𝑄௜(𝑡 + 𝑘) ∆𝑄௠௜௡ ≤ ∆𝑄(𝑡 + 𝑘) ≤ ∆𝑄௠௔௫ 𝑄௠௜௡ ≤ 𝑄(𝑡 + 𝑘) ≤ 𝑄௠௔௫ 

 

 

Where 𝛥𝑄 represents the vector of changes in reactive power injection by DG units. 𝜀 = [𝜀ଵ, 𝜀ଶ]T is the vector of slack variables used to relax the voltage constraints. n is number of 

prediction steps.  ‘T’ represents array transposition. ‘A’ denotes a unitary vector. 𝐹 and 𝐺  are 

a weight matrices used to penalize the reactive power injections and the slack variables, 

respectively. 𝑉௜(𝑡 + 𝑘) is the predicted voltage magnitude of bus i. 𝑉௜(𝑡 + 𝑘 − 1) is the 

previous voltage magnitude. డ|௏|డொ  is the sensitivity matrix of bus voltage magnitudes with 

respect to reactive power injection by DG units. 𝑄 denotes a vector of the reactive power 

injected by DG units. 

 

Table 3.4  The errors (%) in the sensitivities during DG influence 

ΔQ (MVAR) 
Or ΔP (MW) 

𝒅|𝑽𝟓𝟗|𝒅𝑸𝟓𝟗  
𝒅|𝑽𝟕𝟓|𝒅𝑸𝟓𝟗  

𝒅|𝑽𝟎𝟏|𝒅𝑸𝟓𝟗  
𝒅|𝑽𝟓𝟗|𝒅𝑷𝟓𝟗  

𝒅|𝑽𝟕𝟓|𝒅𝑷𝟓𝟗  
𝒅|𝑽𝟎𝟏|𝒅𝑷𝟓𝟗  

0 0.319 1.220 0.014 0.325 0.525 0.017 

0.3 0.205 1.172 0.016 0.435 0.596 0.019 

0.6 0.092 1.124 0.018 0.547 0.667 0.022 

0.9 0.019 1.076 0.020 0.660 0.740 0.024 

1.2 0.130 1.030 0.022 0.774 0.815 0.026 

1.5 0.240 0.984 0.025 0.889 0.890 0.028 

1.8 0.350 0.939 0.027 1.006 0.966 0.031 

2.1 0.458 0.895 0.029 1.124 1.044 0.033 

2.4 0.565 0.852 0.031 1.244 1.123 0.035 

2.7 0.671 0.809 0.033 1.365 1.203 0.038 

3.0 0.776 0.767 0.035 1.487 1.285 0.040 
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Table 3.5 The errors (%) in different voltages during DG influence 

ΔQ (MVAR)  
Or ΔP (MW) 

power injection 𝑸𝟓𝟗   power injection 𝑷𝟓𝟗   𝑽𝟓𝟗 𝑽𝟕𝟓 𝑽𝟎𝟏 𝑽𝟓𝟗 𝑽𝟕𝟓 𝑽𝟎𝟏 

0 0 0 0 0 0 0 

0.3 0.0007 0.0033 0.00004 0.0011 0.0017 0.00005 

0.6 0.0010. 0.0065 0.00010 0.0027 0.0037 0.00011 

0.9 0.0011 0.0096 0.00016 0.0037 0.0059 0.00018 

1.2 0.0008 0.0125 0.00022 0.0067 0.0084 0.00026 

1.5 0.0002 0.0153 0.00029 0.0092 0.0111 0.00034 

1.8 0.0007 0.0179 0.00037 0.0121 0.0139 0.00043 

2.1 0.0020 0.0204 0.00045 0.0153 0.0171 0.00053 

2.4 0.0035 0.0228 0.00054 0.0189 0.0204 0.00063 

2.7 0.0053 0.0250 0.00064 0.0204 0.0241 0.00074 

3.0 0.0074 0.0271 0.00074 0.0271 0.0279 0.00085 

 

 

It is clear from (3.34) that the voltages are evaluated inside the optimization problem using the 

sensitivities డ|௏|డொ . These sensitivities are obtained using (3.23) and (3.27), and updated after 

each step. It is worth noting that the sensitivities can be updated due to changing the 

submatrices C and D.  

 

In this scenario, all DG units are installed in the grid. No more than 0.3 MVAR of reactive 

power is allowed to be injected by each DG unit for each control action. The cost of using the 

slack values are higher than the cost of using the reactive power by 800 times. The acceptable 

limits for voltages are assumed to be [0.98, 1.04] p.u. This work randomly assumes that the 

control actions take place every 10 seconds. This period can be replaced by any another period 

(i.e. 1 second, 5 second, … etc.). It is worth noting that this period is selected to consider the 

calculation time, measurement collection time, the time required to transmit the new control 

set-points of DG units, and the dead time required to avoid making decisions based on 
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measurements taken during transients. The measurements in this work is the reactive power 

output by DG units. It is also assumed that the loads are operated at their maximum to create 

undervoltage problem. Thus, reactive power outputs by DG units are the controls for voltage 

regulations. The optimization software LINGO and MATLAB are both used to investigate the 

results. 

      

Some of network voltages and reactive power outputs by DG units are shown in Figure 3.10 

and Figure 3.11, respectively.  It is clear that the controller, with the aid of the proposed 

sensitivity analysis, was able to gradually regulate the voltages.  Figure 3.11 shows that some 

units (i.e. DG at bus 05) are operated at a lower amount of power. This is to prevent any 

violation of the upper voltage near bus 05. 

 

 

Figure 3.10     Some bus voltages during transient analysis 
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Figure 3.11      Some reactive power outputs by DG units 

 

Figure 3.11 also shows that the DG installed at bus 66 has to participate in power injection 

more than other units. This is because V66 is the most problematic voltage. We can also see 

that the nearest DG units to the region of the violated voltages have to participate more than 

the other units.   

 

The total compensated amount of reactive powers and the voltage profiles of two cases, 

namely, Vuncontrolled and Vcontrolled, are illustrated in Figure 3.12 and Figure 3.13, 

respectively. Based on the simulation results, it is concluded that the proposed sensitivity 

analysis is suitable for online applications and has a logical performance for managing reactive 

powers among DG units. 
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Figure 3.12     The total change in reactive power injections by DG units 

 

 

Figure 3.13     Voltage profile during the two cases: controlled and uncontrolled 

 

3.4.5 Dynamic simulation studies 

The actual performance of the proposed sensitivity analysis through dynamic simulation is 

assessed in this section. The system is operated at condition where there is no violation in the 

voltage. It is assumed that DG75 has the power profile (for 15s) shown in Figure 3.14.  It is also 

assumed that the lower voltage limit is 0.98 p.u. Control action takes place when the voltage 

exceeds the lower limit. New settings are then held for 4s. The obtained voltage at bus 66 
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(where the DG is connected) and the set points of DG unit are presented in Figure 3.14. The 

results show that both sensitivity approaches provide almost the same amount of reactive 

power and, hence, almost the same voltage profile.  

 

 

Figure 3.14     Dynamic simulation studies 

 

3.4.6 Calculation speed 

To show the calculation speed of the proposed approach, the scenario presented in section 3.4.1 

is selected for this purpose. The results show that the execution time of the proposed method is 

0.41s. In contrast, 0.64s is required to execute Jacobian-based sensitivity analysis method.  It is 

clear that the proposed method was able to reduce the computation time by 38.91%.  This 

reduction in the calculation time will be much higher in cases of practical networks or in the 
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context of optimization techniques. The results are obtained using an i7–8850 CPU@ 2.60 GHz 

laptop.  

 

3.5 Conclusions  

In this study, a new and fast sensitivity approach is developed to find the voltage sensitivity 

coefficients in smart grids. The proposed approach has been validated on a radial distribution 

network including several DG units under different scenarios. The numerical values of the 

sensitivity coefficients and the comparison with the results of other techniques validate the 

accuracy of the proposed method. The results show that the errors in the values of sensitivity 

coefficients or in voltage prediction are very small, which demonstrate that ABCD model has 

almost the same level of the accuracy of J-1 method. The results also showed that the proposed 

method can successfully account for any change in the operating conditions.   

      

The proposed method is also validated using dynamic and transient analysis to show that the 

ABCD model is able to continuously update the sensitivities. This also demonstrates the 

potential application of the proposed sensitivity method in online applications.  The results also 

showed that the proposed method is able to efficiently manage the voltages by accurate 

dispatching of control variables. 
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Abstract 

The incorporation of distributed generation (DG) units in distribution network voltage control 

may create operational conflicts with other conventional voltage control devices. Structural 

changes of networks can also increase the possibility to create control interactions. Control 

rules-based voltage control methods are not suitable for large scale networks where large 

number of control choices are available. Similarly, optimization-based voltage control methods 

are impractical to implement since many control variables have to be used to obtain the optimal 

solution.  Therefore in this paper, a new technique for choosing a global group of the most 

effective control variables considering the ones with low cost is proposed for voltage regulation 

in distribution networks. This technique is based on the concept of electrical distances between 

the voltage control devices and network nodes to derive a correction index (CI).  The index 

represents the level of effectiveness of each control variable with respect to all violated 

voltages. The index is implemented in two phase algorithms (top–down and bottom-up) to 

identify the global group of control variables. The proposed technique takes into consideration 

five aspects: the effectiveness, availability, and cost of the control variables as well as the 
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structural changes of networks and the coordination between control variables to 

simultaneously eliminate the violation in the voltages. The technique is fast and suitable to be 

implemented for online voltage control. The proposed method is successfully examined on the 

modified IEEE 123 distribution system under different scenarios.     

 

Keywords: Voltage Control; Controls Selection; Controls Coordination; Electrical Distances; 

Active Distribution Systems.  

 

4.1 Introduction  

Voltage control is one of the operational challenges in active distribution networks. The 

integration of multiple DG units into distribution networks can cause over/under voltage 

problems as well as operational conflicts with other conventional voltage control devices, such 

as on load tap changers (OLTC), Voltage Regulators (VRs), and Capacitor Banks (CBs) 

(Ranamuka et al., 2016). These problems can grow as distribution networks meet structural 

changes (Ranamuka et al., 2015). Thus, it is required to operationally update the voltage 

control devices in active distribution networks.  

      

One of the favorable ways of reducing the adverse impacts of the operational conflicts among 

DG units and conventional voltage control devices is control coordination. Generally speaking, 

the coordinated voltage control (CVC) techniques can update the control actions based on 

control rules or optimization techniques.   

 

 A novel method for CVC in active distribution systems is developed (Elkhatib et al., 2011). 

The method is based on installing remote terminal units at DG units to communicate with each 

other. A method for CVC in active distribution systems based on control rules algorithm is 

proposed (Kulmala et al., 2014). A Dynamic Master/Slave Scheme for voltage control in active 

distribution networks is presented (Moursi et al., 2014). A coordinated method based on power 

flow sensitivity factor for output control of multiple DG units are detailed (Jupe et al., 2010). 

An online combined local and remote voltage control in the presence of induction machine-
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based DG unit is presented (Viawan et al., 2007). A CVC method for coordination of OLTC, 

VR, and DG unit is presented (Muttaqi et al., 2015). The method is based on the concept of 

control zone, line drop compensation, as well as the controllers’ parameters.  A real-time 

voltage control for distribution systems employing plug-in electric vehicles, DG, and OLTC is 

proposed (Azzouz et al., 2015). However, all the above-mentioned studies do not consider the 

coordination process in case of multiple conventional voltage control devices and multiple DG 

units. An online CVC strategy is developed in order to operationally avoid the impact of 

simultaneous responses of multiple voltage control devices and DG units (Ranamuka et al., 

2013). However, it does not consider the impacts of non-simultaneous operations of DG units 

and the conventional devices.  To minimize the impact of non-simultaneous operations, an 

online CVC by allowing voltage control devices to operate in accordance with a priority 

scheme is proposed (Ranamuka et al., 2015). However, control rules-based CVC methods are 

not suitable for large networks where a large number of control choices are available or when 

many various objectives are included in the control. In these cases, defining of control rules is 

a complex task.  

      

Different techniques for Optimization-based CVC in active distribution networks have been 

presented in the literature. A method is developed for voltage regulation in active distribution 

systems by formulating a large-scale optimization problem and solving it using a genetic 

algorithm-based solver (Senjyu et al., 2008). A strategy for CVC in active distribution 

networks using a dynamic programming method is proposed (Kim et al., 2012). A 

comprehensive decentralized Volt/VAr control strategy for coordination of conventional 

control devices and synchronous machine-based DG units in distribution networks is proposed 

(Viawan et al., 2008). A multiple line drop compensation voltage control technique for under-

load tap changer transformers is proposed (Choi et al., 2001), where the desired tap positions 

are obtained by solving an integer optimization problem. A strategy for short-term scheduling 

of DG units and conventional voltage control devices is proposed (Borghetti et al., 2010) for 

implementing optimal voltage control in active distribution networks. A mutation fuzzy 

adaptive particle swarm optimization method for CVC is proposed (Yang et al., 2015). A Trust 

Region Sequential Quadratic Programming technique for CVC in active distribution networks 
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is presented (Sheng et al., 2015). However, by using optimization-based methods, large 

number of control variables have to be activated to obtain the best solution, which is not 

suitable for practical systems. Moreover, those works do not fully consider the impacts of 

structural changes in voltage control.   

 

The wide distribution of controls and the possibility of occurring many voltage violations 

among the network makes it is hard to provide coordination of the controls while activating 

only the required number of controls. Moreover, it is not easy to rank the most effective control 

variables during multi violated voltages while considering a set of aspects.  Thus and in order 

to avoid the problems associated with the two kinds of CVC methods, this work proposes a 

new method to identify and coordinate a set of the cheaper and most effective control variables 

(only the required number) for CVC in active distribution networks. The proposed method is 

capable of ranking the control variables to multi violated voltages (not only one violated 

voltage) while considering a set of aspects, especially the cost. It is also capable to 

simultaneously (with no time delay) eliminate all the multi violations with only the most 

effective controls, low computational efforts and high speed.  The proposed method does not 

aim to find the optimal voltage control, which requires operation of most, if not all, the control 

variables, but provides a group of the most effective control variables to simultaneously 

eliminate the violation in voltage, taking into accounts the cost of controls. Thus, the result of 

this method provides a feasible solution for practical implementation. 

      

The proposed method employs a correction index based on the concept of electrical distances 

between the voltage control devices and network nodes to rank the controls. The index 

represents the level of effectiveness of each control variable with respect to the violated 

voltages. Then, the index is implemented in two phase algorithms (top–down and bottom-up) 

to identify the global group of controls that are the most efficient to simultaneously eliminate 

the violation in voltages.  
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The key contributions of this study are: 

• Using optimization-based CVC methods, large number of controls have to be activated to 

obtain the best solution, which is not suitable for practical systems. Solution infeasibility 

is one of the main problems for optimization-based methods. In contrast, the proposed 

method can guide the network operators to select a global set of the most effective control 

variables (only the required number) to eliminate the violation in the voltages, which is 

feasible for practical implementation.  

• Compared with control rules-based CVC methods, the proposed method is suitable for 

large networks where a large number of control choices exist or when many various 

objectives are included in the control. Defining of control rules is a complex task in those 

cases. Moreover, most of the rules-based methods are not capable to simultaneously 

eliminate the violations due to the time delay associated with conventional controls. 

• The proposed method shows a high level of flexibility such that it can take into 

consideration the five aspects below to eliminate the violation in the voltages: the 

effectiveness, availability, and the cost of each control action as well as the structural 

changes of networks and the coordination among control actions.  

• Since the proposed technique mainly depends on the concept of electric distances, it is able 

to effectively account for the impact of structural changes in the grid.  

 

The remainder of the paper is organized as follows. Section II shows the calculation of the 

electrical distances between the control variables and network voltages. Section III formulates 

the correction index to determine the level of effectiveness of each control variable with respect 

to the violated voltages.  Section IV describes how the most effective control variables are 

identified using the two-phase algorithm. Section V shows simulation results and Section VI 

shows the conclusions.  
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4.2 Calculation of the electrical distances   

4.2.1 Sensitivities of network voltages to control variables  

OLTC, VRs, CBs, and DG units are the main voltage control devices in modern distribution 

grids. Under a particular condition, the voltage magnitude at bus i of the network for small 

changes in control variables can be easily obtained.  

 

For DG units, the sensitivities of network voltages to the power injected by DG units into the 

network can be found using the inverse Jacobian matrix, 𝑱ି𝟏 as: 

 

                                     ቂ𝜟𝜽𝜟𝑽ቃ =  [𝑱ି𝟏ሿ ൤𝜟𝑷𝜟𝑸൨  
ቂ𝜟𝜽𝜟𝑽ቃ =   ⎣⎢⎢

⎡𝝏𝜽𝝏𝑷 𝝏𝜽𝝏𝑸𝝏𝑽𝝏𝑷 𝝏𝑽𝝏𝑸⎦⎥⎥
⎤ ൤𝜟𝑷𝜟𝑸൨ 

 

 

 

   (4.1) 

 

Where ΔP and ΔQ represent the vectors of nodal change in active and reactive power, 

respectively. ΔV and Δθ represent the vectors of nodal change in voltage magnitudes and 

angles, respectively. ∂θ/ ∂P  and ∂θ/ ∂Q are the sensitivity vectors of nodal voltage angle to 

real and reactive power injection, respectively. ∂V/ ∂P and  ∂V/ ∂Q are the sensitivity vectors 

of nodal voltage magnitude to real and reactive power injection, respectively.  

 

Let us assume that a DG unit is connected at xth node for the distribution network with n number 

of nodes. Thus, the change in voltage magnitudes at network nodes due to the output variation 

of DG unit at xth node can be found as: 
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 [𝜟𝑽𝟏, …𝜟𝑽𝒊, … ,𝜟𝑽𝒙, … . ,𝜟𝑽𝒏 ሿ𝑻= ൤𝝏𝑽𝟏𝝏𝑷𝒙 , … , 𝝏𝑽𝒊𝝏𝑷𝒙 , … , 𝝏𝑽𝒙𝝏𝑷𝒙 , … ,𝝏𝑽𝒏𝝏𝑷𝒙 ൨𝑻 𝜟𝑷𝒙  
+  ൤𝝏𝑽𝟏𝝏𝑸𝒙 , … , 𝝏𝑽𝒊𝝏𝑸𝒙 , … , 𝝏𝑽𝒙𝝏𝑸𝒙 , … ,𝝏𝑽𝒏𝝏𝑸𝒙 ൨𝑻 𝜟𝑸𝒙 

 

 

   (4.2) 

 

Where ‘i’ denotes the ith node and ‘n’ represents number of network buses. Simplify, for the ith 

node: 

 

 𝜟𝑽𝒊 = 𝝏𝑽𝒊𝝏𝑷𝒙   𝜟𝑷𝒙 + 𝝏𝑽𝒊𝝏𝑸𝒙   𝜟𝑸𝒙 
   (4.3) 

 

The term associated with active power injected by a DG unit, (𝝏𝑽𝒊/ 𝝏𝑷𝒙) 𝜟𝑷𝒙, depends on the 

type of DG unit and its operation. However, the term associated with reactive power injection, 

(𝝏𝑽𝒊/ 𝝏𝑸𝒙) 𝜟𝑸𝒙 can be used for voltage control. Thus, the value of 𝝏𝑽𝒊/𝝏𝑸𝒙 is used to obtain 

sensitivity of ith bus voltage with respect to the DG unit connected at xth node.  

