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Méthodologie d’ordre réduit pour la conception d’hélices à bords de fuite dentelés

Jorge Hernan Santamaria Osorio

RÉSUMÉ

L’essor rapide de la mobilité aérienne avancée, et en particulier des véhicules sans pilote ou
drones, soulève des enjeux d’acceptation sociale du fait de la pollution sonore engendrée par ces
engins lors du survol de zones urbaines. Parmi les différentes sources de bruit de ces véhicules,
le bruit de bord de fuite constitue une composante majeure du bruit à large bande émis par leurs
hélices en vol stationnaire. Ce bruit peut être atténué grâce à l’utilisation de dentelures de bord
de fuite. Toutefois, les méthodes numériques aéroacoustiques pour le calcul de bruit des hélices
nécessitent des ressources de calcul trop élevées. En phase de conception, il est donc nécessaire
de recourir à une approche rapide permettant d’estimer les gains acoustiques potentiels des
dentelures. Certaines approches analytiques destinées aux bords droits ou dentelés requièrent
comme donnée essentielle la densité spectrale des fluctuations de pression pariétale, qui peut être
reconstruite à partir de données issues de simulations peu coûteuses de type Reynolds-Averaged
Navier-Stokes (RANS). Dans le cadre de ces travaux, une méthodologie s’appuyant sur de tels
modèles est proposée pour prévoir la réduction de bruit associée à l’emploi de dentelures de
bord de fuite sur des hélices.

Le modèle théorique d’Ayton permet d’estimer le bruit généré par un écoulement turbulent sur le
bord de fuite dentelé d’une plaque infiniment mince. Li et Lee en ont proposé une extension. Ils
ont introduit un modèle heuristique tridimensionnel applicable à des pales de rotor d’envergure
finie. Cette extension permet de mettre en évidence les avantages de la dentelure en créneau par
rapport à la forme en dents de scie. Cette thèse propose une nouvelle approche s’appuyant sur
l’analogie de Curle pour étendre le modèle d’Ayton et de pallier certaines limites du modèle de
Li et Lee. Des considérations mathématiques limitent pour le moment cette approche aux bords
de fuite en créneau. Une campagne expérimentale a été réalisée dans la soufflerie anéchoïque de
l’Université de Sherbrooke afin de mesurer le bruit émis par un profilé NACA0012 soumis à des
flux d’air dont les nombres de Reynolds sont représentatifs des conditions de fonctionnement
typiques des hélices de drone. Trois géométries ont été testées : bord droit, bord en dents de
scie et bord en créneau. Jusqu’à 5 dB de réduction ont pu être observés, et les dentelures en
créneau se sont révélées plus efficaces que les dents de scie. Les estimations théoriques sont
raisonnablement en accord avec les résultats expérimentaux. En particulier, le modèle proposé
est plus précis et prévoit une meilleure directivité que le modèle de Li et Lee.

Le modèle de Li et Lee a été étendu aux pales en rotation, selon l’approche de Schlinker et
Amiet. En faisant tendre l’amplitude des dentelures vers 0, son évaluation est en accord avec
les prévisions du modèle d’Amiet, en particulier aux hautes fréquences, tant pour les profils
fixes que pour les éléments de pale en rotation. La méthodologie couplée (RANS + modèle)
a ensuite été confrontée, en termes d’aérodynamique et d’acoustique, à des mesures réalisées
à l’ISAE sur une hélice de drone basée sur le profil NACA0012, pour différentes vitesses de
rotation. L’analyse comparative des performances de l’hélice entre les calculs et les données
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expérimentales a permis de démontrer l’importance de raffiner de manière adéquate le maillage
autour des tourbillons d’extrémité de l’hélice et d’utiliser une modélisation de la turbulence
avancée prenant en compte la transition. La densité spectrale des fluctuations de pression
pariétale a été modélisée à l’aide d’informations issues des simulations RANS, et l’acoustique
en champ lointain de l’hélice a été calculée à l’aide du code interne PyFanNoise dans lequel le
modèle de Li et Lee a été implémenté.

Les prévisions acoustiques concordent assez bien avec les mesures expérimentales, en particulier
à des vitesses de rotation élevées, lorsque les écoulements secondaires sont plus faibles que la
couche limite au bord de fuite est pleinement turbulente. Le modèle de Li et Lee est ensuite utilisé
pour comparer les réductions de bruit de différentes formes de dentelures. L’approche analytique
prévoit que les bords de fuite en créneau permettent une réduction de bruit plus importante que
les formes en dents de scie ou sinusoïdales, et ce, pour toutes les fréquences et tous les angles
d’observation. Ce phénomène est particulier aux petites pales d’hélice, généralement utilisées
dans les drones. Cependant, pour les pales à corde plus grande habituellement utilisées pour les
ventilateurs carénés, les combinaisons de dentelures en dents de scie et sinusoïdales offrent de
meilleures réductions de bruit.

Une dernière étape de ces travaux a consisté à valider la méthodologie couplée par une approche
expérimentale. Il a toutefois fallu tenir compte des effets de l’installation et de la fabrication des
dentelures, qui sont ignorés dans l’approche analytique. Plusieurs hélices ont été imprimées en
3D par fabrication additive, puis testées en chambre anéchoïque dans les installations de l’ISAE
afin de mesurer le bruit en champ lointain et les performances aérodynamiques. La signature
acoustique de la configuration de référence (à bord de fuite droit) démontre l’existence d’une
instabilité de la couche limite laminaire. Les dentelures intégrées ou en appendices atténuent ce
mécanisme de bruit. Pour éviter ce mécanisme de transition laminaire-turbulente à la surface
des pales, une rugosité de surface a été ajoutée afin de déclencher la turbulence. Les dentelures
intégrées génèrent un bruit supplémentaire d’échappement tourbillonnaire caractérisé par un
nombre de Strouhal basé sur l’épaisseur à la racine de la dentelure. Les dentelures en appendice,
plus minces, évitent cette source additionnelle et permettent d’atteindre une réduction de bruit.
Les dentelures en créneau n’ont pas permis d’obtenir la réduction de bruit anticipée par le modèle.
La réduction de bruit prévue par le modèle pour les dents de scie suit globalement la tendance
des mesures, même si elle la surestime. De plus, les résultats expérimentaux démontrent que
les dentelures constituent une méthode efficace pour contrôler le bruit de bord de fuite à basse
vitesse de rotation, lorsque le bruit à large bande prédomine sur le bruit tonal. D’autre part,
les dents de scie installées en appendice, combinées à un dispositif de transition, présentent la
meilleure concordance avec les prédictions théoriques, soulignant ainsi l’importance des choix
de fabrication dès la phase de conception.

