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 Renforcement ā l'effort tranchant des poutres en béton armé avec des composites en 
PRF collés en surface: modélisation par éléments finis et étude paramétrique 

 
Amirali ABBASI 

 
RÉSUMÉ 

 

La défaillance en cisaillement dans les poutres en béton armé (BA) a toujours été une 
préoccupation majeure pour les ingénieurs, en particulier dans les poutres profondes telles que 
les poutres en BA. Néanmoins, l'utilisation de composites en polymère renforcé de fibres (PRF) 
permet d'éviter ce type de défaillance. L'utilisation de composites PRF collés en surface (EB) 
pour le renforcement par cisaillement des poutres en BA exige une connaissance et une 
expérience suffisantes, compte tenu de la défaillance prématurée de la liaison, du 
comportement complexe de la couche d'interface entre les composites PRF et le substrat en 
béton, ainsi que de la mécanique de la rupture du béton non homogène. De nombreuses 
expériences ont été menées pour évaluer les contributions au cisaillement des EB-PRF pour le 
renforcement en cisaillement, même si les essais en laboratoire sont longs et coûteux. 
Cependant, en développant des modèles numériques et en obtenant des résultats de haute 
précision validés par les essais expérimentaux, les logiciels d'analyse par éléments finis sont 
devenus une alternative valable aux essais expérimentaux. 
 
D'autre part, les modèles analytiques proposés dans les guides de conception existants ne sont 
pas compatibles avec les résultats obtenus à partir des essais expérimentaux, car de nombreux 
paramètres ne sont pas pris en compte dans ces modèles. Par exemple, l'interaction inverse 
entre les EB-PRF et les étriers en acier, l'effet d'échelle, les contraintes d'adhérence en 
cisaillement à l'interface entre le béton et les EB-PRF et entre les étriers en acier et le béton, 
les angles des fissures de cisaillement variant en fonction des renforts de cisaillement internes 
et externes, ainsi que la distribution des fissures de cisaillement conduisant à un décollement 
prématuré. 
 
L'objectif de cette recherche est d'obtenir une compréhension approfondie de la charge 
maximale transférée par la couche d'interface et, par conséquent, de la charge ultime supportée 
par les poutres en BA renforcées en cisaillement avec des composites EB-PRF grâce à des 
approches analytiques et par éléments finis (FE). Les résultats obtenus à partir des méthodes 
susmentionnées seront validés avec des données expérimentales antérieures. Enfin, de 
nouvelles relations mathématiques seront proposées en tenant compte de tous les paramètres 
contribuant au renforcement par cisaillement des poutres en BA avec EB-PRF et au 
comportement de la couche d'interface. Pour cette raison, dans la première phase de cette 
recherche, une revue de la littérature est effectuée sur les recherches numériques précédentes 
pour évaluer leurs lacunes et leurs mérites dans la simulation des poutres susmentionnées. Cela 
nous permettra de mieux comprendre les hypothèses mises en œuvre dans ces études de 
recherche ainsi que le type d'analyse (statique ou dynamique). 
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Une simulation numérique est menée dans la deuxième phase de cette étude pour incorporer 
les paramètres ayant des influences essentielles sur les contributions au cisaillement des EB-
PRF à la résistance ultime au cisaillement des poutres en BA renforcées à l'aide des EB-PRF. 
Ces paramètres comprennent l'effet d'échelle et l'interaction inverse entre les EB-PRF et les 
étriers en acier. Tous les résultats obtenus à partir des simulations numériques sont validés par 
les essais expérimentaux menées par l'équipe. Des études paramétriques sont ensuite réalisées 
pour obtenir les déformations effectives appropriées, plus proches de celles obtenues à partir 
des essais en laboratoire que des résultats analytiques. 
 
Pour obtenir les déformations effectives appropriées, les résultats paramétriques sont évalués 
par régression des essais expérimentaux précédents. Des modèles analytiques pour les 
déformations effectives sont ensuite proposés pour combler l'écart entre les modèles existants 
dans les guides de conception, en tenant compte de la distribution des fissures de cisaillement 
et la distribution des contraintes sur les fibres interceptées par la fissure de cisaillement 
principale. 
 

 
Mots-clés: structures en béton armé, feuille en PRFC, analyse par éléments finis, analyse 
analytique, renforcement par cisaillement, charges statiques, contrainte effective, couche 
cohésive, liaison PRF-béton, liaison étriers en acier-béton, distribution des contraintes, 
distribution des fissures de cisaillement, contrainte sur la fibre, contrainte sur les étriers en 
acier 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

Shear strengthening of reinforced concrete beams with externally bonded FRP 
composites: finite element modeling and parametric study 

 
Amirali ABBASI 

 
ABSTRACT 

 

Shear failure in reinforced concrete (RC) beams has always been a major concern for engineers 
to deal with, particularly in deep beams such as RC girders. Nevertheless, with the use of fiber-
reinforced polymer (FRP) composites, this type of failure can be avoided. Using externally 
bonded (EB) FRP composites for shear strengthening of RC beams requires sufficient 
knowledge and experience given the premature bond failure, the complex behavior of interface 
layer between FRP composites and the concrete substrate, as well as fracture mechanics of 
non-homogeneous concrete. Many experimental conducts have been carried out to evaluate 
the shear contributions EB-FRP in shear strengthening even though laboratory tests are time-
consuming and expensive. However, by developing numerical models and obtaining high-
precision results validated by experimental testing, finite element analysis softwares have 
become a valid alternative to experimental testing. On the other hand, the analytical models 
proposed in existing design guidelines are not consistent with the results obtained from 
experimental tests, as many parameters are not taken into account in these models. For 
example, the inverse interaction between EB-FRP and steel stirrups, the size effect, shear bond 
stresses at the interface between concrete and EB-FRP and between steel stirrups and concrete, 
shear crack angles varying with internal and external shear reinforcements, and the distribution 
of shear cracks leading to premature debonding. 
 
The aim of this research is to have an in-depth insight into the maximum load transferred 
through interface layer and consequently, the ultimate load carried by RC beams strengthened 
in shear with EB-FRP composites through analytical and finite element (FE) approaches. The 
results obtained from the aforementioned methods will be validated with previous 
experimental data. Finally, new mathematical relationships will be proposed considering all 
the parameters contributing to the shear strengthening of RC beams with EB-FRP and the 
behavior of the interface layer. For this reason, in the first phase of this research, the literature-
review is carried out on the previous numerical research to evaluate their deficiencies and 
merits in simulating the aforementioned beams. This will give us a better understanding of the 
assumptions implemented in these research studies, as well as the type of analysis (static or 
dynamic). 
 
A numerical simulation is carried out in the second phase of this study to incorporate the 
parameters with essential influences on shear contributions of EB-FRP to the ultimate shear 
strength of RC beams strengthened using EB-FRP. These parameters include the size effect 
and the inverse interaction between EB-FRP and steel stirrups. All the results obtained from 
the numerical tests are validated through the experimental conducts. Parametric studies are 
then carried out to obtain the appropriate effective strains closer to those obtained from 
laboratory tests than from analytical results. 
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To obtain the appropriate effective strains, parametric results are evaluated by regression of 
previous experimental tests. Analytical models for the effective strains are then proposed to 
bridge the gap between the existing models in the design guidelines, taking into account the 
distribution of shear cracks and the distribution of stresses on the fibers intercepted by the main 
shear crack. 
 
 

Keywords: RC structures, CFRP sheet, finite element analysis, analytical analysis, shear 
strengthening, static loads, effective strain, cohesive layer, FRP-to-concrete bond, steel 
stirrups-to-concrete bond, strain distributions, shear crack distribution, strain on fiber, strain 
on steel-stirrups 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

TABLE OF CONTENTS 
 

Page 

INTRODUCTION .....................................................................................................................1 

CHAPTER 1     DESCRIPTION OF RESEARCH................................................................5 
1.1 Context ...........................................................................................................................5 

1.1.1 Shear cracks and shear strengthening with externally bonded FRP ........... 5 
1.1.2 Shear strengthening configurations ............................................................. 6 
1.1.3 Failure modes in RC beam strengthened with EB-FRP .............................. 9 

1.2 Problem statement ........................................................................................................11 
1.3 Research objectives ......................................................................................................12 

1.3.1 Main objective .......................................................................................... 13 
1.3.2 Specific objectives .................................................................................... 13 

1.4 Methodology ................................................................................................................15 

CHAPTER 2  RESEARCH BACKGROUND .................................................................23 
2.1 Introduction ..................................................................................................................23 
2.2 Models for predicting shear strength currently in Use .................................................23 
2.3 Reviewing current codes and guidelines regarding RC beams strengthened  

in shear with EB-FRP composites ...............................................................................33 
2.4 Finite element analysis (FEA) .....................................................................................44 

2.4.1 Numerical softwares ................................................................................. 45 
2.4.2 FRP-strengthened beams’ simulation ....................................................... 46 

2.4.2.1 Simulation of concrete ............................................................... 46 
2.4.2.2 Simulation of interface between concrete-to-FRP and  

concrete-to-steel stirrups: ........................................................... 49 

CHAPTER 3  SHEAR STRENGTHENING OF RC BEAMS WITH FRP 
COMPOSITES: DATABASE OF FE SIMULATIONS  
AND ANALYSIS OF STUDIED PARAMETERS ..................................53 

3.1 Abstract ........................................................................................................................53 
3.2 Introduction ..................................................................................................................54 
3.3 Important Issues in Modeling RC Beams Strengthened with EB-FRP .......................55 

3.3.1 Discrete Crack Approach: ......................................................................... 56 
3.3.2 Smeared Crack Approach: ........................................................................ 56 
3.3.3 Interactions between Steel Reinforcement and Concrete: ........................ 57 
3.3.4 Interface between EB-FRP and Concrete: ................................................ 57 

3.4 Review and Synthesis of Previous Work on FE Modeling..........................................58 
3.5 Main Studied Parameters Using FEA of Shear-Strengthened Beams .........................60 

3.5.1 Shape Function of the Crack, Crack Pattern, and Crack Width: .............. 60 
3.5.2 Strain, Stress, and Slip Distribution along the Diagonal  

Crack on EB FRP ...................................................................................... 72 
3.5.3 Load-Deflection Curve ............................................................................. 73 



XII 

3.5.4 Number, Size, and Types of Elements in Simulation ............................... 75 
3.5.5 Effective Stress and Strain, Bond Length, and Distribution Factor (D) ... 75 
3.5.6 Failure Modes in Concrete and EB-FRP (Debonding, Delamination, 

Rupture) .................................................................................................... 77 
3.5.7 Shear strengthening configurations, FRP materials and fiber orientation 77 
3.5.8 Analytical approach in FE simulations ..................................................... 78 
3.5.9 Interaction between Components and Types of Interface Elements ......... 79 
3.5.10 Interface elements between concrete and FRP composites ...................... 83 
3.5.11 Interface elements between concrete and steel reinforcement .................. 89 
3.5.12 Ratio of FRP, stirrups, and longitudinal bars ............................................ 90 
3.5.13 Dimension of the Beam (Size Effect) ....................................................... 94 

3.6 Synthesis, results and recommendations......................................................................96 
3.7 Validation of Numerical FEA and Experimental Tests ...............................................97 
3.8 Conclusions ..................................................................................................................98 
3.9 Acknowledgements ....................................................................................................100 

CHAPTER 4  FE MODELLING AND SIMULATION OF THE SIZE EFFECT  
OF RC T-BEAMS STRENGTHENED IN SHEAR WITH 
EXTERNALLY BONDED FRP FABRICS ............................................101 

4.1 Abstract ......................................................................................................................101 
4.2 Introduction ................................................................................................................102 
4.3 Finite-Element Modelling ..........................................................................................105 

4.3.1 Suggested FE Modelling ......................................................................... 105 
4.3.2 Constitutive Models of Materials............................................................ 106 

4.3.2.1 Concrete Cracking Models ...................................................... 106 
4.3.2.2 Concrete Response in Compression and Tension .................... 107 
4.3.2.3 Definition of Compressive and Tensile Damage to Concrete 

Damage Plasticity (CDP) ......................................................... 108 
4.3.2.4 Bond-Slip Model for Concrete–Steel Reinforcement and 

Concrete–CFRP ....................................................................... 110 
4.3.2.5 Modelling Internal Steel Reinforcement and EB-CFRP .......... 112 

4.4 Experimental Investigation ........................................................................................114 
4.5 Validation with Experimental Tests ...........................................................................116 

4.5.1 Load-Deflection Responses .................................................................... 124 
4.6 FE Simulations and Results .......................................................................................124 

4.6.1 Shear Strength and Loss in Control and Strengthened Beams ............... 124 
4.6.2 Distribution of Strain on the Fibres along the Diagonal Shear Crack by 

FEA ......................................................................................................... 125 
4.6.3 Strain distributions along the CFRP fabric and interfacial shear stress at 

the cohesive layer .................................................................................... 132 
4.7 Conclusions ................................................................................................................137 
4.8 Acknowledgements ....................................................................................................138 
 

 



 XIII 

CHAPTER 5  INVERSE INTERACTION BETWEEN STEEL STIRRUPS  
AND EB-CFRP IN RC BEAMS STRENGTHENED IN  
SHEAR: DEVELOPMENT OF ANALYTICAL AND  
NUMERICAL MODELS ........................................................................139 

5.1 Abstract ......................................................................................................................139 
5.2 Introduction ................................................................................................................140 
5.3 Research significance .................................................................................................142 
5.4 Proposed model ..........................................................................................................142 
5.5 Verification of the proposed model ...........................................................................146 
5.6 Parametric finite-element analysis .............................................................................148 

5.6.1 Definitions of studied specimens ............................................................ 148 
5.6.2 Suggested FE modeling .......................................................................... 150 
5.6.3 Constitutive models of materials ............................................................ 152 

5.6.3.1 Concrete cracking models ........................................................ 152 
5.6.3.2 Modeling internal steel reinforcement and EB-CFRP ............. 153 
5.6.3.3 Bond model between concrete and CFRP sheet ...................... 154 
5.6.3.4 Bond model between concrete and steel reinforcement .......... 154 

5.6.4 Validation of the proposed FE model ..................................................... 155 
5.6.4.1 Failure modes, crack distributions, and shear force-midspan 

deflections ................................................................................ 156 
5.7 Parametric study of the interaction between stirrups and CFRP strips ......................157 

5.7.1 Distribution and angle of shear cracks .................................................... 157 
5.7.2 Load-deflection response for all components ......................................... 158 
5.7.3 Shear stress and strain profiles along the first CFRP strips  

intercepted by major shear cracks ........................................................... 159 
5.7.3.1 Shear stress profiles along the CFRP1 direction...................... 159 

5.7.4 Maximum strain profiles along the direction of CFRPs ......................... 161 
5.7.5 Effective strain ........................................................................................ 162 

5.7.5.1 Vertical strains along the fiber depth ....................................... 162 
5.7.5.2 Maximum strain in CFRPs1 specimens ................................... 162 
5.7.5.3 Maximum strain in CFRPs2 specimens ................................... 163 
5.7.5.4 Maximum strain in CFRP3 specimens .................................... 163 
5.7.5.5 Calculating and comparing the effective strains with other 

guidelines ................................................................................. 168 
5.7.6 Inverse interaction between EB-CFRP and steel stirrups ....................... 173 

5.7.6.1 Interaction between CFRP1 and steel stirrups1 ....................... 173 
5.7.6.2 Interaction between CFRP2 and steel stirrups2 ....................... 177 
5.7.6.3 Interaction between CFRP3 and steel stirrups3 ....................... 179 
5.7.6.4 Discussion and evaluation of numerical results ....................... 181 

5.8 Proposed effective strain ............................................................................................181 
5.9 Conclusions ................................................................................................................185 
5.10 Data Availability Statement .......................................................................................186 
5.11 Acknowledgments......................................................................................................186 

CONCLUSIONS ..................................................................................................................187 



XIV 

RECOMMENDATIONS .......................................................................................................189 

LIST OF BIBLIOGRAPHICAL REFERENCES ..................................................................191 
 

 
 
 



 

LIST OF TABLES 
 

Page 
 

Table 2.1 Parameters of the bilinear τb-s constitutive law for bond ............................ 37 

Table 2.2  Material safety factors for bond Taken from Matthys and Group (2019)
....................................................................................................................... 37 

Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites  and 
validating with and without experimental tests ............................................ 62 

Table 3.2 Database of numerical studies assessing parameters of RC beams 
strengthened  in shear with FRP bars and validating with experimental 
tests ............................................................................................................... 70 

Table 3.3  Database of numerical studies assessing distribution of stress and strain 
on  the interface and interaction between steel stirrups and FRP 
composites  of RC beams strengthened in shear with externally FRP 
composites..................................................................................................... 71 

Table 4.1 Geometry and property of material in studied beams by Benzeguir et al. 
(2019) .......................................................................................................... 116 

Table 4.2 Failing procedure of control specimens as increasing load  for 
experimental and numerical tests ................................................................ 120 

Table 4.3 Comparison between experimental and numerical results in terms of 
load deflection and ultimate shear strength contributed by concrete and 
CFRP fabrics ............................................................................................... 123 

Table 4.4 Comparison between numerical and experimental results in terms  of 
shear gain and loss ...................................................................................... 123 

Table 5. Considering the influencing parameters of the shear  strengthening in 
the existing codes ........................................................................................ 144 

Table 5.2 Property of material in studied beams by Matthys (2000) .......................... 149 

Table 5.3 Specimens and the amounts of EB FRP and steel stirrups in the current  
numerical parametric study ......................................................................... 150 

Table 5.4 Maximum strains experienced by CFRPs crossed by the shear  cracks 
after failure (µԐ) .......................................................................................... 164 



XVI 

Table 5.5 Effective strains obtained from FEA for CFRPs intercepted by  the 
shear cracks (µԐ) ......................................................................................... 169 

Table 5.6 Comparison between the effective strains obtained from FEA versus  
the existing guidelines (µԐ) ......................................................................... 171 

Table 5.7 Comparison between the maximum strains experienced by CFRPs and 
steel stirrups at the maximum shear forces obtained from FEA (µԐ) ......... 174 

Table 5.8 Maximum strains experienced by CFRPs and steel stirrups after failures  
obtained from FEA (µԐ) ............................................................................. 175 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

LIST OF FIGURES 
Page 

 
Figure 1.1 Shear strengthening of reinforced concrete beams via ETS approach  

Taken from Ahmed Godat et al. (2013) .......................................................... 8 

Figure 1.2 Detail of installation FRP bars in RC beam  Taken from Parvin and 
Syed Shah (2016) ............................................................................................ 9 

Figure 1.3 Traction-separation envelope exiting in ABAQUS (a) and modes of 
failure at interface layer (b)  Taken from Hokelekli and Yilmaz (2019) ........ 9 

Figure 1.4 Typical damage-separation law envelope  Taken from Fang et al. (2023)
....................................................................................................................... 10 

Figure 1.5 Typical traction-separation envelope for the all-failure modes  Taken 
from Harper and Hallett (2010) .................................................................... 10 

Figure 1.6 Research objectives ....................................................................................... 15 

Figure 1.7 Methodology of the doctoral research project .............................................. 18 

Figure 1.8 Numerical program identified within the doctoral research ......................... 19 

Figure 1.9 Schematic of three-dimensional simulated and analyzed RC-T beam  
strengthened in shear with EB-FRP under three-point loads (a) 
simulated  specimen and position of steel stirrups and EB-FRP under 
three-point  loads (b) situation of defined cohesive layer (c) initiation 
and  propagation of flexural and shear cracks  during load procedure ......... 20 

Figure 1.10  (a) elevation of rectangular specimen for parametric study (b) 
Schematic of  two-dimensional simulated and analyzed RC beam 
strengthened in shear with EB-FRP  under four-point loads (c) shear 
cracks in control beam (d) shear crack pattern  in control beam at 
ultimate state (d) shear crack pattern in strengthened  beam with EB-
FRP at ultimate state ..................................................................................... 21 

Figure 2.1 Typical configuration of effective FRP width in beams strengthened in 
shear  with EB continuous FRP sheet: (a) actual bonding area for U-
jacket; (b) equivalent  bonding area for U-jacket; (c) actual bonding area 
for side-bonded  FRP; and (d) equivalent bonding area for side-bonded 
FRP  Taken from  Mofidi and Chaallal (2010) ............................................. 31 

Figure 2.2 Strips crossed by the shear crack .................................................................. 35 

Figure 2.3 Yield surface in plane stress  Taken from Abaqus (2011) ............................ 47 



XVIII 

Figure 2.4 Connection between FRP and concrete via interface element  Taken 
from Hii (2006) ............................................................................................. 49 

Figure 2.5 Bilinear traction–separation constitutive law  Taken from Obaidat et al. 
(2010) ............................................................................................................ 50 

Figure 2.6 Element used in the numerical analysis (8-node 3-D cohesive element)  
Taken from Obaidat et al. (2010) .................................................................. 51 

Figure 2.7 Bond–slip model between concrete and CFRP proposed by  Lu et al. 
(2005)  Taken from GM Chen et al. (2012) .................................................. 52 

Figure 3.1 Summary of parameters studied on RC beams strengthened in shear by 
FRP composites by FEA ............................................................................... 61 

Figure 3.2 Number of cross-section types and a/d ratios considered in FEA ................ 74 

Figure 3.3 Number of cross-section types and configurations considered in FEA ........ 74 

Figure 3.4 Number of studied beams evaluating the effect of each parameter on  
closed-form model for shear contribution of FRP composites by FEA ........ 76 

Figure 3.5 Interaction between steel stirrups and EB-FRP versus shear gain  
contributions (X= Ratio of steel stirrups (%) Y= Ratio of EB FRP (%)  
Z= Gain in shear contribution by EB FRP (%) ............................................. 82 

Figure 3.6 Number of studied beams evaluating bond-models based on  definition 
of types of cracks for concrete by FEA ........................................................ 84 

Figure 3.7 Telford model (Code, 1993) for bond-slip relation between  concrete-
deformed bars (𝑓𝑐′ = 30 𝑀𝑃𝑎) .................................................................... 90 

Figure 3.8 Interaction between longitudinal tensile reinforcement and EB-FRP  
versus shear gain contributions (X= Ratio of longitudinal reinforcement 
(%)  Y= Ratio of EB FRP (%) Z= Gain in shear contribution by EB FRP 
(%)) ............................................................................................................... 93 

Figure 3.9 Effect of shear span-to-depth ratio on size effect versus  normalized 
shear strength (X= Beam's depth (mm) Y= Shear  span to depth ratio 
(a/d) Z= Normalized shear strength) (Continued) ........................................ 95 

Figure 3.10 Numerical versus experimental ultimate load-carrying capacity of the 
specimens for: (a) continuous U-shaped, continuous side-bonded, fully-
wrapped; (b) U-shaped strips; (c) Control beam; (d) Side-bonded strips, 
EB with anchorage, ETS and NSM methods ................................................ 98 



 XIX 

Figure 4.1 Comparison of the predicted ACI 440.2R 2017 code and experimental 
results .......................................................................................................... 105 

Figure 4.2 Relation between cracking width and tensile stress (Hordijk, 1991) .......... 107 

Figure 4.3 Stress-strain model for uniaxial compression in concrete  introduced by 
Saenz (1964) ............................................................................................... 107 

Figure 4.4 Tensile concrete damage model (for 10 mm element size): (a) 
compressive concrete damage models; (b) proposed by Tao and Chen 
(2014) .......................................................................................................... 110 

Figure 4.5 Bond–slip model between concrete and CFRP proposed  by Lu et al. 
(2005) .......................................................................................................... 112 

Figure 4.6 2D simulation of the strengthened RC T-beams and their defined  
elements in ABAQUS ................................................................................. 113 

Figure 4.7 Stress–strain relation for (a) steel reinforcement and (b) CFRP fabrics ..... 114 

Figure 4.8 Details of beams: (a) cross‐sections of large, medium, and small  
specimens (mm) and (b) elevation of beam and position of three‐point  
loading  (Benzeguir et al. (2019)) ............................................................... 115 

Figure 4.9 Crack pattern obtained from simulation in ABAQUS for specimen at 
complete failure: (a) specimen S.S0.2L; (b) specimen M.S0.2L; (c) 
specimen M.S0.1L;  (d) specimen L.S0.2L; (e) specimen .......................... 118 

Figure 4.10 Crack pattern obtained from FEA and experimental testing for control 
beams at ultimate states: (a) S.0L.Con; (b) M.0L.Con; (c) L.0L.Con ........ 119 

Figure 4.11 Numerical vs. experimental load-deflection response: (a) control 
beams; (b) beams strengthened with one CFRP layer; (c) beams 
strengthened  with two CFRP layers ........................................................... 122 

Figure 4.12 Shear stress contributed by concrete and CFRP fabric (FE results) ........... 125 

Figure 4.13 Distributions of strains on fibres crossed by normalized distance along 
the main diagonal shear path: (a) specimen S.S0.1L; (b) specimen 
S.S0.2L; (c) specimen M.S0.1L;  (d) specimen M.S0.2L; (e) specimen 
L.S0.1L; (f) specimen L.S0.2L. Phase 1: initiation  of main diagonal 
shear crack. Phase 2: all the fibres intersected by shear crack in  an 
active phase. Phase 3: development of the loss of the shear contribution  
of the fibres at tips of the shear crack. Phase 4: the maximum strain  
recorded on fibres before the complete loss of the shear  contribution of 
the fibres at the top part of  the shear crack ................................................ 131 



XX 

Figure 4.14 Strain profile and interfacial shear stress along the fibre and interface 
layer intercepted by maximum crack width (specimen L.S0.1L) ............... 133 

Figure 4.15 Strain profile and interfacial shear stress along the fibre and interface 
layer intercepted by maximum crack width (specimen L.S0.2L). Steps 
1,2,3: the initiation  and development of the shear crack just before the 
delamination procedures.  Step 4,5,6: the procedure from the initiation 
of the delamination to the  complete loss of strain in the fibre ................... 134 

Figure 4.16 Correlation between maximum dimensionless shear capacity of 
specimens  versus maximum strain along the fibre: (a) specimens 
strengthened by one layer ........................................................................... 136 

Figure 5.1 (a) (𝑊𝑒𝑑𝑓)3×𝑓𝑐΄𝑓𝑐𝑡versus ratio of EB CFRP to the steel stirrups- 
Calculated   versus experimental results for (b) CAN/CSA-S6-19 (c) 
CAN/CSA-S806-12 (d) ACI 440.2R-17 (e) JSCE-01-2007 (f) fib-TG 
5.1-19 (g) the proposed model .................................................................... 147 

Figure 5.2 Details of beams: (a) Cross sections of the specimens (mm); and (b) 
Elevation of beam, and position of four points loading .............................. 149 

Figure 5.3 Properties and assumption of the materials implemented in FE 
simulations (a) Tension softening curves for the concrete (Hordijk, 
1991) (b) damage in the concrete  versus shear retention factor (Rots, 
1988) (c) Bond-slip model between  concrete and CFRP  (Lu et al., 
2005) (d) Bond-slip model between  concrete and steel stirrups 
(Telford, 1993)  (e) Stress-strain  relation for steel reinforcement (f) 
Stress-strain ................................................................................................. 151 

Figure 5.4 Verifications of the suggested FE models and experimental results (a) 
load-mid-span deflections for the specimens B3 (control beam not 
strengthened with EB CFRP0  and B5 (Strengthened beam (b) strain 
response among CFRPs1 in the specimen B5  (c) distributions of the 
shear crack for the control beam at the ultimate  state (d) distributions 
of the shear cracks for strengthened beam  at the ultimate state ................. 156 

Figure 5.5 (a) Strain profiles and interfacial shear stresses along fibers and 
interface layers intercepted by maximum crack on CFRPs1 and 
Cohesivelayeres1 (b) Areas under shear stress profiles along the first 
fibers  (𝑁𝑚𝑚)............................................................................................. 160 

Figure 5.6 Maximum strains profiles among the fibres on CFRP1, CFRP2, and  
CFRP3 for the studied specimens (µԐ) ....................................................... 166 
 



 XXI 

Figure 5.7 (a) Load-midspan deflections versus applied shear forces (kN) curve for 
the studied beams, steel stirrups, and steel stirrups + EB-CFRPs (b) 
Proportions of  the Contributions for all the components resisting in 
shear forces (kN)  (concretes, steel stirrups, steel stirrups+ EB-CFRPs) ... 168 

Figure 5.8 Compassion between the effective strains versus ratio of EB CFRPs-to-
steel stirrups for the proposed models and the other guidelines ................. 170 

Figure 5.9 a) Maximum strains experienced by steel strirrups1,2,3 and CFRP1,2,3 
strips at the maximum shear forces for the studied specimens (µԐ) 
(interactions between steel  stirrups and EB CFRPs) b) Maximum 
strains experienced by CFRP1, 2, 3  strips during the whole process of 
the loading  (after complete failure of the specimens)  for the studied 
specimens (µԐ) ............................................................................................ 172 

Figure 5.10 Interactions between strirrups1 and CFRP1 based on the maximum 
strain experience by fibers during the loading process (b) proposed 
reduction factor versus  the ratio of EB CFRPs1-to-steel stirrups1 (c) 
Applied shear forces versus strains  experienced by steel strirrups1 and 
CFRP1 for the studied specimens ............................................................... 176 

Figure 5.11 Interactions between strirrups2 and CFRs2 based on the maximum 
strain experience by fibers during the loading process (b) proposed 
reduction factor versus  the ratio of EB CFRPs2-to-steel stirrups2 (c) 
Applied shear forces versus strains  experienced by steel strirrups2 and 
CFRP2 for the studied specimens ............................................................... 178 

Figure 5.12 Interactions between strirrups3 and CFRs3 based on the maximum 
strain experience by fibers during the loading process (b) proposed 
reduction factor versus  the ratio of EB CFRPs3-to-steel stirrups3 (c) 
Applied shear forces versus strains  experienced by steel strirrups3 and 
CFRPs3 for the studied specimens ............................................................. 180 

Figure 5.13 Comparison between calculated versus the proposed effective strains 
obtained from numerical results based on interactions between steel 
stirrups and CFRPs on  the studied specimens for (a) CAN/CSA-S6-19 
(b) CAN/CSA-S806-12  (c) ACI 440.2R-17 .............................................. 184 

 
 

 
 
 
 
 



XXII 

 



 

LIST OF ABREVIATIONS AND ACRONYMS 
 

ACI American Concrete Institute  
 
ASCE American Society of Civil Engineers  
 
ASTM American Society for Testing and Materials 
 
AFRP Aramid Fiber Reinforced Polymer 
 
AVE AVERAGE  
 
BC Brittle Cracking 
 
CDP Concrete Damage Plasticity 
 
CEB Comité Européen du Béton 
 
CFRP Carbon Fiber Reinforced Polymer  
 
COH2D4 Four-node Cohesive Element  
 
CNR  National Research Council  

COV  Covariance 

CSA Canadian Standard Association  
 
EB Externally Bonded  
 
EB FRP Externally Bonded Fiber Reinforced Polymer 
 
ETS Externally Through-section Method  
 
FIB Fédération Internationale du Béton  
 
FRP Fiber Reinforced Polymer  
 
FE Finite Element 
 
FEA Finite Element Analysis   
 
FEM Finite Element Method                     
 
FIB Fédération Internationale du Béton 
 



XXIV 

GFRP Glass Fiber Reinforced Polymer 
 
HB Design handbook for RC structures retrofitted with FRP and metal plates 
 
JCI Japanese Concrete Institute 
 
JSCE Japan Society of Civil Engineers  
 
NES Near End Supported 
 
NSM Near Surface Methods 
 
RC Reinforced Concrete 
 
STD Standard deviation of the data set 
 
T2D2 Two-node 2D Truss elements  
 
 
 
 



 

LIST OF SYMBOLS AND UNITS OF MEASUSERMENT 
 A୊ୖ୔  Area of the cross section of a FRP sheet or strip= 2n. t୤. w୤ A୤୴ Area of the cross section of a FRP sheet or strip= 2n. t୤. w୤ b୵ Effective width of beam d   Effective depth of the beam d୤ Effective depth of FRP d୊ୖ୔ Distance from the extreme compression fiber to the centroid of tension  d୤ Distance from the extreme compression fiber to the centroid of tension  D୤୰୮  Stress distribution factor d୤୰୮,୲  Distance from the compression face of beam to the top edge of the FRP d୤୴  Effective depth of FRP shear reinforcement, in. (mm) Eୟ Elasticity modulus of cohesive layer  Eୡ  Elasticity modulus of cohesive concrete E୤ Elasticity modulus of FRP E୤ Elastic modulus of FRP in the principal fiber-orientation direction E୊ୖ୔ Young’s modulus of the FRP Eୱ Elastic modulus of steel stirrups rebars Fୠୱ୫ Bond force per length fୠୱ୫  Mean bond stress of reinforcing steel  fୡᇱ Cylinder compressive strength of concrete fୡ୩ Concrete characteristic cylinder strength f୤,ୣ Average stress of FRP crossed by the shear crack fୢୢ  FRP-to-concrete bond strength fୣୢ Effective debonding strength f୤ୣୢ Design value for the FRP effective stress F୤୰୮  Force within the FRP composites at the ultimate limit fୡ୲୫ Concrete mean tensile strength fୡ୫ Mean compressive strength of concrete f୤ୠ୵ୢ Strength of the fibre reinforcement 



XXVI 

f୤୵ୢ,ୡ  Bond strength f୤୵ୢ  The load-bearing capacity of three-sided FRP f୤ୠ୩ Characteristic maximum bond strength f୤୳ Ultimate FRP tensile stress Gୟ  Shear modulus for adhesive layer Gୡ  Concrete shear modulus  G୤  Facture energy of the FRP-to-concrete bonded interface h୤,ୣ  Effective height of the FRP sheets/plates on the web of the beam h୵ Beam web depth K Shear reinforcing efficiency of continuous fiber sheets coefficient kଵ Concrete-strength modification factor kଶ  Wrapping-scheme modification factor Kୠ Covering/scale coefficient K୮ Factor related to the width of the bonded plate and the width of the concrete  k୴  Bond-reduction coefficient K୬୬ Stiffness failure mode 1 Kୱୱ Stiffness of shear direction failure mode 2  K୲୲ Stiffness of shear direction failure mode 3 K୴ୠଵ Parameters of bond conditions K୴ୠଶ Parameters of bond conditions Lୣ Effective anchorage length of FRP lୣ Effective bond length of FRP strips lୣ  Maximum bond length lୣ,଴ Transfer length of the reinforcing steel l୲,୫ୟ୶ Anchorage length required to develop the full anchorage capacity m Number of strips for which the bond length is less than effective bond length Mୡ୰ Cracking moment n Number of strips crossed by the shear crack   n୤ Number of EB-FRP layers 



 XXVII 

nୱ,୧  Number of steels rebars p୤ FRP centre-to-centre spacing measured orthogonally to the fiber orientation R  Reduction factor Rଶ  Ratio of FRP effective width to total FRP width rୡ  Corner radius of the section to be wrapped Rୡ୩ Concrete characteristic cubic strength S୤ Center-to-center spacing of the FRP strips s୊ୖ୔ Spacing of externally bonded FRP bands on concrete (mm) S୰ Prediction of the crack spacing for reinforced concrete members tୟ Thickness of cohesive layer tୡ Thickness of concrete substrate detached in debonding mode t୤  Thickness of EB-FRP  t୊ୖ୔ Thickness of FRP composite V Ultimate shear capacity of EB-RC beam Vୡ  Shear contribution of concrete Vୱ Shear contribution of steel stirrups V୤ Shear contribution of FRP V୤ୡୟ୪ Contribution of FRP to shear as calculated by models V୤ୢ Design value for the ultimate FRP stress V୤ୢୢ Design value for the FRP debonding stress V୤ୣ୶୮ Experimental contribution of FRP to shear Wେ,଴ Section modulus of the uncracked concrete cross section  w୤ Width of the FRP strips in the direction normal to the fibre orientation w୤,ୣ Effective width of FRP sheet (for discrete FRP strips) z Lever arm length (generally may be set to d/1.15) z Internal lever arm Zୠ Upper edge to the effective FRP(0.9d) Z୲ Lower edge of the effective FRP Z୰୧ୢ.ୣ୯ Vertically projected length of the FRP strip, minus the effective bond length  



XXVIII 

α Orientation of Fibers to horizontal axis of beam β  Angle of the fiber direction βୡ  Concrete-cracking coefficient based on transverse-steel and FRP rigidity values β୐ Coefficient to compensate for insufficient FRP anchorage length β୵ FRP-width-to-spacing-ratio coefficient γ୤ୠ  Safety factor γ୰ୢ  Partial factor for the resistance model  ε୤ୣ  Effective strain of FRP ε୤୰୮,ୣ Effective strain in FRP ε୤୳  Tensile strain in FRP at failure ε୤୰୮,୳ FRP rupture strain θ Orientation of shear crack σ୤,୫ୟ୶ Maximum stress that can be reached in the FRP strips intersected by shear crack ρ୤ FRP strengthening ratio = ቀ2n. ୲౜ୠቁ . (w୤/S୤)  ρୱ Transverse-steel ratio= A୴/(b୵. s) ρ୤୰୮ Ratio of steel stirrups τୣ୤୤  Average bond shear stress at failure τୠଵ୩ Characteristic values of the shear strength ϕ୊ୖ୔  Resistance factor for FRP components ∅ୖ Reduction factor due to local stress in corners ∅ୱ,୧ Diameter of steels rebars 

 
 



 

INTRODUCTION 
 

Shear failure in reinforced concrete (RC) beams has been a longstanding concern in structural 

engineering due to its complex behavior under loading and its tendency to brittle rupture 

without warning. As a result, structural engineers often prioritize understanding the sequence 

in which flexural failure occurs before shear failure. The absence of sufficient shear strength 

in RC beams can be attributed to various interrelated factors. Underestimating the real loads in 

the design process, lack of accuracy in the construction phase, natural disaster due to winds 

and earthquakes are examples of such factors. In recent years, the use of fiber reinforced 

polymer (FRP) composites has become a mainstream in the construction industry.  FRP 

composites have high strength in tension, which can compensate for the shear and tensile 

deficiencies of RC beams. Researchers have applied various configurations of FRP sheets and 

bars through the common approach of bonding FRP sheets to the surface of RC beams, namely, 

externally bonded (EB) method. However, the lack of the numerical studies, expensive, and 

time-consuming laboratory tests may explain the existence of divergence between the 

experimental results and models offered by existing guidelines. The results obtained from finite 

element analysis (FEA) are extensive and can provide a better insight into the behavior of 

bond, which include evaluation of the response of interface layer, strain on all the fibers, 

prediction of the right angle of shear cracks, distributions of shear cracks, determination of the 

failure mode such as debonding and delamination of fibers, and plenty more outcomes during 

loading process. Therefore, some of the essential parameters affecting the shear contribution 

of EB-FRP include inverse interaction between EB-FRP and steel stirrups with respect to their 

proportion, size effect, shear stress on bond between contrite-to-EB-FRP as well as bond 

between steel stirrups-to-concrete, right angle of shear cracks variating based on internal and 

external shear reinforcements, and distribution of shear cracks leading to premature debonding. 