 

Remark: In some overvoltage cases (i.e. in cases where reactive power output by DG units 

does not have sufficient capacity for voltage correction), the output active power can also be 

used for voltage control. Thus, the term (𝝏𝑽𝒊/ 𝝏𝑷𝒙) is used to obtain sensitivity of ith bus 

voltage with respect to the active power output by DG unit connected at xth node. 

 

To find the sensitivity of ith bus voltage with respect to conventional control variables, it is 

necessary to formulate the power flow equations of the network at fixed operating point (i.e. 

at the current operating point) as follows: 

 

     𝑯(𝑽,𝒖) = 𝟎                                       (4.4) 

 

Where H is the set of equations for reactive power injected at all PQ buses. V and u represent 

the vectors of bus voltages and control variables, respectively.  
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 By taking the derivative of (4.4), we obtain: 

 

 𝑯𝑽 𝒅𝑽 + 𝑯𝒖 𝒅𝒖 = 𝟎                                (4.5) 

 

Where H୚ and H୳ are the partial derivatives of the injected reactive power with respect to the 

voltages and control variables, respectively. Based on (4.5), the sensitivities of network 

voltages with respect to a conventional control variable u୨ can be found as: 

 

 𝝏𝑽𝝏𝒖𝒋 = − [𝑯𝑽 ሿି𝟏  𝑯𝒖𝒋    (4.6) 

 

The term [H୚ ሿିଵ can be directly found using the inverse of Jacobian matrix. H୳ౠ  is a known 

vector and represents how the injected reactive power changes with varying the control 

variable u୨ (i.e. Δu୨). Thus, the change in network voltages due to the variation in the control 

variables can be found as: 

 

 [𝜟𝑽ሿ =   ൤𝝏𝑽𝝏𝒖൨ [𝜟𝒖ሿ    (4.7) 

 

Let us assume that the voltage control device is connected at xth node for the distribution system 

with n number of nodes.  Thus, the change in the voltages due to the variation in the control 

variable located at xth node can be found as: 

 

 [𝜟𝑽𝟏, … ,𝜟𝑽𝒊, … ,𝜟𝑽𝒙, … ,𝜟𝑽𝒏 ሿ𝑻 =                                              ൤𝝏𝑽𝟏𝝏𝒖𝒙 , … 𝝏𝑽𝒊𝝏𝒖𝒙 , …𝝏𝑽𝒙𝝏𝒖𝒙 , … ,𝝏𝑽𝒏𝝏𝒖𝒙  ൨𝑻  𝜟𝒖𝒙 

 

   (4.8) 

 

Where ‘i’ denotes the ith node and ‘n’ represents number of network buses. Simplify, for the ith 

node: 
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 𝜟𝑽𝒊 = 𝝏𝑽𝒊𝝏𝒖𝒙   𝜟𝒖𝒙    (4.9) 

 

Thus, the value of 𝝏𝑽𝒊/𝝏𝒖𝒙 is used to the obtain sensitivity of ith bus voltage with respect to 

the conventional controls (i.e. CBs, and VRs).  

 

4.2.2 Determination of electrical distances  

The calculation of the electrical distances between network buses depends on the relative 

variation in voltage magnitudes between two nodes due to a change in reactive power injection 

at one of the nodes. In other words, the coupling between any two buses can be found by the 

maximum attenuation of the voltage variation between the two buses as follows:    

 

 𝜟𝑽𝒊 = 𝜶𝒊𝒋 𝜟𝑽𝒋  (4.10) 

 

Where 𝜶𝒊𝒋 represents the attenuation between the two nodes i and j. The respective attenuation 

between any control variable device located at xth and any node i in the network can be derived 

by dividing the elements of the voltage sensitivity vector stated in (4.2) or (4.8) by 

the 𝝏𝑽𝒙/𝝏𝑸𝒙 or 𝝏𝑽𝒙/𝝏𝒖𝒙  as: 

 

 𝜶𝒊𝒙 = 𝝏𝑽𝒊𝝏𝑸𝒙 / 𝝏𝑽𝒙𝝏𝑸𝒙          𝒇𝒐𝒓 𝑫𝑮 𝒖𝒏𝒊𝒕𝒔  (4.11a) 

 

                    𝜶𝒊𝒙 = 𝝏𝑽𝒊𝝏𝒖𝒙 / 𝝏𝑽𝒙𝝏𝒖𝒙       𝒇𝒐𝒓 𝒄𝒐𝒏𝒗𝒆𝒏𝒊𝒐𝒏𝒂𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒔 (4.11b) 

 

It is clear from (4.11) that any change in reactive power injection (i.e. ΔQ) at bus x could cause 

a change in the voltages at buses x and i by ΔV୶ and ΔV୧, respectively. The change in the voltage 

at a corresponding node due to reactive power injection at its own bus is greater than power 

injection at other nodes. This means that α୧୶ has a numerical value between 0 and 1. 
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The electrical distance between any control variable located at xth node and any node in the 

network 𝐷௜௫ can be derived by: 

 

 𝑫𝒊𝒙 = −𝑳𝒐𝒈 (𝜶𝒊𝒙.𝜶𝒙𝒊)  (4.12) 

 

The normalized electrical distance 𝒅𝒊𝒙 can be given by: 

 

 𝒅𝒊𝒙 = 𝑫𝒊𝒙𝒎𝒂𝒙 (𝑫𝟏𝒙,𝑫𝟐𝒙, … ,𝑫𝒏𝒙 )  (4.13) 

 

In this section, the electrical distances between voltage control devices and network nodes (i.e. 

sensitivities of the network voltages to voltage controls) are calculated. The distances can be 

used to sort the promising control variables for any violated voltage, but there is no 

coordination between these control variables. The coordination is necessary since each control 

variable has an effect on more than one node voltage.  In the next section, these electrical 

distances will be implemented to develop an index that sorts and chooses the most efficient 

controls to bring back the violated voltages within an acceptable range.  

 

4.3 Formulation of the correction index 

In order to obtain the global group of most effective control devices to simultaneously 

eliminate all violated voltages, this section introduces a new index (correction Index) to 

measure the effectiveness of each control variable to eliminate all the violations in network 

voltages. The index is based on the critical distances (i.e. sensitivities) between each control 

variable and network nodes. 

      

In the previous section, we showed that d୧୶ illustrated in (4.13) represents the normalization of 

the electrical distance between the control variable device located at xth node and any node in 

the network. The normalized electrical distance equation (4.13) considers the effectiveness of 

each control. 
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The availability of the control can also be taken into account by using a parameterization for 

the control variables such that u୶ = 0 , 1 or − 1  represents the present value, the maximum 

value or the minimum value of the control variable. However, the previous formula does not 

include the control cost.      

 

For each control variable u୶, let d୶ be the vector of electrical distances between network nodes 

and the control variable u୶ as: 

 

 𝒅𝒙 = [𝒅𝟏𝒙,𝒅𝟐𝒙, … ,𝒅𝒊𝒙, … ,𝒅𝒏𝒙 ሿ  (4.14) 

 

If C୶ is considered as the unit cost of the xth control variable, the vector d୶ can be modified as 

follows:  
 

 𝒅𝒙ᇱ = 𝒅𝒙𝑪𝒙    (4.15) 

      

Given a control u୶, the corrective index CI can be calculated by finding the summation of d୧୶ᇱ  

with respect to all the violated voltages as follows:  

 

 𝑪𝑰𝒙 =  ෍   𝒅𝒊𝒙ᇱ𝑵
𝒊ୀ𝟏  

  

(4.16) 

 

Where N is the number of violated voltages and CI୶ is the index for the control u୶. This index 

measures the ability of a control variable to bring all violated voltages within acceptable limits 

by taking into account its availability, effectiveness, and cost.  

 

A flowchart of the CI calculation is shown in Figure 4.1 
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Figure 4.1    A flowchart of CI calculation 

 

4.4 Identifying of the global control group 

The development of methods to identify a group of control variables to simultaneously correct 

the voltages in active distribution networks is necessary.  In this section, a two-phase algorithm 

(top-down and bottom-up) is proposed for this purpose.  Top-down and bottom-up are both 

strategies of data treatment and knowledge organizing, utilized widely in a diversity of fields.  

The computation effort for the top-down and bottom-up phases is very low and therefore it is 

suitable for online voltage control. 

 

The basic idea behind the top-down method is that the main task is divided into multiple 

smaller subtasks. These subtasks are further divided until the obtained subtasks can be simply 
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understood and make it easier to design or implement. Thus, it can be considered as a step-by-

step process in which each subtask is separately analyzed for solving the large problem. In 

contrast, the bottom-up method works in an inverse manner for top-down method. The bottom-

up method defines a set of rules for the individual performances and the interactions and then 

are combined into the entire problem by proceeding with the inference of the full performance. 

Figure 4.2 shows the process direction for the two approaches.  

 

 

Figure 4.2    Top-Down approach vs. Bottom-Down approach 

 

Since the subproblems in top-down method aren’t connected in a manner so that they can 

communicate well, redundancies can be obtained. However, the bottom-up approach 

implements the concept of the information hiding and, thus, it can omit the redundancies. One 

of the main applications of the bottom-up approach is testing.  

 

In this work, the two approaches have been suggested for identifying the global group of 

controls for voltage control in active distribution networks. The top-down approach uses 

aggregate control to obtain the global group, which is then allocated to individual control 

variables on the basis of their ranking in CI index. The bottom-up approach employs individual 

control variables to test the voltage estimation process.  

 

In the first phase (top-down selection), the index vector CI is reordered in descending order, 

and the control variables (started from the highest rank to the lowest rank) are chosen until all 

of the violated voltages are eliminated. Thus, this phase tries to choose the control variables 

with lowest cost and highest effectiveness. By this attempt, the result set from this phase may 
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include excessive controls and consequently increase the overall cost. In the worst case, some 

voltages may violate the opposite voltage limit. To solve these problems, a second phase 

(bottom-up selection) is employed.  

 

4.4.1 Top-down phase (phase I) 

Let Γ be a vector of all violated voltages, i.e., Γ = [V1, V2,…..,VN] and φ be the set of the most 

effective control variables to eliminate the violations in network voltages. Phase I obtains the 

set φ by choosing the control variables with highest CI values. To estimate how much each 

variable affects the violated voltage, the vector Γ is increased by the value of the control 

variable sensitivity. This selection is performed sequentially until all violated voltages are 

within the normal voltage limits. Given N𝒄 as the available number of control variable and x 

as an index for control variable, the main steps to obtain φ during the top-down phase can be 

explained in the flowchart shown in Figure 4.3. 

 

4.4.2 Bottom-up phase (phase II) 

As mentioned before, top-down strategy might contain more control actions than necessary. 

This may occur when controls with low CI, like repeated taps of VRs for example, are selected 

to complete the control process.  This high cost control variable (low CI) may be redundant to 

other control variables in set φ. 
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Figure 3.3     A flowchart of the Top-Down  
phase of the proposed method 

 

To refine the obtained set of control variables φ, phase II evaluates all the control variables in 

φ, starting from the ones with the higher cost, and eliminates the unnecessary ones. Thus, this 

phase ranks the controls in φ in ascending order. To estimate how much eliminating each 

control variable affects the voltages obtained by phase 1 (let £ = { V𝟏 , V𝟐…} is the vector of 

the voltages obtained by phase 1), the value of its sensitivity is subtracted from £. The control 

variable is considered useless if its removing from φ does not reduce the voltages to a value 

smaller than Vmin. The set φ′ is the result set by this phase. To obtain a better refinement 

process, phase 2 can also be performed for each control step k of control variables in the 
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obtained set φ′  starting from the higher step to the lower step. φ′′ is the final result set of the 

most effective controls with low cost.  

 

Given N′𝒄 N′′𝒄 as the available numbers of control variables in the group φ and φ′respectively, 

and x as an index for control variable in the set φ, the main steps to refine φ during the phase 

II can be explained in the flowchart shown in Figure 3.4.  

 

Remark: the previous steps for the two-phase algorithm takes into account only the 

undervoltage cases. However, the steps can be modified such that the proposed method 

considers overvoltage cases. This can be achieved by comparing the most violated voltage with 

the upper acceptable voltage limit Vmax in phase I. Since the availability takes a negative sign 

during overvoltage cases (i.e. the term 𝜕V௜/𝜕𝑢௫), the new value of violated voltages in the 

voltage evaluation process will definitely be reduced (instead of increased) by their 

sensitivities. Similarly, during phase II, the most violated voltage will be compared with Vmax. 

 

4.4.3 Implementation of the proposed voltage control scheme  

Figure 3.5 offers an overview of the proposed global voltage control method. It is proposed 

that the control scheme is implemented using a distribution management system (DMS) for 

online voltage control. DMS uses pseudo measurements of load and DG generation, and 

information on system structural changes as inputs. Pseudo measurements can be replaced by 

installing monitoring devices at the corresponding buses. To transfer the updated information 

about the status of set-points reference value for DG units and the status of conventional 

voltage control devices to the control center, DG units and conventional voltage control 

devices are also proposed to be integrated with a supervisory control and data acquisition 

(SCADA) system.  
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Figure 4.4    A flowchart of the bottom-up phase of the proposed method 

 

Since system reconfiguration can be done online, the structural changes can easily be obtained. 

If there are no structural changes in the network, the previous values of electric distance are 

used in the analysis.   
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Figure 4.5     An overview of the proposed global voltage control 
 

4.5 Test system and simulation results  

To check the validity of the proposed identification technique in coordinated voltage control, 

the modified IEEE 123-bus distribution network has been used for simulation.  The system and 
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the proposed voltage control approach were simulated in OpenDSS through MATLAB 

environment. Several scenarios are considered to evaluate the validity of the proposed 

algorithm in choosing the global group of controls. 

 

The IEEE 123 distribution network was designed as a multi-phase unbalanced system (PES 

DTF, 2010). In this work, the network is modified to be a three-phase balanced grid as the 

study in (Zhao et al., 2017). Figure 4.6 represents the one-line diagram of the study system. 

The normal voltage limits of this system is [0.95, 1.03] p.u. In the modified IEEE 123-bus 

system, there are three VRs and four CBs. Ten DG units (each with a capability of 400KW and 

250KVAR) are also installed at 10 buses. 

 

 

Figure 4.6    The modified IEEE 123-bus system 
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In this work, the output power by DG units, CBs and VRs were considered available for voltage 

control. Since time delay for OLTC operation is relatively long, it is not included in the voltage 

control method proposed in this paper. However, if needed, OLTC can also be included in the 

proposed method by considering its time delay in the availability aspect. 

 

Actually, the cost values assigned to control variables are directly related to the cost of the 

device to provide ancillary services. Since the controller can distinguish between the cheap 

and expensive controls, this paper assumes that the cost of change of reactive power injected 

by DG units are smaller than the costs of other control variables. This is to obtain a higher 

voltage support by generating reactive power by DG units. Reduction in tap and switching 

operations is necessary for reducing their maintenance cost and increase in its lifetime and, 

thus, a much higher cost could be assigned to them rather than other controls. The cost can be 

determined by network operators based on the type of control variables. Other factors can also 

be considered such as the age and the required maintenance of the control variable. In this 

paper, the cost values are chosen by taking into account the type of control variable. The cost 

values reflect the relative cost of each control. This work also assumes that there are some 

differences in the cost for each type of control variables. This just to show ability of the 

proposed method to distinguish between the controls belonging to the same type.   

 

The availability and cost of the different types of control variables are presented in Table 4.1. 

Shunt capacitor 𝐶ଽ଴ and DG unit 𝐷𝐺଻଼ are operated at their maximum capacity, i.e., 𝐶ଽ଴ =𝐷𝐺଻଼ 

=1 (100%). Thus, these controls are not available for control.  

 

Table 4.1a Availability and cost 
 of voltage regulators  

 

 

 

 

 

 

Location Availability Cost ($) 

9-14 100% 1000 

25-26 100% 1000 

160-67 100% 1000 
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                                 Table 4.1b Availability and cost of 
                                                  shunt capacitors 
 

 

 

 

 

 

 

                          Table 4.1c Availability and cost of KVAR 
                                                        of DG units 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Bus No. KVAR Availability Cost ($) 

83 600 75% 120 

88 50 50% 90 

90 50 0 90 

92 50 100% 90 

DG 
location 

Capability 
(KVAR) 

Availability Cost 
($) 

21 250 10% 23 

27 250 50% 25 

36 250 50% 25 

44 250 75% 25 

54 250 50% 20 

67 250 100% 25 

78 250 0% 20 

91 250 75% 23 

101 250 100% 20 

110 250 100% 23 
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4.5.1 Scenario one: undervoltage scenario  

4.5.1.1 Case 1 

In this case, one operating point is chosen as the representative scenario to examine the validity 

of the proposed technique in selection the control groups. The system operates at high demand 

and low power generation by DG units. This results in low voltages at some nodes. After 

computing the electrical distances between control variables and the violated nodes, the 

proposed method for selection of control variables was employed to obtain the set of the most 

effective control variables considering the ones with low cost to eliminate the violation in the 

voltages. The CI values are calculated and presented in Table 4.2 in decreasing order.  The 

table shows that CI values of control variables 𝐶ଽ଴ and 𝐷𝐺଻଼ equals to zero. This because the 

states of both control variables are at their maximum capacity and therefore there is no 

available control actions to activate.  

 

Table 4.2 CI values of undervoltage scenario 

 

 

 

 

 

 

 

 

 

 

From CI calculations, it is also clear that most DG units occupy higher ranks while VRs are at 

low ranks. This is the philosophy of the proposed technique to give the priority for DG units 

for voltage support. This was achieved by including the cost aspect in the analysis.  