Mots-clés: drone, hélice, aéroacoustique, dentelures de bord de fuite, modélisation



Low-order Methodology for the Design of Propellers with Serrated Trailing Edges

Jorge Hernan Santamaria Osorio

ABSTRACT
The exponential increase in applications where UAVs or drones are used raises concerns about
potential noise pollution in large cities. Trailing edge noise is a significant broadband noise
source of hovering UAV propellers, which can be reduced by employing bio-inspired trailing
edge serrations. The high computational cost of high-fidelity CFD simulations put them at the
end of the design cycle rather than at the beginning. Therefore, propeller designers need a fast
method for predicting noise reductions. Analytical models for straight and serrated edges need as
essential input the single-point wall-pressure fluctuations spectrum. This can be modeled using
low-cost Reynolds-Averaged Navier-Stokes simulations. A low-order methodology is proposed
to estimate the potential noise reductions resulting from trailing edge serrations using RANS
simulations for a representative drone propeller based on a NACA0012 airfoil with constant
pitch and constant chord.

Ayton’s theoretical model provides predictions for serrated trailing edge noise generated by a
fully turbulent flow over an infinitesimally thin plane. The extension of Ayton’s model, proposed
by Li and Lee, provides a heuristic three-dimensional model for a finite span applicable to rotor
blades. This model reveals the potential benefits of using a square wave serration compared
to the traditional sawtooth serration. This thesis addresses the limitations of Li and Lee’s
model by deriving a new model for the square wave using Ayton’s model and Curle’s analogy.
Measurements of a NACA0012 airfoil at low-Reynolds numbers, typical of small drones, were
performed in an anechoic chamber at the Université de Sherbrooke, for straight, sawtooth,
and square wave edges. Noise reductions of up to 5 dB are measured, with the square wave
outperforming the sawtooth serration. Theoretical predictions are in reasonable agreement with
the experimental results.

Li and Lee’s model is then extended to rotating blades using Schlinker and Amiet’s model.
The model is verified in the limit of zero serration amplitude finding good agreement at
high frequencies and high observer angles. Single-blade passage RANS simulations of the
NACA0012 propeller are performed, and aerodynamic validation is made with experimental
data. The results highlight the importance of adequately refining the mesh around the propeller
tip vortices and using transitional turbulence modeling. The wall-pressure fluctuations spectrum
was modeled based on the RANS results, and the propeller far-field acoustics were calculated
using the in-house code PyFanNoise.

The acoustic predictions agree fairly well with experimental measurements, especially at high
rotational speeds, where secondary flows are weaker and the onset of turbulence matches more
favorably with the fully turbulent k-l SST model used in the RANS. Li and Lee’s model is then
used to study the sensitivity of noise reductions to different shapes. The square wave serration is
shown to outperform the sawtooth and sinusoidal shapes for all frequencies and observer angles,
particularly for small propeller blades typically used in drones. However, for larger chord blades
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typically used for ducted fans, combinations of sawtooth and sinusoidal serrations provide better
noise reductions.

The methodology is validated by considering the effects of serration installation and manufac-
turing. Several propellers were 3D printed and tested in an anechoic chamber, where far-field
noise and aerodynamic performance were measured. The baseline configuration exhibits clear
evidence of laminar boundary-layer instability noise. Cut-in and add-on serrations alleviate this
noise mechanism. Similarly, to overcome the influence of the laminar-to-turbulent transition
over the blade surface, some propellers also include additional surface roughness to trigger
turbulence. Cut-in serrations experience additional vortex-shedding noise characterized by a
Strouhal number based on the serration root thickness. The results show that serrations are a
viable method for controlling trailing edge noise at low RPM, where broadband noise dominates
over tonal noise, and that add-on serrations with a trip are in better agreement with the theoretical
results, thus highlighting the importance of the manufacturing method during the design phase.

Keywords: drone, propeller, aeroacoustic noise, trailing edge serrations, modeling
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INTRODUCTION

Since the early days of aviation, propellers have been a cornerstone of the propulsion systems

of various types of aircraft. Whether it is the main rotor of a helicopter, the turboprops of

regional aircraft, the piston-driven propeller of general aviation planes, the gigantic propellers

of a Hercules C-130, or the tiny plastic rotors of recreational drones, rotary wings have played a

pivotal role in the development of aviation. Even though high-bypass-ratio turbofans are the

preferred engine choice for present and near-future long-range aircraft, advances in battery and

motor technology, are helping to open new markets for electrically powered aircraft.

On the one hand, the initiative known as Urban Air Mobility (UAM) aims to use large propeller-

driven Vertical Take-Off and Landing (VTOL) vehicles to alleviate traffic congestion in densely

populated metropolises, transport critical goods, and respond to emergencies. On the other hand,

small1, multi-rotor Unmanned Aerial Vehicles (UAVs), commonly known as drones, have made

their way into cities, aiding in surveillance, construction, terrain mapping, landscape planning,

infrastructure inspection, and television and cinema applications (Watkins et al., 2020).

The use of drones in urban environments poses numerous challenges, including communication

jamming and interference2, privacy concerns, limited battery range, potential collisions with

other aircraft, or impact with people or structures on the ground. However, as noted by Watkins

et al. (2020), the greatest challenge to the widespread use of drones is their acceptance and

integration by society. A comprehensive study by Rizzi (2020) suggests that there is the potential

that new populations will routinely be exposed to aircraft noise because UAM vehicles and

drones are expected to fly in much greater numbers than helicopters. Historically, changes in

noise levels over populated areas have been met with resistance, the same author notes.

1 For some perspective, drones less than 250 g do not require a pilot license to fly but may require
registration depending on the country. Drones weighing up to 25 kg require registration and a pilot
license

2 Most drones require a direct line of sight radio link in the 900 MHz, 2.4 GHz or 5.8 GHz bands for
command, control and video data. These are the same frequencies used by WiFi.
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According to Schäffer, Pieren, Heutschi, Wunderli & Becker (2021) and Gwak, Han & Lee

(2020), drone noise is substantially more annoying than road traffic or aircraft noise due

to special acoustic characteristics such as pure tones and high-frequency broadband noise.

Continuous noise exposure not only creates auditory system problems (Le Prell, 2019), but

it has been linked to cardiovascular disease, sleep disorders, and depression as noted by

Passchier-Vermeer & Passchier (2000). Drone noise stems mainly from the propellers or from the

interaction of the propellers with the airframe. Therefore, the development of quieter propellers

is essential for future UAM and drone projects to take off.