The current research study concentrates on the numerical investigations on the size effect, 

inverse interaction between EB-FRP and steel-stirrups, and distributions of shear cracks as the 

ratios of external shear reinforcement-to-internal shear reinforcement increases under static 

load. This publication aims to develop analytical models by incorporating the parameters, less 

employed in the literature and introduce new effective strains to solve the complexity of shear 
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contributions of EB-FRP during propagations of shear cracks and size effects through the 

numerical tests. The following chapters represent a sketch of content debated in the existing 

research study:     

- Chapter 1 provides an elucidation of the context through a description of the problem 

and research objectives, and discusses the methodology employed for the current study. 

 

- Chapter 2 involves the assessment of existing design models found in guidelines, 

examining both their strengths and weaknesses. Furthermore, this chapter includes a 

comprehensive review and evaluation of previously proposed models from the 

literature that pertain to the enhancement of shear capacity in RC beams using EB-FRP 

strengthening techniques. 

 

- Chapter 3 focuses on an article entitled "Shear Strengthening of RC Beams with FRP 

Composites: Database of FE Simulations and Analysis of Studied Parameters." The 

primary objective of this chapter is to compile a comprehensive database encompassing 

all studies that have employed finite element analysis (FEA) to investigate the shear 

strengthening of RC beams using EB-FRP composites. Furthermore, this chapter aims 

to assess the strengths and weaknesses of these studies by analyzing various parameters 

that were studied in their respective analyses. 

 

- Chapter 4 presents the findings in an article entitled "FE Modeling and Simulation of 

the Size Effect of RC T-Beams Strengthened in Shear with Externally Bonded FRP 

Fabrics." This chapter delves into the results of a nonlinear finite element numerical 

study conducted on nine RC beams that underwent shear strengthening using EB-CFRP 

composites. These beams were tested in a laboratory setting under three different series. 

The study aims to meticulously examine the impact of various factors, including the 

response of the interface layer, the strain distribution along the fiber, and the fibers 

intersected by the main diagonal shear crack, on the size effect observed in the beams. 

The research also explores failure modes, load-deflection responses, and the pattern of 

shear cracks. One notable aspect of this study is its focus on investigating the size effect 
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using finite element analysis and revealing the development of shear stress and strain 

in the interface layers and fibers during the loading process. Additionally, by analyzing 

the strain distribution curve on the fibers intercepted by the main shear crack, the study 

aims to quantify the distribution factor responsible for the effective strain experienced. 

This effective strain differs significantly from the values typically recommended in 

codes and guidelines. 

 

- Chapter 5 discusses the findings from an article entitled "Inverse Interaction between 

Steel Stirrups and EB-CFRP in RC Beams Strengthened in Shear: Development of 

Analytical and Numerical Models." This chapter consolidates previous experimental 

results and conducts advanced nonlinear numerical tests to develop an analytical model 

for reinforced concrete (RC) beams strengthened in shear with externally bonded 

carbon fiber reinforced polymer (EB-CFRP). This model accounts for the negative 

inverse interaction that occurs between the steel stirrups and EB-CFRP as the ratios of 

EB-CFRP to steel stirrups increase. The study proposes reliable effective strains by 

considering this interaction parameter, which enhances the accuracy of calculating the 

shear contribution of the EB-CFRPs. The results are presented in various aspects, 

including shear crack patterns, load-midspan deflections, shear stresses, strain 

responses along the fibers, maximum strain profiles for all the CFRPs and specimens, 

applied shear forces-strain relationships for both steel stirrups and EB-CFRPs, and the 

interactions between steel stirrups and EB-CFRPs. These interactions are based on their 

respective maximum strain contributions at the point of maximum shear forces and the 

maximum strain they experience after shear failures. 

 

 

In conclusion, the findings from this thesis project, along with recommendations for potential 

future research endeavors, are consolidated and presented, respectively. 
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CHAPTER 1 
 
 

 DESCRIPTION OF RESEARCH 
1.1 Context 

In North America, a significant portion of engineering structures, particularly reinforced 

concrete (RC) bridges that are still in operation, were built during the period spanning from 

1960 to 1980. Currently, more than one-third of these bridges fall into the categories of being 

either structurally deficient or functionally obsolete. This classification is based on evaluating 

the condition of their structural components and their ability to meet modern design standards. 

These evaluations utilize a thorough assessment approach that incorporates condition and 

functionality indices as the benchmark criteria (El-Saikaly, 2015). 

1.1.1 Shear cracks and shear strengthening with externally bonded FRP 

The behavior of RC beams strengthened in shear using FRP composites is influenced by 

various parameters, making it a complex and challenging area of study. Some of these 

parameters include: 

(a) Cross section, (b) Size effect, (c) Interface (concrete-to-FRP), (d) Interface (concrete-to-

steel stirrups), (e) Crack shape function, (f) Types of configurations in shear, (g) different FRP 

materials, (h) Concrete strength, (i) Ratio of longitudinal steel reinforcements 𝜌௪, steel stirrups 𝜌௦, to those of EB-FRP 𝜌ிோ௉, (j) Types of the failure (debonding, delamination, rapture), (k) 

Interaction between Components, etc. 
 

Shear-Strengthening Techniques: The method used for applying FRP composites, such as U-

bonded, side-bonded, or fully wrapped, can significantly affect the shear performance of the 

beam. Despite extensive research, there is no unanimous agreement on a single design model 

for evaluating the shear contribution of Externally Bonded (EB) FRP composites. This 

complexity is acknowledged in industry standards. Currently, two main approaches are used 

for shear evaluation: 
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a) a) Simplified Hypothesis: This approach assumes that each component of the beam 

(concrete, stirrups, longitudinal bars, and FRP composites) contributes separately to the shear 

strength. The total shear resistance (V) is calculated as the sum of the contributions from these 

components: 

 

                                                          𝑉 = 𝑉௖ + 𝑉௦ + 𝑉௙                                                        (1.1) 

 𝑉௖ and 𝑉௦ are calculated based on established codes and standards for reinforced concrete 

structures. 

The challenge lies in accurately calculating the contribution of FRP composites (𝑉௙) to the 

shear strength of EB RC beams. 

b) Experimental Tests: This method involves conducting physical tests on shear-strengthened 

RC beams to determine their actual shear capacity. These tests provide valuable empirical data 

but can be resource-intensive and time-consuming. 

In summary, the behavior of RC beams strengthened in shear by FRP composites is influenced 

by several factors, and hence there is ongoing research to develop reliable design models that 

consider the complex interaction of these components. The choice between a simplified 

approach and experimental testing depends on the specific project requirements and available 

resources. 

1.1.2 Shear strengthening configurations 

Externally bonded fiber reinforced polymer is a common method for boosting the shear 

strength of RC beams. FRP sheets/plates are normally attached to the web of the RC beams. 

As a result, they can compensate for the shear deficiency of the RC beams when diagonal shear 

cracks emerge in the web of beams. Initially, the FRP strips are inactive before the occurrence 

of cracking. With the appearance of cracking, FRP composites contribute to the shear 

strengthening alongside stirrups and concrete. In addition, these FRP composites can be 

attached to the bottom of beam to resist flexural tension of RC beams. In this technique of 

shear strengthening, FRP composites are attached to the surface of RC beams via resin epoxy. 
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They can be attached in the form of either continuous or non-continuous (separate) strips. 

When used in separate configuration these strips can be positioned with different orientation 

depending on the angle of shear cracks. Also, fully wrapped, and U-shaped methods are 

classified in this category. Nevertheless, the fully-wrapped method is not a common approach 

for shear-strengthening of current RC beams due to the restriction in practical applications. 

Indeed, the bond interface layer plays a crucial role in the ultimate strength of proposed beams. 

Ahmed Godat et al. (2013) and Valerio et al. (2009) conducted research on Embedded through-

section technique effective way of boosting shear-strengthening of RC FRP beams in 

comparison to other methods employed. Because common failure in RC beams strengthened 

with FRP composites is debonding between FRP composites and concrete, this technic is an 

appropriate substitution to the other methods of shear strengthening by FRP. The debonding 

failure is considered as a drawback in RC FRP beams strengthened by external FRP composites 

since it triggers the failure of such structures before reaching the full capacity of their 

rehabilitation systems. Unlike other measures of shear strengthening of RC beams externally 

strengthened using FRP composites, externally through-section method technique (ETS), FRP 

bars pass through the core of drilled concrete in which debonding is not concerning issue 

because of the strong bond between concrete and FRP bars (Figure 1.1). Furthermore, due to 

the fact that the concrete core is stronger than its surface, more confinement is expected from 

this bond compared to externally bonded (EB) methods. Simple installation and high efficiency 

are some of the merits of this method. The only drawback associated with this approach is that 

the strength of concrete reduces because of the damage caused by drilling the hole. However, 

it can be minimized if whole of the procedure of drilling is performed based on the CSA/S806-

02 codes of practice. More finite element analysis by software is required to comparing FE 

with experimental results. 
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Figure 1.1 Shear strengthening of reinforced concrete beams via ETS approach  

Taken from Ahmed Godat et al. (2013) 
  

Even though the near-surface Methods cannot enhance shear strengthening of RC beams as 

much as ETS approach, the probability of debonding in this method is less than externally 

bonded techniques. Furthermore, as FRP RC beams are not homogenous structures in terms of 

materials, it is obvious that failure and yielding in materials do not take place at the same time. 

It means that steel stirrups cannot contribute to bearing external load and without reaching their 

ultimate capacity, failure occurs. NSM approach turns out to be a fruitful technique to improve 

contribution of steel stirrups and FRP Bars in bearing shear tensions in RC beams. As a matter 

of fact, ductility, shear-strengthening as well as strong bond are some of merits of this 

approaches which highlight it in comparison to externally bonded (EB) method. Overall layout 

and details of NSM methods and arrangement of materials toward each other are shown in 

Figure 1.2. 
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Figure 1.2 Detail of installation FRP bars in RC beam  

Taken from Parvin and Syed Shah (2016) 

1.1.3 Failure modes in RC beam strengthened with EB-FRP 

By adopting traction-separation law in the ABAQUS, it is possible to assign the parameters of 

Lu et al. (2005) ’s FRP-to-concrete bond-slip relationship to the cohesive layer already defined 

as an interface layer. Since the interface layer is subjected to three modes of failure shown in 

Figure 1.3, the envelope of all three modes has to be defined into the ABAQUS.  

 

Figure 1.3 Traction-separation envelope exiting in ABAQUS (a) and modes of failure at 
interface layer (b)  

Taken from Hokelekli and Yilmaz (2019) 
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As can be shown in Figure 1.4 typical bilinear traction-separation law in the ABAQUS has 

three parts that have to be specified by the users, which are initial stiffness, initiation of the 

damage, and damage evolution. 

 
Figure 1.4 Typical damage-separation law envelope  

Taken from Fang et al. (2023) 

This damage-separation curve has to be defined in all three modes of failure in the ABAQUS 

since all these three modes have an effect on the final response of interface layer between 

concrete and CFRP plate (Figure 1.5). 

 
Figure 1.5 Typical traction-separation envelope for the all-failure modes 

 Taken from Harper and Hallett (2010) 
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In order to calculate the stiffness of this curve in the normal direction, the model proposed by  
Guo et al. (2005) was applied as follows: 
 
                                           𝐾௡௡ = ଵ௧ೌ ாೌൗ ା௧೎ ா೎ൗ                                                                        (1.2) 

 

where 𝐸௔ is the elasticity modulus, 𝑡௔ is the thickness of the adhesive layer, 𝐸௖ is the elasticity 

modulus and 𝑡௖ is the thickness of concrete. 

To calculate the stiffness in the two shear directions corresponding to failure mode2 and 

mode3, following model was employed: 

 

                                         𝐾௦௦ = 𝐾௧௧ = ଵ௧ೌ ீೌൗ ା௧೎ ீ೎ൗ                                                                 (1.3) 

 

Where 𝐺௔ is the shear modulus, 𝑡௔ is the thickness of the adhesive layer, 𝐺௖ is the shear 

modulus and 𝑡௖ is the thickness of concrete. In the following section, the theory of traction-

separation law will be elaborated. 

1.2 Problem statement 

Reinforced concrete (RC) is a versatile composite and one of the most widely used materials in 

modern construction. Concrete is a relatively brittle material that is strong under compression 

but less so in tension. Concrete infrastructures entail constant maintenance and rehabilitation 

due to the deterioration of concrete and steel bars, structural damage, and insufficient ductility. 

Therefore, maintenance of these infrastructures is of paramount importance to the engineers. 

These deteriorations give rise to a reduction of strength in these structures and failing to 

withstand service load. In the past years, the retrofitting of existing RC beams was carried out 

by conventional materials. Steel plate jacketing and section enlargement by shotcrete were 

among common techniques to enhance shear strength of existing deficient RC beams. 

However, these techniques are both costly and difficult to execute. FRP composites have taken 
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the place of conventional methods since they have reduced the cost of rehabilitation in these 

beams. Ever since fiber reinforced polymers were introduced as retrofitting materials, their 

application in the construction industry has grown due to their high strength to weight ratio, 

high tensile strength and resistance to corrosion. Having said that, their interaction with 

reinforced concrete structures is convoluted when it is used for shear strengthening of existing 

RC beams. Furthermore, the design codes are based on experimental conduct, not covering all 

the parameters having an influence on the interaction between concrete and FRP plates and 

sheets. Indeed, the behavior of RC beams strengthened in shear with FRP plates and sheets has 

not been fully documented because all the experimental, simulating, analytical and numerical 

conducts have been based on simplified pull-off test not considering the behavior of the 

interface layer between concrete and FRP composites when FRP composites are applied for 

shear strengthening of RC beams. Moreover, previous studies did not consider fracture 

mechanic of concrete when interface layers were subjected to shear stresses in two directions. 

Therefore, the common pull-off test cannot capture the whole process of debonding between 

concrete and FRP composites when FRP plates and sheets are employed for shear 

strengthening of RC beams leading to incomplete results. Combined stress field at the interface 

layer and fracture mechanic of concrete are two main components affecting the outcome of the 

analysis. Given the fact that various techniques for EB shear strengthening configurations 

(vertical and inclined strips, continuous sheets, L and U-shaped plates) have been introduced, 

having a different interaction with the concrete substrate, current codes and standards are not 

able to offer comprehensive solutions for upgrading existing RC beams strengthened in shear 

with FRP plates and sheets. Therefore, an accurate design model, validated with FEA and 

experimental tests with the inclusion of influencing factors is clearly a need in current codes 

and standards. 

1.3 Research objectives  

Due to the shortage of the numerical study in the field of RC beams strengthened in shear with 

EB-FRP, the present research study aims to carry out a FEA while proving its efficiency in 

terms of time and cost in comparison with experimental conducts without compromising the 
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accuracy of results. Furthermore, this study intends to develop a numerical simulation of the 

aforementioned beams and finally, develop an analytical model accounting for the shear 

contribution of EB-FRP through a parametric study.  

1.3.1 Main objective 

The research aims to propose a comprehensive analytical and numerical models for the shear 

resistance of RC beams strengthened using EB-FRP plates/sheet (Figure 1.6). While existing 

studies have improved shear strengthening methods, a more inclusive model considering all 

shear failure modes and strengthening schemes is needed. The interaction between FRP sheets 

and plates will be extensively studied using advanced FE methods. This includes addressing 

challenges related to the interaction between FRP composites and concrete, as well as the 

inverse interaction between EB-FRP and steel stirrups. Various influencing factors on the 

behavior of the interface layer will be explored, such as fracture mechanics of concrete, 

dimensions, and FRP composite configuration. The study seeks to determine the impact of 

these factors on the interface layer's behavior and, consequently, the ultimate load-carrying 

capacity of beams. New theoretical and mathematical approaches will be developed to replace 

current design models in codes and standards, providing a more comprehensive design method 

for practicing engineers. The proposed approaches are anticipated to enhance current design 

models in codes and standards by considering all relevant parameters. 

 

1.3.2 Specific objectives 

• To develop advanced precise numerical models and realistic assumptions for 

simulation of existing RC beams strengthened in shear with EB-FRP using FE 

software. 

• To perform parametric numerical analysis on inverse interaction between EB-FRP and 

steel stirrups to evaluate the maximum stress transferred trough the bond between 

concrete and EB-FRP as the ratio of external shear reinforcement (EB-FRP) to internal 

shear reinforcement (steel stirrups) increases. 
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• To investigate the effect of maximum shear stress on bond between concrete and EB- 

FRP as well as concrete and steel stirrups. In addition to consider the maximum strain 

experienced by EB-FRP and steel stirrups at ultimate states in order to develop new 

closed form model based on aforementioned parameters.  

• To propose new models for North American design codes for RC beams strengthened 

in shear with EB-FRP. 

• To consider the size effect on the contribution of EB-FRP based on interfacial shear 

stress and strain profile along the direction of fibers. 
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Figure 1.6 Research objectives 

1.4 Methodology 

Figure 1.7 illustrates the methodology employed in the present research study. Despite the fact 

that the laboratory tests are integral parts to evaluate the response of RC beam strengthen with 

EB-FRP, an array of features from above-mentioned beams are ambiguous through conducting 

laboratory studies. The proposed research follows a scientific procedure aimed at obtaining the 

results validated with available database in the literature. In this research study, the 
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implementation of FEA models is reliable and less time-consuming option compared to 

experimental research demonstrating to achieve higher recognition of response of RC beams 

strengthened with EB-FRP. FEA models enable to develop parametric conducts resulting in 

creating more comprehensive data and enhancing accountable design model that reliably 

captures the shear contribution of EB-FRP to the ultimate load-carrying capacity of the above-

mentioned beams. The two influencing parameters affecting the shear contribution of EB-FRP 

and where there is lack of numerical research studies are the size effect and inverse interactions 

between steel-stirrups and EB-FRP. Also, this research study is aimed to bridge the gaps 

between experimental and numerical studies due to limited numerical research. It starts with 

reviewing all the research regarding codes and standards of some countries about shear 

strengthening of RC beams with FRP composites, bond-slip law, behavior of interface layer 

between concrete and EB-FRP, fracture mechanic of concrete, constitutive models of FE 

software about simulating behavior of interface layer and concrete damage parameters. 

For this reason, in the first section of this research study nine specimens are selected for the 

evaluation of the size effect. The study focuses on assessing the effectiveness of using EB-FRP 

for strengthening RC-T beams of various sizes and comparing the performance of strengthened 

beams to control beams through simulation and experimental testing. The goal is likely to 

provide insights into the behavior and performance of these beams under different 

strengthening conditions. There has been significant advancement in numerical models, 

enabling them to accurately capture various aspects, such as the interfacial shear stress along 

the bond, the strain profile along the fibers, and the normalized main diagonal shear cracks. 

The outcomes of a nonlinear finite element (FE) numerical investigation conducted on nine 

reinforced concrete (RC) beams that underwent shear strengthening using EB-CFRP 

composites. These beams were subjected to laboratory testing, grouped into three series, each 

comprising RC beams of different sizes (small, medium, and large) but geometrically similar. 

The findings demonstrate that numerical simulations exhibit a high level of accuracy in 

predicting experimental results. Additionally, they validate that as the size of the beams 

increases, both the shear strength of concrete and the contribution of CFRP to shear resistance 

decrease. 
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Another parameter where there is lack of analytical and numerical investigation is the inverse 

interaction between steel-stirrups and EB-FRP. This research considers both experimental and 

numerical testing methods to formulate an analytical model designed for reinforced concrete 

(RC) beams shear strengthened using EB-CFRP. Special attention is given to studying the 

adverse inverse relationship that arises between the steel stirrups and EB-CFRP as the ratios 

of EB-CFRP to steel stirrups increase. Notably, this particular interaction is not accounted for 

in the design models outlined in most existing guidelines, despite its significant impact on the 

shear resistance as projected by these guidelines. 

Most current design guidelines do not account for this interaction, even though it significantly 

impacts the shear resistance predicted by these guidelines. Specifically, the contribution of EB-

CFRP to shear resistance decreases as the ratio of EB-CFRP to steel stirrups increases. 

Therefore, proposing accurate effective strains by incorporating this parameter enhances the 

calculated shear contribution of EB-CFRPs. 

To address this, an analytical model is introduced for determining the effective strain of CFRP, 

taking into consideration the inverse interaction between EB-CFRP and steel stirrups. 

Subsequently, this proposed model is validated using experimental data through a parametric 

study that explores the increasing trends in the EB-CFRP-to-steel-stirrups ratio. Additionally, 

a numerical finite element model is presented to calculate the reduction factor and the 

corresponding effective strain, accounting for the inverse interactions between EB-CFRPs and 

steel stirrups. These results are then compared against various existing guidelines. 

The findings are presented in terms of shear crack patterns, midspan deflections under load, 

shear stresses, strain responses along the fibers, maximum strain profiles for all CFRPs and 

specimens, applied shear forces-strain relationships for both steel stirrups and EB-CFRPs, and 

the interactions between steel stirrups and EB-CFRPs based on their maximum strain 

contributions at the point of maximum shear forces and the maximum strain they endure after 

shear failures. Figure 1.7 and Figure 1.8 display both the simulating and analytical framework 

and flowchart and the assessed variables.   

Figure 1.9 a-c and Figure 1.10 a-d demonstrate schematic two and three-dimensional models 

simulated in ABAQUS programme to investigate the size effect and the inverse interaction 

between steel stirrups and EB-FRP. After simulating the specimens, they are validated with 
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experimental tests in terms of pattern of shear cracks, load-deflection curves, maximum strains 

on steel stirrups and EB-FRP.  

 
Figure 1.7 Methodology of the doctoral research project 
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Figure 1.8 Numerical program identified within the doctoral research 
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(a) 

 
 

(b) 

 

 

 

(c) 

Figure 1.9 Schematic of three-dimensional simulated and analyzed RC-T beam  
strengthened in shear with EB-FRP under three-point loads (a) simulated 

 specimen and position of steel stirrups and EB-FRP under three-point  
loads (b) situation of defined cohesive layer (c) initiation and  

propagation of flexural and shear cracks  
during load procedure 
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(a) 

 
(b) 

 
(c) 

 

               
                   (d)                                                                            (e) 

Figure 1.10  (a) elevation of rectangular specimen for parametric study (b) Schematic of  
two-dimensional simulated and analyzed RC beam strengthened in shear with EB-FRP 

 under four-point loads (c) shear cracks in control beam (d) shear crack pattern  
in control beam at ultimate state (d) shear crack pattern in strengthened 

 beam with EB-FRP at ultimate state 
 





 

CHAPTER 2 
 
 

RESEARCH BACKGROUND 
2.1 Introduction 

This section offers an overview of the existing information concerning RC beams strengthened, 

externally bonded in shear by FRP composites and their contributions in codes and standards 

is presented. The chapter begins with a synopsis of currently available models for predicting 

the shear strength of RC beams strengthened in shear with EB-FRP. The summary focuses on 

selective shear strength models, specifically those grounded in clear failure mechanisms or 

supported by significant experimental validation, rather than attempting to encompass all 

available models. Following that, the chapter concentrates on examining prior FE 

investigations concerning the shear failure of reinforced beams that have undergone 

strengthening. 

 

2.2 Models for predicting shear strength currently in Use 

Chaallal et al. (1998) Model   

Chaallal et al. (1998) proposed the model utilized to determine the shear force carried by FRP 

composites in both side-bonded and U-wrap configurations. This model relies on the truss 

analogy as its fundamental principle. 

 

                                                     𝑉௙ = ଶி೑ೝ೛(ୱ୧୬ఉାୡ୭ୱఉ)ௗௌ೑                                                     (2.1) 

 

The model incorporates several key parameters. 𝐹௙௥௣ represents the force within the FRP 

composites at the ultimate limit, determined by the average shear stress between the FRP 

composites and the concrete substrate. β signifies the angle of the fiber direction, 𝑑 denotes 

the effective depth of the beam, and 𝑆௙ is the center-to-center spacing of the FRP strips. 
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It's important to note that the average shear stress at the interface layer should not exceed fifty 

percent of the maximum shear stress at that interface layer. However, there are two notable 

deficiencies in this model. 

The first deficiency pertains to the determination of the maximum shear stress at the interface 

layer, which relies on Roberts (1989) model. This model assumes that bond behavior is elastic 

and failure occurs in the adhesive layer, which contradicts the assumption that failure occurs 

in a thin layer of the concrete substrate close to the FRP composites. The second deficiency is 

related to the maximum shear stress at the bond. The model suggests that the maximum 

strength of the FRP can be fully utilized if there is adequate bond length. However, it's essential 

to consider the effective bond length, beyond which shear stress does not increase in the FRP 

composites (Guangming Chen, 2010). 

Triantafillou (1998) Model  

Triantafillou (1998) introduced a model to estimate the shear contribution of FRP composites 

to the shear strength of FRP reinforced concrete (RC) beams.  

 

                                                       𝑉௙ = 0.9𝜌௙௥௣𝐸௙𝜀௙௥௣,௘𝑏௪𝑑(1 + 𝑐𝑜𝑡𝛽)𝑠𝑖𝑛𝛽                   (2.2) 

   

This model is rooted in the failure mechanism of FRP composites. Triantafillou (1998) utilized 

an experimental approach to determine the shear contribution of FRP, employing an indicator 

termed "effective strain." This indicator was obtained through regression tests for this specific 

purpose. 

 𝜀௙௥௣,௘ = 0.0119 − 0.0205𝜌௙௥௣𝐸௙ + 0.0104൫𝜌௙௥௣𝐸௙൯ଶ              𝑓𝑜𝑟   0 ≤ 𝜌௙௥௣𝐸௙ < 1       (2.3) 𝜀௙௥௣,௘ = −0.00065𝜌௙௥௣𝐸௙ + 0.00245                                           𝑓𝑜𝑟   𝜌௙௥௣𝐸௙ ≥ 1               (2.4) 

 

An inherent limitation of this model is its inability to distinguish between various 

configurations of shear strengthening and different failure modes (FRP debonding and 

rupture). Consequently, the model assumes a uniform shear contribution of FRP composites 
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across all schemes, which may not accurately represent the real-world variations in shear 

behavior (Guangming Chen, 2010).      

Khalifa et al. (1998) Model 

Khalifa et al. (1998) introduced a model that incorporates two distinct failure mechanisms 

observed in shear-strengthened EB RC beams. This model serves as an amendment to 

Triantafillou's original model and accounts for two modes of failure, namely, FRP rupture and 

debonding. To facilitate this, Khalifa introduced two key parameters: "effective strain" (𝜀௙௥௣,௘) 

and the "reduction factor" (𝑅). The reduction factor is determined by dividing the strain in the 

FRP at the point of rupture by the effective strain in the FRP, which is derived through 

regression analysis of experimental data. This is expressed as follows: 

 

                                   𝑅 = 0.5622൫𝜌௙௥௣𝐸௙൯ଶ − 1.2188𝜌௙௥௣𝐸௙ + 0.788 ≤ 0.50               (2.5) 

 

Regarding debonding, Khalifa introduced a bond mechanism approach, which is based on the 

model initially proposed by Maeda (1997). This approach leads to the following expression for 

the reduction factor:  

 

                                                    𝑅 = ଴.଴଴ସଶ௙೎ᇲమ య⁄ ௪೑,೐(ா೑௧೑)బ.ఱఴఌ೑ೝ೛,ೠௗ೑                                                         (2.6) 

 

Khalifa et al. (1998) suggested utilizing the lesser value between equations 2-5 and 2-6 to 

address debonding, while reserving Equation 2-5 exclusively for rupture analysis. Khalifa et 

al. (1998) model exhibits two notable deficiencies: firstly, Equation 2-5 relies on regression 

analysis of experimental data encompassing both failure modes (rupture and debonding), even 

though it was originally introduced solely for rupture analysis. This discrepancy arises because 

the mechanisms governing debonding and rupture differ. Secondly, the incorporation of Maeda 
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(1997) model as Equation 2-6 lacks precision in determining the effective bond length 

(Guangming Chen, 2010). 

Triantafillou and Antonopoulos (2000) Model 

Triantafillou and Antonopoulos (2000) introduced an alternative model that distinguishes 

between both failure modes and incorporates two distinct terms for computing effective strain. 

Additionally, they took into account various types of Fiber-Reinforced Polymer (FRP) 

materials within their model. 

 

                 𝜀௙௥௣,௘ = 0.65ቆ ௙೎ሖ మ య⁄ఘ೑ೝ೛ா೑ቇ଴.଺ହ × 10ିଷ                         𝐶𝐹𝑅𝑃 𝑑𝑒𝑏𝑜𝑛𝑑𝑖𝑛𝑔                  (2.7) 

                 𝜀௙௥௣,௘ = 0.17ቆ ௙೎ሖ మ య⁄ఘ೑ೝ೛ா೑ቇ଴.ଷ × 10ିଷ                            𝐶𝐹𝑅𝑃 𝑟𝑎𝑝𝑡𝑢𝑟𝑒                      (2.8) 

                   𝜀௙௥௣,௘ = 0.048ቆ ௙೎ሖ మ య⁄ఘ೑ೝ೛ா೑ቇ଴.ସ଻ × 10ିଷ                          𝐴𝐹𝑅𝑃 𝑟𝑎𝑝𝑡𝑢𝑟𝑒                 (2.9) 

 

The problems with the model can be summarized as follows: 

 

• Lack of Discrimination among shear strengthening FRP configurations: One issue is 

the failure to differentiate between various configurations of shear strengthening using 

FRP. This is problematic because each configuration can contribute differently, 

assuming all other parameters remain consistent, as noted by Teng et al. (2002b). 

 

• Inconsistent model performance due to overlapping calibration and evaluation data: 

Another problem arises from the model's inconsistent performance when the same data 

is employed for both calibration and evaluation (Guangming Chen, 2010).  

Chen and Teng (20003a, b) Model  

J.-F. Chen and J. Teng (2003) and J. F. Chen and J. Teng (2003) introduced a model that 

differentiates between debonding and rupture modes. A noteworthy aspect of their model is its 
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foundation in the actual failure process, as opposed to relying on the regression of experimental 

test data, as highlighted by Guangming Chen (2010). 

 

                                          𝑉௙ = 2𝑓௙,௘𝑡௙𝑤௙ ௛೑,೐(௖௢௧ఏା௖௢௧ఉ)௦௜௡ఉௌ೑                                             (2.10) 

 

In which 𝜃 is the sign showing the orientation of shear crack and 𝛽 represents the inclination 

of the fiber orientation, ℎ௙,௘ = 𝑍௕ − 𝑍௧ is the effective height of the FRP sheets/plates on the 

web of the beam, where: 

 

                                                     𝑍௧ = 𝑑௙௥௣,௧                                                                     (2.11) 

                                                𝑍௕ = ൣ𝑑 − ൫ℎ − 𝑑௙௥௣൯൧ − 0.9𝑑                                          (2.12) 

 

They also demonstrated that stress within the FRP composites is not evenly distributed when 

debonding or rupture occurs. They put forth a model to calculate the average stress in the FRP 

material intersected by the crack, which is as follows: 

 

                                                         𝑓௙,௘ = 𝐷௙௥௣.𝜎௙,௠௔௫                                                     (2.13)  

       

Where 𝜎௙,௠௔௫ is the maximum tensile stress in FRP crossed by crack and 𝐷௙௥௣ is the coefficient 

for distributed stress. 