 

Control 
No 

CI Control 
No 

CI Control 
No 

CI 

𝐷𝐺ଵ଴ଵ 0.0196 𝐷𝐺ଶ଻ 0.0063 𝐷𝐺ଶଵ 0.00085 𝐷𝐺ଵଵ଴ 0.0154 𝐷𝐺ଷ଺ 0.0058 𝑉𝑅ଶହ 0.00058 𝐷𝐺଺଻ 0.0144 𝐶଼ଷ 0.0043 𝑉𝑅ଽ 0.00028 𝐷𝐺ଽଵ 0.0124 𝐶ଽଶ 0.0025 𝐷𝐺଻଼ 0.0 𝐷𝐺ହସ 0.0100 𝑉𝑅ଵ଺଴ 0.0022 𝐶ଽ଴ 0.0 𝐷𝐺ସସ 0.0096 𝐶଼଼ 0.0012   



97 

The high CI value in Table 4.2 represents the most effective control with low cost. Top down 

phase sequentially selects the control variables from Table 4.2 to obtain the lower voltage level 

(i.e. Vmin= 0.95 p.u) . Bottom-up phase enhances the solution of phase 1 by removing 

unnecessary control variables. The obtained set of control variables is shown in Table 4.3. It 

is clear that phase I chooses the first seven control variables of Table 4.3 with a total cost of 

161 $. Phase II tried to refine the solution by eliminating the useless control actions, but no 

one is detected.  

 

Table 4.3 Group of the controls obtained via the two phases of case 1 

 Top-Down (Phase I) Bottom-Up (Phase II) 

Group of 

Controls 

𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,   𝐷𝐺ଽଵ,𝐷𝐺ହସ,𝐷𝐺ସସ,𝐷𝐺ଶ଻ 
𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,  𝐷𝐺ଽଵ,𝐷𝐺ହସ,𝐷𝐺ସସ,𝐷𝐺ଶ଻ 

Cost 161 $ 161 $ 

 

 

If the cost aspect was neglected from CI calculation, the global group of control variables 

would be  𝑉𝑅ଵ଺଴, 𝑉𝑅ଶହ, 𝐷𝐺ଵ଴ଵ, 𝐷𝐺ଵଵ଴, 𝐷𝐺଺଻,  𝐶଼ଷ,  𝐷𝐺ଽଵ, and 𝑉𝑅ଽ with a total cost of 3211$. 

This difference in the cost illustrates the necessary for including the cost aspect in the analysis.  

 

The obtained voltage profiles under three conditions: without control, control using the 

proposed method and control using an optimization problem (with an objective function to 

minimize the changes in the control variables) are shown in Figure 4.7. It is clear that the 

proposed method is successfully able to mitigate the violation in voltages.  

 

In this case, the results obtained by phase II match the ones obtained by phase I. This means 

that there is no redundant in the control variables of the set φ. In other words, any elimination 

of controls obtained by phase I would cause a violation in the lower level of normal limits (i.e 

0.95 p.u).  
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Figure 4.7   A comparison between the estimated voltage profile obtained by the proposed 
method and the profiles obtained under other conditions of case 1 

 

It is worth mentioning that it was found from the results that most of control variables are used 

for voltage control through the optimization method. In contrast, only the required controls are 

used for voltage control during the proposed method. Moreover, it was noticed that the control 

variables obtained by the proposed method have to participate more than other controls during 

the optimization method. This validates the accuracy of CI index in selecting the most effective 

controls. It was also noticed that the control variable with the highest rank have to participate 

more than other selected controls, which proves the effectiveness of the index CI.  
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4.5.1.2 Case 2 

To show the validity of bottom-up phase in the refinement process, the system is operated at a 

more severe condition than the previous one.  The obtained set of control variables is shown 

in Table 4.4. It is clear that phase I chooses the first eleven control variables of Table 4.2 with 

a total cost of 1396 $. Phase II eliminates one control variable, reducing the cost 1306$. To 

achieve a better refinement, phase II is also performed for step actions of each control variable 

of the obtained set. The results showed that the bottom-up phase was able to eliminate 14 taps 

of the control variable 𝑉𝑅ଵ଺଴, reducing the total cost to 431$ (assuming that the cost for each tap 

= 1000/16 $). 

 

Table 4.4   Group of the controls obtained via the two phases of case 2 

 Top-Down (Phase I) Bottom-Up (Phase II) 

Group of 

Controls 

𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,   𝐷𝐺ଽଵ,𝐷𝐺ହସ,𝐷𝐺ସସ,𝐷𝐺ଶ଻, 𝐷𝐺ଷ଺,𝐶଼ଷ,𝐶ଽଶ, 𝑉𝑅ଵ଺଴ 

𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,   𝐷𝐺ଽଵ,𝐷𝐺ହସ,𝐷𝐺ସସ,𝐷𝐺ଶ଻,𝐷𝐺ଷ଺, 𝐶଼ଷ,𝑉𝑅ଵ଺଴(tap=2) 

Cost 1396$ 431 $ 

 

Table 4.5 compares some of the violated voltages with the new estimated values obtained by 

the two phases. It is clear that the voltages obtained by the phase I is higher than or equal to 

the ones obtained by the phase II. This due to the fact that the top-down phase overestimates 

the control requests to get the lower voltage level. From the results, it is also shown that the 

voltage at bus 102 is the most violated one. The top-down phase chose many control actions 

until the most violated voltage was larger than Vmin. This phase tried to mitigate the violation 

in voltages by selecting controls of low cost such as the reactive power output by DG units. 

However, the DG units have no enough ability to solve the problem. Controls with higher cost 

are then included in the group to solve the problem. The bottom-up phase refined the solution 

obtained by phase 1 by removing the useless actions while maintaining the most violated 

voltage greater than Vmin.  
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Table 4.5   Estimated violated voltages with the obtained  
group of case 2 

Bus no Without control Top-Down Bottom-Up 

13 0.9543 0.977 0.977 

35 0.9389 0.9589 0.9587 

48 0.9914 0.9525 0.9522 

91 0.9003 1.0352 0.9521 

114 0.9008 1.0362 0.9543 

 

The comparison between the estimated voltage profile obtained by the two phases and the 

profiles under other conditions are shown in Figure 4.8. It is clear that the proposed method is 

successfully able to mitigate the violation in voltages. We can also see that the voltages 

obtained by phase I is higher than or equal to the ones obtained by phase II. 

 

The high difference in the voltages at the end of the curve occurs due to the action of control 

variable 𝑉𝑅ଵ଺଴. The availability of 𝑉𝑅ଵ଺଴ is 100% which means that there are 16 taps to enact. 

During phase I, the control variable 𝑉𝑅ଵ଺଴  with its full availability is chosen for control. 

However during phase II, the bottom- up phase eliminates the useless control actions of 𝑉𝑅ଵ଺଴ 

(14 taps in this case). This demonstrates the necessary of the bottom-up phase in the selection 

process to eliminate the unnecessary actions and, hence, reduce the total cost.  

 

4.5.1.3 Case 3 

This case shows the performance of the proposed method when most of DG units are installed 

at the far end of the system. Moreover, this scenario deals with cases where multi DG units are 

installed at one node or one feeder. Thus, the DG units: 𝐷𝐺ଶଵ, 𝐷𝐺ଶ଻, 𝐷𝐺ଷ଺, 𝐷𝐺ସସ, and 𝐷𝐺ହସ 

shown in Figure 4.5 are changed to be placed at the nodes 110, 104, 71, 75 and 85 respectively 

(but the numbers assigned with DG units remain unchanged despite of changing their 

locations). 
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Figure 4.8   A comparison between the estimated voltage profile obtained by 
the two phases and the profiles obtained under other conditions of case 2 

 

 In this scenario, the system also operates at high demand and low power generation by DG 

units. The obtained set of control variables with the total cost are shown in Table 4.6.  

 

Table 4.6   Group of the controls obtained via the  
two phases of case 3 

 Top-Down (Phase I) Bottom-Up (Phase II) 

Group of 

Controls 

𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,   
  𝐷𝐺ସସ,𝐷𝐺ଽଵ 

𝐷𝐺ଵ଴ଵ,𝐷𝐺ଵଵ଴,𝐷𝐺଺଻,   
 𝐷𝐺ସସ,𝐷𝐺ଽଵ 

Cost 116 $ 116$ 
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The comparison between the estimated voltage profile obtained by the proposed method and 

the profiles under other conditions are shown in Figure 4.9. From the results, it is clear that the 

proposed method was successfully able to eliminate the violations in the voltage by selecting 

and refining a global group of controls. 

 

 

Figure 4.9   A comparison between the estimated voltage profile obtained by the  
proposed method and the profiles obtained under other conditions of case 3 

 

Since most of the voltages are violated at the far end of the system, we can see that all the 

selected controls are available near their regions. This validates the accuracy of the proposed 

controller in the selection process. We can also see that the increase amount in the voltages at 

the region of 0-60 nodes is less than the amount shown in case 1. This is due to the fact that 

more controls are required to be activated in the region of 0-60 nodes of case 1.   
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From Table 4.6 we can also see that although two DG units are located at the same node (𝐷𝐺ଶଵ 

and 𝐷𝐺ଵଵ଴), the controller selects 𝐷𝐺ଵଵ଴ while the unit 𝐷𝐺ଶଵ is ignored.  This is due to fact 

that the proposed method takes into account the availability of control variables in the analysis. 

 

4.5.2 Scenario two: structural changes scenario  

To check the validity of the proposed technique during structural changes, the first case of 

undervoltage scenario is repeated but with closing the switch (151-300) and opening the switch 

(97-197) of the test system. This will make a change in the values of electric distances between 

nodes. The result of CI values and the group of the most effective controls (during both phases) 

are presented in Table 4.7 and Table 4.8 respectively. 

 

It can be seen from table 4.7 that the CI index has a different value and ranking from those 

presented in scenario 1. Consequently, we can find that there is a change in the result group of 

control. The bottom-up phase was able to eliminate four control variables (useless ones), 

saving a cost of 95$. Therefore, the proposed method is able to account for the effect of 

topology changes in the system. This because the proposed algorithm is based on the concept 

of the electrical distances.  

           

Table 4.7   CI values of structural changes scenario 

Control 
No 

CI Control 
No 

CI Control 
No 

CI 

𝐷𝐺ଵ଴ଵ 0.0148 𝐷𝐺ଶ଻ 0.0063 𝐷𝐺ଶଵ 0.00085 𝐷𝐺଺଻ 0.0144 𝐷𝐺ଷ଺ 0.0058 𝑉𝑅ଶହ 0.00058 𝐷𝐺ଽଵ 0.0124 𝐶଼ଷ 0.0043 𝑉𝑅ଽ 0.00028 𝐷𝐺ଵଵ଴ 0.0116 𝐶ଽଶ 0.0025 𝐷𝐺଻଼ 0.0 𝐷𝐺ହସ 0.0100 𝑉𝑅ଵ଺଴ 0.0022 𝐶ଽ଴ 0.0 𝐷𝐺ସସ 0.0096 𝐶଼଼ 0.0012   
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Table 4.8   Group of the controls obtained via the two phases  
of scenario 2 

 Top-Down (Phase I) Bottom-Up (Phase II) 

Group of 

Controls 

𝐷𝐺ଵ଴ଵ,𝐷𝐺଺଻,𝐷𝐺ଽଵ,𝐷𝐺ଵଵ଴,  𝐷𝐺ହସ,𝐷𝐺ସସ,𝐷𝐺ଶ଻,𝐷𝐺ଷ଺,𝐶଼ଷ 
𝐷𝐺ଵ଴ଵ,𝐷𝐺଺଻,𝐷𝐺ଽଵ,   𝐷𝐺ଵଵ଴,𝐶଼ଷ 

Cost 276 $ 181 $ 

 

The comparison between the estimated voltage profile obtained by the two phases and the 

profiles under other conditions are shown in Figure 4.10. It is clear that the proposed method 

is successfully able to mitigate the violation in voltages by only the obtained five control 

variables. 

 

4.5.3 Scenario three: overvoltage scenario  

In this scenario, the system operates at low power demand and high-power generation by DG 

units. This results in overvoltage at some nodes. For overvoltage cases, active power 

curtailments can be included as control variables but with a high cost. KW Capability, 

availability, and cost of DG units are shown in Table 4.9. The KVAR data presented in Table 

4.1c are also used for overvoltage control but with an assumption that the availability is in a 

negative direction (i.e. the KVAR availability is 100% for 𝐷𝐺଻଼ and 0% for 𝐷𝐺ଵଵ଴).  

 

The CI values for controls are calculated and ranked. The results showed that most of KVAR 

controls occupy higher ranks than active power curtailments due to taking into accounts the 

cost aspect. By performing the proposed method for identifying the global group of control, 

we found that the units 𝐷𝐺଻଼, 𝐷𝐺ହସ,𝐷𝐺ଶଵ, 𝐷𝐺ଶ଻, 𝐷𝐺ଷ଺, and 𝐷𝐺ଽଵare selected for KVAR 

control while the units 𝐷𝐺ଵଵ଴, 𝐷𝐺଺଻ and 𝐷𝐺଻଼ are selected for active power curtailment in 

order to eliminate all the violated voltages.  
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Figure 4.10   A comparison between the estimated voltage profile obtained by the  
two phases and the profiles obtained under other conditions for scenario 2 

 

Since the availability for 𝐷𝐺ଵଵ଴, 𝐷𝐺ଵ଴ଵ, 𝐷𝐺଺଻ for overvoltage control is 0%, they aren’t 

selected in the global group of controls. If the cost was not included in the analysis, we will 

find that most of DG units will be selected for active power curtailments instead of KVAR 

control. This is due to the fact that most of DG units have high levels of KW availability 

compared with KVAR capability.   
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            Table 4.9   KW availability and cost of DG units 

 

 

 

 

 

 

 

 

 

 

 

 

 

      

The comparison between the estimated voltage profile obtained by the proposed method and 

the profiles under other conditions are shown in Figure 4.11. It is clear that the proposed 

method is successfully able to mitigate the violation in the voltages.      

 

4.5.4 Dynamic simulation studies  

The applicability of the proposed technique for online voltage control can be examined through 

dynamic response.   The operating condition presented for the case one of undervoltage 

scenario is repeated for this scenario. The only change is that all DG units are assumed to be 

solar PV systems. To get a dynamic response, the test system is operated under rapid solar 

variations.  The solar changes start by declining from 100% at t = 0 sec to 0.09% at t=34ses. 

Then, the changes are stopped for 6 sec. After that, the solar changes start to increase to reach 

100% at t = 72 sec. The same cycle is repeated until 120 sec is completed.   

 

DG 
location 

capability 
(KW) 

Availability Cost 
($) 

21 350 90% 300 

27 350 70% 300 

36 350 80% 300 

44 350 90% 300 

54 350 70% 300 

67 350 90% 300 

78 350 80% 300 

91 350 70% 300 

101 350 70% 300 

110 350 90% 300 
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Figure 4.11   A comparison between the voltage profile obtained by the proposed  
method and the profiles obtained under other conditions for scenario 3 

 

Remark: The obtained controls in the global set in the corresponding case are all DG units. 

Thus, in order to show the speed of the proposed method, it is assumed that the control actions 

will take place during seconds. However, control adjustments can be required every minute, 

15 minutes, or every day. This is governed by (a) the time delay associated with conventional 

controls and (b) the available input data to the controller (i.e. load and DG generation).   

      

The node having the most violated voltage, node 85, is chosen for dynamic studies. The 

comparison between the estimated voltages of node 85 obtained by the proposed method and 

the voltages with no control is presented in Figure 4. 12. It is clear that the proposed method 

for voltage control has a very fast response. This is due to the fact that the proposed method 

has a very simple calculation.  
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Figure 4. 12 The comparison between the estimated voltages of node 85  
obtained by the proposed method and the voltages with no control 

 

4.6 Conclusions  

In this work, a new identification method to determine a global group of controls for online 

CVC for active distribution systems is developed. Only the most effective control variables 

with the low-cost ones are identified as a global group to simultaneously bring back all the 

violated voltages inside the normal voltage limits.  The proposed technique takes into the 

consideration the effectiveness, availability, and cost of the control variables as well as the 

structural changes of networks and the coordination between control variables to 

simultaneously correct all violated voltages. This method depends on the concept of electrical 

distances between control variables and system buses. The top-down and bottom-up phases are 

used to achieve the selection process.  
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Tests were conducted on the Modified IEEE 123-bus network. The control variables were 

successfully grouped in terms of their effectiveness and cost to mitigate the violation in the 

voltages. Activation of the control variables of the obtained group demonstrates that all 

violated voltages are restored inside the normal limits with a low cost. Thus, the proposed 

method can guide the network operator to choose the minimum number of controls to eliminate 

the violations in voltages. 

 

Since the proposed identification algorithm mainly depends on the concept of the electrical 

distances, the proposed method was effectively also able to account for the effect of topology 

changes in the grid. The proposed method was also checked in a dynamic simulation. Dynamic 

results demonstrate the efficacy of the proposed method in voltage control with fast response 

time.  

      

Further work is required to take into account the OLTC in the proposed voltage considering its 

time delay and in a dynamic analysis. The transient performance of distribution network under 

the action of the proposed method and under different scenarios is also part of our vision.  
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Abstract 

With the rapid increase in hosting large penetration levels of Distributed Generation (DG), 

voltage stability problem has raised a main concern for distribution networks.  This study 

proposes a new centralized voltage control method following a security purpose for active 

distribution grids. The method is based on a sensitivity analysis to optimally dispatch the 

control variables. The sensitivity analysis uses a Thevenin- based load impedance margin 

(TLIM) derived from the nodal measurements to take into the consideration the changes in the 

system operation, especially those caused by the rapid-response devices of DGs. Sensitivity of 

load and equivalent impedances to control variables is investigated via the derivation of nodal 

voltage and current with respect to control variables. Accordingly, the contribution of each 

control variable in change TLIM and, hence, in voltage control can accurately be obtained. The 

changes of the impedances of pilot bus, which has the smallest value among all the TLIMs, are 

formulated in a multi-step optimization problem in terms of impedance sensitivities for the 

optimal dispatch of controls. The proposed sensitivities and their application in voltage control 

are successfully validated by a 11-kV distribution grid including 77 bus and hosting 22 DG 

units. Simulation results show the validity and the accuracy of the proposed sensitivity method 

in voltage control during different scenarios.   
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5.1 Introduction  

Integration of a high penetration level of DG units has brought significant operational problems 

upon the distribution networks (Atwa et al., 2010). Over and under voltages are one of the 

main problems caused by the intermittent generation of DGs. Since DG units have the ability 

to provide ancillary services, numerous research efforts have focused to utilize DG units in 

voltage control. A review of the voltage control models proposed for smart distribution 

networks is presented (Evangelopoulos et al., 2016). The optimization-based technique is one 

of these approaches to obtain the optimal output power of DG units.  