Propellers consist of (usually3) evenly spaced blades whose cross-section is an airfoil. The

chord and pitch of the airfoil section are functions of the radial position, generally decreasing in

the outboard direction. A basic control volume analysis (known as Momentum Theory) can be

used to demonstrate that propellers generate thrust by accelerating a relatively big mass of air by

a small velocity. An unavoidable consequence of the relative motion between the blade and the

air, is the generation of acoustic waves that are perceived as sound4. Similar to other bladed

machinery, propeller noise can be divided into tonal and broadband components. The former is

deterministic and localized at the Blade Passing Frequency (BPF) and its harmonics, whereas

the latter is stochastic and spreads over a large frequency range. These noise characteristics

are illustrated in the noise spectra in Figure 0.1(b) for a DJI 9443 propeller with a diameter of

25 cm at a rotational speed of 5400 RPM (Zawodny et al., 2016). Note the prominent peak at

180 Hz corresponding to the BPF. At frequencies beyond 1000 Hz the spectra is dominated by

the broadband component of the signal.

Tonal noise is a function of the blade velocity, blade geometry, and thickness, and of its

aerodynamic loading (Thrust). In contrast, broadband noise is a consequence of the interaction

3 Inspired by some automotive engine cooling fans designs, some propeller manufacturers have proposed
unevenly spaced blade designs to reduce propeller noise.

4 It is worth noting that marine propellers suffer from the same ailment as their air counterparts, plus
the non-desirable effect of cavitation that compromises the blade integrity
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Figure 0.1 (a) DJI 9443 propeller and (b) its noise spectrum measured at 1.9 m
and 45 degrees below the rotational plane.

Taken from Zawodny et al. (2016)

of turbulence with the blade. The turbulence may be generated in the atmosphere or as a

consequence of the propeller ingesting the wake of an adjacent rotor or a structural component.

When turbulence interacts with the blade leading edge, distorted eddies radiate sound into the

far field, producing turbulence interaction noise (TIN). Turbulence may also be generated as the

boundary layer develops along the blade surface. The interaction of the turbulent boundary layer

at the trailing edge is known as trailing edge noise (TEN) or airfoil self-noise and represents

the minimum achievable noise level by a propeller operating in turbulence-free flow. In either

case, the broad range of spatio-temporal scales implies that the acoustic energy is spread in a

large frequency range. The process of turbulent boundary layer noise production is illustrated in

Figure 0.2. It is noticed that there is a scale disparity between the eddies close to the trailing

edge and the corresponding acoustic wavelength ���.

The mechanism of turbulent boundary layer noise production is illustrated in Figure 0.2. The

turbulent boundary layer develops over the airfoil as it moves in a uniform flow field with velocity
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*. Close to the trailing edge, the boundary layer thickness is X, and contains a wide range of

scales, or eddies, with a characteristic lengthscale, !C . A minute fraction of the turbulent kinetic

energy contained in the eddies is converted to acoustic energy as the boundary layer meets

the trailing edge. The acoustic waves with wavelength, _02, are propagated into the far-field

for distances many times greater than the airfoil chord. Although the boundary layer has been

enlarged for clarity, the scale disparity between acoustic and aerodynamic fields is evident.

While hovering, and assuming that no unsteady flow is ingested into the propeller, trailing edge

noise is a dominant broadband noise source given the human ear’s frequency response in the 2

to 5 kHz range.

U

λac

Figure 0.2 Schematic of turbulent boundary layer trailing edge noise mechanism.
Taken from Colonius & Lele (2004)

While it is technically feasible to use Direct Numerical Simulations (DNS) to obtain both

the aerodynamic and acoustic fields, the calculations are usually prohibitively long for use in

propeller design. To put things in perspective, a single DNS simulation of the flow over an airfoil
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(with the span a small percentage of the chord) at a relevant Reynolds number can take over 100

hours of wall time, using around 1000 cores of state-of-the-art computing power. For propeller

design at an industrial scale, it is necessary to decouple the aerodynamic and acoustic fields.

The acoustic analogy serves this purpose by using results from incompressible simulations to

calculate far-field acoustics. For example, Large Eddy Simulation (LES) can be done to predict

more complex flows, such as a propeller flow field, by limiting the resolution of the smallest

turbulence scales. Then, the wall pressure over the blade can be used to obtain the acoustic

information. Nevertheless, LES is still computationally intensive, and its place is at the end of

the design cycle rather than at the beginning. The Reynolds-Averaged Navier-Stokes (RANS)

equations model the effects of turbulence on the mean flow. While the very nature of turbulence

has been eliminated in this process, the simulations are fast and can be used in conjunction with

semi-analytical acoustic models to obtain broadband noise predictions.

Acoustic models for the two broadband edge noise mechanisms, i.e., TIN and TEN, were

proposed by Amiet (1975, 1976) using the Linearized Euler Equations and simplifying the

airfoil as a flat plate. Both models follow an excitation-response-propagation formulation, where

the response or aeroacoustic transfer function relates the noise source (aerodynamic) to the

far-field (acoustic) pressure. Despite the similarities in the mathematical formulation, the noise

sources for TIN and TEN are essentially different. For the former, the random velocity field

ahead of the leading edge alters the instantaneous angle of attack seen by the airfoil, leading

to unsteady lift. Thus, the transfer function between excitation and response for TIN is tightly

linked to the unsteady lift spectrum. For trailing edge noise, the transfer function relates the

acoustic far-field to the wall-pressure fluctuations spectrum just upstream of the trailing edge.

The wall-pressure spectrum is then an essential input to model TEN and can be obtained from

RANS simulations (Sanjosé & Moreau, 2018).
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Inspired by the owl’s silent predatory capabilities, the use of serrations for trailing edge noise

mitigation has been demonstrated for a variety of applications, with the noise reductions observed

particularly at high frequencies (Lee et al., 2021). Howe (1991) pioneered the analytical modeling

for a semi-infinite flat plate with a sawtooth edge. The analytical results suggest that sharper

serrations are more effective at mitigating trailing edge noise. However, the model overpredicted

noise reductions. (Gruber, 2012; Moreau, Sanjosé, Lyu & Ayton, 2019). More recently,

other models have been formulated in an attempt to improve the agreement with experiments.

For example, Lyu, Azarpeyvand & Sinayoko (2016) used a serration model that combined

Amiet’s method with Fourier Series, resulting in a physically accurate but lengthy iterative

method to evaluate the far-field noise. Using a different approach, Ayton (2018); Lyu & Ayton

(2020) obtained a modal expansion that requires few modes to evaluate the far-field acoustics.

Nevertheless, the model is strictly two-dimensional and cannot be directly applied to rotating

blades. Lastly, all the airfoil models for both straight and serrated edges can be adapted to

rotating blades using the model in Schlinker & Amiet (1981).