 

                                                                 𝐷௙௥௣ = ௙೑,೐ఙ೑,೘ೌೣ                                                    (2.14) 
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Their model has several shortcomings (Guangming Chen, 2010):  
• It relies on simplified assumptions, and it necessitates validation since it's constructed 

based on an analysis of the final state. 

• Concerning FRP rupture, they presumed that FRP composites attain their peak tensile 

strength at the ultimate state. However, there is a likelihood that the ultimate state may 

occur either before or after the rupture of FRP strips. 

• They posited that 𝑉௖, 𝑉௦, and 𝑉௙ achieve their ultimate strength simultaneously. 

Nevertheless, due to the substantial strain in FRP composites during rupture, it's 

probable that 𝑉௖ reaches its maximum strength before the rupture of FRP composites, 

possibly due to factors such as crack width and the loss of aggregate interlock. 

• They assumed that FRP sheets/plates fully develop their bond lengths during 

debonding, which does not accurately reflect reality. 

• It has been demonstrated that after debonding, FRP composites can reach their 

maximum tensile strength, a facet not accounted for in their study. Therefore, it is 

imperative to conduct a comprehensive analysis of the entire debonding process in EB 

RC beams. 

Monti and Liotta (2007) Model 

Giorgio Monti (2007) developed their model by building upon J.-F. Chen and J. Teng 

(2003) and J. F. Chen and J. Teng (2003) model, which acknowledges that the stress 

distribution along the FRP composites intersected by a crack is not uniform. Their model 

is based on two hypotheses: firstly, that the crack width increases linearly from the tip to 

the end of the crack, and secondly, that the number of slips at the top and bottom of the 

crack is equal. They introduced an analytical and mathematical model to establish a 

relationship between effective stress and the inclination of the shear crack for both U-wrap 

and side-bonded configurations. As part of their model, they presented the following 

equation to describe the shear contribution of FRP composites (Guangming Chen, 2010):     

 

Side-bonded configuration: 
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                                          𝑉௙ = {min 0.9𝑑,  ℎ௪}. 𝑓௘ௗ . 2. 𝑡௙. ௦௜௡ఉ௦௜௡ఏ .௪೑௣೑                                    (2.15) 

 

Where  

 

                                                𝑓௘ௗ = 𝑓ௗௗ . ௭ೝ೔೏.೐೜{୫୧୬଴.ଽௗ,௛ೢ} . (1 − 0.6ට ௟೐೜௓ೝ೔೏.೐೜)ଶ                         (2.16) 

                                                             𝑧௥௜ௗ.௘௤ = 𝑧௥௜ௗ + 𝑙௘௤                                               (2.17)                   

                                                𝑧௥௜ௗ = {min 0.9𝑑, ℎ௪} − 𝑙௘௤ . 𝑠𝑖𝑛𝛽                                     (2.18) 

                                                             𝑙௘ = ௦೑௙೏೏ ா೑⁄ . 𝑠𝑖𝑛𝛽                                                  (2.19)                   

                                                                   𝑓ௗௗ = ටଶா೑.ீ೑௧೑                                                   (2.20)                   

                                                          𝐺௙ = 0.03𝐾௕.ඥ𝑓௖௞𝑓௖௧௠                                            (2.21) 

                                                            𝐾௕ = ට ଶି௪೑ ௣೑⁄ଵା௪೑ ସ଴଴⁄                                                      (2.22) 

 

In which 𝑓ௗௗis the strength of the bond between concrete and FRP composites, 𝑙௘ is the 

effective bond length of the FRP composites, 𝐺௙is the fracture energy at the interface layer 

between concrete and FRP, 𝐾௕ is the covering/scale coefficient, 𝑃௙ is the FRP center-to-center 

spacing measured orthogonally to the fiber orientation, ℎ௪is the beam web depth, 𝑓௖௞is the 

concrete characteristic cylinder strength, and the concrete mean tensile strength 𝑓௖௧௠ =0.27.𝑅௖௞ଶ ଷ⁄  (R is the concrete characteristic cube strength). 

U-wrap configuration: 

 

                                             𝑉௙ = 0.9𝑑. 𝑓௘ௗ . 2. 𝑡௙. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛽).௪೑௣೑                                 (2.23) 

 



30 

And the effective stress is as follow: 

 

                                                  𝑓௘ௗ = 𝑓ௗௗ . ቂ1 − ଵଷ . ௟೐.௦௜௡ఉ௠௜௡{଴.ଽௗ,௛ೢ}ቃ                                         (2.24) 

 

And for the completely wrapped, effective stress is as follow: 

 

  
             𝑓௘ௗ = 𝑓ௗௗ . ቂ1 − ଵ଺ . ௟೐.௦௜௡ఉ௠௜௡{଴.ଽௗ,௛ೢ}ቃ + ଵଶ (∅ோ .𝑓௙ௗି𝑓ௗௗ) ቂ1 − ଵଷ . ௟೐.௦௜௡ఉ௠௜௡{଴.ଽௗ,௛ೢ}ቃ               (2.25) 

     

Where  

 

                                        ∅ோ = 0.2 + 1.6. ௥೎௕ೢ                             0 ≤ ௥೎௕ೢ ≤ 0.5                       (2.26) 

 

In which 𝑟௖ is the radius of section’s corner 

There are still some deficiencies as to this model: first and foremost, their closed-form model 

has a restriction to consider final state (not the whole process of failure). It means that they 

considered that failure of the EB FRP RC beams takes place when some of the FRP plates 

already debonded which is not accurate because the final state of the beam might happen before 

full debonding of all the FRP plates. Second, they employed some simplifying assumptions for 

their model which did not consider bond length under and top of the effective bond length, 

underestimating FRP contribution to shear capacity of the beam. Third, for modeling the 

behavior of interface layer between concrete and FRP composites, they used the simplified 

bond-slip model of Giorgio Monti et al. (2004) and Liotta (2006) which underestimate the 

shear contribution of FRP composites in shear contribution, particularly for side-bonded 

configuration. Forth, regarding similar slip on two sides of crack contributes to inaccurate 

result as to debonding process of the U-wrapped configuration (Guangming Chen, 2010). 
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Mofidi and Chaallal Model (2010) 

Accounting on experimental data, Mofidi and Chaallal (2010) proposed a model for the shear 

contribution of FRP composites considering different configurations (U-wrapped, side-

bonded). They assumed that effective bonded FRP was defined by a trapezoidal area illustrated 

by Figure 2.1. 

 
Figure 2.1 Typical configuration of effective FRP width in beams strengthened in shear  

with EB continuous FRP sheet: (a) actual bonding area for U-jacket; (b) equivalent  
bonding area for U-jacket; (c) actual bonding area for side-bonded 

 FRP; and (d) equivalent bonding area for side-bonded FRP  
Taken from  Mofidi and Chaallal (2010) 

Mofidi and Chaallal (2010) replaced these trapezoidal areas with the rectangular areas in which 

dimension of this rectangular area by effective length (𝐿௘) and effective width(𝑤௙௘). The 

effective length is obtained based on the model of Neubauer and Rostasy (1997): 
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                                                              𝐿௘ = ටா೑௧೑ଶ௙೎೟                                                            (2.27)         

                                                           𝑓௖௧ = 0.53ට𝑓ሖ௖                                                          (2.28) 

 

To calculate 𝑤௙௘, they demonstrated that both the quantity of stirrups ((𝜌௦𝐸௦)) and the stiffness 

of FRP composites (𝜌௙𝐸௙) influence the crack pattern. Furthermore, they established that the 

crack pattern impacts the bond length in FRP composites. When cracks develop in a distributed 

manner, fewer FRP composites contribute their entire bond length. Therefore, it's essential for 

the effective width to be sufficient in order to provide an effective bond length, especially as 

anchorage length decreases. For determining 𝛽௖and 𝑤௙௘, they applied the struts-and-tie method 

while considering the angle of the shear crack to be   45° degrees. Mofidi and Chaallal (2010) 

introduced the definitions of the effective width and the cracking modification factor for each 

configuration (U-wrapped and side-bonded) as follows: 

 

                                  𝑤௙௘ = ଴.଺ඥఘ೑ா೑ାఘೞாೞ × 𝑑௙              𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                                (2.29) 

                                  𝑤௙௘ = ଴.ସଷඥఘ೑ா೑ାఘೞாೞ × 𝑑௙             𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                               (2.30) 

                                  𝛽௖ = ௪೑೐ௗ೑ =  ଴.଺ඥఘ೑ா೑ାఘೞாೞ               𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                               (2.31) 

                                  𝛽௖ = ௪೑೐ௗ೑ =  ଴.ସଷඥఘ೑ா೑ାఘೞாೞ               𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                              (2.32) 

 

The effective strain is given by the following model: 

 

                                   𝜀௙௘ = ఉ೎.ఉಽ.ఉೢ.ఛ೐೑೑.௅೐௧೑ா೑ = 0.31𝛽௖ .𝛽௅ .𝛽௪ඨ ඥ௙೎ሖ௧೑ா೑ ≤ 𝜀௙௨                         (2.33) 
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The contribution of FRP composites for non-continuous sheets can be calculated using the 

following model: 

 

            𝑉௙ = ଶ௧೑.௪೑.ఌ೑೐.ா೑.(ୡ୭୲ఏାୡ୭୲ఈ).௦௜௡ఈ.ௗ೑௦೑ = 𝜌௙.𝐸௙. 𝜀௙௘ . 𝑏.𝑑௙. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼). 𝑠𝑖𝑛𝛼       (2.34) 

 

The problem with this model is that it does not show how the distribution of shear cracks 

changes when the ratio of EB-FRP to steel-stirrups increases. Since this model is based on the 

total ratio (internal and external ratio of shear reinforcement), it is important to evaluate the 

reduction of shear contribution of EB-FRP as function of the steel-stirrups ratio. In addition, 

the inverse interaction between steel-stirrups and FRP is not considered in the model proposed 

by Mofidi and Chaallal (2010). 

2.3 Reviewing current codes and guidelines regarding RC beams strengthened in 
shear with EB-FRP composites 

The objective of this study section is to examine the guidelines outlined in most recent 

publications of relevant building codes pertaining to the shear strengthening of reinforced 

concrete (RC) beams using externally bonded Fiber-Reinforced Polymer (EB-FRP) materials. 

CAN/CSA-S6-19 

CAN/CSA-S6-19 proposes the following model for the shear contribution EB-FRP: 

 

                                           𝑉௙ = థಷೃು.ாಷೃು.Ԑಷೃು.஺ಷೃು.ௗಷೃು(ୡ୭୲ఏାୡ୭୲ఉ).ୱ୧୬ఈ௦ಷೃು                           (2.35) 

 

In which the effective strain Ԑிோ௉௘is the function of 𝑘ଵ, 𝑘ଶ, 𝑘௩ and 𝑉௙ is the shear contribution 

of FRP composites in which the angel of the shear crack (Ɵ) is assumed 42 º and the upper 

limits of effective strain for U-shape configurations are given by: 



34 

U-wrapped scheme: Ԑிோ௉௘.𝑘௩ ≤ 4000   
                                                          𝑘ଵ = (𝑓𝑐′ 27)ൗ ଶ/ଷ

                                                       (2.36) 

                                                   𝑘ଶ = (𝑑ிோ௉ − 𝐿௘) 𝑑ிோ௉⁄                                                  (2.37) 

                                                  𝑘௩ = (𝑘ଵ.𝑘ଶ. 𝐿௘)/(11900Ԑிோ௉௨)                                    (2.38) 

                                                𝐿௘ = 23300/(𝑡ிோ௉.𝐸ிோ௉)଴.ହ଼                                            (2.39) 

 

where 𝐿௘ is the effective bond length of EB-FRP that is reduced by increasing the elasticity 

and the thickness of EB CFRP because of more distributed shear cracks. 

 

CAN/CSA-S806-12 

In the Technical Committee on the rules of calculation and construction of building structures, 

containing fiber-reinforced polymers, the model for the shear contribution of the EB-FRP is 

similar to CAN/CSA-S6-19, but the angel of the shear crack (Ɵ) is considered 35 º. 

ACI 440.2R 2017 

In the American code (ACI 440.2R 2017), the effective strain in FRP wrap failing by FRP 

rupture is limited to 0.004 in order to avoid loss of aggregate interlocking (Priestley et al., 

(1998). With regard to side-bonded and U-shaped schemes. In this code, the model of Khalifa 

et al., (1998) is used with slight corrections. The FRP shear contribution is given by: 

 

                                                 𝑉௙ = ஺೑ೡ.௙೑೐.(௦௜௡ఈା௖௢௦ఈ).ௗ೑ೡௌ೑                                                  (2.40) 

 

For side-bonded and U-wrap configurations: 

 



 35 

                                               𝜀௙௘ = 𝐾௩𝜀௙௨ ≤ 0.004                                                          (2.41) 

                                                    𝐾௩ = ௞భ௞మ௅೐ଵଵଽ଴଴ఌ೑ೠ ≤ 0.75                                                     (2.42) 

                                                         𝐿௘ = ଶଷଷ଴଴൫௡೑௧೑ா೑൯బ.ఱఴ                                                         (2.43) 

                                                      𝑘ଵ = ቀ௙೎೘ଶ଻ ቁଶ ଷ⁄
                                                               (2.44) 

                                         𝑘ଶ = ൞ ௗ೑ି௅೐ௗ೑    𝑈 − 𝑤𝑟𝑎𝑝ௗ೑ିଶ௅೐ௗ೑   𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                                                   (2.45)      

 

CEB- fib-TG 5.1-19 

In the CEB- fib-TG 5.1-19, the proposed models for U-shape strips and wrap configurations 

(Figure 2.2) are considered the bilinear bond-law model which stand for the interaction 

between EB-FRP and concrete and the presented models are as follows: 

 
Figure 2.2 Strips crossed by the shear crack  

Taken from Matthys and Group (2019) 
  

                                                  𝑓௙௪ௗ = min (𝑓௙௕௪ௗ ,𝑓௙௪ௗ,௖)                                              (2.46) 
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Regarding U-shape strip configuration where ௛೑ୱ୧୬ఈ ≥ 𝑙௘ and ௌ೑ୡ୭୲ఏାୡ୭୲ఈ ୱ୧୬ఈ ≤ 𝑙௘ i.e. If certain 

FRP strips intersected by the shear crack possess bond lengths are greater or equal to 𝑙௘ while 

others have different bond lengths which are less than 𝑙௘, shear contribution of EB-FRP is as 

follow: 

 

                                              𝑓௙௕௪ௗ = (1 − ቀ1 − ଶ௠ௌ೑ଷ௟೐ ቁ ௠௡) ௙೑್ೖఊ೑್                                          (2.47) 

 

And for U-shape configuration strips in which ௛೑ୱ୧୬ఈ ≤ 𝑙௘ and ௌ೑(ୡ୭୲ఏାୡ୭୲ఈ) ୱ୧୬ఈ ≤  ௛೑ୱ୧୬ఈ i.e. If all 

the FRP strips crossed by the shear crack share the bond length less than 𝑙௘, the proposed 

closed-form model is as follow: 

 

                                               𝑓௙௕௪ௗ = ቀଶ௡ௌ೑/((ୡ୭୲ఏାୡ୭୲ఈ) ୱ୧୬ఈ)ଷ௟೐ ቁ ௙೑್ೖఊ೑್                                  (2.48) 

 

The scenario involving full-area bonding, represented by continuous FRP sheets, can be 

regarded as a specific case of FRP strips with 𝑆௙ = 𝑏௙/ sin𝛼, which shear contributions of EB-

FRP are calculated as following models: 

 

                                     𝑖𝑓        ௛೑ୱ୧୬ఈ ≥ 𝑙௘         𝑓௙௕௪ௗ = ൬1 − ௟೐ଷ (௛೑ୱ୧୬ఈ)൰ ௙೑್ೖఊ೑್                        (2.49) 

                                     𝑖𝑓        ௛೑ୱ୧୬ఈ ≤ 𝑙௘       𝑓௙௕௪ௗ = ቀଶ௛೑/ ୱ୧୬ఈ)ଷ௟೐ ቁ ௙೑್ೖఊ೑್                                   (2.50) 

 

Where 𝑛 = number of strips crossed by the shear crack = integer quotient ℎ𝑓 (𝑐𝑜𝑡𝜃 +𝑐𝑜𝑡𝛼)/𝑠𝑓, 𝑚 = number of strips for which the bond length is less than 𝑙௘= integer quotient 𝑙௘(cot𝜃 + cot𝛼) sin𝛼/𝑆௙, 𝑙௘ = maximum bond length and 𝑓௙௕௞= characteristic maximum 

bond strength which can be obtained from following equations: 
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                      𝑓௙௕௞(𝑆௥) = ⎩⎨
⎧ ටா೑.௙బೖ.ఛ್భೖ௧೑ × ௌೝ௟೐ ቀ2 − ௌೝ௟೐ቁ                 𝑖𝑓       𝑆௥ < 𝑙௘ ටா೑.௙బೖ.ఛ್భೖ௧೑                                       𝑖𝑓              𝑆௥ ≥ 𝑙௘                (2.51) 

                                                       𝑙௘ = గଶ × ටா೑.௧೑.௦బೖఛ್భೖ                                                        (2.52) 

 

Above-mentioned parameters (the characteristic shear strength (𝜏௕ଵ௞) and the ultimate slip 

(𝑠଴௞) values) can be extracted from following tables (Table 2.1 and Table 2.2): 

 

Table 2.1 Parameters of the bilinear 𝜏௕ − 𝑠 constitutive law for bond 
Taken from Matthys and Group (2019) 

 
 

Table 2.2 Material safety factors for bond 
Taken from Matthys and Group (2019) 

 

 

Where the estimation of the crack spacing (𝑆௥) for reinforced concrete members, which can 

be calculated as follow: 

                                                      𝑆௥ = 1.5𝑙௘,଴                                                                  (2.53) 
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In which 𝑙௘,଴ represents the transfer length of the reinforcing steel, which is equal to 

 

                                                                           1.5𝑙௘,଴ = ெ೎ೝ௓ೞ.ி್ೞ೘                                       (2.54) 

 

In this context, 𝑀௖௥ stands for the cracking moment, 𝑍௦ is approximately equal to 0.85 times 

the total member height (h), and 𝐹௕௦௠ represents the bond force per unit length. In reinforced 

concrete members, the cracking moment can be estimated as: 

 

                                                                          𝑀௖௥ = 𝐾௙௟ . 𝑓௖௧௠.𝑊஼,଴                               (2.55) 

 

In this context, 𝐾௙௟ is defined as (1.6 −  ℎ/1000), with ℎ measured in millimeters, and 𝑊஼,଴ 

represents the section modulus of the uncracked concrete cross-section (the moment of inertia 

divided by the distance of the extreme tensile fiber from the neutral axis). When calculating 𝑀௖௥ for T-beams, it's important to consider the effective flange width. The bond force per unit 

length can be computed as: 

 

                                                                       𝐹௕௦௠ = ∑ 𝑛௦,௜ .𝜋.∅௦,௜ .𝑓௕௦௠௡௜ୀଵ                       (2.56) 

 

Where, 𝑓௕௦௠ represents the mean bond stress of the reinforcing steel and is related to the 

diameter of the steel bars (∅௦,௜). When dealing with a single bar with an equivalent diameter 

equal to the square root of 2 times ∅௦, the number of steels rebars to be used for double bars is 

determined. Equation 2-56 is formulated under the assumption of uniform bond stress along 

the reinforcing bar, extending from the cracked section up to the midpoint between successive 

cracks. The mean bond stress (𝑓௕௦௠) can be determined in the following manner: 

 

                                    𝑓௕௦௠ = ቊ 0.43.𝐾௩௕ଵ.𝑓௖௠ଶ ଷ⁄                  𝑓𝑜𝑟 𝑟𝑖𝑏𝑏𝑒𝑑 𝑏𝑎𝑟𝑠0.28.𝐾௩௕ଶ.ඥ𝑓௖௠                𝑓𝑜𝑟 𝑠𝑚𝑜𝑜𝑡ℎ 𝑏𝑎𝑟𝑠                   (2.57) 
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The values of the parameters 𝐾௩௕ଵ and 𝐾௩௕ଶ are contingent on the bond conditions and can be 

selected as follows: 

For good bond conditions, 𝐾௩௕ଵ and 𝐾௩௕ଶ are both set to 1.0. For medium bond conditions, 

κνb1 is assigned a value of 0.7, and κνb2 is assigned a value of 0.5. 

CNR-DT 200/2004 

The model in Italian codes (CNR-DT 200/2004) depends on equations proposed by (G Monti 

et al., 2003) with some corrections. The upgrade model, mentioned in CNR-DT 200 (2004) 

was presented in (Giorgio Monti, 2007). In this guideline, the contribution of FRP composites 

to shear strengthening is classified into three categories based on different scheme. 

1. For completely wrapped scheme 

 

                                        𝑉௙ௗ = ଵఊೝ೏ . 0.9𝑑.𝑓௙௘ௗ . 2𝑡௙. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼).௪೑௦೑                             (2.58) 

                     𝑓௙௘ௗ = 𝑓௙ௗௗ. ቂ1 − ଵ଺ . ௅೐௦௜௡ఈ୫୧୬{଴.ଽௗ;௛ೢ}ቃ + ଵଶ ൫∅ோ𝑓௙ௗ − 𝑓௙ௗௗ൯ ቂ1 − ௅೐௦௜௡ఈ୫୧୬{଴.ଽௗ;௛ೢ}ቃ      (2.59) 

                                       ∅ோ = 0.2 + 1.6 ௥೎௕ೢ ;                   0 ≤ ௥೎௕ೢ ≤ 0.5                               (2.60) 

                       𝐺௙௞0.03𝑘௕.ඥ𝑓௖௞.𝑓௖௧௠;           𝑓ௗௗ = ଴.଼଴ఊ೑೏ .ට ଶି௪೑ ௦೑⁄ଵା௪೑ ସ଴଴⁄ ≥ 1                      (2.61) 

 

2. For a U-wrapped scheme 

 

                                                      𝑓௙௘ௗ = 𝑓௙ௗௗ. [1 − ଵଷ . ௅೐௦௜௡ఈ୫୧୬ {଴.ଽௗ;௛ೢ}                                   (2.62)  

 

3. For a side-bonded scheme 

 

                                            𝑉௙ௗ = ଵఊೝ೏ . min{0.9𝑑;ℎ௪} .𝑓௙௘ௗ . 2. 𝑡௙. ௦௜௡ఈ௦௜௡ఏ . ௪೑௦೑                        (2.63) 
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                                         𝑓௙௘ௗ = 𝑓௙ௗௗ. ௭ೝ೐೏.೐೜୫୧୬ {଴.ଽௗ;௛ೢ} . [1 − 0.6ට ௅೐೜௭ೝ೐೏.೐೜]ଶ                             (2.64) 

 

In which 

 

                                                 𝑍௥௘ௗ.௘௤ = 𝑍௥௘ௗ + 𝐿௘௤                                                         (2.65) 

                                              𝑧௥௘ௗ = min{0.9𝑑;ℎ௪} − 𝐿௘𝑠𝑖𝑛𝛼                                         (2.66) 

                                                      𝐿௘௤ = ௦ೠ೑௙೑೏೏ ா೑⁄ . 𝑠𝑖𝑛𝛼                                                     (2.67) 

 

JSCE (2007) 

In the JSCE (2007), the contribution of FRP composites to the shear resistance is given by:  

 

                                             𝑉௙ = 𝐾. ൣ𝐴௙.𝑓௙௨. (𝑠𝑖𝑛𝛼௙ + 𝑐𝑜𝑠𝛼௙) 𝑠௙⁄ ൧. 𝑧                             (2.68) 

                                                                    𝐾 = 1.68 − 0.67𝑅                                         (2.69) 

                                                                𝑅 = (𝜌௙𝐸௙)ଵ ସ⁄ (௙೑ೠா೑ )ଶ ଷ⁄ (ଵ௙ሖ೎)ଵ ଷ⁄                            (2.70) 

                                                                        𝜌௙ = 𝐴௙ (𝑏௪. 𝑠௙)⁄                                        (2.71) 

 

In which K is the shear reinforcing efficiency of continuous fiber sheets, 𝛼௙ is the angle of the 

directions of the fibers with respect to the horizontal axis of the beam, and z = J/1.15 is the 

lever arm length (generally may be set to d/1.15). The model is based on experimental data, 

which did not include some failure modes such as FRP rupture, debonding of FRP composites, 

and crushing of struts in concrete obviously. A shortcoming of this model is that the different 

failure modes are not regarded properly. It is noteworthy that this standard suggests another 
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technique for calculating the FRP shear contribution and the behavior of bond-slip between 

concrete and FRP according to the numerical approach Guangming Chen (2010). 

Having said that, Mofidi and Chaallal (2010) proposed a new model by considering the effect 

of the total shear reinforcement on the distribution of the shear cracks since the effective bond 

length reduces as the amount of the total shear reinforcement increases. The accuracy of this 

model demonstrates the better prediction of the shear contribution of the EB-FRP in 

comparison to the guidelines that are already reviewed. This model replaces these trapezoidal 

areas with rectangular areas of effective length (𝐿௘) and effective width (𝑤௙௘). The effective 

length was obtained based on the model of Neubauer and Rostasy (1997) : 

 

                                                                       𝐿௘ = ටா೑௧೑ଶ௙೎೟                                                   (2.72)

                                                       𝑓௖௧ = 0.53ඥ𝑓௖ᇱ                                                  (2.73) 

 

For calculating 𝑤௙௘, this model proves that both the amounts of stirrups (𝜌௦𝐸௦) and the rigidity 

of FRP composites (𝜌௙𝐸௙) affect the distributions of the shear cracks. Moreover, the proposed 

model shows that the crack pattern affects the bond length in FRP composites in a way that as 

cracks propagate, less bond length is available and leading thereby to less FRP contribution to 

the shear resistance. Therefore, the effective width should be sufficient to provide the effective 

bond surfaces anchorage length. To calculate 𝛽௖  and 𝑤௙௘ , the strut-and-tie method is adopted 

with an angle of the shear crack of 45º. The modification factor for each configuration (U-

wrapped and side-bonded) is defined by the effective width and the distribution of the shear 

cracks as follows: 

 

                                  𝑤௙௘ = ଴.଺ඥఘ೑ா೑ାఘೞாೞ × 𝑑௙                       𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                        (2.74) 

                                𝑤௙௘ = ଴.ସଷඥఘ೑ா೑ାఘೞாೞ × 𝑑௙                      𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                         (2.75) 

                              𝛽௖ = ௪೑೐ௗ೑ =  ଴.଺ඥఘ೑ா೑ାఘೞாೞ                            𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                        (2.76) 
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                                   𝛽௖ = ௪೑೐ௗ೑ =  ଴.ସଷඥఘ೑ா೑ାఘೞாೞ                  𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                          (2.77) 

 

The effective strain is given by:  

 

                                   𝜀௙௘ = ఉ೎.ఉಽ.ఉೢ.ఛ೐೑೑.௅೐௧೑ா೑ = 0.31𝛽௖ .𝛽௅ .𝛽௪ට ௙೎ᇲ௧೑ா೑ ≤ 𝜀௙௨                        (2.78) 

 

The contribution of FRP composites in the shear resistance can be determined using the 

following equation: 

 

      𝑉௙ = ଶ௧೑.௪೑.ఌ೑೐.ா೑.(ୡ୭୲ఏାୡ୭୲ఈ).௦௜௡ఈ.ௗ೑௦೑ = 𝜌௙.𝐸௙. 𝜀௙௘ . 𝑏.𝑑௙. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼). 𝑠𝑖𝑛𝛼             (2.79) 

 

The problem with this model is that it doesn’t mention how the distribution of the shear crack 

changes when the ratio of EB-FRP to the steel stirrups increases. Since this model is based on 

the total ratio of the internal and the external ratio of the shear reinforcement, we need to know 

how the shear contribution of EB-FRP reduces as the ratio of the steel stirrups increases.  

HB 305 2008 

In the Australian code (HB 305 2008), (J. Chen & J. Teng, 2003) are adopted, in which the 

contribution of FRP composites to shear strengthening is obtained by the following model: 

 

                                     𝑉௙ = 2𝑓௙௘ௗ . 𝑡௙.௪೑௦೑ . ℎ௙௘. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼)𝑠𝑖𝑛𝛼                                  (2.80) 

                                       ℎ௙௘ = 𝑍௕ − 𝑍௧;     𝑍௕ = 0.9𝑑 − 𝑑௙௕;      𝑍௧ = 𝑑௙௧                        (2.81) 

                                                 𝑓௙௘ௗ = 𝐷௙ .𝑓௙ௗ,௠௔௫                                                             (2.82) 
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For a completely wrapped scheme: 

 

                                𝑓௙ௗ,௠௔௫ = ቐ ଵఊ೑ .∅ோ. 𝑓௙௨;          𝜀௙ ≤ 1.5%ଵఊ೑ .∅ோ.𝐸௙. 𝑓௙௨;          𝜀௙ > 1.5%                                       (2.83) 

                                              𝐷௙ = 0.5(1 + ௭೟௭್)                                                                  (2.84) 

 

For U-wrapped and side-bonded schemes: 

 

                                    𝐷௙ = ൞ ଶగ.ఒ . ଵିୡ୭ୱ (ഏమ.ఒ)ୱ୧୬ (ഏమ.ఒ) ;               𝜆 = ௅೘ೌೣ௅೐ ≤ 11 − గିଶగ.ఒ ;                               𝜆 = ௅೘ೌೣ௅೐ > 1                             (2.85) 

                    𝐿௠௔௫ = ቐ ௛೑೐௦௜௡ఈ                                𝑓𝑜𝑟      𝑈 − 𝑠ℎ𝑎𝑝𝑒 𝑠𝑐ℎ𝑒𝑚𝑒௛೑೐ଶ௦௜௡ఈ                      𝑓𝑜𝑟      𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑 𝑠𝑐ℎ𝑒𝑚𝑒                          (2.86) 

                                                       𝐿௘ = ටா೑.௧೑ඥ௙೎ೖ                                                                   (2.87) 

                                        𝑓௙ௗ.௠௔௫ = 𝑚𝑖𝑛⎩⎪⎨
⎪⎧ ଵఊ೑ .∅ோ .𝑓௙௨                          

ଵఊ೑ . 0.35.𝛽௅ .𝛽௪.ඨா೑.ඥ௙೎ೖ௧೑                                  (2.88) 

                                    𝛽௅ = ቐ𝜆,    𝜆 ≤ 11,    𝜆 > 1;      𝛽௪ = ඨଶି௪೑/(ೞ೑.ೞ೔೙ഀ)ଵା௪೑/(ೞ೑.ೞ೔೙ഀ)                                     (2.89) 

 

In which  ∅ோ = 0.80 𝑎𝑛𝑑 𝛾௙ = 1.25 
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UK code 

In Concrete society 2004, the shear contribution of FRP for all kinds of failure modes is 

obtained by the following model: 

 

                                       𝑉௙ = 𝐸௙ . 𝜀௙,௘.𝐴௙ ቀௗ೑ି೙య௟೟,೘ೌೣቁௌ೑ (𝑠𝑖𝑛𝛽 + 𝑐𝑜𝑠𝛽)                               (2.90) 

                                           𝜀௙௘ = min {0.5𝜀௙, 0.64ට௙೎೟೘ா೑.௧೑   , 0.004}                                   (2.91) 

                                                 𝑙௧,௠௔௫ = 0.7ටா೑௧೑௙೎೟೘                                                              (2.92) 

 

In which 𝜀௙௘  is the effective stain of FRP composites intersected by shear crack, n is a 

coefficient representing the strengthening scheme (n= 0 for the completely wrapped scheme, 

n = 1.0 for FRP U-shape scheme and n = 2.0 for side-bonded FRP strips), 𝑙௧,௠௔௫ is the bond 

length needed to extend the whole anchorage length. Three strain models are used in this model 

to ensure the safety of FRP composites against different failure modes: 

1. First, effective stain restricts failure mode regarding the rapture of FRP 

2. Second effective strain restricts debonding failure mode in FRP composites 

3. The third effective strain put a restriction in order to prevent loss of interlock between 

aggregate in concrete. 

This model is quite conservative in comparison to experimental results. 

2.4 Finite element analysis (FEA) 

When FRP composites were first introduced in the construction industry, computer programs 

and finite element packages were not as advanced as they are today. Consequently, most 

assessments of the effectiveness of reinforcing RC (reinforced concrete) beams with EB-FRP 

(Externally Bonded Fiber-Reinforced Polymer) composites relied on laboratory experiments. 
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Consequently, the impact of various factors on the overall behavior of these tested beams often 

remained undetermined. This challenge was particularly pronounced when certain factors 

interacted with one another, leading to complex and not easily understandable beam behavior. 

Furthermore, once finite element programs became available, most research using these tools 

primarily focused on strengthening RC beams in flexure using EB-FRP composites. 

Theoretical research regarding the performance of reinforced concrete beams strengthened in 

shear using FRP composites is relatively scarce compared to studies on FRP flexural 

strengthening. Due to the cost and time demands associated with laboratory testing, there is a 

limited availability of such investigations. Given the costly and time-intensive nature of 

laboratory tests, there is a clear benefit to having precise numerical methods that can effectively 

replicate the intricate behavior of these structures. Effective numerical models provide an 

additional advantage in that they can be leveraged to enhance our comprehension of diverse 

failure mechanisms and the impact of significant controlling factors.  

Accurate and trustworthy models should have the capacity to accommodate the numerous 

intricacies of concrete behavior, including non-linear behavior in compression, post-failure 

characteristics in tension, and the bond-slip connections inherent in both the steel-to-concrete 

and FRP-to-concrete interface layer. 

2.4.1 Numerical softwares 

So far, a variety of accessible finite element software have been employed to investigate the 

performance of beams reinforced with FRP in shear. Some of the outstanding research 

implementing FEA software are ABAQUS (Amir, 1998; GM Chen et al., 2012; GM Chen et 

al., 2013; GM Chen, Teng, & Chen, 2010; GM Chen et al., 2015; Kaliakin et al., 1996), 

ANSYS (Elyasian et al., 2006; Kachlakev et al., 2001; Santhakumar et al., 2004) and DIANA 

(Al-Mahaidi et al., 2001; T. K. Lee, 2003; T. K. Lee et al., 2000) ADINA (Ahmed Godat, 

2008; Ahmed Godat et al., 2013; A Godat et al., 2008, 2012). A clear benefit of using finite 

element software lies in their adaptability. These tools typically provide a broad selection of 

element kinds and possess the capacity to handle a diverse array of intricate structural 

challenges. 
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2.4.2 FRP-strengthened beams’ simulation 

2.4.2.1 Simulation of concrete 

Concrete damage plasticity (CDP): The primary purpose of developing the concrete 

damaged plasticity model was to create a versatile tool for analyzing concrete structures 

subjected to cyclic or dynamic loads. Although this model can also be applied to the analysis 

of other quasi-brittle materials such as rock, mortar, and ceramics, this section concentrates 

primarily on concrete to demonstrate various aspects of the constitutive theory. When exposed 

to low confining pressures, concrete displays a brittle behavior characterized by two primary 

failure mechanisms: the formation of tension-induced cracks and compression-induced 

crushing. However, as the confining pressure surpasses a certain threshold, crack propagation 

is impeded, and the brittle nature of concrete diminishes. Under these conditions, failure occurs 

due to the consolidation and collapse of the microstructure within the concrete. This results in 

a macroscopic response that resembles the behavior of a ductile material, including work 

hardening. 