 

A coordinated voltage control for active distribution networks is proposed (Richardot et al., 

2006) to show the ability of DG units to regulate the system voltage. A coordinated voltage 

control for distribution networks is presented (Biserica et al., 2011) to maintain voltages at 

their set-point value. A centralized voltage control model based on sensitivity analysis is 

proposed (Zhou et al., 2007) to minimize the curtailment in active power production of DG 

units. A short-term scheduling of a distribution system is presented (Borghetti et al., 2010) to 

minimize the variation in the output of DG units and node voltages. An optimal voltage control 

is developed (Oshiro et al., 2011) to reduce the voltage deviation in distribution networks using 

DG units. An optimal voltage control to minimize the deviation in the voltage at pilot bus and 

the power production by DG units is proposed (Castro et al., 2016). A nonintrusive control 

strategy using voltage and reactive power for distribution systems based on PV and the nine-

zone diagram is presented (Dou et al., 2019). A new mutation fuzzy adaptive particle swarm 

optimization algorithm is presented (Yang et al., 2015) to mitigate the overvoltage and 

minimize total loss in active distribution systems. A new Coordinated voltage control in 

distribution networks including several distributed energy resources is developed (Kulmala et 

al., 2014). A multiagent-based dispatching scheme for distributed generators for voltage 
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support on distribution feeders is presented (Baran et al., 2007). A coordinated voltage control 

of tap changers and DG units is presented (Jakus et al., 2015) to maximize daily DGs 

production and minimize the daily losses. A voltage control framework for day-ahead 

operation is presented (Degefa et al., 2015) with the objective to minimize the power losses 

and voltage violations in active distribution grids. The voltage control scheme developed (Li 

et al., 2018) aims to enable high solar penetrations in distribution systems while minimizing 

the voltage deviations and tap operations. An advanced voltage control scheme is proposed 

(Olival et al., 2017) for smart microgrids to maximize power generated by DG units. A control 

approach exploits the reactive power capability of DG units to minimize the power losses and 

mitigating overvoltages (Kryonidis et al., 2019). An optimal power flow is used for voltage 

control in medium voltage networks with the objective to minimize the curtailment of DG units 

and reduce the shedding of controllable loads (Meirinhos et al., 2017). The aforementioned 

methods formulate the problem as a single step optimization. To compensate the modeling 

inaccuracies, a Model Predictive Control (MPC) is proposed (Valverde et al., 2013) to correct 

the voltages in active distribution networks. Multi-step optimization is used in the literature to 

speed-up the computation and to avoid numerical problems (Alamo et al., 2015), (Guo et al., 

2017). It can be also used for large scale systems.  

 

Generally speaking, the target voltage or normal operating limits of optimization-based voltage 

control may follow a security or economical purpose.  However, all models proposed in the 

literature are designed for economic purposes (i.e. minimize the control cost or network losses) 

or voltage deviation minimization. All researchers focus only on keeping voltage magnitudes 

of distribution network within normal limits. However, the acceptable voltage magnitude 

cannot ensure that the system is stable (Lof et al., 1992). According to (Kundur et al., 1994), 

for a highly reactive power compensated system, voltage instability could happen even if the 

voltage magnitude is close to the nominal value. 

 

The continuity in integration high penetration levels of DGs in distribution grids could impose 

a new challenge on network stability. This is due to displacement of a significant portion of 

the synchronous generation and increase the electrical distances between nodes (Nazari et al., 
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2014). Moreover, DG unavailability (or outage) and the continuously fast load increase can 

also significantly affect the voltage stability in distribution networks. Besides, some types of 

DG units (i.e. fixed speed wind turbines) always consume reactive power, which may cause 

voltage instability in distribution systems (Liu et al., 2014). Another essential issue is that when 

transmission networks meet accidents, the voltage stability in distribution systems may be 

affected during post disturbances periods. For all these reasons, it is necessary to pay more 

attention for voltage control following security purposes (i.e. voltage stability issues) in future 

distribution grids.  

 

Several techniques have been proposed for voltage stability analysis in distribution networks: 

continuation power flow CPF (Dou et al., 2017), probabilistic evaluation (Liu et al., 2015) and 

modal analysis technique (Chou et al., 2014).  However, all these approaches require extensive 

calculations that are not suitable for real-time applications. Several voltage stability indicators 

have been presented by reducing the distribution network into two-bus system (Gubina et al., 

1997), (Jasmon et al., 1991), (Hamada et al., 2010). However, those indicators are derived only 

at one operating point and none of them can involve the dynamic nonlinear behavior of loads. 

 

Since power systems are highly nonlinear, the equivalent network would be adequate for 

voltage stability assessment under different conditions. With the development of phasor 

measurement units (PMUs), the situational awareness of the network operators is increased by 

developing new approaches for voltage stability assessment. In the meanwhile, to include the 

dynamic nonlinear behavior of power systems, the developed equivalent nodal analysis (Wang 

et al., 2011) was extended to be used in distribution networks (Alzaareer & Saad, 2018) for 

voltage stability assessment. The same concept was also used to detect the voltage instability 

of fixed-speed induction generator in distribution networks (Liu et al., 2014). The equivalent 

nodal analysis is simple such that Thevenin circuit seen by a load bus can be easily obtained 

and, then, incorporated into voltage stability assessment. Moreover, the parameters of 

equivalent impedances can be updated in case of the changes in the system operation, 

especially those caused by the rapid-response devices of DGs. 
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The existing Thevenin based methods have a lack of guiding information regarding the 

decisions of control measures. Thus, performing sensitivity analysis on the parameters of the 

Thevenin circuits is necessary for voltage stability prediction and control. The information of 

how each control variable contributes in voltage control is an important issue for network 

operators.   

 

In this regard, this paper proposes a voltage control model following a security purpose by 

applying the optimal changes of DG production. On the basis of that, a sensitivity analysis is 

proposed on the terms of TLIM, which is derived from equivalent nodal analysis, to investigate 

the optimal dispatch of control variables. The key contributions of this study are:  

• Using the common optimization methods for voltage control in distribution networks, the 

normal operating limits of voltage follow an economical purpose. In contrast, this work 

uses a voltage stability index, namely TLIM, as a target for voltage control in distribution 

networks. In other words, not only the voltage profile is considered as a main goal in this 

study, but also the voltage stability is taken into account.  

• The sensitivity analysis is presented for the first time in order to evaluate the sensitivity of 

the load and the equivalent impedances of a load bus to control variables. These 

sensitivities are derived via the derivation of nodal voltage and current with respect to 

control variables. The proposed sensitivities provide an analysis of not only how other 

buses affect the impedances of a specific load bus but also how the specific bus can affect 

the impedances of other load buses. 

• Compared with the well-known sensitivity techniques that oriented to find the contribution 

of each control variable in change of voltage stability margin, the proposed sensitivity 

approach does not require a detailed system model and complex calculation to find the 

critical point via CPF or the singularity of Jacobian matrix. This feature makes the proposed 

sensitivity method suitable for real-time voltage control in distribution networks.   

• Simulation results successfully verify the proposed impedance sensitivities and validate 

that they can accurately find the optimal dispatch of control variables and demonstrate their 

accuracy in voltage control.  
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The rest of the paper is as follows:  Section 2.2 presents the Equivalent Nodal Analysis to 

formulate TLIM. Section 2.3 uses the sensitivity analysis to derive the change of TLIM due to 

control variable changes. The optimization-based Voltage Control Scheme is presented in 

section 2.4. Section 2.5 shows the results and discussion.  

 

5.2 Thevenin based load impedance margin TLIM 

TLIM is an index for estimating the voltage stability margin, derived from the equivalent nodal 

analysis and based on Thevenin’s equivalent theory. In general, the nodal current equation of 

any power system can be written as [V]=[Z][I]. Where Y is the network bus admittance, I and 

V are bus current and voltage vectors, respectively. The network buses can be classified into 

generator buses G = {1,…, M},  load buses L = {M+1,…, N} and Tie buses T = {N+1, …, R}. 

By eliminating the tie buses and reorganizing the nodal equation, we can obtain:  

  

 ൤𝑉𝑉௅൨ =  ൤𝑍ீீ 𝑍ீ௅𝑍௅ீ 𝑍௅௅൨ ൤ 𝐼−𝐼௅൨ (5.1) 

 

Where Z  is the network impedance matrix. From (5.1), the load voltage can be expressed as: 

 

  𝑉௅ = 𝑍௅ீ  𝐼  − 𝑍௅௅ 𝐼௅ (5.2) 

 

The term Z୐ୋ Iୋ can be written as: 

 

           𝑍௅ீ  𝐼 = ( 𝑍௜ଵ𝐼ଵ + ⋯  + 𝑍௜ெ𝐼ெ) = ෍𝑍௜௝𝐼௝௝ ఢ ீ  

 

 

(5.3) 

 

and the term Z୐୐ I୐can be written as: 
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 𝑍௅௅ 𝐼௅ = (𝑍௜ଵ𝐼ெାଵ + ⋯+ 𝑍௜௜𝐼௜ + ⋯+ 𝑍௜ே𝐼ே) = ⎝⎜
⎛ 𝑍௜௜ + ෍𝑍௜௝ 𝐼௝ 𝐼௜௝ ఢ ௅௜ ஷ௝ ⎠⎟

⎞ 𝐼௜   

(5.4) 

 

Thus, the voltage at load bus i 𝜖 𝐿, can be obtained as: 

 

 𝑉௜ = ෍𝑍௜௝  𝐼௝௝ ఢ ீ −   ⎝⎜
⎛ 𝑍௜௜ + ෍𝑍௜௝ 𝐼௝ 𝐼௜௝ ఢ ௅௜ ஷ௝ ⎠⎟

⎞  𝐼௜  

(5.5) 

 

where I୧ and I୨ are the current injected at load buses i and j respectively; Z୧୧ and Z୧୨  are the self 

and coupling impedance of bus i respectively and can be directly obtained using the submatrix Z୐୐. 

 

Since (5.5) can be written in terms of the Thevenin parameters as   𝑉௜= 𝑉௘௤,௜ −   𝑍௘௤,௜𝐼௜, we 

conclude that: 

 

  𝑍௘௤,௜ =  𝑍௜௜ + ෍𝑍௜௝ 𝐼௝ 𝐼௜௝ ఢ ௅௜ ஷ௝
  

(5.6) 

 

Where  Vୣ୯,୧  and   Zୣ୯,୧ are the equivalent voltage and impedance referred to load bus i 

respectively. Based on the Thevenin equivalent theory, the maximum power transfer to a load 

bus occurs when the load impedance |Z୐| matches the equivalent impedance of the rest of the 

system หZୣ୯ห. TLIM at any load bus i can then be obtained as: 

 

                              𝑇𝐿𝐼𝑀௜ = ห௓ಽ,೔หିห௓೐೜,೔หห௓ಽ,೔ห                     i 𝜖 𝐿 (5.7) 
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Where Z୐,୧ is the load impedance of bus i and can be found as: 

 

  𝑍௅,௜ =  ௏೔ூ೔   (5.8) 

 

Where V୧ and I୧ are the measured voltage and current at bus i respectively. Based on (5.6) -

(5.8), it is clear that the load and the equivalent impedances are based on the nodal current and 

voltage measurements and the network impedance matrix. This means that this approach 

requires PMUs to be installed at the load buses to measure the nodal voltage and current. The 

nodal measurements and the data of Y matrix are sent through Supervisory Control and Data 

Acquisition (SCADA) system onward to control center. The calculations are then done in 

control center to obtain the optimal changes in control variables. Those changes are sent to 

update the reference set-points of controls.  

 

Remark: For practical systems, appropriate PMU placement techniques can be performed first 

while ensuring the full observability of the network. PMUs can be installed at critical buses 

where the power is supplied to a couple of nodes or feeders. Thus, all the downstream nodes 

of each critical bus can be seen as one lumped load impedance. This issue is not part of the 

present paper and will be studied in our future works. 

 

The value of the TLIM ranges from 0 to 1, and TLIM = 0 represents the instability point where หZୣ୯ห=|Z୐| (as proposed in other Thevenin- based indices (Liu et al., 2014),( Li et al., 2017),( 

Matavalam et al., 2017)). For large power systems, the smallest value among all the TLIMs can 

be selected to represent the system margin (i.e. pilot node) as (Wang et al., 2011):  

 

                                   TLIM = min ( 𝑇𝐿𝐼𝑀௜)                  i 𝜖 𝐿 (5.9) 

 

To show the behavior of the proposed TLIM in determining the distance to voltage instability, 

let us consider the R–X diagram in Figure 5.1. If the load impedance |Z୐| is moved from B to Bᇱ or the radius of the equivalent impedance หZୣ୯ห is increased from A to Aᇱ, the TLIM will 
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decrease. If |Z୐| is located inside the circle with a radius หZୣ୯ห , the system is unstable. 

Therefore, it is necessary to keep |Z୐| far away from the circle of Zୣ୯ to maintain a safe stability 

and operation.   

 

 
Figure 5.1   R–X diagram for TLIM 

 

It is worth mentioning that หZୣ୯ห is not a constant value and varies following the dynamic 

behavior of power systems. Since the derived TLIM is based on equivalent nodal analysis, it 

can easily capture any change in system operation and, hence, the increment or decrement in หZୣ୯ห as illustrated in (5.6). 

 

5.3 TLIM-based sensitivity analysis  

According to section 5.2, any change in load power consumption (i.e. load current) or voltage 

of load bus i will result in an increase or decrease in the load impedance. Similarly, any change 

in the current or voltage of other load buses will result in an increment or decrement in the 
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equivalent impedance seen by the load bus i. To explain how control variables can vary the 

impedances referred to a load bus, let us consider the small distribution system shown in Figure 

5.2.  

 

 
Figure 5.2   Simple distribution system with simplified circuit referred to bus 4  

(a) before and (b) after injecting power by DG 
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The network consists of 3 load buses (1, 2 & 4) and one bus for DG installation (bus 3). It is 

assumed that DG unit operates with constant output power.  As we explained in section II, to 

assess the voltage stability at bus 4, the network can be simplified to Thevenin equivalent 

circuit as shown in Figure 5.2a. Any increase or decrease in power injected by DG unit will 

cause the voltages and branch currents to change by ΔV୐, ΔI୐ respectively. By referring to (5.6) 

& (5.8), we can conclude that the load and the equivalent impedances referred to a load bus 4 

will vary by ΔZ୐, ΔZୣ୯ respectively, as shown in Figure 5.2b. Accordingly, the voltage stability 

of any load bus can be estimated as expressed in (5.7). 

 

However, no further information is available to guide the decisions of control measures. To 

provide such information, sensitivity analyses on the load and the equivalent impedances is 

performed in this study to examine the impact of control variables (i.e. nodal power injection) 

on these impedances. Accordingly, the contribution of each control variable in change TLIM 

can be easily obtained. This helps network operators to take a global measure to improve the 

nodes voltages as well as the voltage stability.  
5.3.1 Sensitivity of load bus voltages to control variables  

Sensitivity of a load bus voltage to any change in control variable u୶ can be calculated as:  
 𝑑𝑉௜𝑑𝑢௫ =  𝑒௝ఏ೔ ቆ𝑑|𝑉௜|𝑑𝑢௫ + 𝑗|𝑉௜| 𝑑𝜃௜𝑑𝑢௫ቇ 

 (5.10) 

 

Where |V୧|  and θ୧  are the node i voltage magnitude and angle respectively. Assuming that the 

control variables are only the power injected by DG, d|V୧|/du୶and dθ୧/du୶ can be obtained 

from the inverse of Jacobian matrix J as:  

  

 ቂ∆|𝑉|∆𝜃 ቃ = [ 𝐽ሿିଵ ൤∆𝑃∆𝑄൨ = ⎣⎢⎢
⎡𝜕|𝑉|𝜕𝑃 𝜕|𝑉|𝜕𝑄𝜕𝜃𝜕𝑃 𝜕𝜃𝜕𝑄 ⎦⎥⎥

⎤ ൤∆𝑃∆𝑄൨  

(5.11) 
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Where ∂|V|/ ∂P and  ∂|V|/ ∂Q are the sensitivity vectors of nodal voltage magnitude to real 

and reactive power injection, respectively. ∂θ/ ∂P  and  ∂θ/ ∂Q are the sensitivity vectors of 

nodal voltage angle to real and reactive power injection, respectively. 

 

5.3.2  Sensitivity of load currents to control variables  

The load current at any bus i can be calculated as: 

 

 𝐼௜ = 𝑆௜∗𝑉௜∗  (5.12) 

 

Where S୧ is complex power of bus i. Thus, the sensitivity of any load current to control variable 

can be obtained by:  

 

 𝑑𝐼௜𝑑𝑢௫ =  𝑑 ൜𝑆௜∗𝑉௜∗ൠ𝑑𝑢௫  =   𝑉௜∗ 𝑑𝑆௜∗𝑑𝑢௫ − 𝑆௜∗ 𝑑𝑉௜∗𝑑𝑢௫   𝑉௜∗ଶ  

 

 (5.13) 

 

At constant load impedance, the term S୧∗ can be written as: 

 

 𝑆௜∗ = |𝑉௜|ଶ 𝑍௅,௜  
 (5.14) 

 

 

Thus, the sensitivity S୧∗ to control variable can be calculated as: 

 

 𝑑𝑆௜∗𝑑𝑢௫ =  2 𝑉௜𝑍௅,௜ 𝑑𝑉௜𝑑𝑢௫ 
 (5.15) 
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By substituting (5.14) & (5.15) into (5.13), we obtain:     

 

 𝑑𝐼௜𝑑𝑢௫ = 𝐼௜𝑉௜∗ ቆ2 𝑑𝑉௜𝑑𝑢௫ − 𝑑𝑉௜∗𝑑𝑢௫ቇ 
 (5.16) 

 

 

5.3.3 Sensitivity of load impedances to control variables  

The sensitivity of load impedance Z୐,୧ to control variable u୶  can be found by taking the 

derivation of (5.8) with respect to u୶: 

 

 𝑑𝑍௅,௜𝑑𝑢௫ =  𝑑 ቄ𝑉௜𝐼௜ ቅ𝑑𝑢௫ =   𝐼௜ 𝑑𝑉௜𝑑𝑢௫ − 𝑉௜ 𝑑𝐼௜𝑑𝑢௫   𝐼௜ଶ  

 

 (5.17) 

 

By substituting (5.16) into (5.17), we obtain:  

 

 𝑑𝑍௅,௜𝑑𝑢௫ =  ൬1 − 2𝑉௜𝑉௜∗൰ 𝑑𝑉௜𝑑𝑢௫ +  𝑉௜𝑉௜∗ 𝑑𝑉௜∗𝑑𝑢௫  𝐼௜  

 

(5.18) 

 

 

5.3.4 Sensitivity of equivalent impedances to control variables  

The sensitivity of the equivalent impedance referred to a load bus i to control variable u୶ can 

be calculated by taking the derivation of (5.6) with respect to u୶ as: 

  

 𝑑𝑍௘௤,௜𝑑𝑢௫ = ෍𝑍௜௝ 𝑑 ൬𝐼௝𝐼௜൰𝑑𝑢௫  ௝ ఢ ௅௜ ஷ௝
= ෍𝑍௜௝  𝐼௜  𝑑𝐼௝𝑑𝑢௫ − 𝐼௝ 𝑑𝐼௜𝑑𝑢௫𝐼௜ଶ      ௝ ఢ ௅௜ ஷ௝

 

 

 (5.19) 
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By substituting (5.16) for the buses i & j into (5.19), we obtain:  

 

 𝑑𝑍௘௤,௜𝑑𝑢௫ = ෍   𝑍௜௝𝐼௝𝐼௜ ቆ 2𝑉௝∗ 𝑑𝑉௝𝑑𝑢௫ − 2𝑉௜∗ 𝑑𝑉௜𝑑𝑢௫ − 1𝑉௝∗ 𝑑𝑉௝∗𝑑𝑢௫ + 1𝑉௜∗ 𝑑𝑉௜∗𝑑𝑢௫   ቇ ௝ୀଵ௜ ஷ௝
 

 

 (5.20) 

 

5.3.5 Calculation the change of TLIM 

By obtaining the sensitivities dZ୐,୧/du୶ and dZୣ୯,୧/du୶ , we can obtain that: 

 
 𝛥𝑍௅,௜ =  ෎   𝑑𝑍௅,௜𝑑𝑢௫  𝛥𝑢௫  ெ

௫ୀଵ  

 

 

 (5.21) 

 

 𝛥𝑍௘௤,௜  = ෎   𝑑𝑍௘௤,௜ 𝑑𝑢௫  𝛥𝑢௫   ெ
௫ୀଵ  

 

 (5.22) 

 

Whrere ΔZ୐,୧ & ΔZୣ୯,୧ are the change in the load and equivalent impedances referred to load 

bus i respectively. Δu୶ represents the change in the control variable x. M represents the number 

of control variables. The new TLIM that results due to the changing in control variables can be 

found as: 

 

 𝑇𝐿𝐼𝑀௜,௡௘௪ =   ห𝑍௅,௜ + 𝛥𝑍௅,௜ห − ห𝑍௘௤,௜ +  𝛥𝑍௘௤,௜หห𝑍௅,௜ +  𝛥𝑍௅,௜ห  
 (5.23) 

  

 

From (5.21)-(5.23), it is clear that the change in any control variable (i.e. the power injected) 

at a particular load bus will not only affect the voltage stability (TLIM) of its own bus, but also 
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the stability of other buses. According to (5.18) & (5.20), the proposed sensitivities can be used 

to investigate the coupling effect of the load buses in TLIM and to assess the impact of change 

of the power injected by any DG to the load and the equivalent impedances and, hence, voltage 

stability. 