In this Thesis, a representative drone propeller based on the NACA0012 airfoil and with abundant

experimental and numerical data available for validation (Gojon et al., 2021; Rendon, Moreau,

Gojon & Bauerheim, 2024; Vittal-Shenoy, 2023), is chosen to develop a low-order methodology

for the design of propellers with serrated trailing edges. The following specific objectives are

proposed:

• Validate Amiet’s straight edge model for small-scale propellers.

• Extension of Ayton’s model to include the effects of a finite chord.

• Develop a RANS-based design methodology for propellers with serrated trailing edges.

• Conduct an experimental validation of the designed propellers, taking into consideration the

influence of serration manufacturing.
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The Thesis is divided as follows: the first chapter describes the aerodynamics and aeroacoustics

of small-scale propellers. Thus, it serves as a literature review. The physics and analytical

methods for modeling trailing edge noise for straight and serrated trailing edges are presented in

the second chapter. In the third chapter, an experimental campaign on airfoils is conducted, along

with a comparison with analytical models. The RANS-based design methodology is presented in

Chapter four, along with shape considerations for the serrated edges. This is followed in chapter

five by the manufacturing of several serrated propellers to validate the design methodology.

The thesis conclusions and recommendations are presented in the sixth and last chapter. The

roadmap below summarizes the contents of this work, with the contributions outlined in the side

boxes.

Low-order methodology for the design of
propellers with trailing edge serrations

Chapter 1: Aerodynamics and acous-
tics of Low-Reynolds-number propellers

Chapter 2: Trailing edge noise mod-
eling for straight and serrated edges

Chapter 3: Serrated airfoil noise re-
duction: experiments and prediction

Chapter 4: RANS-based design of pro-
pellers with serrated trailing edges

Chapter 5: Installation and manufac-
turing effects of trailing edge serrations

Conclusions and Recommendations

Generalities and liter-
ature review

Derivation of a new
serration model

Experimental cam-
paign on NACA0012
airfoil. Validation of
models.

RANS-based method-
ology for the design of
serrated propellers.

Validation of the de-
sign methodology.
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CHAPTER 1

AERODYNAMICS AND ACOUSTICS OF LOW-REYNOLDS-NUMBER PROPELLERS

“What I cannot create, I cannot understand.”

— Richard P. Feynman

December 17, 1903, Kitty Hawk, North Carolina, United States of America. After four

successful powered, manned, and controlled flights in a heavier-than-air aircraft, the Wright

brothers launched human civilization on a journey that would take them to the moon and their

spacecraft to the edge of the solar system. A year prior to this milestone, Wilbur Wright took

the task of designing and fabricating the wood propeller to drive their already working glider,

while his brother worked on the "lightweight" gasoline engine that powers the propeller. Initially,

Wilbur expected to find a detailed theory and calculation procedures based on the water-screws

that had propelled steamships for over a century (Wolko & Anderson, 1987); instead, he found

a compendium of empirical relations unfit for the demands of the aeronautical application.

Building upon the knowledge extracted from their wind tunnel data, where several airfoils

were designed and tested, Wilbur likely developed what is the first airplane propeller theory

(Wolko & Anderson, 1987) in history. He recognized first that the propeller was essentially a

twisted, rotating wing that generates lift in the forward direction and second that the propeller

sections follow a helical path.

Propellers drove almost all the planes during the two World Wars, transitioning from fragile

wooden blades that would easily delaminate and crack, to aluminum alloys that could withstand

the higher speeds and high torques of supercharged piston engines. More blades were added to

take advantage of the excess power available, and propeller aviation dominated the skies. The

theory also became more refined through the understanding of lift following the results from

Joukowski, Prandtl, Glauert, and Lanchester, among others. Circulation, blade element theory,
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and finite wing corrections were available at the end of the Second World War, and propeller

theory was largely completed by then.

Parallel to the theoretical developments in propeller aerodynamics, the sound generated by

the blades was being studied. The first theory that matched experimental measurements was

proposed by Gutin (1936). Gutin leveraged the periodicity of the rotating blade elements to

formulate a frequency-domain theory, allowing for the prediction of noise due to the aerodynamic

forces exerted by the propeller on the surrounding air, i.e., loading noise. Around the same

time, Deming (1938) and Ernsthausen (1937) independently derived an analytical model for the

noise caused by air displacement from the blade, known as thickness noise. The latter author

highlighting the important effect on the noise field due to obstacles in the proximity of the blades.

Following World War II, another significant leap in aviation was made, as helicopter technology

matured to the point where it allowed for vertical take-off and landing, hovering, and excellent

maneuverability. While a helicopter rotor is mechanically, aerodynamically, and structurally

more complex than a propeller, the principle of operation remains the same. Initially, helicopter

noise was not a primary concern, as designers were mainly occupied with control and stability

(F. Farassat & Brentner, K, 1994). However, it became important in the late 1960s, particularly

with the replacement of piston engines with gas turbines to drive the rotors. The development of

aeroacoustics through the Ffwocs-Williams and Hawking (FW-H) analogy resulted in a better

understanding of the complex mechanisms behind helicopter noise. The following decades

witnessed exponential growth in research on propeller and helicopter rotor noise, accompanied

by the identification, characterization, and modeling of broadband noise sources.

While jet engines became the preferred method for propulsion during the second half of the 20th

century, propellers are still used significantly in military and short-range civilian applications,

mainly driven by turboprop engines. Modern propellers differ from older ones primarily in their

shape and the materials used to construct them. Towards the top of the blade, high sweeps are

used to avoid the drag rise associated with transonic flow; this additionally reduces the noise
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emitted from the propeller. The development of composite materials allowed for stronger and

lighter blades, giving propeller designers a larger design space.

Significant developments in materials, control, batteries, and electric motors, among other

technologies, during the turn of the XX century sparked yet another revolution in aeronautics.

Although Unmanned Aerial Vehicles (UAVs) have been designed and tested previously, their

use was previously limited to recreational applications, such as radio-controlled airplanes and

highly specialized military operations, where fixed-wing UAVs are used routinely.

Although a proof of concept was successfully demonstrated over a century ago by the Breguet

brothers, it was not until the mid-2010s that the miniaturization of components allowed the

quadcopter to become the civilian drone staple. Its maneuverability, versatility, and relative ease

of control allow the quadcopter to permeate many industries. Quadcopters are now routinely

used for complex tasks such as dam inspection, terrain mapping, agricultural monitoring,

and surveillance. Additionally, they are used in search and rescue operations during disaster

management. Delivery services is a market where drones are slowly being introduced and may

see significant growth in the upcoming years. Propeller-driven drones are also at the forefront

of planetary exploration. NASA’s Ingenuity, a helicopter driven by counter-rotating propellers,

was the first aircraft to flight outside the Earth, completing 72 flights in Mars’ atmosphere,

providing scientists with unique footage of the Martian surface. Projected to launch by 2028 and

arriving to Saturn’s largest moon, Titan, in 2034, Dragonfly is an eight-rotor drone currently

being developed in a quest for answers on the origin of life on Earth.