The plastic-damage model under consideration does not include the modeling of concrete 

behavior under high hydrostatic pressures. Rather, the constitutive theory in this section is 

tailored to capture the outcomes of irreversible damage resulting from failure mechanisms in 

concrete and comparable quasi-brittle materials when exposed to relatively modest confining 

pressures, usually below four or five times the ultimate compressive stress observed in uniaxial 

compression loading. These consequences manifest in the following macroscopic properties: 

Distinct Yield Strengths: Yield strengths in tension and compression are dissimilar, with the 

initial yield stress in compression being notably higher, often exceeding the initial yield stress 

in tension by a factor of 10 or more (Abaqus, 2011). 

• Tension Softening: Concrete exhibits softening behavior in tension, contrasting with 

initial hardening followed by softening in compression. 

• Elastic Stiffness Degradation: There is varying degradation in the elastic stiffness 

between tension and compression. 

• Stiffness Recovery Effects: During cyclic loading, there are stiffness recovery effects, 

which means that the material may regain some of its stiffness after unloading. 
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• Rate Sensitivity: The material's response is sensitive to loading rates, especially 

showing an increase in peak strength with higher strain rates. 

• These properties are essential considerations when modeling the behavior of concrete 

and quasi-brittle materials, and they are addressed in the discussed constitutive theory. 

 

The plastic-damage model employed in ABAQUS is rooted in the models originally proposed 

by J Lubliner et al. (1989) and subsequently extended by J. Lee and Fenves (1998) (Figure 

2.3). The following sections in this segment will elucidate this model. Firstly, there will be an 

overview of the fundamental elements of the model, followed by a comprehensive examination 

of the various aspects within the constitutive model (Abaqus, 2011). 

 
 Figure 2.3 Yield surface in plane stress  

Taken from Abaqus (2011) 
 

Smeared crack model: This model employs a smeared crack approach to represent 

the discontinuous brittle behavior observed in concrete. Rather than tracking individual 

"macro" cracks, the model conducts constitutive calculations independently at each 

material point within the finite element model. The presence of cracks influences these 

calculations by modifying the stress and material stiffness associated with each material 

point (Abaqus, 2011). 
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For the sake of simplicity in this section's discussion, the term "crack" refers to a 

direction where cracking has been identified at the specific material calculation point 

under consideration. The closest conceptual representation is that there exists a network 

of micro-cracks surrounding the point, oriented as determined by the model. It is 

assumed that the anisotropy introduced by cracking plays a significant role in the 

simulations for which the model is designed (Abaqus, 2011). 

Brittle cracking (BC): The purpose of this option is to define properties related to 

cracking and the subsequent post-cracking behavior within the brittle cracking material 

model. It's crucial to emphasize that the brittle cracking option should be employed in 

conjunction with the brittle cracking option, and it should immediately precede it in the 

input sequence. Moreover, if needed, the brittle cracking option can be used together 

with the brittle failure option to establish a brittle failure criterion. The brittle cracking 

model in ABAQUS/Explicit exhibits the following key characteristics (Abaqus, 2011): 

 

• Versatile Application: It can be used to simulate concrete behavior across a wide range 

of structural types, including beams, trusses, shells, and solids. 

• Broad Material Applicability: Beyond concrete, it can effectively model other brittle 

materials such as ceramics or brittle rocks. 

• Tensile Cracking Emphasis: Specifically designed for situations where the 

predominant behavior is governed by tensile cracking. 

• Linear Elastic Compression: Assumes that the material retains linear elastic behavior 

in compression under all circumstances. 

• Linear Elastic Material Model: It necessitates use in conjunction with the linear elastic 

material model, which comprehensively characterizes material behavior before 

cracking occurs.  

• Accuracy in Brittle Behavior: Its precision is highest when applied to scenarios where 

brittle behavior predominates, making the assumption of linear elastic compression 

satisfactory. 

• Suitable for Plain Concrete: While its primary focus is on analyzing reinforced concrete 

structures, it can also be effectively employed for plain concrete materials. 
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• Element Removal Capability: It enables the removal of elements based on a brittle 

failure criterion, enhancing simulation accuracy. 

• Comprehensive Documentation: Detailed information and guidance about this model  

2.4.2.2 Simulation of interface between concrete-to-FRP and concrete-to-steel 
stirrups: 

Cohesive element:  
The decent approach for modeling the interface layer between EB-FRP and concrete as well 

as steel stirrups and concrete involves assigning cohesive elements to the interface layer. This 

allows for the properties of the bond-slip curve obtained from experimental results to be 

attributed to the interface layer (Figure 2.4). Several research studies that have adopted this 

method are outlined below: 

 
Figure 2.4 Connection between FRP and concrete via interface element 

 Taken from Hii (2006) 
 

Obaidat et al. (2010) conducted a FE study on the behavior of RC beams retrofitted by CFRP 

plates using ABAQUS software. To simulate the behavior of bond-slip, they applied bilinear 

traction-separation law introduced the traction 𝜏 versus opening displacement 𝛿 constitutive 

law illustrated in Figure 2.5. 
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Figure 2.5 Bilinear traction–separation constitutive law  

Taken from Obaidat et al. (2010) 

In the modeling approach, the interface layer is represented with a relatively negligible 

thickness, and the ascending stiffness of the curve, denoted as 𝐾଴, is determined based on the 

method proposed by Guo et al. (2005). 

 

                                                           𝐾଴ = ଵ(௄ೌା௄೎)                                                             (2.93) 

                                                            𝐾௔ = ீೌ௧ೌ                                                                    (2.94) 

                                                             𝐾௖ = ீ೎௧೎                                                                   (2.95) 

 

In their research study, the following values for the parameters you mentioned were used: 𝐺௔: Shear modulus of the concrete substrate. 𝑡௔: Thickness of the concrete substrate (approximately 5 mm). 𝐺௖: Shear modulus of the adhesive. 𝑡௖: Thickness of the adhesive. 

However, the specific numerical values for these parameters are not provided in the 

information you've given. These values would typically depend on the particular experimental 
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setup and materials used in their study which are 𝑡௔ = 1 mm, 𝑡௖ = 5 mm, 𝐺௔ = 0.665 GPa, and 𝐺௖ = 10.8 GPa. 

Obaidat et al. (2010) used a cohesive element for the interface layer, as depicted in Figure 2.6. 

This cohesive element consists of two surfaces separated by a certain thickness. The relative 

displacement between the upper and lower surfaces of this thickness represents the opening or 

closing behavior of the interface. This cohesive element is employed to model the bond-slip 

behavior and interactions between materials at the interface accurately. 

 
Figure 2.6 Element used in the numerical analysis (8-node 3-D cohesive element)  

Taken from Obaidat et al. (2010) 

GM Chen et al. (2012) conducted a finite element analysis focusing on the behavior of 

reinforced concrete (RC) beams strengthened in shear using FRP composites with the 

assistance of ABAQUS software. The primary objective of their study was to assess the 

interaction between stirrups and externally bonded FRP (EB-FRP) composites. They explored 

various bond-slip behavioral laws for the interface layer to understand their impact on the 

overall behavior of RC beams strengthened in shear with EB-FRP composites. 

To simulate the contact between FRP and concrete, they employed a two-dimensional cohesive 

element (COH2D4) and a perfect bond model. For modeling the bond-slip behavior of the 

cohesive element, they utilized model introduced by Lu et al. (2005), as illustrated in Figure 
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2.7. This allowed them to effectively simulate the bond-slip behavior and interactions between 

the FRP and concrete in their analysis. 

 
Figure 2.7 Bond–slip model between concrete and CFRP proposed by  

Lu et al. (2005)  
Taken from GM Chen et al. (2012) 
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3.1 Abstract 

The use of externally bonded fiber-reinforced polymer (EB-FRP) composites for shear 

strengthening of reinforced concrete (RC) beams presents many challenges given the complex 

phenomena that come into play. Premature bond failure, the behavior of the interface layer 

between FRP composites and the concrete substrate, the complex and brittle nature of shear 

cracks, and the adverse interaction between internal steel stirrups and EB-FRP are some of 

these phenomena. Compared to experimental investigations, the finite element (FE) technique 

provides an accurate, cost-effective, and less time-consuming tool, enabling practicing 

engineers to perform efficient, accurate nonlinear and dynamic analysis as well as parametric 

studies on RC beams strengthened with EB-FRP. Since 1996, many numerical studies have 

been carried out on the response of RC beams strengthened using FRP. However, only a few 

have been related to RC beams strengthened in shear using EB-FRP composites. In addition, 

the analytical models that have been reported so far have failed to address and encompass all 

the factors affecting the contribution of EB-FRP to shear resistance because they have mostly 

been based on experimental studies with limited scopes. The aim of this paper is to build an 

extensive database of all the studies using finite element analysis (FEA) carried out on RC 

beams strengthened in shear with EB-FRP composites and to evaluate their strengths and 

weaknesses through various studied parameters. 
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3.2 Introduction 

Given its complexity and its propensity to brittle failure without warning, the shear behavior 

of reinforced concrete (RC) beams has long been a major concern in the field of structural 

engineering. Therefore, practicing engineers often privilege the sequence by which flexural 

failure occurs before shear failure. The lack of shear resistance in RC beams can be due to 

various interacting factors. Underestimating the real applied loads in the design process, lack 

of accuracy in the construction phase, and damage due to winds and earthquakes are examples 

of such factors. In recent years, fiber-reinforced polymer (FRP) composites for rehabilitation 

and strengthening of RC beams have gained in popularity and have reached worldwide 

acceptance since their first use as externally bonded (EB) fabrics/laminates to strengthen 

existing deficient structures in the late 1990s. Their success has been due to the high strength-

to-weight ratio and the tensile strength they offer, which can compensate for the shear 

resistance deficiency of RC beams. Researchers have investigated various FRP shapes such as 

fabrics, laminates, bars, and rods. However, the EB method consisting of bonding FRP 

fabrics/laminates to the substrate of RC beams is the most common approach. Other techniques 

for shear strengthening of RC beams include the embedded through section (ETS) method as 

well as the near-surface (NSM) method. If the tensile strength of the concrete substrate is 

insufficient, mechanical anchorage systems in addition to resin epoxy are generally required. 

The interaction between concrete and EB-FRP composites depends on various complex 

interacting factors. There have been some finite element analysis (FEA) studies of RC beams 

strengthened in flexure. In contrast, due to the brittle nature of shear cracks and the complex 

behavior of the bond between concrete and EB-FRP laminates/fabrics, very few studies have 

considered FEA on RC beams strengthened in shear with EB-FRP. Because it is more cost-

effective and less time-consuming than experimental studies, FEA has gained increasing 

attention in the last few years. Research conducted on RC beams strengthened in shear using 

EB-FRP has been very restricted. Some of previous studies also used simplistic assumptions, 

such as perfect bonding between components and a restrictive definition of shear cracks, 
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leading to inaccurate prediction of the number and angles of shear cracks in RC beams 

affecting the effective bond length, further leading to inaccurate results. Finally, the other merit 

of FEA is that the response of all specimen components can be recorded during loading, 

resulting in an insightful comprehension of the complex relations between concrete, steel 

stirrups, longitudinal tensile reinforcement, and EB-FRP fabrics/laminates, which is 

impossible to attain by laboratory testing. The database built in the present study evaluates all 

the FEA carried out on RC beams strengthened in shear using FRP composites, including all 

the EB, NSM, and ETS strengthening techniques, with a special emphasis on the externally 

bonded method (EB). An evaluation has also been carried out on the parameters used in 

previous research studies as follows: type of FRP materials and shear strengthening 

configurations; size effect; interaction between components and types of interface element; 

analytical approach in FE simulations; number, size, and type of elements in simulation; ratio 

of EB-FRP, longitudinal, and transverse steel reinforcement; failure modes in concrete and 

EB-FRP (debonding, delamination, or rupture); effective stress, strain, and bond length; stress 

and strain distributions along the shear cracks; shape function of the crack, crack width, and 

crack pattern; and load-deflection response. Emphasis will be placed on showing the 

paramount importance of these parameters for the development of an analytical model to 

calculate the contribution of FRP laminates/fabrics to the ultimate shear capacity of RC beams 

shear-strengthened with EB-FRP. 

 

3.3 Important Issues in Modeling RC Beams Strengthened with EB-FRP 

To assess the crucial issues related to RC beams strengthened in shear with FRP composites, 

particularly their failure modes, a review of previous studies has been carried out. Among the 

few FE research studies related to this type of beam, only those that exhaustively described the 

main simulation assumptions and validated them with experimental tests were considered in 

this study. Modeling concrete and its cracks as an inhomogeneous material in FE models has 

always been a controversial issue. However, the development of FEM has paved the way for 

other solutions, such as implementing concrete damage plasticity theory (CDP) in the model 

programming. The plastic-damage model in concrete depends on the models developed by 
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Jacob Lubliner et al. (1989) and J. Lee and Fenves (1998). The CDP model can analyze 

concrete structures subjected to dynamic loading. Furthermore, it is appropriate for evaluating 

quasi-brittle materials like rock, mortar, and ceramics. The two main failure modes in concrete 

are cracking in tension and crushing in compression. The constitutive model of CDP can 

capture the influence of irretrievable damage related to the failure mechanisms that happen in 

concrete as well as in quasi-brittle materials. Modeling RC beams and their cracks on the one 

hand and the interaction between concrete, steel reinforcement, and FRP composites on the 

other are critical parts of a simulation. Generally, two models are used to describe concrete 

cracking: (i) the discrete crack model and (ii) the smeared crack model. 

 

3.3.1 Discrete Crack Approach: 

The discrete crack approach depends on the geometry of the model in which crack propagation 

spreads among the existing borders of each element when discontinuities are defined in FE 

discretization. Therefore, a crack’s growth and angle rely on the size and shape of the mesh in 

FE programs, so that this method is mesh objective. The solution to overcome this objectivity 

is to define auto-remeshing programs, which lead to increased computational challenges by 

changing the mesh topology (GM Chen et al., 2012). 

 

3.3.2 Smeared Crack Approach: 

Unlike the discrete crack model that propagates among the discontinuities in an element, the 

smeared crack model grows through the continuity of the material and consequently through 

elements, by reducing the stiffness of discretized elements. The smeared crack model can be 

further divided into two categories: the fixed smeared crack model and the rotated smeared 

crack model. The former model does not change the crack angle, and as the load increases, a 

crack propagates during the whole calculation process. In the rotated smeared crack model, on 

the other hand, the orientation of the crack changes as the load increases, and new orientations 

are determined based on directions of updated main stresses and strains. Nevertheless, the 

smeared crack method leads to localization of strain, which means that when the element 

dimension is close to zero, the energy consumption approaches zero. This issue was solved by 
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introducing the crack band model, which links the fracture energy to the constitutive law of 

concrete. Therefore, the fracture energy during crack propagation does not rely on the 

dimension of the element and the mesh, making this technique not mesh-objective (GM Chen 

et al., 2012). 

 

3.3.3 Interactions between Steel Reinforcement and Concrete: 

Studies conducted by previous researchers have shown that there is an inverse interaction 

between EB-FRP and steel reinforcement, particularly steel stirrups, which means that when 

the number of steel stirrups increases, the contribution of EB-FRP to shear resistance decreases 

(GM Chen et al., 2012). Furthermore, it has been shown that assuming a perfect bond model 

between the longitudinal steel reinforcement and the concrete results in more distributed crack 

patterns, leading to a narrower crack width. This affects the debonding process, which occurs 

in a later stage than without the assumption and consequently overestimates the ultimate shear 

resistance of the beam (GM Chen et al., 2012). However, noticeable disparities have been 

observed on the overall load-displacement curves of the specimens. The bond-slip model 

introduced in the European CEB-FIP Model Code 1990 (Code, 1993) is an appropriate 

indication of interaction between the concrete and the steel reinforcement (GM Chen et al., 

2012). 

 

3.3.4 Interface between EB-FRP and Concrete: 

To predict the ultimate shear capacity of RC beams strengthened in shear using EB-FRP, the 

interaction between concrete and FRP composites should be defined precisely, because 

otherwise debonding mechanism between concrete and FRP composites cannot be detected. In 

addition, an accurate definition of the concrete-FRP interaction affects the angle and 

distribution of shear cracks. Indeed, the assumption of perfect bonding results in distributed 

diagonal shear cracks, whereas the correct bond model definition leads to one main diagonal 

shear crack. Therefore, assuming a perfect bond model between concrete and EB-FRP 

composites overestimates the ultimate load-carrying capacity of the beam (GM Chen et al., 
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2012). This demonstrates the importance of defining the bond model between concrete and 

FRP composites with high precision and accuracy. 

 

3.4 Review and Synthesis of Previous Work on FE Modeling 

When FRP composites were introduced in the construction industry, computer programs and 

FE packages were not developed as much as today. As a result, most evaluations of the 

efficiency of RC beams strengthened in shear with EB-FRP composites were based on 

laboratory tests, and hence the effect of many parameters on the overall response of these tested 

beams could not be detected. This was particularly true when some of these parameters 

interacted with each other, making the behavior of these beams complex and difficult to fully 

understand. In addition, once FE programs were developed, most studies that used them 

concentrated on strengthening in flexure of RC beams using EB-FRP composites. In this 

section, the main FE studies carried out on RC beams strengthened in shear, as well as the 

major parameters affecting the response of these beams and their components, are gathered 

and presented in Figure 3.1.  

Figure 3.1 includes 34 studies from 1996 to 2020, with a total of 239 RC beams strengthened 

in shear using FRP composites, six of them were subjected to microscopic studies in which the 

stress and strain distributions along fictional diagonal shear cracks and the effective bond 

length were examined (GM Chen, Teng, et al., 2010; Lu et al., 2009), and the rest (233 beams) 

were simulated using FE software. The details of these 239 shear-strengthened RC beams 

subjected to FEA are presented in Table 3.1, Table 3.2, and Table 3.3. Generally, in terms of 

depth, RC beams are generally classified into three groups depending on their shear span-to-

depth ratio (a/d), as follows: (i) a/d less than 1 is a deep beam; (ii) a/d between 1 and 2.5 is a 

moderately deep beam, with shear failure likely occurring before flexure failure; and (iii) a/d 

equal to or greater than 2.5 is a flexural slender beam that often exhibits flexure before shear 

failure.  

The shape of RC beams is designed based on their applications and the load they carry. For 

example, beams with an I cross section are generally used by the road and bridge construction 

industries in which shear strength is of paramount importance, whereas beams with a T cross 
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section can be designed for either the road building or the housing industry. Figure 3.2 presents 

a histogram of 233 RC beams strengthened in shear using EB-FRP and studied by FEA to 

evaluate the shear contribution of FRP to the ultimate shear capacity of beams. The histogram 

shows that, among the 233 beams, 46 were T-shaped, 175 were rectangular, and 12 were I-

shaped cross-sections, representing 19.7%, 75.1%, and 5.1% respectively of all the shear-

strengthened RC beams. Therefore, despite their generalized use in practice, few FE studies 

focused on T cross-sectional beams (19.7%), indicating the need for more research on the 

response of these beams and their influencing parameters. Shear span-to-depth ratio plays a 

crucial role in the behavior of these beams, and, as illustrated in the histogram, 110 (47.2%) 

and 118 (52.9%) of the beams belong to the moderately deep (1 < a/d < 2.5) and the flexural 

slender (a/d ≥ 2.5) beam categories, respectively, showing that more research is needed on 

deep beams (a/d ≤ 1) where shear failure usually occurs before flexure failure. 

The configuration type of shear strengthening using EB-FRP is to some extent a function of 

the cross section of RC beams. For instance, the full-wrap technique cannot be used for shear 

strengthening of T-shaped or I-shaped section beams because the flange of these beams is 

generally not accessible. To this end, other effective methods of shear strengthening can be 

used for these beam cross section shapes, such as side-bonded, U-shaped, ETS, or NSM 

techniques. As for the interaction between stirrups and FRP composites, experimental tests 

show that the ETS configuration leads to a greater contribution to shear resistance compared 

to EB-FRP. In addition, because the concrete core is generally stronger than its surface, more 

confinement is expected on the ETS bond than with externally bonded (EB) methods. Simple 

installation and high efficiency are some of the merits of this method. Among the 239 RC 

beams of all studies presented in Figure 3.1, 221 (92%) beams were subjected to FE studies 

that focused on shear strengthening using the EB method (Side-bonded, U-wrap and Full-wrap 

EB-FRP configurations) (Table 3.1), and only 18 (8%) beams corresponded to the ETS and 

NSM methods (Table 3.2). In addition, as illustrated in Figure 3.3, among the 239 RC beams 

shear-strengthened with FRP, only 39 beams (16.3%) were T-shaped cross-sections, indicating 

the research needs for FEA to study the parameters affecting the response of such beams. 
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3.5 Main Studied Parameters Using FEA of Shear-Strengthened Beams 

With the advantages of FEA, many of the shear responses of RC beams strengthened using 

FRP composites that cannot be captured by experiments can be studied from initiation of 

loading to ultimate failure while recording the whole failure process and its mechanisms. Most 

of the results derived from laboratory tests were based on the load-deflection response of the 

beam and the strain on the FRP composite obtained from strain gauges installed on FRP 

laminates, fabrics, and bars. In contrast, more parameters can be observed and studied using 

FEA, as illustrated in Figure 3.4, which highlights the variations in all components of the shear 

strengthened beams. In addition, the complex interactive behavior between the components 

(concrete, longitudinal steel reinforcement, steel stirrups, and FRP composite) of the studied 

beams and their interrelations can be interpreted to achieve a more precise closed-form model 

that integrates all these factors. 

 

3.5.1 Shape Function of the Crack, Crack Pattern, and Crack Width: 

Because the width of a crack along its propagation path is not constant, the strain and stress 

distributions on FRP laminates/fabrics are not uniform. This nonuniformity of stresses and 

strains influences the response of steel stirrups and FRP laminates/fabrics. This means that the 

steel stirrups crossed by the shear crack reach the yielding point, and then, the FRP 

laminates/fabrics crossed by the shear cracks reach their maximum tensile strength, leading to 

rupture. Therefore, J. F. Chen and J. Teng (2003)  introduced a distribution factor to calculate 

the effective stress and strain in FRP laminates/fabrics: 

 

                                                       𝑓ிோ௉,௘ = 𝐷ிோ௉ × 𝑓ிோ௉                                                    (3.1) 
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Note: (a) Year, (b) No. of specimens,  (c) Rectangular section,  (d) T-section,  (e) I-section, (f) 𝑎 𝑑⁄ ≤ 1, (g)1 < 𝑎 𝑑⁄ < 2.5, (h) 𝑎 𝑑⁄ ≥ 2.5, (i) Interface (concrete-
to-FRP), (j) Interface (concrete-to-steel), (k) Smeared crack model, (l) Smeared + crack band, (m) Discrete crack model,  (n) Types of configuration in shear & 
different FRP materials, (o) Size effect, concrete strength, (p) Analysis approach types of solvers in FEA (dynamic versus static), (q) Ratio of longitudinal steel  
reinforcements 𝜌௪, steel stirrups 𝜌௦, and EB FRP 𝜌ிோ௉, (r) Effective stress and strain, bond-length, distribution factors, (s) Types of the failure (debonding, 
delamination, rapture), (t) number, size, types of elements in simulation, (u) Strain, stress and slip distribution along t he vertical, horizontal axis of the beam or 
along diagonal crack on FRP fabrics/laminates, (v) Interaction between Components, types of interface elements, (w) Load-deflection curve, total shear capacity, 
(x) Shape function of the crack, crack pattern, crack width, (y) Full wrap, (z) Continuous U wrap, (ab) NSM, ETS, (ac) Continuous side-bonded, (ad) Side-bonded 
strips, (af) U strip 
 

Figure 3.1 Summary of parameters studied on RC beams strengthened in shear by FRP 
composites by FEA 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites  

and validating with and without experimental tests 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.1 Database of numerical studies assessing parameters of RC beams  
strengthened in shear with externally bonded FRP composites and 

 validating with and without experimental tests (Continued) 
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Table 3.2 Database of numerical studies assessing parameters of RC beams strengthened  
in shear with FRP bars and validating with experimental tests 

 

 
 

 

 

 

 

 

 

 



71 

Table 3.3 Database of numerical studies assessing distribution of stress and strain on  
the interface and interaction between steel stirrups and FRP composites  

of RC beams strengthened in shear with externally FRP composites 

 

Where 𝐷ிோ௉ is the distribution factor, which is function of the crack shape and varies with the 

amount of internal steel reinforcement. Therefore, the authors present the following equation 

to cover all shear crack shapes: 
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                                                     𝑤 = 𝑤௠௔௫ ቐ ଵି஼೥തଵି஼ × 𝑧̅             0 ≤ 𝐶 < ଵଶ4𝐶௭̅(1 − 𝐶௭̅)         ଵଶ ≤ 𝐶 < 1                       (3.2) 

 

where 𝑤 = crack width, 𝑤௠௔௫ = maximum crack width (Guangming Chen, 2010), 𝑧̅ = 𝑧 𝑧௕⁄  

(normalized vertical coordinate where 𝑧௕ = 0.9 𝑑, the effective depth of the beam), and C is 

the factor determining the shape of the strain distribution. Among the 239 studied beams, 102 

beams (42.6%) were evaluated for their crack width, crack pattern, and shape function (Figure 

3.4). However, only two studies (GM Chen, Teng, et al., 2010; Lu et al., 2009), involving 10 

beams (4.1%), considered the effect of crack shape and crack function in their proposed shear 

model based on FEA. The rest (92 beams) focused on shear crack patterns. This indicates the 

need for more research related to shear crack shape functions, considering different crack 

shapes and their effect on the distribution factors and the effective stress and strain, to develop 

future predictive models. 

 

3.5.2 Strain, Stress, and Slip Distribution along the Diagonal Crack on EB FRP 

J. Chen and J. Teng (2003) showed that the width of the shear crack varies along its length, 

confirming thereby that the strain and stress distributions along the FRP laminates/fabrics are 

non-uniform. As for the issue that FRP laminates/fabrics crossed by the diagonal shear crack 

experience different ranges of strain and stress as the crack widens, it could be concluded that 

the amount of stress/strain in the fibers is influenced by the crack width, and hence the 𝐷ிோ௉ 

distribution factor is not constant. Therefore, 𝐷ிோ௉ depends on the location of the FRPs because 

the fibers located at the end of the crack experience more strain than those situated at the tip of 

the crack. Nevertheless, as mentioned in the previous section, the shape of the shear crack 

relies on the steel reinforcement, and hence the shear crack is not necessarily linear. The 

maximum width of the crack can be in the middle of the beam if the beam contains a high ratio 

of longitudinal steel reinforcement (Lu et al., 2009). The other factor affecting the fiber strain 

distribution is the FRP configuration type. For instance, when assuming U-shaped 

configurations, fibers located below the shear crack experience more strain than those located 

near the top of the crack because there is enough bond length on the lower side of crack 
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compared to the upper side. However, for side-bonded configurations, with the same bond 

length at the bottom and top of the crack, the fibers on both sides of the crack experience the 

same strain distribution. Therefore, it is of paramount importance to consider the strain profile 

on the fibers to obtain the effective strain in FRP laminates/fabrics. On the other hand, studying 

slip profiles on the interface layer gives an insight into how the interface layer responds to 

increasing load and crack propagation. The slip distributions make it possible to understand 

how shear cracks form because fiber debonding occurs near the shear crack. Therefore, through 

a slip profile, shear crack propagation can be predicted by FEA, which is not possible by 

experimental tests. Among the 239 beams, 84 (35.1%) beams were subjected to FEA that 

evaluated the strain distribution along the fibers and the slip profile along the interface layer, 

of which 25 beams (10.4%) were T-shaped cross-sections (Figure 3.4). This indicates the need 

for more FE studies on the strain and slip profile for T cross-section beams. 

3.5.3 Load-Deflection Curve 

Most laboratory and FE results on RC beams strengthened in shear using FRP composites have 

been based on the load-deflection curve, particularly in experimental tests. Generally, the load-

deflection response has become the way to evaluate the ultimate load-carrying capacity as well 

as the ductility and the behavioral features of EB-FRP shear-strengthened RC beams. In fact, 

the load-deflection response has become a criterion to validate the accuracy of FEA results 

against experimental results. However, it cannot be the only criterion for validating FEA and 

developing analytical models because it has been observed that, even if the load-deflection 

curves of shear-strengthened RC beams using EB-FRP were compatible when subjected to two 

different tests, their failure modes could be different. In addition, it has been established that 

specimens featuring the same load-deflection responses from different tests may present many 

discrepancies with regards to formation and number of shear cracks, strain profile along fibers, 

slip profiles along the interface as well as fiber strain distribution along the horizontal axis of 

the specimens. Nevertheless, the load-deflection response can be one of the indications to 

validate whether a simulated model is accurate. Among the 239 beams, 185 (77.4%) FE beams 
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were studied in terms of load-deflection response, of which 125 (52.3%) were rectangular, 48 

(20%) were T-shaped, and 12 (5%) were I-shaped cross-sections (Figure 3.4). 

 

Figure 3.2 Number of cross-section types and a/d ratios considered in FEA 

 
Figure 3.3 Number of cross-section types and configurations considered in FEA 
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3.5.4 Number, Size, and Types of Elements in Simulation 

Selecting the right element in simulation for each component of the beam is of paramount 

importance in FE methods, which are highly sensitive to the size and type of the elements. As 

the size of elements is reduced, the time and cost for FEA will increase. Modeling EB-FRP RC 

beams can be classified into two categories: (i) three-dimensional simulation, which is time-

consuming, but provides results that are representative of the real model; (ii) two-dimensional 

modeling, which takes advantage of the plane stress behavior that EB-FRP RC beams can 

exhibit. The two-dimensional model ignores the deflection of the beam into the normal 

direction to its plane and makes some further simplifying assumptions, reducing considerably 

the time and cost of FEA. In the three-dimensional model, the brick element is chosen for 

concrete, whereas for steel reinforcement, either the one-dimensional bar or the three-

dimensional brick element can be considered. For EB-FRP laminates/fabrics, the two-

dimensional shell element for EB-FRP and the one-dimensional link or bar elements would be 

appropriate. As for concrete-to-FRP and steel reinforcement-to-concrete interface elements, 

there are many options affecting the right choice, depending on the type of fibers in the EB-

FRP (one-directional, two-directional) and ranging from the one-dimensional link element to 

three-dimensional cohesive elements depending on whether the model in question is three- or 

two-dimensional. Few investigations considered the effect of element type as a studied 

parameter in FE simulations. In fact, only 17 (7.1%) of the 239 beams underwent this study, 

of which 12 (5%) were rectangular and 5 (2%) were T-shaped cross-sections (Figure 3.4). 

 

3.5.5 Effective Stress and Strain, Bond Length, and Distribution Factor (D) 

The effective stress and strain experienced by FRP are essential components to calculate FRP 

contribution to shear resistance, which depends on the stress and strain distribution along the 

shear cracks, which in turn relies on the shape functions of cracks. As for the effective bond 

length of EB-FRP, which is the length of FRP that has not debonded and hence still contributes 

to the shear resistance, it is directly related to the shear crack distribution in the concrete. 

Indeed, the more the shear cracks are distributed, the shorter is the effective bond length of the 

FRP and the more likely the beam will exhibit a premature failure (Mofidi & Chaallal, 2010). 
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Many models based on the effective bond length have been reported in the literature. The 

models introduced by Neubauer and Rostasy (1997) and J.-F. Chen and J. Teng (2003) are 

some of the most reliable models, Among the 239 RC beams strengthened in shear using FRP 

composites, only 41 (17.1%) were considered to study the effective stress and strain, the bond 

length, and distribution factor (D), of which 29 (12.1%) were rectangular and 12 (5%) were T-

shaped cross-sections (Figure 3.4). 

 
Figure 3.4 Number of studied beams evaluating the effect of each parameter on  

closed-form model for shear contribution of FRP composites by FEA 

Which are expressed in the following Eq. 3-3 to Eq. 3-4 respectively: 

 

                                                                  𝐿௘ = ටா೑௧೑ଶ௙೎೟                                                           (3.3) 

 

Where 𝑓௖௧ is the tensile strength of concrete (Mirza et al., 1979): 

 

                                                             𝑓௖௧ = 0.53ට𝑓ሖ௖                                                          (3.4) 
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                                                               𝐿௘ = ටா೑ೝ೛௧೑ೝ೛ඥ௙೎ሖ                                                        (3.5) 

 

3.5.6 Failure Modes in Concrete and EB-FRP (Debonding, Delamination, Rupture) 

Failure of RC beams strengthened in shear using EB-FRP can be mainly related either to 

reinforced concrete (crushing of concrete struts, tensile shear failure, yielding and fracture of 

steel reinforcement) or to EB-FRP composites (debonding or rupture). In fact, the failure 

modes observed in EB-FRP specimens are: (i) rupture of FRP laminates/fabrics, which occurs 

usually in a fully wrapped FRP configuration; (ii) debonding of FRP due to lack of effective 

bond length near shear cracks; and (iii) failure of RC beams due to delamination of EB 

laminates/fabrics from the concrete substrate when EB-FRP still contributes to the shear 

resistance (Guangming Chen, 2010). Failure modes related to loss of concrete strength also 

depend on the shear span-to-depth ratio, according to Teng et al. (2002a). They can involve 

compressive or tensile shear failure of the RC beams, as well as failure of deep beams. The 

failure modes of 124 (51.8%) beams were subjected to FE studies, of which 113 (47.2%) were 

rectangular and only 11 (4.6%) were T-shaped cross-sections (Figure 3.4). The advantage of 

FE studies over experimental tests is that detection of failure modes using FEA is much easier 

than laboratory testing of shear-strengthened RC beams using EB-FRP. In addition, the post-

failure response of the specimens can be captured using FEA, which is impossible in an 

experimental protocol.  

3.5.7 Shear strengthening configurations, FRP materials and fiber orientation 

There is an array of configurations for strengthening RC beams in shear, which are associated 

with the beam’s cross section, shear crack orientation, and accessibility to the surfaces of the 

beam to be strengthened. Three EB configurations are used in practice for strengthening RC 

beams in shear: (i) the side-bonded configuration where FRP laminates/fabrics are installed on 

the two lateral sides of the beam. The corresponding failure mode is mainly by FRP 

delamination from the concrete substrate; (ii) the U-shaped configuration where the FRP 

laminates/fabrics are installed on three surfaces of the beam (lateral sides and soffit of the 
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beam). The corresponding failure mode is mainly by FRP debonding from the top side of the 

shear crack due to lesser effective bond length compared to the bottom side of crack; and (iii) 

the full-wrap configuration is usually labeled by the symbol W and involves wrapping FRP 

laminates/fabrics over the whole surface of the beam. The full-wrap configuration is more 

applicable to beams with easy access to all beam surfaces, such as rectangular RC beams and 

columns. All three configurations can be installed to the concrete substrate in the form of 

continuous or discontinuous (strips) bonded FRP composites. If bond length is insufficient, 

anchorages can be used to prevent premature debonding failure. Furthermore, various types of 

fibers are used for FRP composites, such as carbon, glass, and aramid. The fiber orientation in 

FRP laminates/fabrics can be horizontal, vertical, or diagonal at any angle to the axis of RC 

beams. When feasible, the optimal fiber orientation would cross the shear crack 

perpendicularly, providing more contribution to shear resistance. 140 (58.5%) of the 239 

beams were subjected to FEA to evaluate the effect of shear strengthening configurations, type 

of FRP composites, and fiber orientation, of which 127 (53.1%) were rectangular and only 13 

(5.4%) were T-shaped cross-sections (Figure 3.4). 