 
5.4 Voltage control scheme  

The voltage control approach proposed in this study is based on a multi-step optimization to 

smoothly correct the voltages.  The approach is inspired from MPC to predict the behavior of 

the system over interval of n discrete steps (Valverde et al., 2013). Since the pilot bus can 

determine the overall performance of the network, the main objective in this study is to 

minimize the deviation in the margin (TLIM) of the pilot bus. Accordingly, a standard 

Quadratic Programming problem can be formulated as:  

 

 𝑚𝑖𝑛 ෍   ฮ𝑅𝑒𝑓 −  𝑇𝐿𝐼𝑀௣(𝑡 + 𝑘)ฮଶ  ௡ିଵ
௞ୀ଴  

 

 (5.24) 

 Ref is the target value for the index TLIM and equals 1. t represents the time instant and n 

represents the length of the prediction or control horizon. TLIM୮(t + k) is the predicted 

voltage stability margin of pilot bus given the measurements at time instant t. By substituting 

(5.23) into (5.24), (5.24) becomes: 

 
 𝑚𝑖𝑛෎   ฯ  ห௓೐೜,೛ା ௱௓೐೜,೛(௧ା௞)ห ห௓ಽ,೛ା ௱௓ಽ,೛(௧ା௞)ห ฯଶ௡ିଵ

௞ୀ଴  
 

 (5.25) 

 

Where ΔZ୐,୮(t + k) and ΔZୣ୯,୮(t + k) represent the change of the load and the equivalent 

impedances referred to pilot bus  at time t + k respectively. The subletter p denotes for pilot 

bus. By substituting (5.21) & (5.22) into (5.25), we obtain: 
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𝑚𝑖𝑛ා   ቱቱ  อ𝑍௘௤,௣ +  ෎   𝑑𝑍௘௤,௣𝑑𝑢௫  𝛥𝑢௫(𝑡 + 𝑘)ெ
௫ୀଵ อ

 อ𝑍௅,௣ +  ෎   𝑑𝑍௅,௣ 𝑑𝑢௫  𝛥𝑢௫(𝑡 + 𝑘)ெ
௫ୀଵ อ ቱ

ቱଶ  ௡ିଵ

௞ୀ଴
 

 

 

 (5.26) 

 

Where Δu୶(t + k) is the change of control variable x at time t + k. For practical purposes, 

another objective function can be included to minimize the changes of the control variables. 

As a result, the following optimization problem can be used: 

 

 

        𝑀𝑖𝑛   𝑤ා    ะ ฬ௓೐೜,೛ା ೏ೋ೐೜,೛೏ೠ  ௱௨(௧ା௞)ฬฬ௓ಽ,೛ା ೏ೋಽ,೛ ೏ೠ  ௱௨(௧ା௞)ฬ  ะீ
ଶ௡ିଵ

௞ୀ଴   
 +(1 −𝑤)෍    ‖   𝛥𝑢(𝑡 + 𝑘)‖ଶீ௡ିଵ

௞ୀ଴ +  ‖  𝜀 ‖ுଶ           
 

 

 (5.27) 

 

Subject to: 

 

 −𝜀ଵ𝐴 + 𝑉௜௠௜௡ ≤ 𝑉௜(𝑡 + 𝑘) ≤ 𝑉௜௠௔௫ + 𝜀ଶ𝐴 𝑉௜(𝑡 + 𝑘) = 𝑉௜(𝑡 + 𝑘 − 1) + 𝜕|𝑉|𝜕𝑢 ∆𝑢௜(𝑡 + 𝑘) ∆𝑄௫௠௜௡ ≤ ∆𝑄௫(𝑡 + 𝑘) ≤ ∆𝑄௫௠௔௫ ∆𝑃௫௠௜௡ ≤ ∆𝑃௫(𝑡 + 𝑘) ≤ ∆𝑃௫௠௔௫ 𝑃௫௠௜௡ ≤ 𝑃௫(𝑡 + 𝑘) ≤ 𝑃௫௠௔௫ 𝑄௫௠௜௡ ≤ 𝑄௫(𝑡 + 𝑘) ≤ 𝑄௫௠௔௫ 

 

 

 

 

Where 0 ≤ w ≤1 is to penalize each objective function. ୢ୞ై,౦ ୢ୳ = [ୢ୞ై,౦ ୢ୔ , ୢ୞ై,౦ ୢ୕ ] and ୢ୞౛౧,౦ୢ୳ =[ୢ୞౛౧,౦ ୢ୔ , ୢ୞౛౧,౦ ୢ୕ ] are the sensitivity vectors of the load and equivalent impedances of pilot bus to 

control variables respectively.  ୢ୞ై,౦ ୢ୔ , ୢ୞౛౧,౦ ୢ୔  and   ୢ୞ై,౦ ୢ୕ , ୢ୞౛౧,౦ ୢ୕  represent the sensitivity vectors 
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of the load and equivalent impedances of pilot bus to real and reactive power injected by DGs 

respectively. Δu = [ΔP,ΔQ ]୘ represents the vector of changes of control variables. ‘T’ 

represents array transposition. ΔP & ΔQ represents the vector of changes of real and reactive 

power injected by DGs respectively. ε = [εଵ, εଶ]T is the vector of slack variables used and 

relax the voltage constraints. ‘A’ denotes a unitary vector. G  is a weight matrix used to penalize 

the “expensive” generation control variables. The weight matrix H is used to penalize the slack 

variables. V୧(t + k) is the predicted voltage magnitude of bus i given the measurements at time 

instant t. V୧(t + k − 1) is the measured voltage magnitude  of bus i at time instant t. ப|୚|ப୳ =[ୢ|୚|ୢ୔ , ୢ|୚|ୢ୕ ]  is the sensitivity matrix of  bus voltage magnitudes with respect to the control 

variables. P୶& Q୶ are the real and reactive power injected by DG ‘x’ respectively. ∆P୶ & ∆Q୶ 

are the change in real and reactive power injected by DG ‘x’ respectively. ∆P୶୫୧୬, ∆P୶୫ୟ୶, ∆Q୶୫୧୬and ∆Q୶୫ୟ୶ represent the limits for the change in real and reactive power 

injected by DG ‘x’. DG limits are included in the optimization problem (i.e. the third and fourth 

constraints) to protect the equipments (i.e. machines or inverters) against fast ramping and to 

create a cautious environment for distributing the control actions. However, those limits can 

be provided for use in the constraint set according to data provided by equipment’s 

manufactures. 

 

Remark: Several algorithms can be used to solve the optimization problem. They are very 

known methods for researchers. However, since the objective of this work is not to show how 

optimization problems can be solved, any optimization modeling tool can be used to obtain the 

optimal changes in control variables. 

It is worth mentioning that the proposed method is more flexible such that it can incorporate 

conventional voltage control devices in the optimization problem to avoid any interaction 

between control variables. This requires the following changes in the optimization problem:  

• Modify the vector of changes of control variables (𝛥𝑢) in (5.27) to contain those other 

devices (i.e. 𝛥𝑢 = [𝛥𝑃,𝛥𝑄 ,𝛥𝑉𝐶𝐷ଵ,𝛥𝑉𝐶𝐷ଶ, …𝛥𝑉𝐶𝐷௜]்) where 𝛥𝑉𝐶𝐷௜  represent the 
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change in the ith other voltage control device (i.e. the voltage set-point of voltage 

regulators). 

• Add new constraints to the optimization problem such as the limits of voltage control 

devices and capacitor banks integer positions. 

• As expressed in equations (5.18) and (5.20), the sensitivities ௗ௓೐೜,೛ௗ௨  and ௗ௓ಽ,೛ௗ௨  depend on the 

sensitivity ௗ௏ௗ௨ೣ. As shown in section 5.1, if the control variables are only the power injected 

by DG, the term ௗ௏ௗ௨ೣ can be directly obtained from the inverse of Jacobian matrix 𝐽. 
However, for other control variables, the term  ௗ௏ௗ௨ೣ can be found by linearizing the power 

flow equations 𝐹(𝑉,𝑢௫) = 0 as (assuming that the load parameter is constant at current 

operating point): 

 

 𝑑𝐹𝑑𝑉 𝛥𝑉 + 𝑑𝐹𝑑𝑢௫ 𝛥𝑢௫ = 0  

 
 

Where ௗிௗ௏ equals to Jacobian matrix at the base case and ௗிௗ௨ೣ is known. Thus, ௱௏೔௱௨ೣ  (or ௗ௏ୢ୳౮)  can 

be easily found.  

 

The proposed method is also flexible such that it can incorporate remotely controlled switches 

in the optimization problem. This also requires to modify the vector of changes of control 

variables (Δu) in equation (5.27) to contains remotely controlled switches and to add new 

constraints to the optimization problem such as the connection status of remotely controlled 

switches. If the control variable is a remotely controlled switch, the term  ௗ௏ௗ௨ೣ can be 

approximated by computing the variations of the bus voltages due to remotely controlled 

switch action. This information can be easily extracted from the solution of two power flow 

runs with a remotely controlled switch action. 

 

The proposed algorithm can be implemented in the control center of distribution network as 

follows:  
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1. The data of network admittance matrix Y and the nodal measurements are collected from 

SCADA system and PMUs. 

2. If the network is subjected to structural changes, update the admittance matrix Y. 

Otherwise, use the previous matrix. 

3. If the network is subjected to DG unavailability, recalculate the submatrix Z୐୐. Otherwise, 

use the previous ZLL. 

4. Calculate the load and the equivalent impedances and TLIM for the interested load buses 

using (5.6), (5.7) & (5.8), and determine the pilot bus. 

5. Calculate the voltage and current sensitivities of pilot bus to control variables using (5.10) 

& (5.16). 

6. Calculate the sensitivities of the load and equivalent impedances of pilot bus to control 

variables using (5.18) & (5.20). 

7. Construct and solve the optimization problem in (5.27) and apply the control actions.  

If all voltages are within the normal range, process is finished. Otherwise, go to step 4.  

 

5.5 Simulation results 

To verify the applicability and robustness of the proposed method, 77-bus, 11 kV distribution 

grid shown in Figure 5.3 is used as a test system. The network consists of 22DG units and 53 

load bus. The system base is 100 MVA. The line parameters and load data are available in 

(UKGDS, 2005). The system and the proposed approach have been simulated in MATLAB 

under different operating conditions. LINGO software was interfaced with MATLAB to solve 

the real time optimization problem.  
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Figure 5.3   Topology of the test system 
 Taken from Valverde et al. (2013) 

 

5.5.1 Verification of the impedance—based sensitivities  

In this scenario, the system is operated under base load condition with no DG integrated to the 

system. The sensitivities |𝑑𝑍௅ /𝑑𝑃|, |𝑑𝑍௅ /𝑑𝑄| and ห𝑑𝑍௘௤ /𝑑𝑃ห, ห𝑑𝑍௘௤ /𝑑𝑄ห of the load buses 

are demonstrated in Figures. 5.4 and 5.5 respectively. It is clear from Figure 5.4 that all the 

sensitivities are positive, which indicates that increase in nodal active or reactive power 

injection will increase the load impedances. In contrast, the positive values of sensitivities in 

Figure 5.5 indicate that increase in nodal active or reactive power injection will decrease the 

equivalent impedances. The resulted matrices also show that the diagonal elements are 
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dominant which means that the change of power injection at a specific bus has a higher impact 

on its own Z୐  and Zୣ୯ than the change power at other buses. This due to fact that the power 

flow across the network reduces impact of power injection at a specific bus on other buses 

while the change at its own bus cast such impact without any losses across the network.  It is 

also noticed that the sensitivity of the load and equivalent impedances of a particular bus to 

power injection at other buses in the same feeder are higher than the sensitivity due to power 

injection at the buses of other feeders. For example, the sensitivity of Z୐ and Zୣ୯ of bus 1175 

to power injection at any bus in feeder 4 are higher than the sensitivity due to power injection 

in other feeders. The modest sensitivity in the region near the bus 1103 and bus 1175 can be 

demonstrated by noticing that the nodes near the bus 1103 are located at nodes far away from 

the bus 1175 and on other feeders.   

 

 

Figure 5.4     |Z୐ /dP| and  |Z୐ /dQ| sensitivitymatrices for base condition 
 

 

 

Figure 5.5    หZୣ୯ /dPห and หZୣ୯ /dQห sensitivity matrices for base condition 
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It is worth mentioning that the sensitivities of Zୣ୯ of the buses located at the end of feeders 4 

and 6 are significantly greater than those of the buses located at the beginning of the feeders 

or at the other feeders as shown in Figure 5.5. This is due to fact that injecting power at the 

buses of the end of the feeders 4 or 6 has a higher impact on other buses than injecting the 

power at the beginning of the feeder or the other feeders. The high difference between the 

sensitivities can be explained from (5.20) which shows that the equivalent impedance 

sensitivity depends on the sum of the coupling effects between buses.    

 

From (5.18) and (5.20), we can find that the proposed sensitivities are closely related to the 

sensitivity terms of [ J]ିଵ. The numerical values of the sensitivities illustrate the strong relation 

to the values of [ J]ିଵ. For example, the bus 1175 self-sensitivity term of [ J]ିଵ is higher than 

its cross-sensitivity terms. Moreover, the bus 1175 largest cross-sensitivity term is obtained 

with bus 1165 which is the nearest location to bus 1175. This justifies the higher sensitivities 

of the impedances of bus 1175 to power injection at its own location and the nearest buses over 

other locations.  

 

From the results, it is noticed that changing the impedances is not a local problem in which Z୐ and Zୣ୯ of a load bus are changed due to a disturbance (i.e. change in power injection) in its 

own bus or other buses network. Verification of the sensitivities of Z୐ and Zୣ୯ of bus 1175 to 

active and reactive power injection at its own bus and bus 1165 demonstrates the validity of 

the proposed sensitivities. 

 

5.5.2 Impedance sensitivity-based voltage control  

Application of the equivalent nodal analysis (similar to TLIM ) in voltage stability assessment 

has been studied in (Li et al., 2018), (Nazari et al., 2014). Thus, this work focusses only on 

examination of the applicability and accuracy of the proposed sensitivities |dZ୐ /du|  and หdZୣ୯ /duห in voltage control. Application of the proposed method for a weak system 

and during contingency cases will be studied in the next future work.   
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In this test, it is assumed that the rating for DG units are 3.5-MVA with 2.6 MW of maximum 

capacity. For each step of corrective actions, DG units are allowed to change their active and 

reactive power not more than 0.3 MW and 0.3 MVAr respectively. The cost of using the active 

power and slack values are higher than the cost of using the reactive power by 10 and 800 

times respectively. The normal voltage limits are considered to be within [0.98, 1.04] p.u. The 

controller uses only the reactive power for voltage control while the active power is only used 

when any voltage reaches the emergency upper limit (= 1.06 p.u in this study). It is also 

assumed that the controller updates the set points of control variables every 10 seconds and 

collects the measurements 8 seconds after updating the set points. 

 

5.5.2.1 Under voltages scenario 

In this case, the network operates at maximum power demand so that some buses suffer from 

low voltage. Since all voltages are below the emergency upper limit, the reactive power outputs 

of DG units are only used for voltage correction.  Figure 5.6a shows the voltages regulation 

starting at t= 40 s and changing every 10s by adjusting the set point of DG units. The measured 

voltages, currents and the sensitivities are also updated every 10s to achieve the correct voltage 

control. The curves in Figure 5.6b correspond to the most representative voltages of both DG 

and load buses. 
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Figure 5.6      (a) Bus voltages & (b) Reactive power  
output of the DGs for scenario 1 

 

It is clear that the controller can improve the voltages gradually until the latter are brought back 

inside the normal limits. Once the voltages are restored inside the normal limits, the controller 

does not request further increase in reactive power. This condition is met at 70s. It is also 
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shown from Figure 5.6b that although most of the DG units provide reactive power, DG located 

at bus 1105 was requested to still operate at the lower amount of reactive power. This is because 

the voltages near bus 1105 (i.e. v1105) would violate the upper limit of 1.04 p.u. It is also 

noticed that DG located at 1166 provide the higher amount of reactive power because v1166 

is the most problematic voltage.  

 

When all under voltages are corrected, the total compensated amount of reactive power is given 

in Figure 5.7. It is clear that not all the DG units are used for voltage support. Some units still 

operate at lower amount of reactive power while others absorb reactive power. 