Back on the pale blue dot, ambitious projects aim at upscaling drone technology to transport

passengers and cargo in cities with heavy traffic. The aircraft designed for such purposes are

called Urban Air Mobility (UAM) vehicles and aim to have a range of less than 100 km, thus

creating a new market rather than competing with more traditional aviation. Companies such as

Joby Aviation, Beta Technologies and Archer in the United States, Lilium and Volocopter in

Germany, Vertical in the United Kingdom, and EHang in China are in a race towards certification.

The UAM vehicles can be of hybrid design, featuring tilt-rotors and a fixed-wing for cruising,
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such as Joby’s S4 eVTOL. Other aircraft have dedicated propellers for the take-off and cruise

phases, such as Archer’s Midnight. However, some are purely VTOL, e.g., the EHang 216.

Nevertheless, they all have in common the use of electric motors and propellers. Taking as a

reference the restrictions on helicopter flights in the cities, the propeller noise signature of UAM

vehicles is expected to be a crucial certification hurdle.

Compared to their historical predecessors, small drones and UAM propellers operate at lower

Mach and Reynolds numbers as shown in Figure 1.1 where the y-axis corresponds to the tip

blade Mach number while the x-axis is the Reynolds number based on the chord and the relative

velocity seen by the blade at 75% span. A significant benefit of flying under these conditions is

the elimination of noise sources associated with compressibility, such as shock waves. However,

new challenges arise as historically, most propellers never operated in the range of modern ones,

thus posing the question of whether the available aerodynamic and acoustic tools are adequate

for the design of UAV propellers (Zawodny et al., 2016)

Propellers were the cornerstone of early aviation propulsion, and, together with electrification

and artificial intelligence, are driving aviation into a new era where drones are expected to

become part of everyday life. The regulatory hurdles are more stringent given the proximity to

people and range from safety to noise annoyance. According to Schäffer et al. (2021) drone noise

is perceived as more annoying compared to road traffic or aircraft noise due special acoustic

characteristics such as pure tones and high-frequency broadband noise. With increase drone

traffic, noise regulations pertinent to these vehicles are expected to become more stringent over

time, and it is of paramount importance to understand, model, and predict noise from propellers,

as they will be the dominant noise sources. Moreover, the widespread and accessibility of additive

manufacturing, particularly of 3D printing, is enabling more novel designs that can comply with

the regulations while maintaining performance. This chapter describes the aerodynamic and

acoustic characteristics of low-Reynolds-number propellers commonly found in quadcopters.
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Figure 1.1 Propeller applications in terms of Mach and Reynolds number. Tip Mach
numbers were calculated assuming sea-level conditions. Cruise velocities have been
used for propeller-driven aircraft, whereas hover conditions were utilized for UAVs and

helicopters.

1.1 Propeller Aerodynamics

1.1.1 Momentum theory

Almost half a century before the Wrights made their pioneering flight, Rankine (1865) and

later Froude (1889) developed what is now known as momentum theory, providing a simple yet

intuitive explanation of how ship propellers create thrust at the time. They recognized that the

mass accelerated through the circular area swept by the propeller blade results in an opposite

reaction that propels the vessel forward. The same principle can be applied to other bladed

machinery such as airplane and drone propellers, helicopter rotors, and wind turbines.
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Taking one isolated propeller from a drone in hover, a control volume is defined as shown

in Figure 1.2(a). The propeller can be assumed to have an infinite number of blades of zero

thickness, i.e., an actuator disk of area, �, that supports the thrust, � . Assuming steady,

incompressible, and inviscid flow, a momentum balance can be done and in conjunction with

Bernoulli’s principle allows to find a relationship between the pressure in the disk and the thrust.

The velocity and pressure evolution along the flow direction are shown in Figure 1.2(b). Notice

that the pressure decreases upstream from the disk and increases downstream from it. This

pressure difference is accompanied by an increase in flow velocity, resulting in the flow moving

with induced velocity, ��. Notice that during ascending or descending phases of flight, the

velocity can be taken into account by adding or subtracting from the induced velocity.

T 0
1

2

Flow velocity Static Pressure

vi

(a) (b)

Figure 1.2 (a) Control volume for application of Momentum
theory on an isolated propeller in hover (b) Velocity and

pressure distribution along the axial direction
Taken from Leishman (2023)

Using momentum theory (Leishman, 2023) it can be shown that in hover, a drone propeller or a

helicopter rotor accelerates a mass of fluid downwards and as a result, a pressure difference is
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induced in the propeller disk area. Thrust is then the result of this pressure difference and equals

to:

) = �?� = 2dc'2E2
8 (1.1)

Where ' is the propeller radii and E8 is the induced velocity in the disk. The ideal hovering

power is then given by:

%�8340; = )E8 = 2dc'2E3
8 (1.2)

The above result partly justifies the large blades characteristic of all helicopters, as the power

required to hover scales with the cube of the induced velocity. Notice that the assumptions in the

actuator disk theory imply that the thrust distribution along the blade linearly increases from

the hub towards a maximum value at the tip (Leishman, 2023). The simple momentum theory

provides an intuitive model for quick estimates of propeller performance, but the geometry of

the blade has not been taken into account, and all viscous losses have been ignored. To account

for these effects, blade element theory is employed.

1.1.2 Blade element theory

A propeller blade consists of a few airfoil sections stacked on top of each other, usually at

different pitch angles, V, measured from the rotational plane, as illustrated in Figure 1.3. In

blade element theory, each airfoil section is considered as independent of the others where the

lift and drag of each section corresponds to the isolated airfoil section.

The isolated airfoil section shows the velocity triangle. The relative velocity being the vector sum

of the inflow velocity and the blade velocity. While hovering, the inflow velocity corresponds to

the induced velocity. The sectional lift experienced by a blade element of width dA and chord 2A

with lift coefficient 2!A
is given by:
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r

dr

Figure 1.3 Propeller blade and airfoil section with velocities
triangle.

Taken from Leishman (2023)

��� �
1
2
����

���
2
� �� (1.3)

Similarly, the sectional drag is given by:

��� �
1
2
����

���
2
� �� (1.4)

Where ���
is the section drag coefficient.

The projection of the resultant aerodynamic force in the direction perpendicular to the rotational

plane is the section contribution to the propeller thrust given by:
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3)A = 3!A cos q � 3�A sin q (1.5)

The aerodynamic torque per unit span, 3&A�A, is similarly obtained as:

3&A�A = 3!A sin q ¸ 3�A cos q (1.6)

In practice, the integrated thrust and torque are obtained by discretizing the blade into between

30 and 100 segments (Leishman, 2023) and using look up tables for the sectional lift and drag

coefficients. Alternatively, a 2D viscous panel method such as XFOIL (Drela, 1988) can be

used. Notice that the former quantities are a function of the local Reynolds and Mach number

and thus knowledge of the induced velocity distribution is essential. To circumvent this issue,

combined blade element and momentum theory (BEMT) are used in an iterative manner.