3.5.8 Analytical approach in FE simulations 

Solving problems using FEA can be classified into two techniques: (i) static solvers; and (ii) 

dynamic solvers, which can further be divided into dynamic implicit and dynamic explicit. 

Because ABAQUS/CAE 2017 was used in the majority of studies, the following description 

is concentrated on ABAQUS solvers. A dynamic analysis is to be privileged over static 

analysis because of many reasons and considerations, such as the brittle behavior of concrete, 

debonding phenomenon, delamination of concrete substrate, problem of reaching convergence 

in analysis, and the post-peak behavior of RC beams strengthened in shear using EB-FRP 

laminates/sheets. Nevertheless, results obtained from a dynamic approach should be verified 

against a general static analysis. When performing dynamic analysis on specimens, certain 

parameters should be considered to improve the accuracy of the results. These include the 

loading pattern (smoothing, stepping, or ramping), loading duration on the structure, amount 

of damping for EB-FRP RC beams, and time increment, among others (Guangming Chen, 
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2010). Figure 3.4 reveals that among all the FEA studies, none of them mentioned how these 

influencing parameters were selected to solve their models. Therefore, when the dynamic 

solver is used, an explanation should be provided of how these parameters were selected in the 

implicit or the explicit analysis. 

3.5.9 Interaction between Components and Types of Interface Elements 

Steel stirrups and EB-FRP composites are the two main factors that contribute to shear 

resistance in EB-FRP strengthened RC beams. Nevertheless, Bousselham and Chaallal (2004) 

showed an inverse interaction between EB-FRP and steel stirrups. The contribution of EB-FRP 

to shear resistance was found to decrease as the ratio of rigidity of steel stirrups to EB-FRP (𝐸௦𝜌௦ 𝐸௙𝜌௙)⁄  increased, confirming thereby the interaction between internal and external 

reinforcement. Guangming Chen (2010) introduced a model that explained this inverse shear 

interaction between steel stirrups and EB-FRP, and demonstrated that because of this inverse 

interaction, neither internal nor external reinforcement reaches its full capacity. Therefore, two 

mobilization factors were proposed by Guangming Chen (2010) for determining the 

contribution of steel stirrups and FRP in EB-FRP RC beams: 

 

                                                   𝑉௨ = 𝑉௖ + 𝐾௦𝑉௦ + 𝐾௙𝑉௙                                                      (3.6) 

 

where 𝐾௙ and 𝐾௦ are the mobilization factors accounting for FRP and steel stirrups and varying 

between 0 and 1. GM Chen, Teng, et al. (2010) investigated the response of these two 

mobilization factors and found that 𝐾௙ and 𝐾௦  could be functions of crack width. The authors 

then created artificial cracks and observed the response of the two mobilization factors as the 

cracks grew, using two configuration types (U-shaped and side-bonded). They showed that as 

the crack width increases, 𝐾௙ was always greater than 𝐾௦, which means that when most of the 

FRP strips were already debonded or had reached their maximum strength, the steel stirrups 

had not yet reached their maximum strength. 
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They further showed that there was an opposite behavior between 𝐾௙ and 𝐾௦, indicating an 

inverse interaction, in which 𝐾௦ was always less than 𝐾௙, and that this inverse interaction 

reduced the FRP shear contribution more than when the effect of this interaction was not 

considered. Hence, if the effect of this inverse interaction on just the contribution of FRP strips 

is considered, based on the equation proposed by Guangming Chen (2010), the following 

equation can be derived, in which the effect of inverse interaction is considered by means of a 

coefficient K:  

 

                                                         𝑉௨ = 𝑉௖ + 𝑉௦ + 𝐾𝑉௙                                                     (3.7) 

 

Integrating Eq. (6) and Eq. (7), it follows that (Guangming Chen, 2010): 

 

                          𝐾 = 𝐾௙ + (𝐾௦ − 1) × ௏ೞ௏೑ = 𝐾௙ + (𝐾௦ − 1) × 𝜇                                         (3.8) 

 

where: 

 

                                                 𝜇 = ௏ೞ௏೑ = ௙೤஺ೞೡ௙೑,೐஺೑ೝ೛                                                                 (3.9) 

 

This indicates that when the amount of steel stirrups, and consequently the value of 𝜇 increases, 

the value of 𝐾௙ declines (Bousselham & Chaallal, 2004; Guangming Chen, 2010). From the 

database, approximately 100 EB-FRP RC beams were considered in this study to evaluate the 

response of inverse shear interaction between steel stirrups and EB-FRP, with different EB-

FRP configurations (continuous U-shaped, strip U-shaped, fully wrapped, and side-bonded) 

and based on steel stirrups ratio, EB-FRP ratio, and gain in shear contribution, as shown in 

Figure . The figures show that the shear gain due to FRP decreased by increasing the ratio of 

steel stirrups, which confirms the research findings by Bousselham and Chaallal (2004). In 



81 

addition to the ratio of steel stirrups and EB-FRP, other factors, like the FRP configuration or 

the size effect, could have affected this inverse shear interaction because this database 

considers all types of shear configurations and beam sizes. 

 

 

 
(a) 

 
(b) 

 

Figure 3.5 Interaction between steel stirrups and EB-FRP versus shear gain  
contributions (X= Ratio of steel stirrups (%) Y= Ratio of EB FRP (%)  

Z= Gain in shear contribution by EB FRP (%) 
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(c) 

 
(d) 

 

Figure 3.5 Interaction between steel stirrups and EB-FRP versus shear gain  
contributions (X= Ratio of steel stirrups (%) Y= Ratio of EB FRP (%)  

Z= Gain in shear contribution by EB FRP (%) (continued) 
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The FRP gain contribution can be computed as follows: 

 

                                𝐹𝑅𝑃 𝑔𝑎𝑖𝑛 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 = 𝑉௙ (𝑉௧⁄ − 𝑉௙)                                         (3.10) 

 

Where 𝑉௧ is the total shear resistance of the beam and 𝑉௙ is the contribution of FRP to shear 

resistance. 

Among the 239 beams, only 44 (20%) beams were subjected to FEA that considered the 

interaction between all components simultaneously (Concrete, steel reinforcement, and FRP 

composites), based on the modeling of concrete cracking, of which 12 (5%) beams assumed a 

properly defined bond-slip law using a smeared crack + crack band model for both concrete-

to-FRP and concrete-to-steel interactions, as illustrated in Fig. 5. Moreover, for only 16 (6.7%) 

and 10 (4.1%) of the beams, a bond-slip law with smeared crack + crack band model was 

assumed for concrete-to-FRP and for concrete-to-steel interactions, respectively. Therefore, if 

the inverse interaction with concrete is considered as a fact in the overall response of RC beams 

strengthened in shear using FRP composites, both interactions for internal and external 

reinforcement should be introduced to the FE package alongside the smeared crack + crack 

band model. Accordingly, the simulated model would be representative of the real beam, and 

the results obtained from the FE package would be more reliable. In the current study, as the 

database shows, only 5% of all specimens were adequately and correctly modeled and 

simulated. Therefore, there is a need for more studies with precise and accurate simulations of 

RC beams strengthened in shear using FRP, and particularly the EB strengthening technique. 

The aim of these studies would be to measure the effective strains and stresses using precise 

FE simulations to incorporate their effects into a reliable closed-form model providing the 

contribution of FRP composites to shear resistance of FRP-strengthened RC beams. 

3.5.10 Interface elements between concrete and FRP composites 

There are few models in the FE software that can be introduced as an interface element between 

concrete and FRP, ranging from one-dimensional elements (e.g., link, spring, truss) to 2-

dimensional or 3-dimentsional elements. They stand for the behavior of the interface layer 
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(interfacial shear stress, slip profile along the interface layer). As for the 2-dimensional 

interface elements, cohesive elements existing in all FE software’s could be an appropriate 

candidate to simulate the response of the interface layer in its plane. Indeed, precision of results 

obtained from the behavior of interface layer much depends on the model introduced to those 

elements, which can be obtained from both numerical and experimental tests. 

 

 

Figure 3.6 Number of studied beams evaluating bond-models based on  
definition of types of cracks for concrete by FEA 

Few studies have been conducted on the response of bond-slip models, which are described 

hereafter. Since the failure modes at the interface layer could be different (debonding, 

delamination), the one-dimensional elements are not an appropriate representative for 

presenting the response of the debonding failure at the interface layer. However, most of the 

research studies carried out on the 2-dimensional interface elements (cohesive elements) 

concentrated on the behavior of the interface layer in its plane (failure modes 2 and 3), ignoring 

the delamination failure occurring normal to the cohesive plane (delamination phenomenon, 

failure mode 1). Therefore, it is of paramount importance that 2-dimensional or 3-dimensional 

elements should be implemented as an interface layer to consider all types of failure modes (1, 

2, and 3), by representing the debonding in 2-directions of the interface elements at its plane, 

and the delamination normal to the interface elements. According to the study conducted by 
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Lu et al. (2005), the following are the most reliable models accounting for the response of 

bond-slip models. 

The relationship proposed by Neubauer and Rostasy (1997) for the bond-slip model consisted 

of two parts: 

 

                   𝜏 =  𝜏௠௔௫( ௦௦బ)  If       𝑠 ≤ 𝑠଴     for the ascending part of the curve                 (3.11) 

 

  0    If   𝑠 > 𝑠଴     for the descending part of curve    

 

Where 

 

                                                𝜏௠௔௫ = 1.8𝛽௪𝑓௧                                                                 (3.12) 

                                                  𝑠଴ = 0.202𝛽௪                                                                   (3.13) 

                                             𝛽௪ = ඩ1.125(൬మష್೑್೎ ൰൬భశ್೑రబబ ൰)                                                            (3.14) 

 

Nakaba et al. (2001) proposed the following relationship in which both ascending and 

descending parts are shown as an integrated curve:  

 

             𝜏 = 𝜏௠௔௫( ௦௦బ) ቈ ଷ(ଶା( ೞೞబ)య቉          For both ascending and descending part                 (3.15) 

 

Where 

 

                                                                       𝜏௠௔௫ = 3.5𝑓ሖ଴.ଵଽ                                          (3.16) 
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, and 𝑠଴ = 0.65 .   

G Monti et al. (2003) applied two different equations for the ascending and descending part 

of the bond-slip curve: 

 

                                           𝜏 = 𝜏௠௔௫ ቀ ௦௦బቁ             If                 𝑠 ≤ 𝑠଴                                (3.17) 

                                              𝜏 =  ௦೑ି௦௦೑ି௦బ                If                𝑠 > 𝑠଴                                 (3.18) 

 

Where  

  

                                                 𝜏௠௔௫ = 1.8𝛽௪𝑓௧                                                                (3.19) 

                                            𝑠଴ = 2.5𝜏௠௔௫(௧ாೌೌ  +  ହ଴ா೎)                                                         (3.20) 

                                                    𝑠௙ = 0.33𝛽௪                                                                   (3.21) 

 

, and 

 

                                                         𝛽௪ = ඩଵ.ହ൬మష್೑್೎ ൰൬భశ್೑భబబ ൰                                                          (3.22) 

 

Savoia et al. (2003) employed just a united curve for both ascending and descending parts: 

 

           𝜏௠௔௫ = ( ௦௦బ) ቈ ଶ.଼଺(ଵ.଼଺ା ೞೞబ)మ.ఴల቉     For both ascending and descending part                    (3.23) 

 

Where  
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                                           𝜏௠௔௫ = 3.5𝑓ሖ଴.ଵଽ , and  𝑠଴ = 0.051                                         (3.24) 

 

Dai and Ueda (2003) proposed to separate the equations for the ascending and descending 

sections of the curve: 

 

                                    𝜏 = 𝜏௠௔௫( ௦௦బ)଴.ହ଻ହ                       If                   𝑠 ≤ 𝑠଴                    (3.25) 

                                   𝜏 = 𝜏௠௔௫𝑒ିఉ(௦ି௦బ)                      If                    𝑠 > 𝑠଴                     (3.26) 

 

Where 

  

                                                𝜏௠௔௫ =  ିଵ.ହ଻ହఈ௄ೌାටଶ.ସ଼ଵఈమ௄ೌమା଺.ଷఈఉమ௄ೌீ೑ଶఉ                          (3.27) 

                                                 𝑠଴ = ఛ೘ೌೣఈ௄ೌ                                                                            (3.28) 

                                           𝛽 = 0.0035𝐾௔(ா೑்೑ଵ଴଴଴)଴.ଷସ                                                         (3.29) 

                                           𝐺௙ = 7.554𝐾௔ି଴.ସସଽ(𝑓௖)ሖ ଴.ଷସଷ                                                  (3.30) 

 

 ,and    

 

                                                    𝐾௔ = ீೌ௧ೌ                                                                            (3.31) 

 

Another model proposed by Ueda et al. (2003) in which the integrated equation is proposed 

for both ascending and descending parts of the curve:  
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                                    𝜏 = 2𝑈𝐺௙(𝑒ି௎௦ − 𝑒ିଶ௎௦)                                                              (3.32) 

Where     

 

                                 𝑈 = 6.846(ா೑௧೑ଵ଴଴଴)଴.ଵ଴଼(ீೌ ௧ೌൗଵ଴଴଴)଴.଼ଷଷ                                                      (3.33) 

 

, and  

 

                            𝐺௙ = 0.446(ா೑௧೑ଵ଴଴଴)଴.଴ଶଷ(ீೌ ௧ೌൗଵ଴଴଴)ି଴.ଷହଶ𝑓ሖ௖଴.ଶଷ଺
                                             (3.34) 

 

Finally, the bond-slip model introduced by (Lu et al., 2005), which is the most accepted 

model used worldwide by researchers is as follow: 

For ascending and softening parts of bond-slip curve following models are applied: 

 

                                     𝜏 = 𝜏௠௔௫ට ௦௦బ               If                              𝑠 ≤ 𝑠଴                          (3.35) 

                                      𝜏 = 𝜏௠௔௫𝑒ିఈ( ೞೞబିଵ)      If                             𝑠 > 𝑠଴                       (3.36) 

 

Where  

 

                                                       𝑠଴ = 0.0195𝛽௪𝑓௧                                                        (3.37) 

                                                      𝐺௙ = 0.308𝛽௪ଶඥ𝑓௧                                                      (3.38) 
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, and 

                                                               𝛼 = ଵಸ೑ഓ೘ೌೣೞబିమయ                                                        (3.39) 

                                                      𝛽௪ = ඨଶି(௪೑ (௦೑ ௦௜௡ఉ)൘ )ଵା(௪೑ (௦೑ ௦௜௡ఉ)൘ )                                                 (3.40) 

and 𝛽 = Orientation of the fiber in direction normal to the cohesive layer, which is 

representative of delamination in the interface, the following is for estimation of initial stiffness 

of cohesive layer: 

                                                      K୬୬ = ଵ౪ౙ౥౤ౙ౨౛౪౛ుౙ౥౤ౙ౨౛౪౛ା౪౛౦౥౮౯ు౛౦౥౮౯                                                   (3.41) 

3.5.11 Interface elements between concrete and steel reinforcement 

Unlike the interface layer between concrete and FRP where all 3 modes of failure should be 

defined (from one-dimensional to 2 and 3-dimensional elements), the interface between 

concrete and steel bars could be represented by one-dimensional elements (link, spring, truss) 

because experimental tests have proved that steel bars slip in their own direction (failure mode 

2). Therefore, one-dimensional elements could simulate the response of the interface layer 

between concrete and steel reinforcement. However, 2 or 3-dimensional elements could be 

defined to the interface layer in a way that the stiffness of cohesive layer should be higher in 

comparison to mode 2, where there would be no slippage in modes 1 and 3. This later technique 

increases the time of the FE analysis. Telford (1993) proposed the most accepted model for 

both plane and deformed bars to implement the interface layer that account for ascending and 

softening parts. Since the deformed bars are now used for both stirrups and longitudinal bars, 

the following presents the model proposed by Telford (1993) for bond-slip relationship 

between concrete and deformed steel bars (Figure 3.7):  
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Figure 3.7 Telford model (Code, 1993) for bond-slip relation between  
concrete-deformed bars (𝑓௖ᇱ = 30 𝑀𝑃𝑎) 

                                                    𝜏 = 𝜏௠௔௫( ௦௦భ)ఈ            If           (𝑠଴ ≤ 𝑠 ≤ 𝑠ଵ)                (3.42) 

                                                     𝜏 = 𝜏௠௔௫                     If           (𝑠ଵ ≤ 𝑠 ≤ 𝑠ଶ)               (3.43) 

                𝜏 = 𝜏௠௔௫ − (𝜏௠௔௫ − 𝜏௙)( ௦ି௦మ௦యି ௦మ)              If                ( 𝑠ଶ ≤ 𝑠 ≤ 𝑠ଷ)                (3.44) 

                                                  𝜏௠௔௫ = 𝜏௙                   If              (𝑠ଷ ≤ 𝑠)                        (3.45) 

Where 𝛼 = 0.4  , 𝑠ଵ =  𝑠ଶ = 0.6 𝑚𝑚, 𝑠ଷ = 1 𝑚𝑚    
                                                    𝜏௠௔௫ = 2.0 × ඥ𝑓௖௞                                                         (3.46) 

                                                       𝜏௙ = 1.5 × 𝜏௠௔௫                                                          (3.47) 

3.5.12 Ratio of FRP, stirrups, and longitudinal bars 

The ratio of FRP composites, longitudinal tensile steel reinforcement, and transverse steel 

stirrups affects the shear resistance of EB-FRP strengthened RC beams. In addition, the 

ultimate load-carrying capacity of the beam depends on the complex interaction among these 

reinforcing elements. Therefore, more FE parametric studies are required to clarify these 

interactions and their underlying mechanisms to achieve an optimized design model for the 

shear resistance of a beam. FEA is a powerful and cost-effective tool to perform such studies 

compared to experimental tests. For longitudinal steel reinforcement, it has been shown that 
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assuming a perfect bonding model can reduce the shear resistance of specimens by reducing 

the shear contribution of EB-FRP in beams where the shear cracks are more distributed and 

inclined at a high angle with respect to the horizontal axis of the beam. Indeed, FRP 

laminates/fabrics crossed by shear cracks at a high angle are less solicited and result in less 

FRP contribution to shear resistance (GM Chen et al., 2012). More than 100 beams were 

selected from the database to evaluate the interaction between longitudinal reinforcement and 

EB-FRP, as illustrated in Figure . The figures reveal that the contribution of EB-FRP to shear 

resistance is reduced by increasing the amount of longitudinal tensile reinforcement, 

confirming the results reported by GM Chen et al. (2012). For steel stirrups, it has been 

demonstrated by Bousselham and Chaallal (2004) that the higher the stiffness of the steel 

stirrups, the less is the EB-FRP contribution to shear resistance. Finally, previous 

investigations (FEA, experimental tests, and analytical models) have demonstrated that, given 

the EB-FRP propensity to debonding failure, increasing the stiffness and cross section of EB-

FRP could increase the FRP contribution to resistance up to a threshold, beyond which no 

increase in FRP contribution would occur because it is limited by the effective bond length 

(Guangming Chen, 2010). 138 (57.7%) of the 239 beams were subjected to FEA that evaluated 

the ratio of reinforcing components, of which only 33 (13.8%) were T-shaped, and 2 (less than 

1%) were I-shaped cross-sections (Figure 3.4). There is a need for more FE studies to develop 

a reliable closed-form model for calculating the respective contributions of these shapes to 

shear resistance. 
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(a) 

 

(b) 

Figure 3.8 Interaction between longitudinal tensile reinforcement and EB-FRP  
versus shear gain contributions (X= Ratio of longitudinal reinforcement (%)  

Y= Ratio of EB FRP (%) Z= Gain in shear contribution by EB FRP (%)) 
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(c) 

 

(b) 

Figure 3.8 Interaction between longitudinal tensile reinforcement and EB-FRP  
versus shear gain contributions (X= Ratio of longitudinal reinforcement (%)  

Y= Ratio of EB FRP (%) Z= Gain in shear contribution by EB FRP (%)) 
(continued) 
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3.5.13 Dimension of the Beam (Size Effect) 

The size effect is considered as a factor that can have a negative impact on the load-carrying 

capacity of RC beams. If all parameters are kept unchanged, the shear resistance of RC beams, 

particularly deep beams, will decrease as the beam’s depth increases (Benzeguir et al., 2017). 

More than 100 specimens from the study database were considered to evaluate the relation 

between the beam depth and shear span-to-depth ratio versus normalized shear strength, as 

illustrated in Figure 3.9. 

 

 
(a) 

 
(b) 

 

 Figure 3.9 Effect of shear span-to-depth ratio on size effect versus  
      normalized shear strength (X= Beam's depth (mm) Y= Shear  

span to depth ratio (a/d) Z= Normalized shear strength) 
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Figure 3.9 Effect of shear span-to-depth ratio on size effect versus normalized 

 shear strength (X= Beam's depth (mm) Y= Shear span to depth  
ratio (a/d) Z= Normalized shear strength) (Continued) 

The size effect is considered as a factor that can have a negative impact on the load-carrying 

capacity of RC beams. If all parameters are kept unchanged, the shear resistance of RC beams, 

particularly deep beams, will decrease as the beam’s depth increases (Benzeguir et al., 2017). 

More than 100 specimens from the study database were considered to evaluate the relation 

between the beam depth and shear span-to-depth ratio versus normalized shear strength, as 

illustrated in Figure 3.9. The figures reveal that, given the shear span-to-depth ratio (a/d), 

increasing the beam’s depth (d) reduces the normalized shear strength of the RC beam 

strengthened in shear using EB-FRP, which confirms the results obtained by Benzeguir et al. 

(2017). The database shows that few studies have been performed on the size effect of shear-

strengthened RC beams using EB-FRP. Two known theories related to the size effect are 

generally used: the Weibull theory and the theory based on fracture mechanics. The model 

proposed by Bazant and Planas (1997) is the only closed-form model that considers this effect 

and can be expressed as:  

 

                                                           𝜎ே௨ = ஻௙ሖ೟ඥଵା஽ ஽బ⁄                                                          (3.48) 
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A complete parametric study on the size effect on EB-FRP RC beams was conducted by 

Benzeguir et al. (2017), where five major factors influencing the size effect were evaluated: 

the shear-span-to depth ratio a/d, the aggregate size 𝑎௚, the ratio of longitudinal tension bars 𝜌௪, the ratio of steel stirrups 𝜌௦, and the concrete strength 𝑓′௖. Many numerical studies have 

been carried out on beams of different sizes. However, the aim of these numerical studies was 

not to evaluate the size effect in RC beams strengthened in shear using EB-FRP composites. 

165 (69%) of the 239 beams in this study were analyzed by FEA to study the effect of beam 

dimension, of which 149 (62.3%) were rectangular, 14 (5.8%) were T-shaped, and 2 (less than 

1%) were I-shaped cross-sections (Figure 3.4). 

 

3.6 Synthesis, results and recommendations 

FEA provides a powerful tool that can replace experimental tests if accurate assumptions are 

provided to the software and the required in-depth knowledge is obtained regarding parameters 

that affect dynamic analysis, such as loading pattern (smoothing, stepping, or ramping), impact 

loading duration, amount of damping for EB-FRP RC beams, and finally time increment when 

performing nonlinear dynamic analysis. FEA of RC beams strengthened in flexure is well 

documented. This does not hold true for RC beams strengthened in shear using EB-FRP 

composites, where clearly there is a need for more research studies. Indeed, first, the brittle 

behavior of shear cracks in RC beams is still unpredictable and becomes even more complex 

when RC beams are strengthened in shear with EB-FRP because the type of EB strengthening 

affects the shear crack pattern. Second, interactions between the components of such 

strengthened beams have not been fully documented, and indirect interactions between the 

components and their effects on each other are still not fully understood. Third, selecting the 

right type of finite element for each component of these beams is of paramount importance and 

needs a theoretical and experimental understanding of the response of each material when used 

for shear strengthening.  

From existing FE studies on EB-FRP RC beams, it is obvious that early studies assumed 

perfect bond-slip models for their specimens and only 18.4% (44 beams) of all the FE studies 
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considered bond-slip laws for both concrete-to-FRP and concrete-to-steel reinforcement 

interactions. This has led to incorrect results because Bousselham and Chaallal (2004) proved 

that increasing the rigidity of steel stirrups results in a reduction of EB-FRP contribution to 

shear resistance. Therefore, defining appropriate bond-slip laws between all the various 

materials involved in a study must be a priority. Furthermore, GM Chen, Teng, et al. (2010) 

showed that there is an inverse interaction between internal and external reinforcement and 

that its effect should be considered in a closed-form model, suggesting a need for research on 

this phenomenon. 

Because of the unpredictable nature of shear cracking, most international guidelines 

recommend a crack angle of 45°, which is obviously overestimated, but conservative. The 

crack shape functions presented by Lu et al. (2009) are based on four simplified assumptions, 

leading to unrealistic stress and strain distributions for fibers intercepted by the shear crack. 

Moreover, from the data evaluated earlier, 35.1% (84 beams) of all FE studies considered the 

stress and strain distributions along the shear crack. In addition, the assumption of one main 

shear crack is to some extent unrealistic because experimental tests revealed more marginal 

distributed shear cracks that contributed to shorter effective bond length. Therefore, more 

research is needed to encompass the patterns and shapes of shear cracks for EB-FRP 

strengthened RC beams. 

The smeared crack model in conjunction with the crack band model is an appropriate model 

for defining shear cracks in concrete. These should be considered alongside appropriate bond-

slip laws between all components of EB-FRP RC beams to achieve an accurate simulation of 

the real specimen. It may be worth noting that, from the FE data already gathered, only 5% (12 

beams) research studies have observed this phenomenon. 

3.7 Validation of Numerical FEA and Experimental Tests 

The validation of over 200 specimens strengthened with different configurations (side-bonded, 

U-shaped, fully wrapped, EB with anchorage, ETS, NSM), and unstrengthen (control beams) 

is carried out to evaluate the accuracy of the FEA results in terms of ultimate load-carrying 

capacity of the specimens. Figure 3.10 shows the numerical versus experimental results for 
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total strength achieved by all the specimens. The results reveal that the FE studies predicted 

the experimental tests with good agreement because the square of the Pearson product-moment 

correlation coefficient (𝑅ଶ) was greater than 99% for all beams. 

 

 
Figure 3.10 Numerical versus experimental ultimate load-carrying capacity of the specimens 
for: (a) continuous U-shaped, continuous side-bonded, fully-wrapped; (b) U-shaped strips; 

(c) Control beam; (d) Side-bonded strips, EB with anchorage, ETS and NSM methods 

3.8 Conclusions 

This study has concentrated on the evaluation of many factors affecting the accuracy of 

simulating RC beams strengthened in shear with EB-FRP and of parameters studied by 

researchers through FEA. To that end, an extensive database consisting of over 200 FE 
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specimens validated by experimental tests was gathered and evaluated in this study. The most 

relevant features drawn from the FEA and the studied parameters were as follows:  

• To achieve an accurate simulation reflecting the behavior of the real beam, the parameters 

and elements introduced in FEA should represent the real response of each component. 

Essential building blocks of FEA include the smeared crack model alongside the crack 

band model and the bond-slip law to describe concrete-to-FRP and concrete-to-steel 

reinforcement interactions, and dynamic analysis in which parameters such as the 

structure-damping ratio, the time increment, the crack pattern, and the loading duration 

are well characterized. Less than 6% of all FE studies addressed these parameters, and 

none of them described the implementation details. 

• After FEA is performed on RC beams strengthened in shear with EB-FRP, the study 

parameters obtained from the output to develop the analytical model should be extracted 

precisely, and their complex effects on each other should be carefully examined. The angle 

of the shear crack in concrete, the interaction between components of specimens, the 

inverse interaction between internal and external reinforcements, the shape of the shear 

crack, the stress and strain distributions along the shear cracks, the size effect, and the 

type of FRP configuration are some of these important interacting parameters. 

• The ultimate load-carrying capacity of a specimen is not the only good indication for 

evaluating the overall specimen response. FEA is a powerful and useful tool for evaluating 

other important response indicators, considering all the beam components during the 

process of loading. Therefore, based on the built database, studies are needed to consider 

the influencing parameters required to develop a reliable closed-form model to calculate 

with confidence the EB-FRP contribution to shear resistance. 

• FEA can capture the real behavior of a beam, including details that can be important to 

the research community, such as the number and angle of shear cracks and the stress 

distribution along the shear cracks and fibers.  

• By drawing comparisons between variations in the ratio of EB-FRP and in the ratio of 

steel stirrups, it is obvious that for each ratio of steel stirrups, there exists only one peak 

for the ratio of EB-FRP corresponding to the maximum gain due to FRP. This inverse 

interaction should be considered for optimal design. 
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• When drawing comparisons between FRP contributions to shear resistance in RC beams 

strengthened in shear using EB-FRP, the negative impact of size effect should be included 

in any final closed-form model. 
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4.1 Abstract 

The objective of this study is to conduct a finite-element (FE) numerical study to assess the 

effect of size on the shear resistance of reinforced concrete (RC) beams strengthened in shear 

with externally bonded carbon fibre-reinforced polymer (EB-CFRP). Although a few 

experimental studies have been done, there is still a lack of FE studies that consider the size 

effect. Experimental tests are time-consuming and costly and cannot capture all the complex 

and interacting parameters. In recent years, advanced numerical models and constitutive laws 

have been developed to predict the response of laboratory tests, particularly for issues related 

to shear resistance of RC beams, namely, the brittle response of concrete in shear and the failure 

modes of the interface layer between concrete and EB-CFRP (debonding and delamination). 

Numerical models have progressed in recent years and can now capture the interfacial shear 

stress along the bond and the strain profile along the fibres and the normalized main diagonal 

shear cracks. This paper presents the results of a nonlinear FE numerical study on nine RC 

beams strengthened in shear using EB-CFRP composites that were tested in the laboratory 

under three series, each containing three sizes of geometrically similar RC beams (small, 

medium, and large). The results reveal that numerical studies can predict experimental results 

with good accuracy. They also confirm that the shear strength of concrete and the contribution 

of CFRP to shear resistance decrease as the size of beams increases. 
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4.2 Introduction 

In the last two decades, very few FE studies have been dedicated to RC beams strengthened in 

shear EB-FRP or any types of strengthening with composite materials (Tan, 2014) made of 

CFRP (Kolanu et al., 2020; Rozylo, 2021). However, given the lack of accurate constitutive 

laws at that time, these early FE studies did not consider the bond between concrete and FRP, 

nor did they simulate the interaction between concrete and steel reinforcement(Amir, 1998; 

Arduini et al., 1997; Elyasian et al., 2006; Kachlakev et al., 2001; Kaliakin et al., 1996; T. K. 

Lee et al., 2000; Santhakumar et al., 2004; Vecchio & Bucci, 1999). Recently, some FE studies 

have concentrated on shear strengthening using embedded-through-section (ETS) and near-

surface-mounted (NSM) techniques (Ahmed Godat et al., 2013; Qapo et al., 2016; Shomali et 

al., 2020). With recent advances in the development of high-performance FE programs and 

constitutive laws, numerical studies can better simulate and accurately predict the outcome of 

experimental tests in terms of load-deflection response, behavior of the interface between 

concrete and EB-FRP, and the strain distribution along fibres (Al Jawahery et al., 2019; GM 

Chen et al., 2012; GM Chen, Teng, et al., 2010; Dirar et al., 2012; A Godat et al., 2008, 2012; 

Ahmed Godat et al., 2012; Ahmed Godat et al., 2007; Ahmed Godat et al., 2010; Ibars et al., 

2018; Imperatore et al., 2012; Jin et al., 2020; H.-K. Lee et al., 2008; Lu et al., 2009; Manos et 

al., 2014; Qapo et al., 2016; Qapo et al., 2015; Qu et al., 2006; Sayed et al., 2013; Smith et al., 

2006; Wong & Vecchio, 2003; You et al., 2011). Nevertheless, among these studies, very few 

have considered either the size effect of EB-FRP-strengthened RC beams (Ahmed Godat et al., 

2010; Jin et al., 2020)  or the crack band model along with the concrete smeared crack model. 

This was the main impetus to carry out this study to assess the size effect by means of a 

numerical approach, by implementing both crack models in modelling the concrete and by 

considering the interface behavior between EB-FRP and the concrete substrate.  

Given their complex behavior under loading, as well as their brittle rupture without warning, 

shear failure in RC beams has long been a major concern in structural engineering. Therefore, 

practicing engineers often privilege the sequence by which flexural failure occurs before shear 
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failure. Lack of shear strength in RC beams can be due to various interacting factors. 

Neglecting the size effect in codes and guidelines and thereby overestimating the ultimate shear 

capacity in the design process is an example of the effect of such factors. In recent years, the 

trends towards using FRP composites for rehabilitation and strengthening of RC beams have 

become intensified due to the high strength-to-weight ratio and tensile strength of FRP 

composites, which can compensate for the shear-strength deficiency of existing RC beams. It 

has been established that when the beam size is increased, the shear strength decreases due to 

the so-called size effect (Bazant & Kazemi, 1991; Collins & Kuchma, 1999; Kani, 1967). 

Many parameters affect the size effect, either mitigating or amplifying it by controlling the 

width of the diagonal shear crack—for example, the rigidity of FRP sheets (Benzeguir et al., 

2019). Even though comprehensive studies have been performed on the effect of size in RC 

beams, research studies related to the size effect on RC beams strengthened with EB-FRP are 

limited. FE analysis can be implemented instead of experimental testing to obtain an inside 

view of the shear-stress profile variation along the interface layer and the distribution of stress 

on the fibres during loading. Most analytical models proposed by codes and guidelines are 

based on experimental results and can be prone to errors (human error, defects in laboratory 

machines, restricted tools...). Therefore, the results obtained from these models are not as 

accurate as those from FE methods for capturing the shear resistance contribution of concrete 

and EB-FRP through appropriate evaluation of strain distributions on the fibres. 

The FE method is a cost-effective and precise tool for replacing experimental tests as long as 

the models are simulated based on reliable and logical assumptions. A few FE studies have 

been performed on the size effect of RC beams strengthened in shear with EBCFRP, but either 

their assumptions were very simplistic, such as perfect bonding between concrete and EB-

CFRP, which does not reflect the response of such a beam (location of the shear crack), or they 

fail to mention the assumptions used in their simulations. As explained in the following 

sections, the developed 2D-FE model was preferred to 3D models because it is less time-

consuming and simulates the propagation of the shear crack in concrete with higher precision. 