 

 

 

Figure 5.7    The total compensated reactive power outputs by DGs for scenario 1 

 

The node voltage profiles of two cases, namely, Vuncontrolled and Vcontrolled, are shown in 

Figure 5.8. It is shown that the proposed approach can correct the voltages by generating 

9.57MVar reactive power in total. 
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Figure 5.8   Voltage profile of the network for scenario 1 

 

To show the accuracy of the proposed sensitivities |dZ୐ /dQ|  and หdZୣ୯ /dQห, the contribution 

of each DG in the change of the impedances of the pilot bus, bus 1110, among some control 

actions is presented in Figure 5.9.  It can be seen that the dominant change occurred by DG 

located near the pilot bus, DG at 1112. Contribution of other DGs in the change of the 

impedances of the pilot bus is almost equal. This is because the pilot bus has a weak coupling 

effect with other DGs located at other feeders.  Although the system is successfully stable in 

this scenario, the proposed voltage control was able to improve the value of TLIM by 0.018%. 
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Figure 5.9   The change of the load and equivalent impedance of pilot bus caused by each 

DG among some control actions for scenario 1 
 
 

5.5.2.2 DG unavailability  

In this scenario, the system was operated so that all voltages are within normal voltages. It was 

assumed that the network met an outage of two DG units, located at the buses 1166 and 1162, 

at t= 0 s. This created low voltage conditions at some buses of feeder 4. Figure 5.10 shows the 

voltages regulation and the changes in the reactive power starting at t=40 s. It is clear that the 

rest of DG units can improve the voltages in case of the outage of some DG units.   
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Figure 5.10     (a) Bus voltages &(b) Reactive power  

output of the DGs for scenario 2 
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To show the accuracy of the proposed sensitivities|dZ୐ /dQ|  and หdZୣ୯ /dQห, the contribution 

of each DG in the change of the impedances of pilot bus, bus 1175, among some control actions 

is presented in Figure 5.11.   

 

 

Figure 5.11   The change of the load and Equivalent impedance of pilot bus 
caused by each DG among some control steps for scenario 2 

 

It can be seen that the dominant change occurred by the DGs located near pilot bus, bus 1175, 

and at the same feeder (located at buses 1159, 1155 & 1152). The results also show the weak 

coupling effect of the pilot bus with other DGs located on other feeders. In this scenario, the 

proposed voltage control was able to improve the value of TLIM by 0.19%. 

 
 

5.5.2.3 Overvoltage scenario  

To show the validity of the proposed voltage control during overvoltage conditions, the system 

was operated at low power consumptions and high power generated by DG units. Figure 5.12a 

shows the voltages regulation starting at t= 20 s by adjusting the set point of DG units. Since 

there are some voltages exceeded the emergency upper limit, the controller used the reactive 

and active power outputs of DG units for voltage correction. Figure 5.12b shows the reduction 

in reactive power outputs while Figure 5.13 shows the reduction in active power outputs of 

some DG units.  
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Figure 5.12      (a) Bus voltage & (b) Reactive and 
                       of some DGs for scenario 3 
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Figure 5.13     Active power output of some  

                     DGs for scenario 3 
 

 

It is clear that as all the voltages are restored to non-emergency region, the controller only uses 

the reactive power outputs for voltage correction. This met at t = 40 s. It is also shown that 

although most of the DG units absorbed reactive power, DG units located at the buses 1166 

and 1145 were requested to still generate reactive power. This is because the voltages v1166 

and v1145 would violate the lower limit of 0.98 p.u.  

 

To show the accuracy of the proposed sensitivities |dZ୐ /dP|  and หdZୣ୯ /dPห , the 

contribution of the change in active power outputs by each DG in the change of the impedances 

of pilot bus, bus 1110, is presented in Figure 5.14.  It can be seen that the dominant change 

occurred by DG located near pilot bus, DG at 1112, among the two control actions.   
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Figure 5.14     The change of the load and equivalent impedance of pilot bus  
caused by the change in the real power output by each DG for Scenario 3 

 

5.5.2.4 Under voltage scenario (Emergency scenario)  

To show the validity of the proposed voltage control during an extreme low voltage, it is 

assumed that the network is operated at high power consumptions and low power generated by 

DG units. Figure 5.15a shows the voltages regulation starting at t= 20 s by adjusting the set 

point of DG units. Figure 5.15b shows the gradual increase in reactive power outputs of some 

DG units. It is clear that as all the voltages are successfully brought back inside the normal 

limits by optimally dispatch the reactive power output by DG units. It can be seen from 

Fig.15.b that there is an overshoot in the control. This is due to the effect of slack values which 

used to relax some voltages. 

 

To show the accuracy of the proposed sensitivities |dZ୐ /dQ|  and หdZୣ୯ /dQห , the 

contribution of the change in active power outputs by each DG in the change of the impedances 

of pilot bus, bus 1175, is presented in Figure 5.16.  It can be seen that the dominant change 

occurred by DG located near pilot bus, DG located among feeder 4. In this scenario, the 

proposed voltage control was able to improve the value of TLIM by 1.92%. 
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Figure 5.15    (a) Bus voltage & (b) Reactive  

power output of the DGs for scenario 4 
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Figure 5.16      The change of the load and equivalent impedance of pilot bus  
caused by each DG among some control steps for scenario 4 

 
 

5.6 Conclusions 

This paper presents a new centralized voltage control method following a security purpose to 

optimally dispatch the control variables of active distribution grids. The method is based on 

the sensitivity of load and equivalent impedances to control variables. The method helps the 

distribution network operators to make a global voltage correction considering voltage stability 

issues inside distribution networks. Simulation results show that the sensitivities of the load 

and equivalent impedances can accurately be used to quantitatively analyze the impact of 

change of power injections to the impedances. The results also show the accuracy and the 

validity of the proposed method in voltage control during different scenarios: normal and 

emergency operating conditions. It is also clear that the proposed method is applicable for real-

time voltage control in the distribution network. This can be noticed from the frequent updated 

of the set points of control variables (every 10 s in this work). 

 

Our future work is to develop appropriate PMU placement techniques to obtain the equivalent 

impedances with a full observability of the distribution systems. Moreover, application of the 

proposed method for a weak system and during contingency cases will be studied. 
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Abstract 

Control of power exchange between transmission and distribution systems is one of the new 

requirements of modern power networks. The high production from Distributed Generated 

units (DGs) of Distribution Networks (DNs) and during light loading can increase the 

connection point voltage and, in turn, cause problems for Transmission Networks (TNs). In 

contrast, active DNs are strongly requested to support TNs (i.e. providing ancillary services) 

during its unexpected system failures. Thus, this work proposes an online centralized method 

to meet the requirements issued by international Demand Connection Codes (DCC) at 

Transmission/Distribution (T/D) interface or fulfill demand response (DR) requirements from 

TN as well as DN voltages. A linear power flow taking into accounts the voltage dependence 

of loads is utilized to formulate the problem as a mixed-integer quadratically constrained 

optimization problem (MIQCP), which can be solved efficiently to its global optimum 

solution. To increase the responsibility degree of DNs in fulfilling DCC (or TN) requirements, 

controllable loads are involved in the control strategy. The proposed method was tested on a 

11kV, 75-bus distribution network including several DGs. 
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Distributed Generation; T/D Interface.  
 

6.1 Introduction  

The adoption of DGs has been raised in the recent years. With high penetration levels of DGs, 

the expansion in creating additional conventional generating units or transmission lines may 

be eliminated or reduced. This depends on the capability of DGs in locally providing ancillary 

services and separated active and reactive power control. The IEEE Std 1547.4 (Photovoltaics 

et al., 2009) considers utilization of DGs in islanded operation to supply the power to the 

islanded network and expand their capabilities for the overall TN support. In other words, DNs 

are requested to provide ancillary services by exporting reactive power to the TN. However, 

injecting power into TN may add new challenges to TN operator in the regard of voltage 

control (Lin, 2016). Currently, DN operators are not responsible for power exchange control 

at T/D interface. TN operator is responsible for managing this problem. However future 

requirements will be posed for DN operators to manage the power exchange. One of these 

requirements is issued by the ‘Network Code on Demand Connection’ of the European 

Network of Transmission System Operators for Electricity (ENTSO-E) (European 

Commission, 2016).  According to this code, the reactive power transfer should be inside a 

range depending on the import or export capability. The TN may ask the DN not to deliver 

reactive power at times of low demands or it may ask the DN for reactive power injection 

during unexpected system failure. On other side, DNs may require the TN to provide reactive 

power during the system management. Therefore, such a code is beneficial for both networks 

to keep the system secure and reliable.   

      

By incorporating DGs and conventional control devices, DNs will have higher degree of 

responsibility for system support (D'Adamo et al., 2009). However, there are open questions 

about how to steer the power exchange at T/D interface from DN side. It is requested that DNs 

have the ability to maintain their own voltages while managing the power exchange at T/D 

interface. Although some works deal with the role of DNs in TN support, employing DNs for 

online power exchange control and considering practical issues has not yet been fully studied.  
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A coordinative sub-transmission voltage control for reactive power management between TN 

and DNs is proposed (Ke et al., 2018). However, all the decisions are done by high voltage 

side. The enhanced utilization of voltage control variables by maximizing the DGs reactive 

power output is proposed (Keane et al., 2010). A method for minimizing the reactive power 

transfer by the TN to the DNs is presented (Ochoa et al., 2011). Reactive power management 

at T/D interconnection is proposed (Ali et al., 2015). An optimal reactive power control for 

transmission connected distribution network with wind farms is proposed (Stock et al., 2016). 

A model predictive control for reactive power control in transmission connected DNs is 

proposed (Stock et al., 2016). However, these works present passive control methods and do 

not aim to solve the problem online. Most of them are oriented to solve the problem over multi 

periods of time. Moreover, most of them depend on non-linear power flow equations to 

perform optimal power flow technique for problem solving. The problem is formulated as 

mixed-integer nonlinear optimization problem (MINLP). This kind of problems is associated 

with complexity and computationally expensive features. Although there are many techniques 

to solve MINLP problems, the optimal solution may not be obtained within the constraints of 

online applications. They may provide suboptimal solution, and no guarantee to obtain the 

optimality.  

      

Other methods based on real-time measurements are used for TN support. A centralized control 

method is used to regulate the reactive power output by DGs to support TN is used (Morin et 

al., 2016), (Valverde & Cutsem, 2013b). However, the high required number of monitoring 

devices is one of the main challenges in these methods.  

      

In addition to the challenges associated with the aforementioned methods, they are oriented to 

handle only one mode of operation. They are limited to control the reactive power exchange 

while active power exchange is left unchanged. They also utilize only the utility-owned devices 

for problem control ignoring the customer response.  
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Although DR programs have been widely used for network support through peak shaving and 

load shifting, utilizing DR for voltage regulation has not yet been fully studied. A DR program 

is developed for voltage control in active DNs (Zakariazadeh, et al., 2014). This study 

considers only the emergency scenarios. The electric appliances are used for voltage control 

through demand curtailment (Christakou, et al., 2014), (Petinrin &, Shaaban., 2014). However, 

only load was used as a DR resource. Besides, these works did not consider the power exchange 

control at T/D interface. 

      

The main challenges associated with power exchange at T/D interface can be summarized as: 

• Although several DGs, along with the conventional voltage regulation devices, are 

available for control in DNs, their impacts may not be enough to meet the requirements at 

T/D interface or DR requirements From TN. Their operation is usually limited by their 

locations. Thus, involving loads in power exchange control can increase the flexibility level 

of DNs for TN support.  

• Due to the continuous changes in system operation condition (i.e. the changes of system 

demand and generation or unexpected disturbances) of power system, multi-periods based 

control methods are not enough for power exchange control. Instead of that, an online 

control method is required.   

• Formulation the problem as combinatorial nonlinear optimization problems (i.e. optimal 

power flow) requires complex calculations. Besides, they do not guarantee that the optimal 

solution will be reached.   

• The voltage dependent characteristics of loads have a significant impact on power 

consumptions and thus in voltage control, especially with the integration of DGs in DNs 

which may change the unidirectional characteristics of the power flow. Taking into account 

these load characteristics increases the accuracy of the problem control.  

• It is impractical to use large number of monitoring devices for power exchange control. 

TN voltage support from DNs side requires cost-effective control methods. 

• Despite the physical coupling between TN and DNs, very limited information exchange 

and coordination exist between the operators. Power exchange control based on an 

interactive mechanism between TN and DNs makes the problem complex and consumes 
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more time. Thus, the decoupling between the TN control and DNs control is the best choice 

for online power exchange control.   

• Flexible multi-mode control method is strongly required for future power system operation. 

For instance, keeping the reactive power exchange at T/D interface within a range cannot 

fulfill the DR requirements from TN. 

In this regard, this paper proposes an online control method to regulate the active and reactive 

power exchange between TN and DNs as well as DNs voltages. The analysis is done at the 

distribution level without any interaction with TN. A linear power-flow method considering 

the load voltage dependence characteristics is used for problem formulation. The control 

problem is formulated as MIQCP problem, which can be solved efficiently to its global 

optimum solution. To increase the responsibility degree of DNs for problem control, 

controllable loads, along with DGs and shunt capacitors, are involved in the control. The 

proposed control method provides the option for DNs to operate in different modes: isolated 

mode, active and passive modes (i.e. fulfilling the requirements issued by DCC at T/D 

interface) or DR mode (i.e. fulfilling the DR requirements from TN). 

 

The key contributions of this work are: 

• Development of a flexible online control framework for DN to steer the power exchange 

at T/D interface. Compared to other control methods, the problem is formulated as MIQCP 

to be solved efficiently to its global optimum solution. Besides, the framework can work 

under different modes: isolated mode, passive mode, active mode and DR mode. This 

allows TN voltage (or voltage stability) problem to be handled by utilizing control variables 

in DNs without creating operational issues in DNs.   

• Control not only the reactive power exchange at T/D interface but also the active power 

exchange.    

• Coordination among the customer-owned devices and utility-owned devices for voltage 

and T/D power exchange control.  
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The rest of the paper is organized as follows. Section II presents the control operation modes 

of DNs. Section III presents the linear power flow approach used for problem formulation. 

Power exchange formulas and MIQCP problem formulation are presented in section IV. 

Simulation results are shown in section V while Section VI includes the conclusions.  

 

6.2 Control Modes of DNs  

With the continuous integration of DGs in power networks, DN operators will be able to 

operate in different modes. The operation modes can be classified as: 

 

6.2.1 Isolated Mode  

Some of DNs may choose to be operated as isolated networks.  In this mode no real and reactive 

power exchange at T/D interface. 

 

6.2.2 Passive Mode  

DN operators also have the choice to operate in passive participation mode in voltage support. 

In this mode, DNs are required to limit the reactive power exchange 𝑄௘௫ inside the cost-free 

region as shown in Figure 6.1. In some countries and in case of exceeding the cost-free range, 

DNs are billed for the cost of the excess reactive energy (Kurzidem, 2011). Passive DNs do 

not take on any responsibilities or obligations with regard to active voltage support in TN. 

Reactive energy is only billed once certain limits are violated. The limits are symmetrical on 

both sides of the reactive power base line.  Based on Figure 6.1, the limits of cost-free range 

can be divided into two parts:  

 

• For large absolute values of active power exchange 𝑃௘௫, the limits of the cost-free region 

are set by the power factor limit 𝑝𝑓௟௜௠. For example, in Switzerland, 𝑝𝑓௟௜௠ ≥ 0.9 of either 

the maximum imported or exported active power. The limits of the reactive power 

exchange  𝑄௟௜௠௣௙  depend on the predefined 𝑝𝑓௟௜௠ and the active power exchange as:  
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 𝑝𝑓௟௜௠ = 𝑄௟௜௠௣௙𝑃௘௫    

 

• For small values of 𝑃௘௫, the limits are defined as ±𝑄௟௜௠ on both sides of the reactive power 

base line. The limits of the reactive power exchange 𝑄௟௜௠ are defined based on the 

specifications of substation power transformer.  

 

 

Figure 5.1 Passive Mode  
of DN operation 

 

It is worth mentioning that 𝑄௘௫ < 0 (or 𝑃௘௫ < 0) means that DN exports reactive (or active ) 

power to the TN while 𝑄௘௫ > 0 (or 𝑃௘௫ > 0) means that DN imports reactive (or active) power 

from the TN.  

 

6.2.3 Active Mode  

DN operators also have the choice to operate in active participation mode in voltage support. 

In this mode, DNs are obliged to use their available reactive power to support the TN voltage 𝑉  when it is necessary, without compromising the active power (Kurzidem, 2011). If the 

setpoint voltage 𝑉௦ is reached, the reactive power exchange is considered “compliant”. This 
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mode is applied for reactive power exchange in any direction (i.e. importation or exportation). 

Figure 6.2 presents the compliance principle.  If the DN exports (or imports) reactive power 

when 𝑉  is lower (or higher) than 𝑉௦, it is considered to be compliant.  

 

 

Figure 6.2 Active Mode  
of DN operation  

6.2.4 DR Mode  

DNs may also be requested to control both active and reactive power exchange at T/D interface 

to meet DR requirements from TN. Figure 6.3 shows the operation region of DR mode. 