Propeller performance is commonly assessed using the following non-dimensional coefficients

• Advance ratio

� =
+1

'

(1.7)

• Thrust coefficient

2) =
)

d¹c'2º ¹
'º2 (1.8)

• Torque coefficient

2& =
&

d¹c'3º ¹
'º2 (1.9)

A common metric of hovering efficiency is the figure of merit �" defined as the ideal-to-actual

hovering power ratio. Using Eq. (1.2) yields:

�" =
%8340;

%02CD0;

=
2d¹c'2ºE3

8

&

=

)3�2p
2dc'2&


(1.10)
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1.1.3 Computational methods overview

While powerful, the BEMT method has certain limitations. First, it does not account for any rotor

unsteadiness. Second, it assumes that the flow is radially balanced, with no velocity component

along the span. Lastly, it limits the analysis to the rotor near-field, without any information on

the wake. The development of powerful computers during the last quarter of the 20th century

allowed for computational methods to be part of the propeller/rotor design process. Some of

these methods are briefly described next.

1.1.3.1 Vortex lattice method

The wake of a propeller is a complex flow field bounded by the vortices shed from the propeller

tip as shown in Figure 1.4 for a helicopter rotor in hover.

Figure 1.4 Tip vortex made visible through condensation of water vapor
inside the vortex core of a Bell 214B-1 helicopter. Taken from

http://www.airliners.net
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In the Vortex Lattice Method (VLM), Laplace’s equation is solved in a bounded domain with

the blade surface discretized with two-dimensional panels. The flow is assumed, irrotational,

incompressible and inviscid. Similarly to finite wing theory where a circulation distribution

is solved by assuming that the wing sheds a vortex sheet, the Biot-Savart law can be used for

propellers to relate the propeller wake to the blade circulation, and thereby the propeller thrust

(Stepniewski & Keys, 1984). Nonlinearities can be added to the VLM by calculating effective

sectional angles of attack and using airfoil look-up tables to include viscous effects as done by

Jo, Jardin, Gojon, Jacob & Moschetta (2019). Given the mutual dependency between induced

velocities and blade section circulation, the calculation proceeds in an iterative manner until

force convergence is reached.

1.1.3.2 Computational fluid dynamics

While some non-linear effects due to viscosity can be coupled with the methods reviewed

previously and therefore provide reasonable estimates of thrust and torque, there are a few factors

that are left to empirical results and may not apply in particular cases. In other words, none

of the methods reviewed so far deal directly with the governing equations of fluid flow. The

use of computers to obtain solutions to the Navier-Stokes equations on discrete grids or meshes

grew exponentially from in-house research codes in the 1980s to a billion-dollar industry that

permeates almost all areas of science and engineering. Simulation of turbulent and transitional

boundary layers, detached flow, unsteady pitching airfoil flow, combustion, flow-induced noise

and vibrations are only a handful of the applications where Computational Fluid Dynamics is

the only numerical tool available to study the problem. At the core of modern CFD is the oldest

unsolved problem in classical physics, turbulence.

Chaotic flow is found in most natural and man-made flows. In them, a broad range of spatio-

temporal scales continuously transfer energy from the largest to the smallest scales, where kinetic

energy is ultimately converted into heat. There are different approaches to disentangle the

myriad of scales contained in turbulent flows. On the most computationally intensive side, direct

numerical simulation (DNS) solves all scales in the NS equations, extending to the Kolmogorov
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scales responsible for the dissipation of turbulence kinetic energy into heat. A single DNS

simulation for the flow over an airfoil at moderate Reynolds number can take on the order of

months. While computational power is making DNS more accessible, directly solving the

aerodynamic and acoustic field is still challenging for a variety of reasons (Sandberg & Sandham,

2008): firstly, the extent of the acoustic field is considerably larger than the relevant flow field,

and there is an important disparity between the size of the scales in each one. Secondly, the

acoustic field energy is orders of magnitude smaller than that of the aerodynamic field, which

requires costly numerical schemes with low dissipation.

The most modeling-intensive approach, yet most friendly from the computational cost perspective,

attempts to model the effects of turbulence on the average flow. In the Reynolds Averaged

Navier-Stokes (RANS) equations, the flow field is decomposed into a mean and fluctuating

part and then time-averaged. This effectively filters the fluctuating component but introduces

additional stresses that must be modeled. In all RANS approaches, additional transport equations

are introduced to close the resulting system of equations.

1.1.4 Low-Reynolds number aerodynamics

Propellers generally found on small airplanes, UAVs, and drones, operate in flow regimes

characterized by Reynolds numbers based on the blade sectional chord at 75% radius, typically

on the order of 105 (See Figure 1.1). In this regime, the blade sectional drag values are higher

than at chord Reynolds numbers above 106, which significantly impacts the thrust and lowers

the overall propulsive efficiency of the propeller. As the Reynolds number decreases below

one million, the effects of viscosity begin to outweigh inertia effects in the flow, and the lift

and drag characteristics of airfoil sections undergo profound changes. These considerations

are essential for propeller applications to most UAVs and drones, which can expect maximum

propulsion efficiencies of between 50% and 60% rather than 80% or higher for “full-scale”

propellers (Leishman, 2023).
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Figure 1.5 illustrates the flow characteristics over airfoils for different low-Reynolds number

regimes. Just above '4 = 500,000, the laminar flow experiences a high adverse pressure gradient

(APG), which results in detachment due to the low energy levels in the laminar boundary layer.

A laminar separation bubble (LSB) appears as a consequence, and the flow reattaches as a

turbulent boundary layer. At Reynolds numbers between 50,000 and 100,000, the contribution of

viscous forces increases, resulting in larger LSBs, up to 40% of the chord, and thicker turbulent

boundary layers. With increasing angle of attack, the separation and re-attachment points tend

to fluctuate, and force measurements carry large uncertainty bands. For yet lower Reynolds

numbers, in the order of 10,000, the boundary layer remains laminar for most of the airfoil, and

once it detaches, it remains in this condition; thus, the airfoil primarily operates in trailing-edge

stall.