Note that the shear crack is a major parameter in predicting the size effect. 

As illustrated in Figure 1, the shear contributions of EB-FRP predicted by ACI 440.2R 2017 

for over 50 beams with different depths varying from 80 mm to 682 mm strengthened in shear 
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with continuous U-wrap and strips were compared with their corresponding experimental tests 

(see Appendix A Table A1 for details). The beams were classified into three categories 

depending on their depth (Figure 4.1). As the depth of the specimens and their corresponding 

EB-FRP bond lengths increased, the ACI 440.2R (2017) guidelines clearly overestimated the 

shear contribution of EB-FRP, which may indicate the existence of an additional size effect 

due to the contribution of EB-FRP to shear resistance. In fact, the models of most guidelines 

overestimate the contribution of EB-CFRP to shear resistance in large specimens. 

In the current study, nine RC-T beams without steel stirrups (Benzeguir et al., 2019) were 

selected for simulation. The beams were grouped into three series (small, medium, large). In 

each series, one beam was considered a control (not strengthened with EB-FRP), and the others 

were strengthened with one and two layers of EB-FRP. The results from the simulated models 

were validated with experimental tests. 

The objectives of the present study were to evaluate the size effect and the shear contributions 

of concrete and EB-FRP, as well as the effect of an increase in EB-FRP rigidity, on the three 

series of specimens (different sizes) through numerical investigation. Capturing the response 

of the interface layer between concrete and CFRP sheets, as well as the distribution of strain 

along the main fibre of CFRP fabrics during loading, is of paramount importance when using 

FEA, given their impact on the size effect. Therefore, the impact of the response of the interface 

layer, the strain distribution along the fibre, and the fibres intercepted by the main diagonal 

shear crack on the size effect will be studied carefully, along with the failure modes, the load-

deflection response, and the pattern of shear cracks. The novelty of this study is to conduct FE 

research on the size effect and to show the development of the shear stress and strain in the 

interface layers and fibres during the loading process. Furthermore, by extracting the strain 

distribution curve on the fibres that intercepted the main shear crack, it would be possible to 

measure the distribution factor leading to the effective strain experienced, which is far lower 

than the effective strain introduced in codes and guidelines. 
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Figure 4.1 Comparison of the predicted ACI 440.2R 2017 code and experimental results 

 

4.3 Finite-Element Modelling 

4.3.1 Suggested FE Modelling 

The assumptions implemented for a simulation related to the types of crack models for 

concrete, steel bar, CFRP sheets, and the interface layer between concrete and CFRP are 

described in the following sections. Because the beam was not under stress in the normal 

direction to the plane of the beam, the plane stress model was used for concrete. Steel bars and 

CFRP sheets were modelled by 2D truss elements that contributed to transferring the stress in 

the direction of the truss element. Dynamic implicit analysis was implemented to overcome 

the convergence problem. Indeed, because the divergence occurred due to the brittle behavior 

of concrete and the nonlinearity of the interface layer between concrete and CFRP 

(delamination and debonding), general static solvers (static, general and static, Riks) cannot 

capture the nonlinearity of materials during imposed targeted displacement. Details of the 

implicit dynamic analysis implementation are described in Guangming Chen (2010). 
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4.3.2 Constitutive Models of Materials 

4.3.2.1 Concrete Cracking Models 

Various types of concrete cracking models can be used with FEA. The discrete crack model, 

the rotating smeared crack model, and the fixed smeared crack model are some examples. 

Considering the discrete crack model, a crack is introduced into the model geometry, where 

crack propagation occurs along the border of the element in FEA, proving its mesh objectivity. 

Furthermore, the location of the crack in the model must be defined in advance, which shows 

the dependency of this technique on how the precise initiation of the crack is predicted. Unlike 

the discrete crack model, there is no need to predefine the cracking initiation location in the 

smeared crack model because probable cracking zones and directions are recognized through 

the smeared crack technique. Elements lose their stiffness as the crack propagates in the 

smeared crack approach, whereas the stress-strain relation in concrete considers cracks a 

continuum and predicts the deletion of elements when a crack path is detected. The smeared 

crack approach can be classified into two categories: the rotating smeared crack approach and 

the fixed smeared crack approach. The differences between them are their theories for crack 

direction and their shear retention factor. The deficiency of the smeared crack model is that 

when element size decreases, it leads to zero energy dissipation in the softening part of the 

stress–strain curve in the tensile concrete material, resulting in strain localisation (GM Chen et 

al., 2012). To address strain localisation, some limiters have been proposed, among which the 

crack band model implemented in the concrete damage plasticity framework has been proved 

to address mesh objectivity challenges resulting in convergence problems (Bažant & Becq-

Giraudon, 2002). The function of the crack band model is to convert the width of the crack 

band to the cracking strain caused by the crack, as shown in Figure 4.2. 
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Figure 4.2 Relation between cracking width and tensile stress introduced by Hordijk (1991) 

4.3.2.2 Concrete Response in Compression and Tension 

Because the RC T-beams in the present study behave in their plane, a four-node plane stress 

element (CPS4) was implemented to simulate concrete. Various models have been proposed 

to represent the uniaxial behaviour of concrete in compression, among which the model 

introduced by Saenz (1964) (see Equation 1) features a decent prediction of the ascending and 

softening parts of the concrete material curve, as shown in Figure 4.3.  

 
Figure 4.3 Stress-strain model for uniaxial compression in concrete  

introduced by Saenz (1964) 
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                                               𝜎௖ = ఈఌଵାൣ൫ఈఌ೛ ఙ೛⁄ ൯ିଶ൧(ఌ ఢ೛)ା(ఌ ఌ೛⁄ )మ⁄                                            (4.1) 

 

where 𝜎௣ and 𝜀௣ are the maximum concrete compressive stress and strain obtained from 

experimental tests, equal to 𝑓௖́ = 30 MPa and 0.002 respectively; 𝐸௖ is the concrete modulus 

of elasticity, 𝐸௖ = 4730ඥ𝑓௖́   (MPa) according to (ACI 318); σ and ε are the applied 

compressive stress and corresponding strain during loading of the cylindrical specimen.  

To define tensile concrete behaviour in the descending and softening parts, the model 

introduced by Hordijk (1991) on the basis of numerous stress-crack displacement tests was 

implemented in this study as follows: 

 

                                  ఙ௙೟ = ൤1 + ቀ𝑐ଵ ௪௪೎ೝቁଷ൨ 𝑒ቀି௖మ ೢೢ೎ೝቁ − ௪௪೎ೝ (1 + 𝑐ଵଷ)𝑒ି௖మ                           (4.2) 

                                                        𝑤௖௥ = 5.14 ீ೑௙೟                                                                (4.3) 

                                                            𝑓௧ = 1.4(௙೎́ି଼ଵ଴ )మయ                                                         (4.4) 

                                                𝐺௙ = (0.0469𝑑௔ଶ − 0.5𝑑௔ + 26)(௙೎́ଵ଴)଴.଻                             (4.5) 

 

where 𝑤 is the crack width during loading; 𝑤௖௥ is the crack width at the moment when no stress 

can be transferred between the two sides of the crack; 𝑓௧ is the maximum concrete tensile stress; 𝜎 is the tensile stress in the specimen during the stress-crack displacement test; 𝐺௙ is the 

fracture energy, which in addition to Equation (5), can be obtained from the area of the stress-

cracking displacement graph (Figure 2); 𝑐ଵ = 3, 𝑐ଶ = 6.93 are constant parameters proposed 

by Hordijk (1991); and 𝑑௔ is the largest aggregate dimension. 

4.3.2.3 Definition of Compressive and Tensile Damage to Concrete Damage Plasticity 
(CDP) 

To define concrete damage in both compression and tension, represented by the softening part 

of the stress-strain curves, the proposed model introduced by Tao and Chen (2014) was 

considered as follows: 
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                                   𝑑௧,௖ = ൞ (ଵି௞)ఌು(ଵି௞)ఌುାఙ ாబ⁄                              𝑖𝑓                      𝜀̅ሶ௉ ≥ 0ఌುି(ఌିఌത೎ೝ೐ )ఌುି(ఌିఌത೎ೝ೐ )ାఙ ாబ⁄                          𝑖𝑓                       𝜀̅ሶ௉ < 0           (4.6) 

 

where 𝑑௧,௖ is the damage parameter in both tension and compression; 𝜀̅ሶ௉ is the plastic strain 

rate; 𝑘 is the rate of inelastic strain when stiffness degrades (𝜀௉̅) to inelastic strain when 

stiffness is constant (𝜀௉); 𝜀௖̅௥௘  is the cracking strain when the plastic strain rate is zero. The 

smeared crack model is implemented in the concrete damage plasticity (CDP) framework. 

Therefore, the stress-strain behaviour of concrete in tension is transformed to stress-cracking 

displacement through the crack band model, 𝜀௧௣ = 𝑤௧ ℎ⁄  (Tao & Chen, 2014). Furthermore, 

the graphs in Figure 4.4 obtained from Equation 4-6 are applied for both tensile and 

compressive damage in concrete versus cracking displacement and plastic strain respectively 

(for 10-mm element size). 
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(a) 

 
(b) 

Figure 4.4 Tensile concrete damage model (for 10 mm element size): (a) compressive 
concrete damage models; (b) proposed by Tao and Chen (2014) 

4.3.2.4 Bond-Slip Model for Concrete–Steel Reinforcement and Concrete–CFRP 

To predict the ultimate shear capacity of an RC beam shear-strengthened with EB-FRP, the 

interaction between concrete and FRP composites should be defined precisely; otherwise, the 

software cannot identify the potential failure modes between concrete and CFRP, such as 
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debonding and delamination. Early simulations assumed a perfect bond between the 

components of such beams, resulting in overestimation of the load-carrying capacity of the 

specimens. In addition, the perfect bond model between concrete and EB-CFRP has an effect 

on the distribution, direction, and position of shear cracks, leading to incorrect debonding and 

delamination. Because no slips were observed between concrete and longitudinal bars, a 

perfect bond model was assumed between the concrete and the longitudinal steel 

reinforcement. As for the bond between the concrete substrate and EB-CFRP, a two-

dimensional, four-node cohesive element (COH2D4) that could capture both debonding and 

delamination failures in the model was implemented in ABAQUS. To define the properties of 

the cohesive elements, a simplified bond-slip law introduced by Lu et al. (2005) was 

implemented in this study (Figure 4.5). The ascending and softening parts of the bond-slip 

curves were defined as follows:  

 

                                𝜏 = 𝜏௠௔௫ට ௦௦బ               if                              𝑠 ≤ 𝑠଴                                  (4.7) 

                                         

                           𝜏 = 𝜏௠௔௫𝑒ିఈ( ೞೞబିଵ)      if                             𝑠 > 𝑠଴                                    (4.8) 
 

where 𝑠଴ = 0.0195𝛽௪𝑓௧; 𝐺௙ = 0.308𝛽௪ଶඥ𝑓௧; 𝛼 = ଵಸ೑ഓ೘ೌೣೞబିమయ; 𝛽௪ = ඨଶି(௪೑ (௦೑ ௦௜௡ఉ)൘ )ଵା(௪೑ (௦೑ ௦௜௡ఉ)൘ ); and 𝛽 = 

fibre orientation. In the direction normal to the cohesive layer, which is representative of 

interface delamination, the following model was implemented for the cohesive layer to 

estimate the initial stiffness: 

                                                    

                                   𝐾௡௡ = ଵ೟೎೚೙೎ೝ೐೟೐ಶ೎೚೙೎ೝ೐೟೐ା೟೐೛೚ೣ೤ಶ೐೛೚ೣ೤                                                                        (4.9) 

 

where 𝑡௖௢௡௖௥௘௧௘  is the substrate thickness of concrete, 𝑡௘௣௢௫௬ is the thickness of epoxy, and 𝐸௖௢௡௖௥௘௧௘ and 𝐸௘௣௢௫௬  are respectively the concrete and epoxy moduli of elasticity. The 
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maximum tensile strength normal to the cohesive layer was also assumed equal to the 

maximum strength of concrete in tension. 

 

 
Figure 4.5 Bond–slip model between concrete and CFRP proposed  

by Lu et al. (2005) 

4.3.2.5 Modelling Internal Steel Reinforcement and EB-CFRP 

To model the internal steel reinforcement and the external CFRP fabric, two-node 2D truss 

elements (T2D2) were implemented in the current study. Details of the simulation are 

illustrated in Figure 4.6. The elastic–plastic material was assigned to the steel reinforcement 

where bilinear response of the stress–strain behavior of steel bars in tension was assumed 

instead of nonlinear behavior after reaching the elastic limit to reduce calculation time (Figure 

4.7 a). As for EB-CFRP, the material was considered elastic until rupture in such a way that 

CFRP fibres could contribute to shear resistance through their tensile strength (Figure 4.7 b) 

while their compression strength was zero. Based on Guangming Chen (2010), it was assumed 

that when FRP wrap is modelled by truss elements, the space between truss elements should 

be approximately 𝑆௙ = ℎ௙,௘ 20ൗ  to achieve reasonable agreement with continuous FRP fabrics. 

Therefore, the space between the truss elements modelling CFRP fibres was set to 10 mm, 10 

mm, and 5 mm for large, medium, and small beams, respectively. 
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Figure 4.6 2D simulation of the strengthened RC T-beams and their defined  

elements in ABAQUS 
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Figure 4.7 Stress–strain relation for (a) steel reinforcement and (b) CFRP fabrics 

4.4 Experimental Investigation 

Nine RC T-beams without steel stirrups were selected from the experimental tests (control and 

strengthened using EB-CFRP) conducted by Benzeguir et al. (2019) to investigate the size 

effect by means of FEA. In addition, this study assessed the impact of increasing the rigidity 

of EB-CFRP on its contribution to the shear resistance of RC beams. The results are presented 

in terms of (1) load-deflection responses, (2) strain profiles along the normalized diagonal 

shear cracks, (3) strain profiles along the fibre direction, and (4) variation of interfacial shear 
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stress profiles along the cohesive layer. Details of the geometry, steel reinforcement position, 

and configuration of EB-CFRP are illustrated in Figure 4.8. These beams were grouped into 

three series of RC T-beams that were geometrically similar, but of different sizes: large, 

medium, and small, abbreviated as L, M, and S, respectively. One beam in each series was not 

strengthened and served as a control beam. The specimens were subjected to a three-point 

loading scheme. The geometry and properties of the nine selected specimens are presented in 

Table 4.1. 

.  

(a) 

 
 (b) 

Figure 4.8 Details of beams: (a) cross‐sections of large, medium, and small  
specimens (mm) and (b) elevation of beam and position of three‐point  

loading conducted by Benzeguir et al. (2019) 
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Table 4.1 Geometry and property of material in studied beams by Benzeguir et al. (2019) 

 
 

4.5 Validation with Experimental Tests 

As mentioned earlier, the simulated model has been validated by the experimental tests carried 

out by Benzeguir et al. (2019). The element size for discretization of the small beams (one- 

and two-layer strengthening) and the control beam was 5 mm, 10 mm, and 10 mm for small, 

medium, and large beams, respectively. These sizes have shown good agreement between 

numerical and experimental results (Failure modes, crack patterns, and ultimate load-carrying 

capacity). Negative strain shows as compression in concrete, which mainly occurs around the 

supports and the load plate. Figure 4.9 shows the numerical results, which illustrate the main 

shear crack distributions in all strengthened beams by means of the principal logarithmic 

plastic strain in the plane of the beams. As shown in Figure 4.9, regardless of size, the patterns 

of shear cracks for small, medium, and large beams strengthened with two CFRP layers were 

similar (Figure 4.9 a-b-e), starting in the mid-depth of the web and extending to the support 

and the web/flange intersection to propagate horizontally towards the load plate. The results 
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for the medium and large strengthened specimens with one CFRP layer (Figure 4.9 c-d) 

followed the same trend.  

 

 
 

(a) 

 
(b) 

 

Figure 4.9 Crack pattern obtained from simulation in ABAQUS for specimen at complete 
failure: (a) specimen S.S0.2L; (b) specimen M.S0.2L; (c) specimen M.S0.1L; 

 (d) specimen L.S0.2L; (e) specimen 
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(c) 

 
(d) 

 
(e) 

 

Figure 4.9 Crack pattern obtained from simulation in ABAQUS for specimen at complete 
failure: (a) specimen S.S0.2L; (b) specimen M.S0.2L; (c) specimen M.S0.1L; 

 (d) specimen L.S0.2L; (e) specimen (Continued) 
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Experimental tests of the control beams (small, medium, large) showed similar crack angle 

patterns with one single diagonal shear crack, appearing as a crack band at mid-height of the 

web and propagating toward the web soffit (support) and the flange (load application point) of 

the beam. As shown in Figure 10, the maximum crack angle occurred at mid-depth of the 

beams and then decreased as the crack extended towards the support and the load application 

point. The crack patterns predicted through numerical analysis were in good agreement with 

experimental results (Figure 4.10 a-c). The failure thresholds of the control specimens with 

increasing load are presented in Table 4.2.  

 
Figure 4.10 Crack pattern obtained from FEA and experimental testing for control beams at 

ultimate states: (a) S.0L.Con; (b) M.0L.Con; (c) L.0L.Con 
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Table 4.2 Failing procedure of control specimens as increasing load  
for experimental and numerical tests 

 

 
Note that the flexural and shear cracks in the small and medium specimens occurred at 

approximately the same ratio of ultimate loads. However, this ratio decreased considerably for 

large beams, indicating the possible existence of a size effect in large specimens that reduced 

their shear strength capacities as depth increased. Numerical results showed that the ultimate 

load of the medium beam was 106% higher than that of the small beam, and that the ultimate 

load of the large beam was 372% and 128% higher than those of the small and medium ones 

respectively. The failure loads occurred at 62, 128, and 293 kN, whereas shear cracks formed 

at 25 kN, 60 kN, and 89 kN applied loads for small, medium, and large beams respectively. 

This was in good agreement with experimental results (see Table 4.2). Single diagonal shear 

cracks formed in control beams (small, medium, and large), giving rise to shear failure in all 

specimens. This confirms the results obtained by Pellegrino and Modena (2002). Moreover, 

based on the experimental results, the shear crack angles in small, large, and medium beams 

were 42°, 37°, and 24° respectively, which are comparable with the numerical results (Figure 

4.10 a-c). As shown in Figure 4.10, crack patterns in all control specimens were similar 

regardless of specimen size. However, the large beams featured more distributed minor cracks, 

probably due to wider cracking and the resulting loss of aggregate interlock (Figure 4.10 c). 

Delamination of the interface layer occurred in all strengthened specimens when the stresses 

normal to the interface layer exceeded their maximum resistance (2.3 MPa). The delamination 

started from the top edge of the CFRP wrap located at the web/flange intersection and then 

extended horizontally and propagated vertically towards the top parts of the main diagonal 

shear crack. The stress normal to the interface layer at the web/flange intersection exceeded 

2.3 MPa, which is the maximum strength in the normal direction of the interface layer. 
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As beam depths decreased from 525 mm to 350 mm and then to 175 mm, the behaviour of the 

specimens changed from brittle to ductile, as indicated by the load-deflection response with a 

plateau (Figure 4.11 a). Numerical results commonly overestimate the load-carrying capacity 

of a beam by approximately 6% because the bond between longitudinal bars and concrete is 

assumed perfect and an implicit dynamic is implemented to solve the model, thus amplifying 

deflection and load in the dynamic analysis (Guangming Chen, 2010; GM Chen et al., 2012). 

However, as long as the parameters in the dynamic analysis are defined appropriately (time 

increment, loading time, and loading scheme), it can be an appropriate replacement for static 

analysis (Guangming Chen, 2010; GM Chen et al., 2012). 

 
Figure 4.11 Numerical vs. experimental load-deflection response: (a) control beams; (b) 

beams strengthened with one CFRP layer; (c) beams strengthened  
with two CFRP layers 

 



122 

 
 

Figure 4.11 Numerical vs. experimental load-deflection response: (a) control beams; (b) 
beams strengthened with one CFRP layer; (c) beams strengthened  

with two CFRP layers (Continued) 
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The results of the numerical and experimental tests are summarized in Table 4.3 and Table 4.4 

in terms of ultimate load (𝑃௠௔௫), deflection at 𝑃௠௔௫, shear contribution of CFRP (𝑉஼ிோ௉), shear 

gain due to CFRP (𝐺஼ிோ௉), maximum shear force (𝑉 ), maximum shear stress in the section 𝜈 = 𝑉 (𝑏௪⁄ × 𝑑), loss of shear stress in medium and large specimens with respect to the small 

beam 𝜈 (%), and ultimate strain contributed by CFRP fabrics in each specimen. 

Table 4.3 Comparison between experimental and numerical results in terms of load 
deflection and ultimate shear strength contributed by concrete and CFRP fabrics 

 

Table 4.4 Comparison between numerical and experimental results in terms  
of shear gain and loss 
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4.5.1 Load-Deflection Responses 

Figure 4.11 compares experimental and numerical results in terms of ultimate load-carrying 

capacities and displacements for the nine specimens. Note that shear strengthening with EB-

CFRP fabrics showed higher levels of strength in specimens strengthened with one layer by 

about 58%, 52%, and 88% for small, medium, and large beams respectively with respect to 

control beams. Furthermore, the deflections corresponding to the maximum load (∆௣௠௔௫) of 

specimens strengthened with one EB-CFRP layer increased by 173%, 25%, and 80% with 

respect to control beams, which could be attributed to the fact that CFRP fabrics control the 

deflection of specimens (Figure 4.11). Nevertheless, by adding two CFRP layers, no 

considerable additional deflections were observed in the specimens compared to those 

strengthened with one layer. The results of the load-deflection data obtained from numerical 

analysis are highly comparable with experimental observations, showing that the simulated 

model can predict laboratory tests with high accuracy. 

 

4.6 FE Simulations and Results 

This section is dedicated to FE simulations and analyses. The results are presented in terms of 

(a) shear strength for control and strengthened beams, (b) distribution of strain on the fibres 

along the diagonal shear crack, and (c) strain distributions along the CFRP fabric and 

interfacial shear stress at the cohesive layer. 

 

4.6.1 Shear Strength and Loss in Control and Strengthened Beams 

This section presents the FEA results for shear strength and shear loss due to the size effect. 

The size effect had an impact on strengthened beams in the way that the shear stress contributed 

by CFRP fabric decreased in specimens strengthened with one CFRP layer, from 1.45 MPa in 

S.S0.1L to 1.14 MPa in L.S0.1L. Table 4.4 compares the numerical and experimental results. 

The specimens of the third series, which were strengthened by two layers, resulting in higher 

CFRP rigidity, showed similar results, with shear stress decreasing from 2.05 MPa in S.S0.2L 

to 1.1 MPa in L.S0.2L. As illustrated in Figure 4.12, adding a second layer of EB-CFRP 
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increased the shear stress in the small beam before delamination by 30%, that is, from 1.45 

MPa to 2.05 MPa. This gain in shear stress decreased in the medium specimen by 7% and in 

the large specimen by 3%, indicating that the size effect has an impact on the shear stress 

contributed by both concrete and CFRP. Nevertheless, more investigations are required to 

clarify the relation between the size effect and the rigidity of CFRP as the specimen dimension 

increases. 

 
Figure 4.12 Shear stress contributed by concrete and CFRP fabric (FE results) 

4.6.2 Distribution of Strain on the Fibres along the Diagonal Shear Crack by FEA 

Assessing the strain profile along the main diagonal shear crack resulted in a better 

understanding of the behavior of fibres and their contribution to shear strengthening as the size 

of specimens and the rigidity of CFRP fabrics increased. By evaluating the strain distribution 

along the shear crack path, it is possible to locate the maximum crack width and to understand 

how debonding and delamination occur on both sides of the crack. The main diagonal shear 

cracks had an almost linear pattern for specimens strengthened with two layers of CFRP fabric 

and a semi-parabolic shape for those strengthened with one CFRP layer (Figure 4.9 and Figure 

4.10, respectively). Because the strain distribution on the fibres along the main diagonal shear 

crack constitutes the basis on which the distribution factors for the strain are established, the 
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response of the strain in fibres intersected by the normalized shear crack is evaluated in this 

section. Note that the distribution factor 𝐷ிோ௉ introduced by J.-F. Chen and J. Teng (2003) is 

a function of the average strain on the fibres intercepted by the shear crack and the maximum 

strain experienced by fibres at a specific load, as follows: 

 

                                                          𝐷ிோ௉ = ∑ ఌಷೃು,೔೙೔సభ௡ఌ೘ೌೣ                                                       (4.10) 

 

Where  𝜀ிோ௉,௜ is the strain in the 𝑖௧௛specific fibre intercepted by the shear crack, 𝑛 is the number 

of fibres crossed by the diagonal shear crack, and 𝜀௠௔௫ is the maximum strain experienced by 

the fibre at ultimate state.  

The formula introduced by J. Chen and J. Teng (2003) for the shear contribution of EB-FRP 

is: 

 

                                          𝑉௙ = 2𝑓௙,௘𝑡௙𝑤௙ ௛೑,೐(ୡ୭୲ఏାୡ୭୲ఉ) ୱ୧୬ఉௌ೑                                            (4.11)  

                                  

where 𝑓௙,௘ is the effective stress in the FRP intercepted by the main shear diagonal shear crack 

that can be obtained through the distribution factor (𝐷ிோ௉) given by (Chen 2010): 

 

                                             𝑓௙,௘ = 𝐸௙𝜀௙,௘ =  𝐸௙𝜀௠௔௫D୊ୖ୔                                                (4.12) 

 

in which 𝜀௙,௘ is the effective strain in FRP wrap, 𝐸௙ is the FRP modulus of elasticity, and 𝐷ிோ௉ 

is the distribution factor obtained from Equation 4-10. 

As shown in Figure 4.13a-f, the strain distributions along the shear crack are illustrated by four 

displacement levels corresponding to four phases: (1) initiation of crack at mid-depth of the 

web; (2) all fibres intercepted by shear cracks are in active phase (experiencing strain) just 
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before initiation of delamination at the tip of the crack; (3) delamination at the cohesive layer 

already formed and developed at mid-distance of shear crack paths (effective bond lengths start 

to decrease); and (4) one of the fibres intercepted by the shear crack is exposed to maximum 

strain during the loading process.  

Regarding the series of small specimens, as displacements reached 2.23 mm and 2.79 mm in 

specimens strengthened with one and two layers respectively, the shear crack initiated at mid-

distance of the shear crack path from the end of the normalized distance. Then it propagated 

toward the bottom edge of the beams and the edge of the intersection between webs and 

flanges. When the displacements at the loading points reached 3.92 mm and 3.81 mm, the 

maximum strains on CFRP fabrics were 0.00637 and 0.00246 in S.S0.1L and S.S0.2L 

respectively (Figure 4.13a-b). At this stage, shear cracks had completely formed, and all the 

fibres intersected by shear cracks were in the active phase (from the tips to the ends of the 

shear crack). The strain values on fibres intersected by the shear crack on the top part of the 

crack then dropped suddenly to zero due to delamination and to the short bond length compared 

to the bottom part of the crack. During that process, the cracks at the edge of the intersection 

between the flange and the web propagated horizontally. 

The maximum strains experienced by fibres before entirely losing the CFRP shear contribution 

were 0.00866 and 0.00266 in S.S0.1L and S.S0.2L respectively. These values are in good 

agreement with the corresponding experimental results, that is, 0.00714 and 0.00216, 

corresponding to 45% and 13% of CFRP ultimate strain. Note that the values of strains on 

fibres obtained from numerical analysis are larger than those obtained from experimental tests 

because dynamic implicit analysis was used to solve the models from which the amplified 

strains were recorded, whereas such an amplification did not exist in the static analysis 

(Guangming Chen, 2010). Furthermore, strain gauges installed on EB-CFRP fabrics measure 

the average strains, which are lower than the maximum strain obtained from FEA (GM Chen 

et al., 2012). For the medium beams, shear cracks appeared at mid-distance of the shear crack 

path when displacements at the loading points reached 3.36 mm and 3.15 mm in beams 

strengthened with one and two layers of CFRP fabric respectively. When the displacements 

reached 4.73 mm and 5.44 mm in M.S0.1L and M.S0.2L respectively (Figure 4.13c-d), the 
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main diagonal shear cracks in both specimens became complete, and at this stage, all fibres 

crossed by shear cracks (from the tips to the ends of the cracks) experienced stress and strain.  

The maximum strains experienced by the fibres just before delamination were 0.0032 and 

0.0033 in M.S0.1L and M.S0.2L respectively, as presented in Figure 4.13c-d, representing 

20% and 21% of the ultimate strain of the fibres. After these maximum strains were reached, 

an inactive zone where more fibres lost their contribution to shear strengthening (zero strain) 

developed at the support. The maximum strains obtained from numerical analysis were in good 

agreement with experimental results (i.e., 0.00248 and 0.0027 in M.S0.1L and M.S0.2L 

respectively). The same scenario was observed for the large specimens, from initiation of shear 

cracks to complete failure of EB-CFRP. Therefore, all fibres were in active modes as complete 

shear cracks formed, and at this stage, displacements reached 7.26 mm and 8.27 mm in L.S0.1L 

and L.S0.2L respectively ( Figure 4.13a-f)) just before delamination.  
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Figure 4.13 Distributions of strains on fibres crossed by normalized distance along the main 
diagonal shear path: (a) specimen S.S0.1L; (b) specimen S.S0.2L; (c) specimen M.S0.1L;  
(d) specimen M.S0.2L; (e) specimen L.S0.1L; (f) specimen L.S0.2L. Phase 1: initiation 

 of main diagonal shear crack. Phase 2: all the fibres intersected by shear crack in  
an active phase. Phase 3: development of the loss of the shear contribution  

of the fibres at tips of the shear crack. Phase 4: the maximum strain  
recorded on fibres before the complete loss of the shear  

contribution of the fibres at the top part of  
the shear crack 
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Figure 4.13 Distributions of strains on fibres crossed by normalized distance along the main 
diagonal shear path: (a) specimen S.S0.1L; (b) specimen S.S0.2L; (c) specimen M.S0.1L;  
(d) specimen M.S0.2L; (e) specimen L.S0.1L; (f) specimen L.S0.2L. Phase 1: initiation 

 of main diagonal shear crack. Phase 2: all the fibres intersected by shear crack in  
an active phase. Phase 3: development of the loss of the shear contribution  

of the fibres at tips of the shear crack. Phase 4: the maximum strain  
recorded on fibres before the complete loss of the shear  

contribution of the fibres at the top part of  
the shear crack (Continued) 
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Figure 4.13 Distributions of strains on fibres crossed by normalized distance along the main 
diagonal shear path: (a) specimen S.S0.1L; (b) specimen S.S0.2L; (c) specimen M.S0.1L;  
(d) specimen M.S0.2L; (e) specimen L.S0.1L; (f) specimen L.S0.2L. Phase 1: initiation 

 of main diagonal shear crack. Phase 2: all the fibres intersected by shear crack in  
an active phase. Phase 3: development of the loss of the shear contribution  

of the fibres at tips of the shear crack. Phase 4: the maximum strain  
recorded on fibres before the complete loss of the shear  

contribution of the fibres at the top part of  
the shear crack (Continued) 
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The maximum strains experienced by the fibres were 0.00415 and 0.00161 in L.S0.1L and 

L.S0.2L, respectively, which were very close to experimental values (0.00369 and 0.0016, 

respectively). Therefore, the maximum strains reached on EB-CFRP in large specimens 

(L.S0.1L, L.S0.2L) decreased in comparison to small beams by 53% and 40% in beams 

strengthened with one and two layers, respectively, resulting in a size effect on both concrete 

and CFRP shear contributions. Likewise, in the control beams (Figure 4.10 a–c), the pattern of 

shear cracks at the final states in strengthened specimens as obtained from numerical analysis 

was in good agreement with experimental tests, confirming that the assumptions applied for 

simulation were accurate (Figure 4.9 a–e). 

4.6.3 Strain distributions along the CFRP fabric and interfacial shear stress at the 
cohesive layer 

By evaluating the strain distribution on fibres along with the normalized distance of the crack 

path, it is possible to locate the maximum vertical crack width. Those fibres that experience 

more strain before losing their shear contributions are located at the maximum crack width. 

Moreover, the vertical width of the crack can be calculated by summation of interfacial slip 

along the two sides of the crack and the deformation of CFRP fabric in the debonding area 

(GM Chen et al., 2012). Therefore, after the maximum crack width has been located and 

calculated, the strain distribution and the interfacial shear stress along the fibre intersected by 

the shear crack at its maximum width were evaluated to further investigate the size effect on 

the shear contribution of EB-CFRP.  

The FEA strain profile along the fibre and the shear stress profile along the interface layer for 

L.S0.1L and L.S0.2L are presented in Figure 4.14a-b and Figure 4.15a-b respectively. The 

results are presented in terms of strain development along the fibre direction and the interfacial 

shear stress along the interface layer in which debonding can be observed. Each graph shows 

the strain distributions and the interfacial shear stress at six displacement stages, in which the 

first three steps are related to initiation and development of the shear crack just before 

delamination, and the next three steps represent the initiation of delamination to complete loss 

of strain in the fibre. This yields six curves corresponding to six levels of displacement. As 
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shown in Figure 4.14a-b and Figure 4.15a-b, there is a similarity between the strain distribution 

along the main fibre direction and the strain response obtained from the pullout tests.  

 

 
Figure 4.14 Strain profile and interfacial shear stress along the fibre and interface layer 

intercepted by maximum crack width (specimen L.S0.1L) 
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Figure 4.15 Strain profile and interfacial shear stress along the fibre and interface layer 

intercepted by maximum crack width (specimen L.S0.2L). Steps 1,2,3: the initiation  
and development of the shear crack just before the delamination procedures.  

Step 4,5,6: the procedure from the initiation of the delamination to the  
complete loss of strain in the fibre 
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As soon as the shear crack appeared in L.S0.1L at 5.6 mm displacement, the fibre started to 

contribute to shear resistance. By increasing the load and the corresponding displacement, the 

amount of strain increased to a maximum of 0.00415. The maximum strain occurred at mid-

depth of the specimen and then decreased gradually toward the top edge of the web/flange 

intersection. The amount of strain experienced by the lower part increased more than that on 

the top edge of the fibre because there was more effective bond length in the bottom crack part 

of the U-wrap configuration, in which the fibres below the shear crack were fixed. 

Note that at the peak of the strain profile and when strain was constant, interfacial shear stress 

was zero, indicating the delaminated zone. At the third stage, during development of the 

delaminated area, this zone propagated in the top part of the crack, as evidenced by zero 

interfacial shear stress and zero strain in the strain profile (Figure 4.14 and Figure 4.15). As 

the displacement reached 12.37 mm, complete delamination occurred in specimen L.S0.L1, 

and likewise in specimen L.S0.2L. In addition, the amount of strain on the fibres along the 

main diagonal shear crack decreased in all specimens strengthened with two CFRP layers 

compared to specimens strengthened with one CFRP layer. Unlike the medium specimens, 

where increasing rigidity did not significantly change the maximum strains on the fibres, the 

maximum strains in all the small and large specimens (strengthened with one and two CFRP 

layers) decreased with increasing size, indicating the existence of an additional size effect on 

CFRP shear contribution. However, there is a need for more investigations regarding the 

relation between the size effect and the increase in CFRP rigidity. To compare maximum strain 

results on the contribution of CFRP fabrics to the ultimate specimen shear strength, the 

following dimensionless value  𝑉 (𝑏௪⁄ × 𝑑 × 𝑓௖́ )  was introduced (Ahmed Godat et al., 2010). 