 

 

Figure 6.3 DR Mode  
of DN operation 
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6.3 Linear power flow 

The power flow approach presented in (Martí et al., 2013) represents a set of linear equations 

that include the voltage dependent characteristics of the loads. Two components (constant 

impedance and constant current) are used to model the loads. The load model is described as: 

 

 𝑃𝑃ை = 𝐶ଵ ൬ 𝑉𝑉ை൰ଶ + 𝐶ଶ ൬ 𝑉𝑉ை൰                               (6.1a) 

 

 𝑄𝑄ை = 𝐶ଵᇱ ൬ 𝑉𝑉ை൰ଶ + 𝐶ଶᇱ ൬ 𝑉𝑉ை൰                                 (6.1b) 

 

where 𝑃 and 𝑄 represent the active and reactive power consumption, respectively. 𝑉 is the load 

voltage. The zero subscript denotes the nominal values. The coefficients 𝐶ଵ, 𝐶ଵᇱ, 𝐶ଶ  and 𝐶ଶᇱ  are 

governed by the conditions 𝐶ଵ + 𝐶ଶ = 1 and 𝐶ଵᇱ + 𝐶ଶᇱ = 1. According to (Martí et al., 2013), 

this load model is used to derive a linear power flow equation. Each load can be represented 

by a current source in parallel with an admittance. The values for the equivalent admittance 

(𝐺௅  and 𝐵௅) and equivalent current source ( 𝐼௅,௣ and 𝐼௅,௤ ) for each load are described as: 

 

 𝐺௅ = 𝐶ଵ𝑃ை𝑉ைଶ ,    𝐵௅ = −𝐶ଵᇱ𝑄ை𝑉ைଶ    (6.2a) 

 

 𝐼௅,௣ = 𝐶ଶ𝑃ை𝑉ை , 𝐼௅,௤ = −𝐶ଶᇱ𝑄ை𝑉ை  
 (6.2b) 

 

Accordingly, the power flow equations can be described as (Martí et al., 2013): 
 

 ቂ𝐺 −𝐵𝐵    𝐺ቃ ቂ𝑉௥௘𝑉௜௠ቃ = ቈ𝐼௣௅𝐼௤௅቉    (6.3) 

 

For N number of network buses, G and B are submatrices (each of N×N dimension) of the real 

and the imaginary parts of the new admittance matrix, respectively. 𝑉௥௘ and 𝑉௜௠ are vectors 

(each of N×1 dimension) of the real and the imaginary parts of the node voltages, respectively. 
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𝐼௣௅ and 𝐼௤௅ are vectors (each of N×1 dimension) of the parts of the load currents. Based on (5.3), 

the power flow equations at bus i can be expressed as:  

 

 ෍   ൫𝐺௜,௝𝑉௝௥௘ − 𝐵௜,௝𝑉௝௜௠൯  =  𝐼௣,௜௅  ே
௝ୀଵ  

  

(6.4) 

 

 ෍   ൫𝐺௜,௝𝑉௝௜௠ + 𝐵௜,௝𝑉௝௥௘൯ =  𝐼௤,௜௅  ே
௝ୀଵ  

   

(6.5) 

 

Where i and j denote for system buses. To include the effect of DGs, (6.4) and (6.5) can be 

replaced by: 

 

 ෍   ൫𝐺௜,௝𝑉௝௥௘ − 𝐵௜,௝𝑉௝௜௠൯  =  𝐼௣,௜ே
௝ୀଵ  

 

 (6.6) 

 

 ෍   ൫𝐺௜,௝𝑉௝௜௠ + 𝐵௜,௝𝑉௝௥௘൯ =  𝐼௤,௜ே
௝ୀଵ  

  

(6.7) 

 

Where 

 

 𝐼௣,௜ = 𝐼௣,௜௅௢௔ௗ − 𝐼௣,௜஽ீ  𝐼௤,௜ = 𝐼௤,௜௅௢௔ௗ − 𝐼௤,௜஽ீ 

 

 

The terms 𝐼௣,௜஽ீ and 𝐼௤,௜஽ீ are parts of the current injection by the DG located at bus i. The negative 

sign for the two parts indicates for power injection into the grid (i.e. negative load). 
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6.4 Problem formulation 

6.4.1 Power exchange and power factor at T/D interface 

According to (6.6) and (6.7), the active and reactive power exchange between TN and DN can 

easily be obtained. If it is assumed that 𝑉௦௨௕ is the voltage magnitude at the substation bus and 𝐼௦௨௕ is the current drawn from the substation, the power at T/D interface 𝑆௦௨௕ can be calculated 

as:    

 

                                       𝑆௦௨௕ = 𝑉௦௨௕𝐼௦௨௕∗  

                                      =  𝑉௦௨௕(𝐼௣,௦௨௕ − j𝐼௤,௦௨௕) 

 

(6.8) 

 

Where * denotes the complex conjugate. Thus, the active and reactive power imported by DN 

can be calculated as (Ahmadi et al., 2014): 

 

 

 

                  𝑃௘௫ = 𝑉௦௨௕𝐼௣,௦௨௕     
= 𝑉௦௨௕෍   ൫𝐺௦௨௕,௝𝑉௝௥௘ − 𝐵௦௨௕,௝𝑉௝௜௠൯   ே

௝ୀଵ  

 

 

(6.9) 

 

                𝑄௘௫ = −𝑉௦௨௕𝐼௤,௦௨௕ 

= −𝑉௦௨௕෍   ൫𝐺௦௨௕,௝𝑉௝௜௠ + 𝐵௦௨௕,௝𝑉௝௥௘൯    ே
௝ୀଵ  

 

 

(6.10) 

 

Where the subscript sub denotes the substation bus. For the active and reactive power exported 

to TN, the 𝐼௦௨௕ should be switched to “negative”, and thus (6.9) and (6.10) will be multiplied 

by a negative sign. Depending on the requirements of system operation, the exchange power 𝑃௘௫, 𝑄௘௫, or both can be controlled.  
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The power factor PF at T/D interface can also be calculated as: 

 

 𝑃𝐹 =  𝑃௘௫(𝑃௘௫ଶ + 𝑄௘௫ଶ )ଵ/ଶ 

                         = 𝐼௣,௦௨௕൫𝐼௣,௦௨௕ଶ + 𝐼௤,௦௨௕ଶ ൯ଵ/ଶ                     
 

 

 

(6.11) 

 

6.4.2 MIQCP power formulation 

This work aims to control the power exchange at T/D interface by formulating the problem as 

MIQCP optimization problem. The objective function is to minimize the cost of control 

variables and the deviation of the substation voltage V௦௨௕ as: 

 

 𝑀𝑖𝑛 𝑜𝑏𝑗 = 𝜎 𝑤ଵ(𝐶௖௔ + 𝐶஽ீ + 𝐶௖௟) + 𝑤ଶ𝛥𝑉௦௨௕  (6.12) 

 

where 𝐶௖௔, 𝐶஽ீ  and 𝐶௖௟ represent the change cost of the capacitors, output power of DGs and 

the controllable loads, respectively. ΔV௦௨௕ represents the deviation at the substation voltage. 𝑤ଵ and 𝑤ଶ are weight coefficients (𝑤ଵ,𝑤ଶ𝜖 [0,1]) used to penalize the terms of the objective 

function. The weight coefficients are subjected to the condition 𝑤ଵ + 𝑤ଶ = 1. Since the cost 

objective function is usually very high compared to the voltage deviation objective function, a 

correction coefficient 𝜎 is used to normalize the objective terms. It is worth mentioning that a) 

the outputs of DGs can only be curtailed, not increased; b) the controllable loads can be turned 

on/off to provide only active power response; c) the active power compensation (active power 

output by DGs and controllable loads) will not be used unless the reactive power compensation 

(reactive power output by DGs and capacitor banks) fails to fulfill the network requirements.  

      

The optimization problem formulated in this study is also based on a multi-step optimization 

to smoothly correct the voltages over interval of n discrete steps. Thus, each term in (6.12) as 

well as 𝜀 can be expressed as: 
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 𝐶௖௔ = ෍෍𝐶௜஼௔ே೎ೌ
௜ୀଵ ൫𝑒(𝑖)𝛥𝐶௜(𝑡 + 𝑘)൯ଶ                      ௡ିଵ

ୀ଴  
 

(6.13a) 

 

 𝐶஽ீ = ෍෍൤𝐶ொ,௜஽ீ ቀ𝛥𝑄௜஽ீ(𝑡 + 𝑘)ቁଶ  + 𝐶௉,௜஽ீ ቀ𝛥𝑃௜஽ீ(𝑡 + 𝑘)ቁଶ൨ேವಸ
௜ୀଵ        ௡ିଵ

௞ୀ଴  
 

(6.13b) 

 

 𝐶௖௟ = ෍෍𝐶௉,௜௖௟௖௟
௜ୀଵ ቀ𝛥𝑃௜௖௟(𝑡 + 𝑘)ቁଶ ௡ିଵ

௞ୀ଴  
 

(6.13c) 

 

 ΔV௦௨௕ = ෍൫𝑅𝑒𝑓 −  V௦௨௕(𝑡 + 𝑘)൯ଶ௡ିଵ
௞ୀ଴  

 

(6.13d) 

 

Where 𝐶௜஼௔, 𝐶ொ,௜஽ீ 𝐶௉,௜஽ீ  and 𝐶௉,௜௖௟  are the cost of the change in the capacitor steps of load i, the 

reactive and active power output by DG i, and the change in the controllable load i, 

respectively. 𝛥𝐶௜, 𝛥𝑄௜஽ீ, 𝛥𝑃௜஽ீ, and 𝛥𝑃௜௖௟ represent the change in the capacitor steps of load i, 

the reactive and active power output by DG i, and the controllable load i, respectively. 𝑁௖௔, 𝑁஽ீ, and 𝑁௖௟ are the number of the capacitors, DGs, and the controllable loads used for 

the control. 𝑅𝑒𝑓 represents the reference substation voltage. 𝑒(𝑖) represents the status of “on” 

or “off” of the capacitor at bus i.  t+k denotes the predicted quantity given the data at time t 

instant. 

      

To relax the constraints of the quantities at T/D interface as well as DN voltages, the objective 

function illustrated in (6.12) should include slack variables 𝜀. Thus, the term (6.13e) is also 

added to (6.12).   

 

 ΔV௦௨௕ = ෍൫𝑅𝑒𝑓 −  V௦௨௕(𝑡 + 𝑘)൯ଶ௡ିଵ
௞ୀ଴  

 

(6.13e) 
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𝜀ଵ,௜ and 𝜀ଶ,௜ are slack variables used to relax the voltage constraint at bus i. 𝐶௜ఌଵand 𝐶௜ఌଶare the 

cost of using the slack variable 𝜀ଵ,௜ and 𝜀ଶ,௜, respectively. 𝜀ଷ,௜ and 𝜀ସ,௜ are slack variables used 

to relax the constraint at T/D interface. 𝐶௜ఌଷand 𝐶௜ఌସ are the cost of using the slack 

variables 𝜀ଷ,௜ and 𝜀ସ,௜, respectively. 𝑁௘௫ is the number of the controlled quantities at T/D 

interface. 

      

Regarding the cost, the change of reactive power outputs by DGs is considered cheap controls 

while the active power output by DGs is considered an expensive control. Due to the payment 

imposed for the users, it is assumed that the cost of controllable loads is also more expensive 

than the cost of active power output by DGs. To avoid the frequent switching of the capacitors, 

their cost is considered more expensive than reactive power output by DGs.  

     

 Remark 1: Price functions can be derived for cost models.  However, this issue is not the target 

of this work and will be considered in our future works. 

 

The objective function presented in (12-13) is subjected to: 

a. Distribution network constraints: 

• Node voltages 

     The nodal voltage limits can be expressed as: 

 

 −𝜀ଵ,௜ + 𝑉௜௠௜௡ ≤ 𝑉௜(𝑡 + 𝑘) ≤ 𝑉௜௠௔௫ + 𝜀ଶ,௜ (6.14) 

 

 𝑉௜(𝑡 + 𝑘) = 𝑉௜(𝑡 + 𝑘 − 1) + ෍𝜕𝑉௜𝜕𝐶௝ே೎ೌ
௝ 𝑒(𝑗)𝛥𝐶௝(𝑡 + 𝑘)

+   ෍ 𝜕𝑉௜𝜕𝑄௝ேವಸ
௝ 𝛥𝑄௝஽ீ(𝑡 + 𝑘) + ෍𝜕𝑉௜𝜕𝑃௝ேವಸ

௝ 𝛥𝑃௝஽ீ(𝑡 + 𝑘)
+ ෍𝜕𝑉௜𝜕𝑃௝ே೎೗

௝ 𝛥𝑃௝௖௟(𝑡 + 𝑘) 

 

 

 

(6.15) 
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Where 𝑉௜(𝑡 + 𝑘) is the predicted voltage magnitude of bus i while 𝑉௜(𝑡 + 𝑘 − 1) is the 

previous voltage magnitude of bus i.  డ௏೔డ஼ೕ, డ௏೔డொೕ, and డ௏೔డ௉ೕ are the voltage sensitivity of bus i to the 

change in  the capacitor j, reactive and active power injected at bus j, respectively . 𝑉௜௠௜௡ and 𝑉௜௠௔௫ represent the bus voltage limits.  

 

• Discrete control variables 

Since the capacitors are operated as discrete control variables, the status of “on” or “off” 

of the capacitor at bus i can be constrained as: 

 

 𝑒(𝑖) = 0 𝑜𝑟 1  (6.16) 

 

• The changes in the control variables: 

The limits of the change in the control variables of each step are: 

 

 𝛥𝐶௜,௠௜௡ ≤ 𝛥𝐶௜(𝑡 + 𝑘) ≤ 𝛥𝐶௜,௠௔௫ (6.17a) 

 

 𝛥𝑄௜,௠௜௡஽ீ ≤ 𝛥𝑄௜஽ீ(𝑡 + 𝑘) ≤ 𝛥𝑄௜,௠௔௫ ஽ீ  (6.17b) 

 

 𝛥𝑃௜,௠௜௡஽ீ ≤ 𝛥𝑃௜஽ீ(𝑡 + 𝑘) ≤ 𝛥𝑃௜,௠௔௫஽ீ  (6.17c) 

 

 𝛥𝑃௜,௠௜௡௖௟ ≤ 𝛥𝑃௜௖௟(𝑡 + 𝑘) ≤ 𝛥𝑃௜,௠௔௫௖௟  (6.17d) 

 

The capacity of each control variable is constrained as: 

 

 𝐶௜,௠௜௡ ≤ 𝐶௜(𝑡 + 𝑘) ≤ 𝐶௜,௠௔௫ (6.18a) 

 

 𝑄௜,௠௜௡஽ீ ≤ 𝑄௜஽ீ(𝑡 + 𝑘) ≤ 𝑄௜,௠௔௫஽ீ   (6.18b) 
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 𝑃௜,௠௜஽ீ ≤ 𝑃௜஽ீ(𝑡 + 𝑘) ≤ 𝑃௜,௠௔௫஽ீ  (6.18c) 

 

 𝑃௜,௠௜௡௖௟ ≤ 𝑃௜௖௟(𝑡 + 𝑘) ≤ 𝑃௜,௠௔௫௖௟  (6.18d) 

 

Where 𝐶௜, 𝑃௜஽ீ, 𝑄௜஽ீ, 𝑃௜௖௟ are the status of the capacitor i, the active and reactive power injected 

by the DG i, and the demand of the controllable load i, respectively.  The subscript “min” and 

“max” denote the change limits. 

 

The limits 𝑃௜,௠௔௫௖௟  and 𝑃௜,௠௜௡௖௟  can be determined based on the demand curtailment contract or 

percentage of curtailed demand λ as:   

 

 𝑃௜,௠௔௫௖௟ = λ𝑃௜ ,   𝑃௜,௠௜௡௖௟ = −λ𝑃௜ (6.19) 

 

• Branch currents: 

The branch capacity limits can be constrained as: 

 

 𝐼௜௝ଶ(𝑡 + 𝑘)  ≤ 𝐼௜௝,௠௔௫ଶ                         (6.20) 

 

The magnitude of the current flowing through branch ij is calculated as: 

 

 𝐼௜௝ = |𝑌|ห൫𝑉௜ − 𝑉௝൯ห 
          = ห𝐺௜௝ + 𝑗𝐵௜௝หห(𝑉௜௥௘ − 𝑉௝௥௘) + 𝑗 (𝑉௜௜௠ − 𝑉௝௜௠)ห =  ൫𝐺௜௝ଶ + 𝐵௜௝ଶ൯ଵ/ଶ

 ൫(𝑉௜௥௘ − 𝑉௝௥௘)ଶ + (𝑉௜௜௠ − 𝑉௝௜௠)ଶ൯ଵ/ଶ
 

 

 

 

 𝐼௜௝ଶ(𝑡 + 𝑘) =   ൫𝐺௜௝ଶ + 𝐵௜௝ଶ൯  ቀ൫𝑉௜௥௘(𝑡 + 𝑘) − 𝑉௝௥௘(𝑡 + 𝑘)൯ଶ+ ൫𝑉௜௜௠(𝑡 + 𝑘) − 𝑉௝௜௠(𝑡 + 𝑘)൯ଶቁ 

 

(6.21) 
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• T/D interface constraints  

     The T/D interface constraints can be determined based on the operation mode as follows: 

• For isolated mode: 

The active and reactive power exchange at T/D interface should be:  

 

 𝑃௘௫ =  𝑄௘௫ = 0  

 

Thus, the T/D constraints are:   

 

 

 

 

  −𝜀ଷ,ଵ ≤ 𝑉௦௨௕(𝑡 + 𝑘)෍ ൫𝐺௦௨௕,௝𝑉௝௥௘(𝑡 + 𝑘)  −ே௝ୀଵ                                                      𝐵௦௨௕,௝ 𝑉௝௜௠(𝑡 + 𝑘)൯  ≤ 𝜀ସ,ଵ   
 

(6.22) 

 

 

 

 

−𝜀ଷ,ଶ ≤ −𝑉௦௨௕(𝑡 + 𝑘)෍ ൫𝐺௦௨௕,௝𝑉௝௜௠(𝑡 + 𝑘)    +ே௝ୀଵ                                                      𝐵௦௨௕,௝𝑉௝௜௠(𝑡 + 𝑘)൯  ≤ 𝜀ସ,ଶ     
 

(6.23) 

 

Where 𝜀ଷ,ଵ, 𝜀ଷ,ଶ, 𝜀ସ,ଵ, and 𝜀ସ,ଶ denote the ith slack variable for the constraints at T/D interface 

(i.e. 𝜀ଷ,௜ and 𝜀ସ,௜ of equation (13.e)). 

 

• For passive mode: 

The power factor at T/D exchange should maintain within a specific range. Thus, the T/D 

constraint can be expressed as:  

 

 𝑃𝐹௠௜௡  ≤ |𝑃𝐹(𝑡 + 𝑘)| ≤ 𝑃𝐹௠௔௫  

 

Or 

 

 𝑃𝐹௠௜௡ଶ ≤ 𝑃𝐹ଶ(𝑡 + 𝑘) ≤ 𝑃𝐹௠௔௫ ଶ  (6.24) 
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Where 𝑃𝐹(+𝑘) is the predicted power factor at the interface point while 𝑃𝐹௠௜௡ and 𝑃𝐹௠௔௫ 

represent the power factor limits. By substituting (6.11) into (6.24), the constraint can be 

formulated as: 

 

 (1 − 𝑃𝐹௠௜௡ ଶ )𝐼௣,௦௨௕ଶ (𝑡 + 𝑘) − 𝑃𝐹௠௜௡ ଶ 𝐼௤,௦௨௕ଶ (𝑡 + 𝑘) ≥ −𝜀ଷ (6.25) 

 

 (1 − 𝑃𝐹௠௔௫ ଶ )𝐼௣,௦௨௕ଶ (𝑡 + 𝑘) − 𝑃𝐹௠௔௫ ଶ 𝐼௤,௦௨௕ଶ (𝑡 + 𝑘) ≤ +𝜀ସ (6.26) 

 

The general formulas for 𝐼௣,௦௨௕ଶ  and 𝐼௤,௦௨௕ଶ  are illustrated in (6.27) and (6.28).  