Figure 1.5 Flow over airfoil at transitional Reynolds number.
Taken from Winslow et al. (2018)

From the preceding discussion it is clear that a typical quadcopter propeller operates in a

regime where the formation of LSB and the transitional flow play a key role in the propeller

performance. High-fidelity CFD methods have been used to model propeller aerodynamics at

this challenging regime. For example, Casalino, Grande, Romani, Ragni & Avallone (2021) used

the Lattice Boltzman Method (LBM) to predict aerodynamics and acoustics of a small propeller,

finding good agreement in the thrust for high advance ratios but some disagreement at hover

conditions. Vittal-Shenoy (2023) and Rendon et al. (2024) used LES and LBM respectively

for a representative drone propeller. Thurman, Boyd Jr., Buning, Reboul & Benoit (2024)

compared smooth and rough 3D printed rotors with LBM simulations finding discrepancies of

up to 10% and 5% for the smooth and rough propellers respectively, highlighting the importance
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of the manufacturing method when comparing with numerical results. Carreño Ruiz, Scanavino,

D’Ambrosio, Guglieri & Vilardi (2022) obtained results within 3% of experimental results

for a small-scale rotor using RANS with transitional modeling. Overall, the challenges of

low-Reynolds number performance prediction are still being addressed. RANS transitional

modeling is an area of ongoing research with the industry-oriented codes implemented in the

last 10 years and subjected to continuous verification. Nonetheless, it is still the most viable

alternative to rapidly evaluate the performance of new prototypes.

1.2 Low-Reynolds number propeller noise

While many noise sources are shared between helicopters and drones, their relative importance

in terms of human ear response differs. One of the characteristic noise signatures from a

helicopter is the loud "thump-thump" often heard in forward flight. This complex acoustic

mechanism is partly due to the high blade tip speeds and the interaction of the blade with

preceding blade tip vortices. This mechanism is not present in standard quadcopters as the tip

Mach number is not high enough. However, other noise sources are present in quadcopters. For

example, aerodynamic and acoustic interactions between the propellers may result in beating

phenomena (Tinney & Sirohi (2018)) due to slight differences in rotational speed. Furthermore,

interaction of the propeller with the quadcopter arms may result in increased noise levels (Gojon,

Parisot-Dupuis, Mellot & Jardin (2023)). Lastly, during turning maneuvers, noise increase has

been reported (Zamponi et al. (2025)). Given all the complex acoustic interactions, propellers

can be studied in isolation to get insight into the noise source mechanisms.

The power spectral density(PSD) of the acoustic pressure measurements in an anechoic chamber

for an APC 11x7.4 propeller (Gojon et al., 2021) is shown in Figure 1.6 for two observer positions

and at 6000 RPM, with corresponding shaft rotational frequency of 100 Hz. The commercial

2-bladed low-Reynolds-number propeller has a diameter of 28 cm, with Eppler E63 and Clark-Y

airfoils. The total spectrum shows high noise levels between 10 and 100 Hz, corresponding to

background noise. The motor noise shows peaks at the shaft rotational frequency and a few

narrowband humps at frequencies around 10 kHz. The well-defined peaks at the Blade Passing
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and frequency domain approaches can be used to predict tonal noise. The time-domain method

is based on Farassat (1976) integral solution to the Ffwocs-Williams and Hawkings analogy,

detailed in the next chapter. The time-domain approach requires time sequences of the near-field

variables and estimation of the retarded time is done in the integral solutions. In contrast, the

frequency domain method mainly developed by Hanson & Parzych (1993) leverages the noise

sources periodicity and provides a formulation using Fourier series expansion coefficients at the

BPF and its harmonics.

Time-domain approaches are convenient when transient phenomena are expected, for example

for helicopters blade-vortex interaction. Frequency domain methods are preferred for statistically

stationary phenomena and are commonly employed for small-scale propellers. To illustrate the

different geometrical and flow parameters influencing tonal noise, Zhong et al. (2020) simplified

analysis for propellers in hover, based on Hanson & Parzych (1993) frequency-domain model, is

presented.

Consider a propeller with equally spaced blades, � each with a surface area. �. The source (i.e.,

propeller) coordinates are given by y = ¹H1� H2� H3º = ¹H1� A cos¹W ¸ nº� A sin¹W ¸ nºº, where W is

the azimuthal angle in the propeller rotational plane, and n is the initial phase angle. Please note

that throughout this Thesis, bold symbols represent vector quantities. The point in space where

the acoustic pressure is calculated is given by the observer position coordinates, x = »G1� G2� G3¼.

The acoustic pressure at an observer, x, due to thickness, ?) ¹xº, and loading ?! ¹xº noise is

given by:

?) ¹xº =
d0�
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¹
�
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mH8

48<¹q�nº 3W 3�� (1.12)

where d0 is the undisturbed medium density, 
 is the propeller angular velocity, and D1 is the

mean axial flow velocity in the H1 direction. The noise is calculated at the BPF and its harmonics
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given by < = ?� where ? is an integer. �̂0 is the frequency-domain free-field Green’s function,

i.e, the impulse response function of the homogeneous wave equation in three dimensions,

defined as:

�̂0¹xjyº =
48: jx�yj

4c jx � yj (1.13)

The source terms in Eq. (1.11) and Eq. (1.12) are & and �8m��mH8 for thickness and loading

noise respectively. The former represents the volume displaced per unit time by the area element

3� due to the motion of the blade. The latter contains contributions from the axial, radial

and azimuthal components of the force on the blade. For propellers, the radial component is

usually ignored. Considering that the flow contains unsteady but periodic components in the

W-direction, the source terms are commonly represented as Fourier series over n modes, with

the = = 0 mode representing the mean loading. Note that the velocity and force distributions

over the blade can be obtained from the aerodynamic methods discussed in the previous section,

i.e., BEMT, RANS, LES. Additionally, upon evaluation of the free-field Green’s function, the

resulting integrals are expressed in terms of Bessel functions of the first kind of order m.

Under ideal conditions, such as a uniform and steady inflow, the propeller tonal noise signature

will be concentrated at the BPF. However, that is rarely the case. Rotor dynamic unbalance

and recirculation are common sources of variation of blade loading during isolated rotor

testing, the latter being critically avoided in anechoic room measurements (Stephenson,

Weitsman & Zawodny, 2019). Due to these factors, the axial and azimuthal forces contain not

only the mean loading but also its harmonics. The effect is illustrated for an APC 9x5 propeller

in hover conditions in Figure 1.7(a) for 3600 and (b) 7200 RPM. The loading coefficients were

obtained using BEMT (Zhong et al., 2020). Notice that the mean loading contributes mainly to

the BPF and its first few harmonics, while all other loading harmonics (= � 0) contribute to the

remaining harmonics.
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Figure 1.7 The influence of unsteady motion in the sound produced at the BPF
and its harmonics at (a) 3600 RPM and (b) 7200 RPM.