This formula defines a dimensionless unit of the ultimate shear capacity of the beam versus  

the maximum strain on fibres. Therefore, it can evaluate the impact of the size effect on the 

ultimate specimen shear capacity (Figure 4.16 a, b). The maximum vertical strains were 

measured at the widest parts of the shear cracks. As shown in Figure 4.16 a, b, both small 

specimens (S.S0.1L, S.S0.2L) showed more shear contribution of EB-CFRP than the medium 

and large beams. This confirms the existence of a size effect because it was expected that by 

increasing beam size and consequently FRP bond length, more FRP shear contribution should 

be obtained. In addition, despite their longer effective bond lengths, large specimens 
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experienced less vertical strain on the fibre than small specimens, which confirms the results 

of previous investigations (Benzeguir et al., 2019; Ahmed Godat et al., 2010) that as beam size 

increases, the shear strength contribution of CFRP decreases. 

In conclusion, absorption of vertical strains through the fibres is greater in smaller than in 

larger specimens despite the fact that both beam sizes have the same ratio of CFRP fabric. 

 
(a) 

 
(b) 

 
Figure 4.16 Correlation between maximum dimensionless shear capacity of specimens  

versus maximum strain along the fibre: (a) specimens strengthened by one layer 
 of CFRP fabric; (b) specimens strengthened by two layers of CFRP fabric 
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4.7 Conclusions 

This research study has reported on advanced FE modelling of RC beams strengthened in shear 

with EB-FRP fabrics, with emphasis on the size effect on the shear contribution of RC beams 

shear-strengthened with EB-CFRP. The results obtained from FEA were in good agreement 

with the experimental results. Nine RC-T beams (three control beams and six strengthened 

beams in shear with EB-FRP) were simulated in ABAQUS. The results obtained from the 

numerical model were related to shear crack patterns, load-deflection curve, shear stress 

contributed by concrete and CFRP fabric, distributions of strains on fibres crossed by 

normalized distance along the main diagonal shear path during the loading process, and 

correlation between maximum dimensionless shear capacity of specimens versus maximum 

strain along the fibres, demonstrating that the proposed FEA is capable of capturing the 

response of the RC-T beams with high accuracy if the assumptions are defined properly. 

Furthermore, compared to experimental tests, FEA provided more precise observations and 

parameters during loading. The following conclusions can be drawn from this study: 

• By increasing the rigidity of EB-CFRP in small specimens, the shear contribution of 

EBCFRP showed a considerable increment, but in large specimens, EB-CFRP 

experienced a reduction in its absorption of shear stress due to the size effect. 

• Delamination on the top parts of the diagonal shear cracks was the dominant failure 

mode compared to debonding, especially in medium and large specimens strengthened 

with EB-CFRP fabric. 

• A reduction factor to account for size effect is of paramount importance. The reduction 

factor could be incorporated either into the effective strain or into the distribution 

factor, which are included in the model to express the shear contribution of EB-FRP 

• The delamination failure initiated suddenly around the tips of the shear crack, where 

the bond length was minimal. 

• Considering strain profiles and interfacial shear stress along with the fibres and the 

interface layers, when the strain profile reached its peak value or became constant, the 

interfacial shear stress became zero. 
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5.1 Abstract 

The main objective of the present study is to implement experimental and numerical tests to 

develop an analytical model for reinforced concrete (RC) beams strengthened in shear with 

externally bonded carbon fiber reinforced polymer (EB-CFRP). Emphasis is placed on the 

negative inverse interaction between the steel stirrups and the EB-CFRP as the ratio of EB-

CFRP to steel stirrups increases. This interaction is not included in the design models proposed 

by most current guidelines, although it has a considerable effect on shear resistance as 

predicted by the guidelines. In fact, the shear contribution associated with EB-CFRP decreases 

as the ratio of EB-CFRP to steel stirrups increases. Therefore, proposing reliable effective 

strains by including this parameter improves the calculated shear contribution of EB-CFRPs. 

First, an analytical model is proposed for CFRP effective strain considering the inverse 

interaction between EB-CFRP and steel stirrups. Afterwards, a validation of the proposed 

model with experimental data is done by conducting a parametric study of the increasing trends 

with respect to the ratio of EB-CFRP to steel stirrups. A numerical finite-element model for 

the reduction factor and the corresponding effective strain based on the inverse interactions 

between EB-CFRPs and steel stirrups is also proposed, and the results are compared with 

various current guidelines. The results are presented in terms of shear crack patterns, load-

midspan deflections, shear stresses, strain responses along the fibers, maximum strain profiles 

for all the CFRPs and specimens, applied shear forces and strains for all the steel stirrups and 

EB-CFRPs, and interactions between steel stirrups and EB-CFRPs based on their maximum 
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strain contributions at the maximum shear forces and the maximum strain they experience after 

shear failure. 

Keywords: inverse interaction, externally bonded carbon fiber polymer, steel stirrups, finite-

element model, analytical model, proposed model 

5.2 Introduction 

Fiber-reinforced polymers (FRP) have been extensively applied for various industrial 

purposes, including the construction industry, due to their numerous advantages such as high 

strength-to-weight ratio, high resistance at low temperature, low cost, and ease of installation. 

One of their applications in construction is to rehabilitate damaged concrete structures. 

Therefore, researchers have been conducting various experimental, analytical, and numerical 

investigations to calculate their contribution to the strengthening of concrete structures. Shear 

failures in reinforced concrete beams (RC) have always been a serious concern for practicing 

engineers because of their complexity and tendency to brittle failure without warning. 

However, there are many contradictions in the existing analytical models to calculate the shear 

contribution of FRP to the ultimate shear strength of RC beams strengthened with externally 

bonded FRP (EB-FRP). Various parameters are missing in these analytical models, which 

affect the accuracy of the guideline predictions for the contribution of EB-FRP to the ultimate 

load-carrying capacity of RC beams. The inverse interaction between steel stirrups and EB-

FRP, the size effect, the angle of the shear crack, the distribution of the shear crack over the 

EB-FRP, and the effect of bond-slip between concrete and EB-FRP are examples of such 

parameters. The inverse interaction between EB-FRP and steel stirrups has been recently 

shown by researchers to have an important impact. Indeed, it was shown that increasing the 

amount of internal and external reinforcement resulted in various distributions of shear cracks, 

leading to less effective bond length (Chaallal et al., 2002; Guangming Chen, 2010; Khalifa et 

al., 1998; Mofidi & Chaallal, 2010; Pellegrino & Modena, 2002). In addition, there are some 

issues regarding these models that need to be questioned. Khalifa et al. (1998) proposed a 

model that relates the fraction of the effective strain and the ultimate strain to the EB-FRP 

ratio, where neither the shear-crack distribution nor the EB-FRP-to steel -stirrup ratio is 
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considered. Chaallal et al. (2002) proposed a model where the effective strain is a function of 

the total reinforcement (EB-FRP + steel stirrups), in which the EB-FRP to steel stirrup ratio is 

not considered. Therefore, this model shows the effective strain for specimens that are not even 

strengthened with EB-FRP and does not consider inverse interaction between internal and 

external reinforcements. The reduction factor proposed by Pellegrino and Modena (2002) does 

not include the EB-FRP-to-steel stirrup ratio, but rather the reduction factor is a function that 

relates the shear gain due to EB-FRP to the ratio 𝐴௦.𝐸௦/𝜌௙.𝐸௙. In addition, Guangming Chen 

(2010) defined a model in which the mobilization factors (reduction factors) were attributed to 

EB-FRP and steel stirrups where a single shear-crack opening is concerned, without 

considering the distribution or the nonlinearity of shear cracks. On the other hand, Mofidi and 

Chaallal (2010) considered the shear-crack distribution by converting the trapezoidal area to 

the rectangular area in the zone where EB-FRP contributes to the total shear resistance of the 

beam by including the effective bond length and width. Although similar to the model proposed 

by Chaallal et al. (2002), this model is based on the total ratio (i.e., internal steel stirrups plus 

external EB-FRP), not considering the ratio of the EB FRP to the steel stirrups. 

The current research study aims to improve the model proposed by Mofidi and Chaallal (2010) 

by focusing on the effect of inverse interactions between EB-ERP and steel stirrups on the one 

hand and the shear-crack distribution on the other. First, a database of 100 previous 

experimental studies was gathered and analyzed; then, based on regression of laboratory test 

results, an analytical model was developed and compared to existing guidelines. After this, a 

parametric finite-element (FE) study was conducted considering different ratios of FRP to steel 

stirrups to evaluate FRP effective strain. The results of the numerical study were evaluated 

based on the shear-crack distributions, shear stress, and strain profiles with respect to the 

direction of fibers crossed by the main shear crack, the strain distribution factor, the effective 

strain, the load-deflection responses (concrete, steel stirrups, and fibers), and the amounts of 

EB-FRP and steel-stirrup strain versus the applied shear force. 
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5.3 Research significance 

Research on the effect of the inverse interaction between EB-CFRP and steel stirrups is not 

considered in current guidelines, and the number of studies on this topic is limited. However, 

this phenomenon has a considerable influence on the components of an RC beam strengthened 

with EB-FRP, in the sense that not recognizing its effect results in misconceptions about the 

shear contributions of EB-FRP and steel stirrups. Furthermore, numerical studies of this 

inverse interaction are limited, although FEA facilitates the prediction of component responses 

during the loading process and paves the way for proposing models that consider the effect of 

major parameters. The present study plays a role in better understanding the inverse interaction 

between EB-FRP and steel stirrups and developing analytical and numerical models for future 

research. 

 

5.4 Proposed model 

The model proposed by Mofidi and Chaallal (2010) shows better accuracy than most current 

guidelines and considers the effect of total shear reinforcement on the shear-crack distribution 

because the effective bond length is reduced as the total amount of shear reinforcement 

increases. The accuracy of this model reflects its better prediction of EB-FRP shear 

contribution compared to the reviewed guidelines. This model replaces the trapezoidal areas 

with rectangular areas of effective length (𝐿௘) and effective width  (𝑤௙௘). The effective length 

was obtained based on the model of Neubauer and Rostasy (1997): 

 

                                                                        𝐿௘ = ටா೑௧೑ଶ௙೎೟                                                    (5.1) 

                                                                         𝑓௖௧ = 0.53ඥ𝑓௖ᇱ.                                            (5.2) 

 

For calculating  𝑤௙௘, this model proves that both the number of stirrups (𝜌௦𝐸௦) and the rigidity 

of FRP composites (𝜌௙𝐸௙) affect the shear-crack distribution. Moreover, the proposed model 

shows that the crack pattern affects the bond length in FRP composites in such a way that as 
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cracks propagate, less bond length is available, leading to less FRP contribution to shear 

resistance. Therefore, the effective width should be sufficient to provide an effective bond 

surface anchorage length. To calculate 𝛽௖   and  𝑤௙௘ , the strut-and-tie method is used with a 

shear crack angle of 45º. The modification factor for each configuration (U-wrapped or side-

bonded) is defined by the effective width and the distribution of shear cracks as follows: 

 

                                     𝑤௙௘ = ଴.଺ඥఘ೑ா೑ାఘೞாೞ × 𝑑௙                       𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                       (5.3) 

                                      𝑤௙௘ = ଴.ସଷඥఘ೑ா೑ାఘೞாೞ × 𝑑௙                      𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                     (5.4) 

                                      𝛽௖ = ௪೑೐ௗ೑ =  ଴.଺ඥఘ೑ா೑ାఘೞாೞ                      𝑈 −𝑊𝑟𝑎𝑝𝑝𝑒𝑑                       (5.5) 

                                     𝛽௖ = ௪೑೐ௗ೑ =  ଴.ସଷඥఘ೑ா೑ାఘೞாೞ                       𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑                      (5.6) 

 

The effective strain is given by:  

 

                                      𝜀௙௘ = ఉ೎.ఉಽ.ఉೢ.ఛ೐೑೑.௅೐௧೑ா೑ = 0.31𝛽௖ .𝛽௅ .𝛽௪ට ௙೎ᇲ௧೑ா೑ ≤ 𝜀௙௨                       (5.7) 

 

The contribution of FRP composites to shear resistance can be determined using the following 

equation: 

 

                𝑉௙ = ଶ௧೑.௪೑.ఌ೑೐.ா೑.(ୡ୭୲ఏାୡ୭୲ఈ).௦௜௡ఈ.ௗ೑௦೑ = 𝜌௙.𝐸௙. 𝜀௙௘ . 𝑏.𝑑௙. (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼). 𝑠𝑖𝑛𝛼     (5.8) 

 

The problem with this model is that it does not show how the shear-crack distribution changes 

as the EB-FRP-to steel-stirrups ratio increases. Because this model is based on the total ratio 

(i.e., internal steel plus external EB-FRP shear reinforcement), it is important to evaluate the 

reduction of EB-FRP shear contribution as a function of the steel-stirrup ratio.  

In addition, the inverse interaction between steel stirrups and FRP is not considered in the 

model proposed by Mofidi and Chaallal (2010).  
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 illustrates that the negative interaction has not yet been considered by existing codes. 

Therefore, in this research, by observing that inverse interaction, the model is developed by 

including a parameter related to the effect of the increasing ratio of 𝜌ிோ௉.𝐸ிோ௉/𝜌௦.𝐸௦. The 

effective strain proposed by Mofidi and Chaallal (2010) includes a coefficient related to the 

shear-crack distribution (𝛽௖).  

 

Table 5.1Considering the influencing parameters of the shear  
strengthening in the existing codes 

 

Therefore, the effective anchorage length is shorter than in the guidelines, which do not 

consider the effect of multiple shear-crack patterns. However, in this research, this factor is 

replaced by another factor that considers both the variation in shear-crack distribution as the 

shear reinforcement components increase and the inverse interaction between the ratio of EB-

FRP and internal steel reinforcement. Previous studies (Chaallal et al., 2002; GM Chen et al., 

2012; Pellegrino & Modena, 2002) demonstrated that by increasing both the ratios of EB-FRP 

and steel stirrups, shear cracks become more distributed compared to a single shear crack when 

there is no shear reinforcement. Therefore, as the anchorage length is reduced due to the 

appearance of major and minor shear cracks, EB-FRP offers less anchorage length, and this 

phenomenon accelerates EB-FRP debonding. The debonding process always starts at a major 

shear crack when the shear stresses exceeds the maximum shear stress at the FRP-concrete 

interface; this debonding area moves toward the immobilized area, where there is still enough 

anchorage length, until the entire debonding zone completely loses its strength (Carolin & 

Täljsten, 2005; GM Chen, Teng, et al., 2010). On the other hand, strengthening with EB-FRP 

is another reason for a wider distribution of shear cracks (GM Chen et al., 2012), which results 
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in a reduction of the EB-FRP contribution to the total shear resistance of a beam when it comes 

to increasing the ratio of external reinforcement (FRP) to internal reinforcement. Therefore, if 

the reduction factor proposed by Mofidi and Chaallal (2010) is a function of total shear 

reinforcement, this model does not show how this trend is reduced by increasing the ratio of 𝜌ிோ௉.𝐸ிோ௉/𝜌௦.𝐸௦. Moreover, it would be important to consider the crack-distribution 

coefficient (𝛽௖) based on the ratio of external to internal reinforcement (𝜌ிோ௉.𝐸ிோ௉/𝜌௦.𝐸௦) 

instead of the total ratio of transverse steel and FRP. Because both bond-slip models (between 

FRP and concrete and between steel stirrups and concrete) are functions of the concrete 

strength, the maximum shear strength between concrete and EB-FRP calculated by Lu et al. 

(2005) (𝜏௠௔௫ = 𝛼ଵ.𝛽௪ .𝑓௧), and the maximum shear strength between concrete and steel 

stirrups proposed by Telford (1993) (𝜏௠௔௫ = 2.0ඥ𝑓௖௧), it would be necessary to include the 

effect of concrete strength in the reduction factor (𝐵௜௖). Based on regression of the database of 

previous experimental studies, this reduction is observed when the ratio (𝜌௙.𝐸௙/𝜌௦𝐸௦) shows 

a rising trend (Figure 5.1a).  

The following coefficient factors could be replaced with 𝛽௖. Therefore, in the proposed model 

by Mofidi and Chaallal (2010), the effective strain is implemented, and 𝛽௖ is replaced with 𝐵௜௖ 
as follows: 

 

                               𝐵௜௖ = (𝑊௘ 𝑑௙⁄ )ଷ×ඥ𝑓௖ᇱ 𝑓௖௧⁄ =  0.647 × (𝜌௙.𝐸௙/𝜌௦𝐸௦)ି଴.଺ଷ଻                 (5.9) 

                           𝜀௙௘ = ஻೔೎.ఉಽ.ఉೢ.ఛ೐೑೑.௅೐௧೑ா೑ = 0.31𝐵௜௖.𝛽௅ .𝛽௪ට ௙೎ᇲ௧೑ா೑ ≤ 𝜀௙௨                              (5.10) 

 

where 𝛽௅ is the reduction factor for FRP effective bond length when it is less than the maximum 

anchorage length proposed by J. F. Chen and Teng (2001), 𝛽௪ is the coefficient factor for 

considering the effect of the strip-width-to-spacing ratio proposed by J. F. Chen and Teng 

(2001), 𝜀௙௨ is the ultimate strength of the fibers, and 𝑊௘ is the effective width proposed by 

Khalifa et al. (1998). The EB-FRP contribution is obtained based on Equations (5.1)– (5.8):  
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                                    𝛽௅ = ቊ1                 𝑖𝑓               𝜆 ≥ 1sin గఒଶ        𝑖𝑓                 𝜆 < 1ቋ;   λ=௅೘ೌೣ௅೐                                (5.11) 

                                           𝛽ௐୀටଶିௐ೑ ௌ೑⁄ଵାௐ೑ ௌ೑⁄                                                                           (5.12) 

                                          𝑤௘ = 𝑑௙ − 𝐿௘                                                                           (5.13) 

 

5.5 Verification of the proposed model 

A database of specimens strengthened in shear with U-shaped EB-CFRP and steel stirrups 

based on studies by Samb et al. (2020), Benzeguir et al. (2019), Bousselham and Chaallal 

(2004), Sayed et al. (2013), Abbasi, Benzeguir, et al. (2022), and Abbasi, Chaallal, and El-

Saikaly (2022) was gathered to assess the validity of the proposed model (Figure 5.1b-g). All 

the database specimens were strengthened with steel stirrups and U-shaped EB-CFRP to 

evaluate and compare the shear resistance of EB-CFRP in the presence of steel stirrups. The 

comparison was drawn between the proposed model and the guidelines. Figure 5.1b-g presents 

the calculated 𝑉௙(௖௔௟) according to current codes (CSA-S6-19, CSA-S806-12, ACI 440.2R-17, 

fib-TG 5.1-19, JSCE-07) versus experimental tests 𝑉௙(௘௫௣) in terms of 𝑅ଶ, average, estimated 

standard deviation based on a sample (STDEV), and covariance. Obviously, the proposed 

model shows the highest 𝑅ଶ (𝑅ଶ = 0.5061), with the Canadian guidelines (CAN/CSA-S6-19, 

CAN/CSA-S806-12) and those from the American Concrete Institute (ACI) showing the same 𝑅ଶ value (0.42). The lowest 𝑅ଶ is related to JSCE-07 (𝑅ଶ = 0.28), which does not use the 

effective strain for calculating 𝑉௙ and fib-TG 5.1-19 (𝑅ଶ = 0.15). This demonstrates that the 

inverse shear interaction between internal and external shear reinforcement as well as the 

shear-crack distribution should be included in the calculation of 𝑉௙. 
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Figure 5.1 (a) (𝑊௘ 𝑑௙⁄ )ଷ×ඥ𝑓௖́ 𝑓௖௧⁄ versus ratio of EB CFRP to the steel stirrups- Calculated   
versus experimental results for (b) CAN/CSA-S6-19 (c) CAN/CSA-S806-12 (d) ACI 

440.2R-17 (e) JSCE-01-2007 (f) fib-TG 5.1-19 (g) the proposed model 
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5.6 Parametric finite-element analysis 

5.6.1 Definitions of studied specimens 

Parametric and numerical studies were carried out on 10 beams. The reference beam was 

adopted from the Matthys (2000) study, which used B3 (control beam) and B5 with small 

modifications in steel stirrups and concrete strength (using Y4 instead of Y6 for the steel 

stirrups and 𝑓௖́ = 40 MPa instead of fୡ́ = 30 MPa) to assess the negative inverse interaction 

between EB-FRP and steel stirrups as the ratio 𝜌ிோ௉.𝐸ிோ௉/𝜌௦.𝐸௦ increases. However, to 

validate the numerical results of the experimental test, the original material properties and 

dimensions were used (𝑓௖́ = 30 MPa for the concrete strength and Y6 for the steel stirrups). 

After simulation and validation of those specimens, a parametric study was carried out to 

evaluate the inverse interaction. Results were assessed in terms of the load-carrying capacity, 

the shear contribution of each component (concrete, EB-FRP, and steel stirrups), the strain 

distribution of EB-FRP along the fiber direction, the shear stress distribution of EB-FRP along 

the fiber direction, and the applied shear force versus the amount of strain in EB-FRP and steel 

stirrups. Figure 5.2Figure 5.2 shows the cross section and elevation of the studied beam. The 

specimens were classified into three groups, in which the ratio of steel stirrups was constant (𝜌௦ = 0.0314%). In each group, there were three specimens, in which the thickness of EB-

CFRP was increased to 0.444 mm and 1.8 mm from 0.111 mm, but the widths and distances 

between EB-CFRP strips remained constant. In the first series, the CFRP strips were 25 mm 

wide, and in the second and third series, they were 50 and 80 mm wide respectively. 
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Figure 5.2 Details of beams: (a) Cross sections of the specimens (mm); and (b) Elevation of 

beam, and position of four points loading 

The first letter (S) shows the number of the series, and the second and third letters (W, T) stand 

for the width and thickness of the CFRP strips. Details of the specimens are presented in Table 

5.2 and Table 5.3. 

Table 5.2 Property of material in studied beams by Matthys (2000) 
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Table 5.3 Specimens and the amounts of EB FRP and steel stirrups in the current 
 numerical parametric study 

 
 

5.6.2 Suggested FE modeling 

A summary of the nonlinear finite-element analysis (FEA) assumptions implemented in the 

current parametric study corresponding to the concrete materials, the definitions of a crack in 

concrete, steel reinforcement, CFRP sheet, bond-slip behavior between CFRP and concrete 

and between steel bars and concrete, and the types of analysis adopted for the simulation model 

is presented in this section (Figure 5.3 a-f). 
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 (a)                                                                    (b) 

 
               (c)                                                                       (d) 

 
 (e)                                                                    (f) 

Figure 5.3 Properties and assumption of the materials implemented in FE simulations (a) 
Tension softening curves for the concrete (Hordijk, 1991) (b) damage in the concrete 

 versus shear retention factor (Rots, 1988) (c) Bond-slip model between  
concrete and CFRP  (Lu et al., 2005) (d) Bond-slip model between  

concrete and steel stirrups (Telford, 1993)  (e) Stress-strain 
 relation for steel reinforcement (f) Stress-strain  

relation for CFRP fabrics 
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To reduce the time required for analysis and increase the accuracy of the results (by selecting 

a small discretization) and with regard to the behavior of the beam (bending in its own plane), 

two-dimensional (2D) FEA (plane stress technique) was applied for the concrete, the support, 

the load plate, and the cohesive layer between concrete and EB-CFRP, as well as for the 

cohesive layer between the concrete and the steel reinforcement. As for the CFRP sheets and 

the steel bars, two-dimensional truss elements were used to simply transfer the load in the 

direction of the truss elements. To avoid convergence challenges, especially post-failure of 

specimens (due to brittle behavior of concrete and nonlinearity of the bond-slip layer) produced 

by static analysis methods such as Newton-Raphson and arc-length analysis, explicit analysis 

(central difference analysis in ABAQUS) was used in this study (Guangming Chen, 2010). 

However, the options (load scheme, loading time, damping ratio, and time increment size) 

should be selected cautiously in the dynamic analysis to obtain a reliable response when 

solving static problems. 

 

5.6.3 Constitutive models of materials 

5.6.3.1 Concrete cracking models 

 

Brittle cracking (BC) was assumed to represent the behavior of concrete in shear cracking 

(when shear failure is more probable than flexural failure). The BC model can predict the 

pattern of shear cracks in RC beams if the shear retention factor is defined precisely. The 

behavior of concrete in compression is considered to be elastic in the brittle cracking model. 

Various types of crack models are defined in FE programs, such as the discrete crack model, 

the rotating smeared crack model, and the fixed smeared crack model, but the fixed smeared 

crack model is implemented in the framework of brittle cracking in concrete. In this study, the 

shear retention factor was selected from Rots (1988) as follows: 

 

                                              𝛽 = (1 − ఌభభ೎ೝఌೠ೎ೝ)௣                                                                     (5.14) 
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where 𝜀ଵଵ௖௥ is the principal tensile crack strain related to the crack width 𝑤 in Equation (20), 𝜀௨௖௥ 

is the stress-free crack normal strain related to 𝑤௖௥ , which can be obtained from Equation (21), 

and p is a factor to control the rate of shear degradation (GM Chen et al., 2012). The concrete 

modulus of elasticity is 𝐸௖ = 4730ඥ𝑓௖́   (MPa) (ACI 318).  

To implement the tension-softening behavior of concrete, the formula defined by Hordijk 

(1991) based on the stress-crack width was used in this study as follows: 

                              ఙ௙೟ = ൤1 + ቀ𝑐ଵ ௪௪೎ೝቁଷ൨ 𝑒ቀି௖మ ೢೢ೎ೝቁ − ௪௪೎ೝ (1 + 𝑐ଵଷ)𝑒ି௖మ                             (5.15) 

                                                   𝑤௖௥ = 5.14 ீ೑௙೟                                                                   (5.16) 

                                                      𝑓௧ = 1.4(௙೎́ି଼ଵ଴ )మయ                                                             (5.17) 

                                      𝐺௙ = (0.0469𝑑௔ଶ − 0.5𝑑௔ + 26)(௙೎́ଵ଴)଴.଻                                     (5.18) 

 

where 𝑓௧ is the maximum concrete tensile stress; 𝜎 is the tensile stress in the specimen during 

the stress-crack displacement test; 𝐺௙ is the fracture energy, which can be obtained from the 

area of the stress-cracking width curve (Figure 3); 𝑐ଵ = 3, 𝑐ଶ = 6.93 are constant parameters 

proposed by Hordijk (1991); and 𝑑௔ is the largest aggregate size. In this study, the concrete 

strength was assumed to be 𝑓௖́ = 40 𝑀𝑃𝑎. 

 

5.6.3.2 Modeling internal steel reinforcement and EB-CFRP 

As for the behavior of steel reinforcement materials, the linear and nonlinear response of steel 

materials was represented by a bilinear curve, as shown in Figure 3e-f. This approach to 

representing their elastic-plastic behavior was taken to reduce calculation time and avoid 

divergence in FEA. Regarding EB-CFRP, its behavior was assumed to be linear before rupture 

occurred. Detailed properties of materials are shown in Table 5.2 and Table 5.3. 
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5.6.3.3 Bond model between concrete and CFRP sheet   

The ultimate load-carrying capacity of specimens is completely dependent on their bond-slip 

behavior. To obtain a reliable response from FEA, the parameters of the bond-slip modulus 

(the modulus of elasticity, the maximum shear stress, the fracture energy (which is the area 

under the shear stress curve along the cohesive layer), the maximum slip during failure, and 

the damage parameters) should be defined precisely. In this study, the properties of the 

interface layer between the concrete and the EB-FRP sheet were obtained from the model 

proposed by Lu et al. (2005) for 𝑓௖ᇱ = 30 𝑀𝑃𝑎: 

 

                                        𝜏 = 𝜏௠௔௫ට ௦௦బ               if                              𝑠 ≤ 𝑠଴  ,                     (5.19) 

                            𝜏 = 𝜏௠௔௫𝑒ିఈ( ೞೞబିଵ)      if                             𝑠 > 𝑠଴ ,                               (5.20) 
 

where 𝑠଴ = 0.0195𝛽௪𝑓௧; 𝐺௙ = 0.308𝛽௪ଶඥ𝑓௧; 𝛼 = ଵಸ೑ഓ೘ೌೣೞబିమయ; 𝛽௪ = ඨଶି(௪೑ (௦೑ ௦௜௡ఉ)൘ )ଵା(௪೑ (௦೑ ௦௜௡ఉ)൘ ); and 𝛽 = 

the fiber direction relative to the horizontal axis of the beam. Lu et al. (2005) introduced three 

bond-slip models: 1. the precise model, 2. the simplified model, and 3. the bilinear model. In 

this study, the bilinear model was chosen to assign two-dimensional and four-node-cohesive 

elements (COH2D4) from ABAQUS, where both debonding and delamination could be 

detected during and after shear failure. 

5.6.3.4 Bond model between concrete and steel reinforcement 

The same approach, cohesive elements (COH2D4), was used to describe the bond-slip 

behavior between concrete and steel reinforcement. The behavior of the cohesive layer for the 

deformation was assigned according to Telford (1993) and GM Chen et al. (2012) for 𝑓௖ᇱ =30 𝑀𝑃𝑎: (Figure 5.3 d). 

 

                          𝜏 = 𝜏௠௔௫( ௦௦భ)ఈ     if   0 ≤ 𝑠 ≤ 𝑠ଵ  ; 𝜏 = 𝜏௠௔௫  if    𝑠ଵ ≤ 𝑠 ≤ 𝑠ଶ               (5.21) 
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                𝜏 = 𝜏௠௔௫ − ൫𝜏௠௔௫ − 𝜏௙൯. ( ௌିௌమௌయିௌమ)  if    𝑠ଶ ≤ 𝑠 ≤ 𝑠ଷ  ;  𝜏 = 𝜏௙  if    𝑠ଷ ≤ 𝑠        (5.22) 

 

where 𝛼 = 0.4, 𝑠ଵ = 𝑠ଶ = 0.6 𝑚𝑚, 𝑠ଷ = 0.1 𝑚𝑚, 𝜏௠௔௫ = 2 × ඥ𝑓௖௞, 𝜏௙ = 0.15 × 𝜏௠௔௫ for 

the deformed steel bars. 

 

5.6.4 Validation of the proposed FE model 

To verify the simulated model, the control beam (B3) and the beam strengthened with CFRP 

(B5) were selected from research conducted by Matthys (2000). Comparisons were drawn with 

experimental results to assess the accuracy of the numerical model. After the simulated models 

were validated, a parametric study was conducted to shed light on negative inverse interactions 

between internal and external shear reinforcement of RC beams strengthened in shear with U-

shaped FRP sheets. 

 

 

 

 

 

 

 

 

 

 



156 

 

                              (a)                                                                          (b) 

 
                              (c)                                                                            (d) 

 

Figure 5.4 Verifications of the suggested FE models and experimental results (a) load-mid-
span deflections for the specimens B3 (control beam not strengthened with EB CFRP)  

and B5 (Strengthened beam (b) strain response among CFRPs1 in the specimen B5 
 (c) distributions of the shear crack for the control beam at the ultimate  

state (d) distributions of the shear cracks for strengthened beam  
at the ultimate state 

 

5.6.4.1 Failure modes, crack distributions, and shear force-midspan deflections 

The failure modes for both specimens (B3, B5) were loss of shear resistance. However, for the 

strengthened specimen (B5), debonding occurred at the interface between concrete and CFRP1 

strip (Figure 5.4a-d). The maximum strain on CFRP1 at the major shear crack obtained from 

FEA before shear failure was 10,254 µԐ at 110.637 mm from the lower surface of the beam, 

which was close to experimental results reported (9,900 µԐ) (Figure 5.4a-d).  
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5.7 Parametric study of the interaction between stirrups and CFRP strips 

Specimens with different 𝜌ி .𝐸ி /𝜌௦.𝐸௦ ratios were simulated to evaluate how both steel stirrups 

and EB-FRP contribute to the ultimate shear capacity of strengthened RC beams and what 

happens if these ratios (henceforth called R) are increased by keeping the ratio of steel stirrups 

constant (𝜌௦ = 0.0314%).  

 

5.7.1 Distribution and angle of shear cracks 

Various parameters affect the pattern and angle of shear cracks, such as the number and 

arrangement of transverse reinforcements, the amount of fiber reinforcement, the shear span-

to-depth ratio, the width of FRP strips and their corresponding spacing, and the size effect. As 

the shear-crack angle increases, the shear crack intercepts fewer FRP strips, and therefore less 

effective bond length is available to contribute to shear resistance. Moreover, considering a 

crack angle of 45º is too conservative because this angle changes based on the spacing between 

steel stirrups and other parameters. However, in this study, the average shear-crack angle 

varied from 19.23º for specimen (R=13.35) to 26.5º for specimen (R=0.25). When the spacing 

between steel stirrups was reduced, the shear-crack angle was also reduced because the stirrups 

tend to prevent shear cracks from propagating (Carolin & Täljsten, 2005; Mofidi & Chaallal, 

2010). On the other hand, when the ratio of either steel stirrups or EB-FRP was increased, the 

pattern of shear cracks became more distributed, resulting in a reduction of the anchorage 

length offered by EB-FRP. It was proved that by increasing the ratio of steel stirrups and 

consequently having more distributed cracks, the bond length contributed less effectively to 

the shear resistance of EB-FRP (Bousselham & Chaallal, 2004; Chaallal et al., 2002; Pellegrino 

& Modena, 2002). It can be concluded therefore that increasing the ratio of steel stirrups 

reduces the shear contribution of EB-CFRPs. As was already mentioned, none of the design 

codes considers the effect of inverse interaction between steel stirrups and EB-FRP. The results 

of this numerical study represent the pattern of shear cracks as the ratio of CFRP to steel 

stirrups increases (R). The shear cracks are more distributed for specimens with a higher ratio 

(R), (Figure 5.7 a), demonstrating that similarly to internal reinforcements, external 

reinforcements affect crack patterns by producing more marginal shear cracks that reduce the 
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effective bond length. This leads to a reduction in the FRP contribution to ultimate load-

carrying capacity. However, it is expected that the greater the cross-section offered by the FRP 

strips, the greater will be the forecast contribution to the shear load by FRP. It is noteworthy 

that, unlike the case of a high steel-stirrup ratio (for example, reducing the spacing between 

steel stirrups), a greater number of shear cracks were more widely distributed (Mofidi & 

Chaallal, 2010). Multiple shear cracks developed in specimens with wider strips when the 

spacing between EB-FRP strips and the fiber thickness remained constant (Figure 5.7 a). This 

may be attributed to the wider strips, which offered a wider bridge to narrow the major shear 

cracks, and the fact that energy was released by producing marginal and more distributed shear 

cracks. Therefore, premature debonding happened when the fibers were intercepted by more 

marginal cracks, resulting in less effective bond length. 