 

 𝐼௣,௦௨௕ଶ = ቌ෍   ൫𝐺௦௨௕,௝𝑉௝௥௘ − 𝐵௦௨௕,௝𝑉௝௜௠൯ே
௝ୀଵ ቍଶ 

         = ෍ ൫𝐺௦௨௕,௝𝑉௝௥௘ − 𝐵௦௨௕,௝𝑉௝௜௠൯ଶ ே௝ୀଵ  

      +෍  ൣ൫𝐺௦௨௕,௝𝑉௝௥௘ −  𝐵௦௨௕,௝𝑉௝௜௠൯  ൫𝐺௦௨௕,௫𝑉௫௥௘ − 𝐵௦௨௕,௫𝑉௫௜௠൯൧ ே௫ஷ௝  

 

 

 

(6.27) 

 

 𝐼௤,௦௨௕ଶ = ቌ෍   ൫𝐺௦௨௕,௝𝑉௝௜௠ + 𝐵௦௨௕,௝𝑉௝௥௘൯  ே
௝ୀଵ ቍଶ 

         = ෍ ൫𝐺௦௨௕,௝𝑉௝௜௠ + 𝐵௦௨௕,௝𝑉௝௥௘൯ଶ ே௝ୀଵ  

          +෍  ൣ൫𝐺௦௨௕,௝𝑉௝௜௠ + 𝐵௦௨௕,௝𝑉௝௥௘൯൫𝐺௦௨௕,௫𝑉௫௜௠ + 𝐵௦௨௕,௫𝑉௫௥௘൯൧ ே௫ஷ௝  

 

 

 

(6.28) 
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• For Active Mode 

The voltage at T/N point should maintain within a specific range as: 

 

 −𝜀ଷ + 𝑉௦௨௕௠௜௡ ≤ 𝑉௦௨௕(𝑡 + 𝑘) ≤ 𝑉௦௨௕௠௔௫ + 𝜀ସ  (6.29) 

 

• For DR mode 

The active and reactive power exchange at T/D interface should be:  

 

 𝑃௘௫ = 𝐷𝑅௉, 𝑄௘௫ = 𝐷𝑅ொ  

 

Where 𝐷𝑅௉ and 𝐷𝑅ொ are the active and reactive power requested by TN. If TN requests the 

DN to import power, then the constraints should be: 

 

 −𝜀ଷ,ଵ + 𝐷𝑅௉ ≤ 𝑉௦௨௕(𝑡 + 𝑘)෍ ൫𝐺௦௨௕,௝𝑉௝௥௘(𝑡 + 𝑘) − 𝐵௦௨௕,௝ 𝑉௝௜௠(𝑡 + 𝑘)൯ ே௝ୀଵ  

𝐷𝑅௉ + 𝜀ସ,ଵ ≥ 𝑉௦௨௕(𝑡 + 𝑘)෍൫𝐺௦௨௕,௝𝑉௝௥௘(𝑡 + 𝑘) −  𝐵௦௨௕,௝ 𝑉௝௜௠(𝑡 + 𝑘)൯ ே
௝ୀଵ  

 

 

(6.30) 

 

 −𝜀ଷ,ଶ + 𝐷𝑅ொ ≤ 𝑉௦௨௕(𝑡 + 𝑘)෍൫𝐺௦௨௕,௝𝑉௝௜௠(𝑡 + 𝑘) + 𝐵௦௨௕,௝ 𝑉௝௥௘(𝑡 + 𝑘)൯ ே
௝ୀଵ  

𝐷𝑅ொ + 𝜀ସ,ଶ ≥ 𝑉௦௨௕(𝑡 + 𝑘)෍൫𝐺௦௨௕,௝𝑉௝௜௠(𝑡 + 𝑘) + 𝐵௦௨௕,௝ 𝑉௝௥௘(𝑡 + 𝑘)൯ ே
௝ୀଵ  

 

 

(6.31) 

 

For power exportation, the power expressions illustrated in (6.30) and (6.31) are multiplied by 

a negative sign. 

    

It is worth mentioning that the proposed algorithm can be embedded in a distribution 

management system (DMS) for online power exchange control, without needing for 
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measurement devices. Pseudo measurements of demand and DGs production, and network 

structure data can be considered as inputs for DMS. The control variables can also be equipped 

with SCADA system to transmit the real-time information about the status of control devices.      

 

6.5 Test System and Simulation Results 

To verify the validity of the proposed method, 77-bus, 11 kV distribution grid shown in Figure 

6.4 is used as a test system. The network consists of 22DG units (each with 3.3 MVA of rating) 

and 53 load bus. The distribution network is connected to an external grid, modeled as a 

Thevenin equivalent. For system data, refer to (UKGDS, 2005). Three capacitors (each with 

0.5 MVAR of rating) are also installed at three buses (bus 1125, 1134 and 1157). MATLAB 

interfaced with LINGO software was used to solve the optimization problem defined in the 

previous section and to investigate the optimal solution.  

     

 In this work, it is assumed that the normal limits of DN voltages are [0.97, 1.04] p.u and the 

percentage of curtailed demand λ is 15%. For each control step, the limits of the change in the 

active (or reactive) power output by each DG are ± 0.3 MW (or MVAR) while the limits of the 

change in the controllable load are ± 0.2 of λ. It is also assumed that each capacitor has five 

steps of 0.1 MVAR. The limits of the change in the capacitor for each control step is only one 

step. The cost of using the capacitors, the active power output by DGs, the controllable loads, 

and slack values are higher than the cost of using the reactive power by 50, 100, 200 and 1000 

times, respectively. The coefficients  𝑤ଵ and  𝑤ଶ are both set at 0.5. The prediction horizon n 

is also set to be 3. In this study, the set-points of the controls are updated every 10 seconds 

while the data are collected 8 seconds after updating the set-points. The remaining time (6 secs) 

is proposed for calculating and transmitting the new set-points.   

 

Due to the space limit, two scenarios are analyzed in this section: active mode scenario and 

DR mode scenario.   
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Figure 6.4    Topology of the test system 

 

6.5.1 Active mode scenario  

To demonstrate the performance of the proposed method during active mode, it is assumed 

that the high voltage side requests the DN to keep the voltage at node 1000 within the range 

[1.0 1.01] pu. Figure 6.5 shows the regulation of the high-voltage side (i.e. v1000). It is clear 

that the proposed method is able to correct the voltage v1000 by dispatching the DG reactive 

power outputs without need for other control variables. The dispatch of some DGs is presented 

in Figure 6.6. The DG reactive power injections increase over the different periods until DCC 

requirement is reached while maintain DN voltages within acceptable limits (see Figure 6.7).  

Figure 6.6 also shows that the DG located at bus 1105 provides the largest amount of power 

injections among DGs. This is because bus 1105 is the nearest bus to the external grid. In 
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contrast, the DG located at bus1166 (the furthest DG) provides the smallest amount of power. 

Since the voltage v1144 violates the upper voltage limit at t=68 sec, DG located at bus 1145 

(the nearest DG to bus 1144) reduces its power injection at t=78 sec.  

 

 

Figure 6.5    The voltage at node 1000  

 

 

Figure 6.6    Some of DG reactive power outputs of scenario 1 
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 Figure 6.7    The voltage at the corresponding nodes of scenario 1 

 

The dispatch results for all DGs and the network voltage profile are shown in Fig.8 and Figure 

6.9, respectively.    

 

 

Figure 6.8    Dispatch results of DGs of scenario 1 
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Figure 6.9 The network voltage profile of scenario 1 

 

6.5.2 DR mode scenario  

In this scenario, it is assumed that TN requests 𝐷𝑅௉ = 0.26 p.u and 𝐷𝑅ொ= 0.25 p.u to be 

exported by the DN. Initially, the DN imports 0.05 p.u of reactive power and exports 0.2 pu of 

active power. Fig.10 and Fig.11 show the reactive and active power exchange at T/D interface, 

respectively. It is clear that the proposed method can meet the DCC requirements by 

dispatching the different types of control variables. The dispatch of some DGs is presented in 

Fig.12. The voltages at some corresponding node of DN are presented in Fig.13. Again, the 

DG located at bus 1105 provides the largest amount of power injections among all DGs. The 

DG located at 1145 also reduces its power injection at t=78 sec to prevent the voltage violation 

at bus 1144. The dispatch results for the control variables (DG reactive output power, capacitor 

banks, and the controllable loads) and the network voltage profile are shown in Fig.14 and 

Fig.15, respectively. The dispatch results show that some DGs absorbs reactive power and 

some capacitors are switched on. To meet DR requirements, some controllable loads are turned 

off. Since DGs cannot increase their power injections, they are not used for the power exchange 

control.  
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Figure 6.10 The reactive power exchange at T/D interface 

 

 

Figure 6.11 The active power exchange at T/D interface 

 

 

Figure 6.12    Some of DG reactive power outputs of scenario 2 
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Figure 6.13    The voltage at the corresponding nodes of scenario 2 

 

The dispatch results for the control variables (DG reactive output power, capacitor banks, and 

the controllable loads) and the network voltage profile are shown in Figure 6.14 and Figure 

6.15, respectively. The dispatch results show that some DGs absorbs reactive power and some 

capacitors are switched on. To meet DR requirements, some controllable loads are turned off. 

Since DGs cannot increase their power injections, they are not used for the power exchange 

control.  

 

Remark 2: In this work, the control actions take place every 10 secs. However, any time period 

(every minute, every hour, etc.) can be used for power exchange control.  

 

Remark 3: It is worth noting that not all loads are controllable. However, this work assumes 

that all loads in the system are controllable to check the validity of the method. Moreover, a 

constraint can be added to the optimization problem to limit the number of controllable load 

status changes and make the problem more practical. 

 

 

 

 



171 

 

 

Figure 6.14    Dispatch results of the control variables of scenario 2 
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Figure 6.15     The network voltage profile of scenario 2 

 

6.6 Conclusions 

In this work, an online control framework for regulating the active and reactive power at T/D 

interface as well as DN voltages has been proposed. Tests are conducted on 77-bus, 11 kV 

distribution grid including different DG units. The results show that the proposed method can 

steer DN to operate under different operation modes. The network was able to fulfill the 

requirements of DCC or DR requirements from TN while maintaining DN voltages within 

normal limits. The simulations also show that the responsibility degree of DNs in providing 

ancillary services has been increased by incorporating the controllable loads into the control.  

The applicability of the proposed MIQCP problem in online control applications was 

demonstrated through the transient analyses. 
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CONCLUSION  
 

This thesis focused on developing novel fast techniques for online CVC and T/D power 

exchange control for smart DNs. The techniques consider static voltage stability issues and 

HV side support.  Simulation tests were conducted and validated on different standard 

distribution networks including different DG units. The main results of this project can be 

summarized as follows: 

 

• A new fast method (ABCD model) has been proposed for voltage sensitivity analysis in 

smart DNs using direct analytical derivation. By comparing the matrices obtained using 

ABCD method with the ones obtained using J-1, we noticed that the matrices are very close 

to each other, rather they almost seem the same matrices. Verification of the self-sensitivity 

coefficients and the largest cross-sensitivity coefficients (at base load condition and during 

different loading conditions) of the critical bus also demonstrated the accuracy of the 

proposed method for sensitivity analysis. The results also showed that the errors in the 

values of sensitivity coefficients or in voltage prediction are very small, which demonstrate 

a high level of accuracy. Besides, the proposed method can successfully account for any 

change in the operating conditions. The results show that the proposed method has the 

potential to be implemented in online applications. 

 

• A new fast identification method for selecting a global group of controls for CVC in smart 

DNs was proposed. The results showed that the control variables were successfully 

grouped in terms of their effectiveness and cost to mitigate the violation in the voltages. 

The method was able to distinguish between the expensive and the cheap control variables. 

Activation of the control variables of the obtained group demonstrates that all violated 

voltages are restored inside the normal limits with low cost. The proposed method was 

successfully able to select the minimum number of controls to eliminate the violations in 

voltages. Since the proposed identification algorithm mainly depends on the concept of the 

electrical distances, the proposed method was effectively able to account for the effect of 

topology changes in the grid. The proposed method was also validated through dynamic 
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simulation to demonstrate the efficacy of the proposed method in voltage control with fast 

response time.  

 

•  A new online CVR method for smart DNs considering the static voltage stability was 

proposed via the sensitivity of the load and the equivalent impedances to control variables 

(i.e. parts of TLIM). Simulation results showed that the sensitivities of the load and 

equivalent impedances can accurately be used to quantitatively analyze the impact of 

change of power injections to the impedances. The contribution of each DG unit in change 

the impedances was carried out.  By this method, the static voltage stability can be 

improved in real-time. The results also showed the accuracy and the validity of the 

proposed method in voltage control during different scenarios: normal and emergency 

operating conditions. It was also clear that the proposed method is applicable for real-time 

voltage control in DNs. This can be noticed from the frequent updated of the set points of 

control variables (every 10 s in this work).  

 

• An online control framework for steering the active and reactive power at T/D interface as 

well as DN voltages was proposed. The results showed that the proposed method can steer 

DN to operate under different operation modes. The network was able to fulfill the 

requirements of DCC or DR requirements from TN while maintaining DN voltages within 

normal limits. The simulations also showed that the responsibility degree of DNs in 

providing ancillary services has been increased by incorporating the controllable loads into 

the control. The applicability of the proposed MIQCP problem in online control 

applications was demonstrated through the transient analyses. 

 

Finally, we conclude that the developed approaches have ensured a good performance for 

CVC and T/D power exchange. The execution time of the proposed techniques is further 

reduced and therefore they can meet smart grid requirements.



 

RECOMMENDATION  

  
Some limitations and problems can be highlighted in this thesis and can be considered as 

future works as follows: 

• The methods proposed in this work for voltage control and T/D power exchange ignore 

substation OLTC action. It is not involved in the system control. It is known that OLTC 

needs more time (i.e. prolonged time delay), compared with other controls, to change its 

taps. The OLTC behavior can be taken into account in the proposed control techniques. 

However, the prolonged time delay associated with OLTC have to be considered through 

the control.  

 

• This thesis developed the control methods assuming that DNs are balanced systems. 

However for systems with lower voltage rating, it is necessary to extend the proposed 

method to include the unbalanced issues. Since the proposed methods are generally based 

on the nodal current equation, it can simply consider the unbalanced characteristics by 

replacing each nodal voltage and current by three-phase voltage and current. The same 

procedure used in this thesis can be then followed to obtain the unbalance effect.   

 

• This thesis research used a fast-centralized method for voltage stability assessment in 

distribution networks. The method is accurate and can capture the dynamic non-linear 

changes of power systems. However, there are some limitation regarding cost and the 

communication failure associated with such method. The scheme concept is based on wide 

area measurements collected throughout the network. Therefore, there are open choices to 

develop decentralized online methods for real-time voltage stability analysis. The 

decentralized based schemes do not rely on the wide area communication system and thus 

they are more reliable and have fast response after the disturbances.   

• The proposed methods in this thesis represent the loads as constant impedances. This 

ignores the voltage dependent characteristics of loads. However, the loads can be generally 

modeled as constant power model, constant impedance model, constant current model, 
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exponential model, or polynomial model. Each model has specific characteristics that can 

affect the results obtained using of the proposed methods. Moreover, DG units can be 

modeled based on their operation modes: constant voltage, constant current, and constant 

power. These modes can also affect the obtained results. Thus, such voltage dependent 

characteristics can also be included in the analysis.  To achieve the voltage dependent 

characteristics, one may express the active and reactive load powers as a function of voltage 

magnitude, nominal voltage magnitudes and modeling coefficients (ZIP). The proposed 

model can approximate the load voltage dependency using an impedance and current 

source, representing the quadratic voltage dependency and the linear voltage dependency, 

respectively. The polynomial coefficients can be obtained for a very good fit to the 

measured data. A curve-fitting procedure can be used to minimize the differences between 

the fitted values and the measured data for a specific number of voltage points within a 

specific range of network voltages.  

• The cost of control variables is assumed to be constant in this work. However, price 

functions can be derived for cost models of control variables to prioritize the different 

resources. The price for shunt capacitors can be considered as constant because they are 

switched on or off with constant amounts of reactive power injection. Besides, they are 

manufactured with standardized capable switching times. In contrast, the price of 

controllable loads and DG units have to vary as the required response and power injection 

or curtailment amount. Many other factors can be considered for modeling the price 

function as condition changes and the manufacture characteristics. For photovoltaic-based 

DG, the cost of power curtailment will be greater when the curtailment amount is higher 

and when the curtailment occurs at lower power outputs. Moreover, the price of DG 

curtailment has to be different at each bus since each bus has different conditions for the 

power output. For controllable loads, the cost of the response is normally decreased as the 

required response amount increases. More users with higher response capacity will be 

recruited and thus the response cost will be lower.  

• The proposed control methods are validated using academic test networks. However, it is 

required to show application of the proposed control methods for weak large-scale systems 
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and during contingency cases. Buses from large systems tend to behave differently from 

those belonging to smaller systems. In addition, larger systems are not as well conditioned 

as smaller systems. Some large and very large systems can be picked from the Matpower 

package for this purpose. 

 

• This thesis uses the concept of Thevenin impedance match for voltage stability analysis. 

However, some researchers argue that this concept is not accurate for stability analysis (i.e. 

determining the voltage stability margin). In other words, the voltage instability or collapse 

may occur when the Thevenin equivalent impedance equals the load impedance. In this 

regard, a new formula for voltage stability margin can be developed such that all condition 

changes of the system are detected. An example for the new formula is to include the 

Thevenin equivalent voltage in margin formulation.   

 

• This thesis provides a technique for power control at T/D interface and HV side support. 

The work considers a part of the interaction between TN and DNs. However, keeping the 

voltage at T/D interconnection point or controlling the reactive power at T/D interface does 

not assure the voltage stability of TNs. It is generally known that abnormal accidents in the 

area of high voltage network are not reported to distribution network operators. In other 

words, in cases in which the transmission network meets maintenance or outage of lines or 

generators, the distribution network operators cannot be able to know the voltage stability 

condition. Thus, the research is open about developing decentralized monitoring methods 

to reflect the operating state of HV network to distribution network, with limited 

operational data submitted by the HV network. One suggestion is to find a model for 

Thevenin equivalent parameter identification of TN, which considers the dynamic 

nonlinear system nature. This helps the distribution operators to avoid the operational 

interaction between TN and DNs by taking corrective or preventive actions without 

needing for DR signals from TN.  

• Network partition methods can be involved for the voltage and T/D power exchange 

control. The partition method can be performed while ensuring that the intra-subarea 

voltage violation is solved by each subarea. The electrical distances and regional voltage 
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improvement capabilities can be used to achieve this purpose. This means that the control 

methods can be performed for each zone of the system, instead for the whole network. This 

can increase the reliability of the voltage and T/D power exchange control in distribution 

system while coordinating the voltage control devices throughout the network. The 

distributed control structures can also depend on intelligent agents for decision-making 

and computational sharing
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