 

5.7.2 Load-deflection response for all components 

The results obtained from the current parametric numerical study were evaluated in two ways. 

First, the EB-FRP contribution was assessed by increasing the FRP-to-steel stirrup ratio as the 

thickness of EB-FRP was increased from 0.111 mm to 0.444 and then to 1.8 mm. Second, the 

FRP-to-steel-stirrup ratio was increased by enlarging the width of EB-CFRP strips from 25 

mm to 50 mm and then to 80 mm while holding EB-CFRP thickness and spacing constant. As 

presented in Figure 5.7 b, for the specimens with 25-mm strip width, as the thickness increased 

from 0.111 mm to 0.444 mm and then to 1.8 mm, the FRP shear contribution rose to 73.8% 

and 83% for specimens R1.02 and R4.17 compared to specimen R0.25. However, for the 

beams strengthened with 80-mm-wide FRP strips, the same thickness increases in EB-CFRP 

strips resulted in a 24.4% and 36.9% rise in EB-CFRP shear contributions for specimens R3.39 

and R13.35 compared to specimen R0.82 (Figure 5.7  b). Therefore, increasing the thickness 

from 0.11 to 1.8 mm in an 80-mm-wide strip resulted in increasing the shear contribution by 

36.9%, compared to 83% and 94.3% for specimens strengthened with 25-mm-wide and 50-

mm-wide strips respectively. It can be concluded that the lowest increasing trend occurred in 

the specimens strengthened with 80-mm-wide FRP strips. This was associated with the fact 
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that by increasing the FRP-to-steel stirrup ratio, more marginal shear cracks intercepted CFRP2 

and CFRP3 strips, resulting in less effective bonding. 

In the second experiments, the thickness of the EB-CFRP strips remained constant while the 

FRPs-to-steel-stirrup ratio was increased by using wider FRP strips. In the first series, when 

the strip widths were increased from 25 mm to 50 mm and then to 80 mm while the thickness 

(0.111 mm) and the spacing between FRP strips (400 mm) were kept constant, the rise in FRP 

shear contribution was 60% and 232.7% for specimens R0.51 and R0.82 compared to specimen 

R0.25 (Figure 5). However, in the third series, by increasing the ratio related to specimens 

R4.17, R8.43, and R13.35 with a constant thickness of 1.8 mm and increasing the widths 

similarly to series1 and series2, the shear contributions were increased to 36 kN, 61.2 kN, and 

89.7 kN, consequently showing 46.6% and 149.1% rises in shear resistance. Therefore, to 

obtain higher shear contribution from EB-FRP, increasing the FRP width is more effective 

than increasing the thickness. Wider strips transferred more shear stress through the interface 

layer and increased the EB-FRP shear contribution.  

 

5.7.3 Shear stress and strain profiles along the first CFRP strips intercepted by 
major shear cracks 

5.7.3.1 Shear stress profiles along the CFRP1 direction 

This section provides a brief explanation of bond-slip behavior by evaluating shear stress and 

strain profiles along the fibers on CFRP1 strips to assess how failure happens when the FRP-

to-steel stirrup ratio is increased. The first CFRP strips were located on the widest parts of 

major shear cracks (crack ends), and the first CFRPs experienced the highest strain (after shear 

failure of the specimens).  

Figure 5.5 a-b shows shear-stress profiles and strain distributions along the fiber depth in five 

mid-span deflection steps related to five states: (1) initiation of critical shear cracks in the lower 

part of the web; (2) development of major shear cracks when all cohesive layers experience 

shear stress as the shear cracks widen, but before they reach maximum stress at the interface; 

(3) complete formation of shear cracks and imposition of maximum strain on fibers; (4) 

initiation of debonding at the cohesive layers (reducing the anchorage lengths as cracks widen); 
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and (5) just before complete failure of the cohesive layers (almost all fibers lose their 

contribution to shear resistance). Moreover, the areas under the shear-stress profiles along the 

fibers were measured to evaluate the energies transferred through the interface layers by 

increasing the FRP-to-steel stirrup ratio, as presented in Figure 5.5 a-b 

 

 

 

 
(a) 

 
(b) 

Figure 5.5 (a) Strain profiles and interfacial shear stresses along fibers and interface layers 
intercepted by maximum crack on CFRPs1 and Cohesivelayeres1 (b) Areas under shear 

stress profiles along the first fibers  (𝑁 𝑚𝑚ൗ ) 
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It is noteworthy that the shear stresses at the interface layers become zero whenever the strain 

responses reach any local pick point or become even. The first series, with the lowest FRP-to-

steel stirrup ratio, experienced 2.62 (N/mm), 2.73 (N/mm), and 2.09 (N/mm) higher energies, 

corresponding to the R0.25, R0.51, and R0.82 specimens where all the specimens were 0.111 

mm thick. The second series, with thicker EB-FRP (0.444 mm), was exposed to 1.52 (N/mm), 

1.82 (N/mm), and 1.14 (N/mm) lower energies corresponding to the R1.02, R2.05, and R3.39 

specimens, representing reductions of 42%, 33.5%, and 45.7% respectively. The lowest energy 

increases, 1.44 (N/mm), 1.14 (N/mm), and 0.78 (N/mm), were associated with the thickest 

specimens, R4.17, R8.34, and R13.35 and represented reductions of 44.8%, 58.3%, and 62.9% 

respectively (Figure 5.5). 

The areas under the shear stresses among the cohesive-layer distances demonstrate that the 

higher the energy, the more benefits were removed from the full potential of the cohesive layer, 

and the greater was the number of mobilized zones in comparison to the immobilized zones 

(GM Chen, Teng, et al., 2010). Therefore, this phenomenon can be attributed to the fact that 

specimens with higher ratios (R) (by increasing FRP thickness) failed by premature debonding. 

It also proves that when R is increased by making the CFRP thicker, the shear stresses do not 

distribute properly all over the cohesive layer and do not benefit from the maximum potential 

shear stress in the interface layers. The same reduction in the amount of strain experienced by 

CFRPs1 strips can be observed as an increase in the FRP-to-steel stirrup ratio (Figure 5.5a) 

, as explained in the next section. 

 

5.7.4 Maximum strain profiles along the direction of CFRPs 

The FEA results show that the shear contribution of the first FRP strips (not intercepted by 

marginal shear cracks) was reduced as the EB-FRP-to-steel-stirrup ratio increased (Figure 5.6). 

The maximum strain on CFRPs1 was recorded for the first series of specimens, where the 

lowest R ratios were 10478 µԐ, 11219 µԐ, and 10140 µԐ for specimens R0.25, R0.51, and 

R0.82 respectively (Figure 5.6). However, the strain for the 50-mm-wide and 80-mm wide 

specimens was drastically reduced as the thickness increased from 0.111 mm to 0.44 mm and 

then to 1.8 mm.  
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For the second series, the maximum recorded strains before ultimate shear failure in specimens 

R1.02, R2.05, and R3.39 were 2487 µԐ, 3059 µԐ, and1909 µԐ respectively. For the third series, 

the maximum strains experienced by the first fibers were 655 µԐ, 639 µԐ, and 539 µԐ, 

associated with specimens R4.17, R8.34, and R13.35 (Figure 5.6). The first reason for these 

results might be the larger cross sections offered by the second and third series. The second 

reason might be premature debonding at the interface layers. Because of high stress 

concentrations around the major shear cracks, the shear stresses do not transfer proportionally 

along the whole of the cohesive layers. This results in not using the maximum potential of the 

interface layer in the upper parts of the shear cracks (Figure 5.6). 

5.7.5 Effective strain 

5.7.5.1 Vertical strains along the fiber depth 

The maximum distributions of strain before the ultimate load-carrying capacities of specimens 

with increasing EB-FRP-to-steel stirrup ratio give a good indication of their contributions to 

shear resistance. However, to obtain the effective strain, all the fibers intercepted by the 

principal shear crack must be assessed to reach the limits of effective strain in all specimens. 

As presented in Figure 5.6, FRP responses at their ultimate state crossed by the main shear 

cracks are illustrated for CFRP1 strips in series1, which were subjected to higher strains where 

the maximum widths of cracks are located, compared to series2 and series3. It is noteworthy 

that there is only one pick point on the strain profile graphs for each CFRP1 in series1, 

indicating that these strips are not intercepted by minor shear cracks. However, because of 

marginal shear cracking, there is more than one pick point in CFRPs2 and CFRPs3 for series2 

and series3 at the maximum strain states (Figure 5.6). 

5.7.5.2 Maximum strain in CFRPs1 specimens 

The maximum strain in specimens with 25-mm-wide strips was reduced by increasing FRP 

thickness (and thus the FRP-to-steel stirrup ratio) from 0.11 mm to 0.44 mm and then to 1.8 

mm on CFRP1. The thicker specimens were subjected to 23.6% and 6.2% (for R1.02 and R4.17 

respectively) of the maximum strain on specimen R0.25. These values were reduced by 2478 
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µԐ and 655 µԐ for specimens R1.02 and R4.17 respectively. As for the specimens with 80-

mm-wide strips, as the thickness increased from 0.11 mm to 0.44 mm and then to 1.8 mm, the 

maximum strain was reduced from 10140 µԐ to 1909 µԐ and 539 µԐ for specimens R3.39 and 

R13.35 respectively. These values were 18.8% and 5.3% respectively of the maximum strain 

in specimen R0.82, as shown in Table 5.4 and Figure 5.6. 

5.7.5.3 Maximum strain in CFRPs2 specimens 

Evaluation of the maximum strain on the CFRPs2 strips, which were intercepted by more 

marginal shear cracks, showed less effective bonding than CFRP1 strips as the CFRP2 strip-

to steel stirrup ratio increased. By increasing the ratio (R) for specimens with 25-mm-wide 

strips, as the thickness increased from 0.11 mm to 0.44 mm and then to 1.8 mm, the maximum 

strains experienced by specimens R0.25, R1.02, and R4.17 were 6505 µԐ, 3557 µԐ, and 937 

µԐ respectively. In other words, they were exposed to 54.6% and 14.4% (for specimens R1.02 

and R4.17) of the maximum strain in specimen R0.25.  

With regard to the specimens strengthened by 80-mm-wide strips (R0.82, R3.39, and R13.35), 

by increasing the thickness (and consequently the ratio) from 0.111 mm to 0.444 mm and then 

to 1.8 mm, the maximum strains experienced by the CFRP2 strips were 5885 µԐ, 2190 µԐ, and 

619 µԐ. These strains indicate that specimens R3.39 and R13.35 were subjected to 37% and 

10% of the maximum strain in specimen R0.82, as shown in Table 5.4 and Figure 5.6. 

5.7.5.4 Maximum strain in CFRP3 specimens 

CFRP3 strips were located on the tips of major shear cracks, where crack width is at a 

minimum. Therefore, it is expected that most failures of CFRP3 strips occur because of 

premature debonding because they have the shortest effective length and are not subjected to 

the maximum strains experienced by the two previous sets of CFRP strips (Figure 5.6). 

Regarding the specimens strengthened with 80-mm-wide strips, by increasing the thickness for 

specimens R0.82, R3.39, and R13.35, the maximum strains reached were 1975 µԐ, 851 µԐ, 

and 271 µԐ respectively, which shows that the maximum amounts of strain in R3.39 and 

R13.35 were 29.9% and 14.5% of that in specimen R0.82 because of increasing ratio (R) (Table 
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5.4 and Figure 5.6). It can be concluded that the reduction in strain on CFRP3 can be attributed 

to the minor shear cracks that intercept the CFRP3 strips. Table 5.4 and Figure 5.6 show that 

increasing the ratio of CFRP strips results in more distributed shear cracks. Furthermore, as 

presented in Figure 5.6, CFRP2 and CFRP3 strips had more than one pick point on the 

maximum recorded strain profiles, which indicates that they were intercepted by marginal 

shear cracks. 

 

Table 5.4 Maximum strains experienced by CFRPs crossed by the shear  
cracks after failure (µԐ) 
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Figure 5.6 Maximum strains profiles among the fibres on CFRP1, CFRP2, and  

CFRP3 for the studied specimens (µԐ) 
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Figure 5.6 Maximum strains profiles among the fibres on CFRP1, CFRP2, and  

CFRP3 for the studied specimens (µԐ) (Continued) 
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Figure 5.7 (a) Load-midspan deflections versus applied shear forces (kN) curve for the 
studied beams, steel stirrups, and steel stirrups + EB-CFRPs (b) Proportions of 

 the Contributions for all the components resisting in shear forces (kN)  
(concretes, steel stirrups, steel stirrups+ EB-CFRPs) 
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(a)                                                        (b) 

 
Figure 5.7 (a) Load-midspan deflections versus applied shear forces (kN) curve for the 

studied beams, steel stirrups, and steel stirrups + EB-CFRPs (b) Proportions of 
 the Contributions for all the components resisting in shear forces (kN)  

(concretes, steel stirrups, steel stirrups+ EB-CFRPs) (Continued) 

5.7.5.5 Calculating and comparing the effective strains with other guidelines 

After evaluating the maximum strains R on all specimens (Table 5.5, Figure 5.8), the 

distribution factor (𝐷ிோ௉) and the effective strain ൫𝜀௙,௘൯ can be obtained from the model 

proposed by Guangming Chen (2010). 𝐷ிோ௉ was calculated based on 𝜀௠௔௫ on the fiber 

experiencing the most strain among all the fibers and the average strain on the CFRP fibers 

crossed by major shear cracks before losing its contribution to shear resistance, as follows: 

 

                                                   𝐷ிோ௉ = ∑ ఌಷೃು,೔೙೔సభ௡ఌ೘ೌೣ                                                              (5.23) 

 

The model proposed by J. Chen and J. Teng (2003) for the shear contribution of EB-FRP is: 

 

                                                𝑉௙ = 2𝑓௙,௘𝑡௙𝑤௙ ௛೑,೐(ୡ୭୲ఏାୡ୭୲ఉ) ୱ୧୬ఉௌ೑                                      (5.24) 

 

where 𝑓௙,௘ is the effective stress on the FRP intercepted by the major shear crack and can be 

calculated as follows (Chen 2010): 
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                                               𝑓௙,௘ = 𝐸௙𝜀௙,௘ =  𝐸௙𝜀௠௔௫D୊ୖ୔                                              (5.25) 

 

The effective strain was calculated for all specimens based on the results recorded from 

numerical analysis during displacement control. After this, they were compared to the 

guidelines and the proposed model (Table 5.5, Figure 5.8). 

Table 5.5 Effective strains obtained from FEA for CFRPs intercepted by  
the shear cracks (µԐ) 
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Figure 5.8 Compassion between the effective strains versus ratio of EB CFRPs-to-steel 

stirrups for the proposed models and the other guidelines 

As presented in Table 5.5, the effective strains calculated by the proposed analytical model 

compared to the CAN/CSA-S6-19, ACI440.2R-17 CAN/CSA-S806-12, CEB-fib-TG 5.1-19 

(2019) guidelines show higher accuracies for the effective strains obtained from numerical 

results, proving that the proposed model can be applied to obtain effective strains with high 

FRP-to-steel stirrup ratio. The maximum strain experienced by EB-CFRP increased slightly 

just after complete shear failure of the specimens, which was captured by FEA (Figure 5.9b). 

This might be attributed to the immobilized zones experiencing the strains released from the 

debonded areas. 
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Table 5.6 Comparison between the effective strains obtained from FEA versus  
the existing guidelines (µԐ) 
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(a)  

 

(b) 

Figure 5.9 a) Maximum strains experienced by steel strirrups1,2,3 and CFRP1,2,3 strips at 
the maximum shear forces for the studied specimens (µԐ) (interactions between steel  

stirrups and EB CFRPs) b) Maximum strains experienced by CFRP1, 2, 3  
strips during the whole process of the loading  

(after complete failure of the specimens)  
for the studied specimens (µԐ) 
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5.7.6 Inverse interaction between EB-CFRP and steel stirrups 

The aim of the work described in this section was to develop an analytical model for North 

American guidelines (CAN/CSA-S6-19, ACI440.2R-17, CAN/CSA-S806-12) based on the 

results obtained from numerical analysis, which takes into account the inverse interaction 

between EB-FRP and steel stirrups as their ratio increases. The interaction for each CFRP strip 

and the corresponding steel stirrup was assessed, and the new effective strain was proposed to 

replace the existing effective strain in the guidelines. The new effective strain is a function of 

the ratio of the maximum strain on EB-FRP to that on steel stirrups, the ratio of maximum 

shear stresses between concrete and steel stirrups and to that between concrete and EB-CFRP, 

and the EB-FRP-to-steel stirrup ratio to develop analytical models by considering the inverse 

interaction between steel strips and concrete.  

5.7.6.1 Interaction between CFRP1 and steel stirrups1 

As shown in Figure 5.10 c, for 25-mm-wide EB-FRP strips, the CFRP starts to contribute to 

shear resistance when major shear cracks propagate at loads of 128.5 kN, 124.9 kN, and 125 

kN for beams R0.25, R1.02, and R4.17 respectively. The ultimate loads of the specimens just 

before shear failure were 190.9 kN, 196.6 kN, and 205.3 kN, and the strains corresponding to 

these loads were 6188 µԐ, 1652 µԐ, and 529 µԐ respectively. The corresponding strains on the 

stirrups were 24749 µԐ, 35545 µԐ, and 44071 µԐ respectively. The strains to which CFRPs1 

were subjected were 59%, 66%, and 80% of the maximum strain they experienced just after 

shear failure of concrete (Table 5.7, Table 5.8, Figure 5.9, and Figure 5.10). 
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Table 5.7 Comparison between the maximum strains experienced by CFRPs and steel 
stirrups at the maximum shear forces obtained from FEA (µԐ) 
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Table 5.8 Maximum strains experienced by CFRPs and steel stirrups after failures  
obtained from FEA (µԐ) 

 
Regarding the specimens strengthened with 80-mm-wide strips, by increasing the thickness 

(from 0.11 to 0.44 and then to 1.8 mm), the strains on the CFRPs1 at the ultimate load-carrying 

capacities of the beams were 4703 µԐ, 1715 µԐ, and 456 µԐ for specimens R0.82, R3.39, and 
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R13.35. These strains were 46%, 89%, and 84% of the maximum fiber strains experienced just 

after complete shear failure. The corresponding maximum stirrup strains were 21776 µԐ, 

31957 µԐ, and 16683 µԐ, which were less than the yielding-point strain (51000 µԐ) (Table 5.7, 

Table 5.8, Figure 5.9, and Figure 5.10). In the CFRPs1, none of the steel stirrups reached the 

yielding point expected for specimen R0.51 (53462 µԐ). 

 

 
 (a)                                                                            (b) 

 
(c) 

 
Figure 5.10 Interactions between strirrups1 and CFRP1 based on the maximum strain 
experience by fibers during the loading process (b) proposed reduction factor versus 

 the ratio of EB CFRPs1-to-steel stirrups1 (c) Applied shear forces versus strains 
 experienced by steel strirrups1 and CFRP1 for the studied specimens 
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5.7.6.2 Interaction between CFRP2 and steel stirrups2 

Compared to the CFRPs1 and the steel stirrups1 specimens, the contribution of steel stirrups 

was greater in specimens strengthened with 25-mm-wide and 50-mm-wide CFRP strips before 

shear loss. This was the case because marginal shear cracks crossed a greater number of 

narrower strips, resulting in less effective bond length. However, unlike the CFRPs1 and steel-

stirrups1 specimens, most of the steel stirrups reached their ultimate strain (51000 µԐ). This 

was due to major shear cracks that crossed the CFRPs2 and the steel stirrups2, intercepted the 

CFRPs1 and the steel stirrups1 (except for the specimens strengthened with 80-mm-wide 

strips), and then propagated towards the supports. Another reason may be that the second 

CFRPs were crossed by marginal shear cracks, which in turn reduced the bond length between 

concrete and CFRPs, leading to premature debonding and loss of concrete shear resistance 

because of more distributed shear cracks. Therefore, the greatest contributions to shear 

resistance were offered by steel stirrups until their yielding points. For specimens strengthened 

by 25-mm-wide strips, the maximum strains were 6201 µԐ, 3270 µԐ, and 915 µԐ. For 

specimens R0.25, R1.02, and R4.17, this occurred at an ultimate shear force of 190.9 kN, 196.6 

kN, and 205.3 kN respectively. These strains were 95%, 91%, and 90% of the maximum strains 

on fibers experienced just after shear failure. The corresponding maximum strains recorded on 

steel stirrups were 73579 µԐ, 67175 µԐ, and 70313 µԐ respectively, indicating that all the steel 

stirrups had already yielded (Table 5.7, Table 5.8, Figure 5.9, and Figure 5.11). 
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(a)                                                                        (b) 

 

 

 
(c) 

Figure 5.11 Interactions between strirrups2 and CFRs2 based on the maximum strain 
experience by fibers during the loading process (b) proposed reduction factor versus 

 the ratio of EB CFRPs2-to-steel stirrups2 (c) Applied shear forces versus strains 
 experienced by steel strirrups2 and CFRP2 for the studied specimens 
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5.7.6.3 Interaction between CFRP3 and steel stirrups3 

Even though CFRPs3 and stirrups3, like CFRPs2 and stirrups2, were intercepted by the 

greatest number of marginal shear cracks with a high R ratio, they experienced less maximum 

strain than the first and second CFRPs and stirrups (Table 5.7, Table 5.8, Figure 5.9, and Figure 

5.12). Regarding the specimens with 80-mm-wide strips (R0.82, R3.39, and R13.35), the 

maximum strains on the CFRP strips were 1738 µԐ, 845 µԐ, and 269 µԐ, and the corresponding 

strains on the stirrups were 15792 µԐ, 15184 µԐ, and 10793 µԐ respectively. The associated 

shear forces for these specimens were 203.8 kN, 217.9 kN, and 222.3 kN respectively. The 

maximum strains on CFRP3 strips and stirrups3 increased just after shear loss. For example, 

for the CFRP3 strips, the strains continued to increase until 1975 µԐ, 851 µԐ, and 271 µԐ for 

specimens R0.82, R3.39, and R13.35 respectively (Table 5.7, Table 5.8, Figure 5.9, and Figure 

5.12). 
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(a)                                                                 (b) 

 
(c) 

Figure 5.12 Interactions between strirrups3 and CFRs3 based on the maximum strain 
experience by fibers during the loading process (b) proposed reduction factor versus  

the ratio of EB CFRPs3-to-steel stirrups3 (c) Applied shear forces versus strains  
experienced by steel strirrups3 and CFRPs3 for the studied specimens 
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5.7.6.4 Discussion and evaluation of numerical results 

It is obvious that steel stirrups are subjected to the highest strains in specimens with lower 

FRP-to-steel stirrup ratios. However, this depends on the strip width-to-strip spacing ratio, 

specifically for stirrups2 and stirrups1. As the ratio (R) increased, the stirrups experienced 

lower strains. For instance, for specimen R0.51, steel stirrups2 and steel stirrups1 experienced 

86,644 µԐ and 53,462 µԐ respectively, but for the same steel stirrups in specimen R13.35, these 

figures were reduced to 26,562 µԐ and 16,683 µԐ, representing a reduction of 70% and 69% 

respectively. The same response occurred with EB-CFRPs, which means that when the R ratio 

was increased, their contributions to shear resistance had a reductive trend such that CFRPs2 

and CFRPs1 experienced higher recorded strains. For example, consider specimens R0.51 and 

R13.35, where the amounts of strain for CFRPs2 and CFRPs1 were reduced from 5521 µԐ and 

5272 µԐ to 606 µԐ and 456 µԐ respectively, representing reductions of 90% and 92% (Figure 

9). By increasing the FRP-to-steel stirrup ratio, their performance was reduced compared to 

the lowest ratio (R), proving that an inverse interaction exists between EB-FRPs and steel 

stirrups. This inverse interaction should be included when calculating effective strain, as 

proposed in the next section. 

 

5.8 Proposed effective strain 

In this part of the paper, a new model is proposed for calculating effective strain for the North 

American guidelines. This model is a function of maximum shear stress in the bonds between 

concrete and steel stirrups and between concrete and EB-CFRP, the ratio of maximum strain 

on EB-CFRPs to that on steel stirrups, the EB-CFRP-to-steel stirrup ratio, and the ultimate 

strain on EB-CFRPs. The results of the proposed model are compared to CAN/CSA-S6-19, 

ACI440.2R-17, and CAN/CSA-S806-12 and demonstrate better predictions of the shear 

contributions of EB-CFRP. As presented in Figure 5.10, Figure 5.11, and Figure 5.12 the 

reduction factors based on interactions between internal and external reinforcements were 

obtained from the parametric numerical results based on increasing the EB-CFRP-to-steel 

stirrup ratio for U-shaped configuration specimens as follows: 
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𝑅ଵ = ඥ𝜀ெ௔௫,ிோ௉ 𝜀ெ௔௫,௦௧௜௥௥௨௣௦⁄ × ൬ఛಾೌೣ,್೚೙೏,೎೚೙೎ೝ೐೟೐షೄ೟೔ೝೝೠ೛ೞఛಾೌೣ,್೚೙೏,೎೚೙೎ೝ೐೟೐షಷೃು ൰ = 0.7901 × (ఘಷೃು.ாಷೃುఘೞ.ாೞ )ି଴.ଶ଼ହ   
for CFRP1                                                                                                                          (5.26) 
 

where 𝜀ெ௔௫,ிோ௉ and 𝜀ெ௔௫,௦௧௜௥௥௨௣௦ are the maximum strains experienced by CFRP1 and steel 

stirrup1 during the whole loading process, even after complete failure of the beams as obtained 

from the numerical results; 𝜏ெ௔௫,௕௢௡ௗ,௖௢௡௖௥௘௧௘ିௌ௧௜௥௥௨௣௦ is the maximum shear stress on the bond 

between concrete and steel stirrups as proposed by Telford (1993); and 𝜏ெ௔௫,௕௢௡ௗ,௖௢௡௖௥௘௧௘ିிோ௉ 

is the maximum shear stress on the bond between concrete and steel stirrups proposed by Lu 

et al. (2005). Even though all three reduction factors follow the same trends ( 

Figure 5.10b, Figure 5.11b, and Figure 5.12b), the authors propose Equation 5-26 as a 

reduction factor because it is less conservative. All North American guidelines limit the 

effective strain to be less than a portion of the ultimate strain proposed by Priestley et al. 

(1996): 

 

                                              𝜀௙,௘ = 0.004 ≤ 0.75 × 𝜀௙,௨                                                  (5.27) 

 

Therefore, to obtain the effective strain, Equation (5.26) should be multiplied by Equation 

(5.27), which results in: 

 

          𝜀௙,௘ = 0.75 × 𝜀௙,௨ × 𝑅ଵ = 0.75 × 𝜀௙,௨ × (0.7901) × ൬𝜌𝐹𝑅𝑃.𝐸𝐹𝑅𝑃𝜌𝑠.𝐸𝑠 ൰−0.285
                     (5.28) 

 

However, the maximum ratio (R), 𝑅 = (ఘಷೃು.ாಷೃುఘೞ.ாೞ ), should be restricted to 3.4 to let us use 

Equation 5.28. Otherwise, for 𝑅 ≥ 3.4, the following restriction should be used to reach the 

effective strain: 

 

𝜀௙,௘ = ൝ 0.75 × 𝜀௙,௨ × 𝑅ଵ = 0.75 × 𝜀௙,௨ × (0.7901) × ቀఘಷೃು.ாಷೃುఘೞ.ாೞ ቁି଴.ଶ଼ହ 𝑖𝑓  0.1 < 𝑅 < 3.40.002                                                      𝑖𝑓                                                                 𝑅 ≥ 3.4   ൡ                 
(5.29) 
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As presented in Figure 5.13a-c, after replacing the proposed effective strains for nine studied 

beams with different R ratios, 𝑅ଶ for the North American codes was enhanced from 0.32, 0.32, 

and 0.35 to 0.75, 0.75, and 0.75 for all nine specimens respectively. 
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(a) 

 

(b) 

 

(c) 

Figure 5.13 Comparison between calculated versus the proposed effective strains obtained 
from numerical results based on interactions between steel stirrups and CFRPs on  

the studied specimens for (a) CAN/CSA-S6-19 (b) CAN/CSA-S806-12  
(c) ACI 440.2R-17 
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5.9 Conclusions 

This research dealt with the inverse interaction of EB-FRP and steel stirrups for RC beams 

strengthened in shear with U-shaped configurations. The most applicable guidelines were 

evaluated and compared with experimental and FE numerical results. Analytical and numerical 

parametric studies were conducted to evaluate this inverse interaction. Some of the parameters 

that could not be evaluated from experimental studies were assessed: the contributions of 

concrete, steel stirrups, and EB-CFRPs to shear resistance; the behavior of interface layers and 

the strain responses along the fiber direction as obtained from FEA; and the inverse interaction 

between internal and external reinforcements by increasing the EB-CFRP-to-steel stirrup ratio. 

The following conclusions can be drawn from the current study:  

• A new analytical model is proposed that considers the effect of the inverse interaction 

between EB-CFRPs and steel stirrups, showing higher accuracy compared to 

guidelines as the EB-CFRP-to-steel stirrup ratio increases.  

• Increasing the ratio of EB-CFRP results in more distributed marginal shear cracks 

(similarly to increasing the ratio of steel stirrup).  

• The areas under the shear stresses versus the distance along the interface layers are 

larger in specimens with lower EB-FRP-to-steel stirrup ratios. When these ratios are 

lower, more shear stress can be transferred through the interface layers and obtain 

more benefit from the potential of the cohesive layers. By increasing the EB-CFRP-

to-steel stirrup ratio, shear stresses at the interface layers in the top parts of the main 

shear cracks do not increase as mid-span deflections increase. 

• The effect of the inverse interaction becomes greater as the EB-CFRP-to-steel stirrup 

ratio increases, resulting in a smaller strain contribution offered by the steel stirrups 

and EB-CFRPs. 

• Based on the parametric numerical results and the interaction between EB-CFRPs and 

steel stirrups, a reduction factor and an effective strain are proposed and compared 

with North American guidelines, demonstrating higher accuracy than the conservative 

effective strains proposed by the guidelines. 
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• An upper limit is proposed (0.002) for strains with higher EB CFRP-to-steel stirrup 

ratios (𝑅 ≥ 3.4). Further investigations are needed based on more extensive data to 

enhance the effective strain based on the inverse interaction between EB-CFRPs and 

steel stirrups. 
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CONCLUSIONS 

 

Based on the objectives outlined in this research study, the following conclusions were 

achieved, highlighting both the advancements made and areas where further research may be 

needed: 

 

1. Development of a Comprehensive Model: 
The primary goal of the research was to propose a new model for the shear resistance of RC 

beams strengthened with EB-FRP plates/sheets. The study successfully developed advanced 

numerical and analytical models that consider various failure modes in shear and encompass 

U-shape schemes for shear strengthening of RC beams. This comprehensive model addresses 

the existing gap in the literature and serves as a valuable addition to the current state-of-the-

art. 

 

2. Thorough Study of FRP-RC Interaction: 
The interaction between FRP sheets and plates employed for shear strengthening was 

thoroughly investigated using advanced finite element (FE) methods. This involved assessing 

the interaction between FRP composites and concrete, as well as the inverse interaction 

between EB-FRP and steel stirrups. The study contributes to a better understanding of the 

behavior of the interface layer, which has been a major challenge affecting the performance of 

FRP-strengthened RC beams. 

 

3. Parametric Numerical Analysis: 
Parametric numerical analyses were conducted to evaluate the inverse interaction between EB-

FRP and steel stirrups. The study explored the influence of varying ratios of external shear 

reinforcement (EB-FRP) to internal shear reinforcement (steel stirrups) on the stress 

transferred through the bond between concrete and EB-FRP. This analysis enhances our 

understanding of the factors affecting the overall performance of the strengthened beams. 
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4. Consideration of Influencing Factors: 
Various influencing factors, such as fracture mechanics of concrete, dimensions, configuration 

of FRP composites, and interactions between beam components, were taken into account. The 

study aimed to determine the effect of these factors on the behavior of the interface layer and, 

consequently, on the ultimate load-carrying capacity of beams. 

 

5. Development of New Design Approaches: 
The research proposed new theoretical and mathematical approaches to replace current design 

models in codes and standards. These approaches consider the complex interactions and 

influencing factors studied in the research, providing a more accurate representation of the 

behavior of FRP-strengthened RC beams. The intention is to enhance current design practices 

and offer a comprehensive design method for practicing engineers. 

 

6. Enhancements to Design Codes: 
It is projected that the proposed approaches will contribute to the enhancement of current 

design models in North American codes and standards. By considering a broader range of 

parameters and factors, the updated codes will provide more reliable guidelines for the design 

of RC beams strengthened in shear with EB-FRP. 

 

7. Consideration of Size Effect: 
The study addressed the size effect on the contribution of EB-FRP, taking into account 

interfacial shear stress and strain profile along the direction of fibers. This consideration 

provides valuable insights into how the size of the structure influences the effectiveness of EB-

FRP in shear strengthening. 

 

In conclusion, the research has made significant strides in advancing the understanding and 

design methodologies related to shear strengthening of RC beams with EB-FRP. While 

substantial progress has been achieved, the study also highlights the complexity of the 

interactions involved, suggesting avenues for future research to further refine and expand upon 

the proposed models. 



189 

RECOMMENDATIONS  
 

This study represents progress in simulating FRP shear-strengthened beams and contributes to 

a deeper comprehension of their behavior. However, based on the results of the numerical 

analyses, additional research is warranted. Here are some suggestions for future investigations: 

 

1. To assess the interaction between concrete and EB-FRP near significant shear cracks 

comprehensively, it is essential to conduct three-dimensional simulations. These simulations 

will enable the evaluation of the debonding process, which can, in turn, inform the calculation 

of effective bond length and height.  

 

2. The differentiation should be considered between full-wrap and strips schemes for U-shape 

configurations to obtain precise effective strains, allowing to evaluate the impact of optimized 

strips length to those of width. Therefore, this ratio should be incorporated to reach the precise 

effective strain for U-shape strips and Fully U-wraps configurations. 

 

3. The evaluation of the impact of strip length to strip width in U-shaped strip configurations 

in proportion to the thickness of EB-FRP needs to be performed to achieve accurate effective 

strains. This allows for the assessment of how the optimized length-to-width ratio based on the 

EB-FRP thickness impacts the results. Consequently, this ratio should be integrated to obtain 

precise effective strains for both U-shaped strips. 

 

4. It is important to consider the effect of strip length-to-width ratio in U-shaped strip 

configurations to obtain precise effective strains. This assessment allows for an understanding 

of how the optimized length-to-width ratio of the strips influences the outcomes. Therefore, 

incorporating this ratio is essential to determine precise effective strains for U-shaped strips. 

 

5. More simulations and parametric studies are recommended to evaluate the size effect and 

inverse interaction between EB-FRP and steel stirrups on shear contribution of EB-FRP to 
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capture more reliable results of the real-life behavior of structures retrofitted with EB-FRP 

systems without the need for the time consuming and costly experiments.  
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