Taken from Zhong et al. (2020)

1.2.2 Broadband noise

Noise sources that randomly fluctuate in time are responsible for broadband noise. For the

typical low-Mach numbers found in quadcopter propellers, the turbulent eddies, modeled as a

quadrupolar source, are inefficient sound radiators. However, the presence of the blades leading

and trailing edges significantly increases the acoustic radiation efficiency. Typical spectra for

leading and trailing edge noise are shown in Figure 1.8. The former tends to dominate at low

non-dimensional frequencies while the latter does so at high frequencies. Interaction of the rotor

blades edges with incoming or self-generated turbulence results in acoustic waves being emitted

in a broad range of frequencies

The interaction of the blade leading edge with incoming turbulence results in random lift

fluctuations, which can be modeled as a dipole source following the analogy of Curle (1955).

This results in turbulence interaction noise, also known as TIN. Such turbulence might be the

result of atmospheric disturbances, wake of other flying vehicles or the wake of structures

upstream from the propeller.
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Figure 1.8 Edge noise mechanisms for an airfoil in a turbulent flow.
Taken from Blake (2017)

Assuming homogeneous and steady inflow into the rotor, the only broadband noise sources are

due to self-generated turbulence in the blade boundary layer. A minute fraction of the turbulence

kinetic energy is converted into acoustic energy and radiated as noise due to the scattering of the

boundary layer at the trailing edge. Thus, trailing edge noise (TEN) represents the minimum

achievable noise level for a propeller or any turbomachine. TEN has directivity as shown in

Figure 1.6, where the broadband levels for the upstream observer are higher than the ones at

the rotational plane. Given the human ear sensitivity in the frequency range between 1-5 kHz,

TEN is a dominant noise source for small propellers, particularly while hovering (Zawodny et al.

(2016); Intaratep, Alexander, Devenport, Grace & Dropkin (2016); Tinney & Sirohi (2018)).

The sound emitted from either the interaction of a leading edge with upstream turbulence or

the interaction of a trailing edge with the surface boundary layer turbulence is fundamentally a
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scattering1 phenomenon in which a high-wave-number aerodynamic disturbance incident on

the edge, generates a low-wave-number propagating acoustic pressure. Following the steps in

Lighthill (1952) seminal work, Curle (1955); Powell (1959) showed that the acoustic power PSD

scales between the fourth and fifth power of the flow velocity for edge generated noise. During

the 1970s, Williams & Hall (1970), Howe (1978) and Amiet (1976) derived analytical models

from first principles to predict trailing edge noise. Common to all models is the solution of a

boundary value problem (BVP) based on the convected Helmholtz equation with mixed boundary

conditions. All models agree with the aforementioned scaling and yield a dipole-type directivity

pattern. Brooks, Stuart & Marcolini (1989) (BPM) then proposed a simpler empirical model to

calculate airfoil self-noise, including TEN. The BPM model is based on scaling laws for TEN

and empirical fitting using several measurements on NACA0012 airfoils at different operating

parameters (Bertagnolio et al., 2023). The main drawback of the method is its application to

airfoils that differ significantly from the NACA0012 shape (Lee et al., 2021).

Amiet (1976) model uses the Linearized Euler Equations, recast into a canonical wave equation,

to solve a scattering problem and obtain an aeroacoustic transfer function. The aeroacoustic

transfer function relates the noise source, i.e., the wall-pressure fluctuations near the trailing edge,

to the far-field acoustic pressure. Direct measurement of the former is difficult for any rotating

machinery (Neal, 2010). Thus, a key step in predicting propeller trailing edge noise is modeling

the wall-pressure fluctuation spectrum. Later, Roger & Moreau (2005) extended Amiet’s model

to include the effects of back-scattering from the leading edge, which are important at small

non-dimensional frequencies.

Schlinker & Amiet (1981) proposed a strip-theory-based method to use Amiet’s model for

helicopter rotors, which was later successfully applied to low-speed fans (Sanjosé & Moreau,

2018; Rozenberg, Roger & Moreau, 2010), to wind turbines (Tian & Cotté, 2016) and more

recently to large propellers (Lallier-Daniels et al., 2020). The blade strip moves in a local

rectilinear motion, thus neglecting the acceleration effects due to rotation. Additionally, the

1 In the context of trailing edge noise, scattering and diffraction are usually used interchangeably. These
two terms are borrowed from acoustics and often refer to the interaction of an acoustic wave with an
object, where the wavelength of the former is approximately the same size as the latter.
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rotor frequency is much smaller when compared to the turbulence frequency, and the noise is

blade-to-blade uncorrelated. Lastly, the noise from one blade strip can be obtained by a weighted

average over one strip revolution, with the weight factor accounting for the Doppler effect for the

emission frequency.

Besides the edge noise mechanisms, the low-Reynolds number operating conditions may result

in noise emission from the interaction of instabilities in the laminar boundary layer with the

trailing edge. During the laminar-to-turbulent transition, Kelvin-Helmholtz instabilities are

convected towards the trailing edge resulting in the scattering of acoustic waves. The acoustic

waves in turn travel upstream and reinforce the instabilities, thus creating a feedback-loop as

shown in Figure 1.9. Noise due to the acoustic feedback loop can be heard in helicopters during

the slowing down of the rotor after landing (Wright, 1976) and was intensively studied both in

airfoil (Paterson, Vogt, Fink & Munch, 1973b) and low-speed fans (Longhouse, 1977) during

the 1970s.

��� ���

Figure 1.9 (a) Aeroacoustic feedback loop mechanism. Taken from Longhouse
(1977), and (b) far-field noise spectrum on a NACA0012 at low-Re number.

Taken from Yakhina et al. (2020)
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1.2.3 Propeller noise control

Tonal noise control can be achieved through geometry modifications, such as chord and pitch

distributions, which may influence thickness and loading noise, respectively (Li Volsi et al.,

2024). Additionally, with synchrophasing, the relative phase angle of the propellers can be

manipulated to create destructive interference in the far-field at specific frequency (Patterson

et al., 2020; Pagliaroli, Candeloro, Duchetto, Rossignol & Yin, 2025). In large propellers, the

most used noise control method stems from the avoidance of critical Mach numbers at the blade

tip, resulting in high blade sweeps.

For broadband noise control, active and passive techniques are employed to control edge noise.

The former requires an external mechanism to act on the airfoil, whereas in the latter, the edge

geometry or the airfoil itself is modified. Active noise control includes the suction or blowing of

the boundary layer or plasma actuation. Boundary layer suction upstream from the trailing edge

has two main effects, as noted by Szőke, Fiscaletti & Azarpeyvand (2020): first, the boundary

layer height is reduced, and second, the energy content is reduced mainly in the logarithmic

layer. These two effects result in lower wall-pressure fluctuations, which in turn yield lower

trailing-edge noise. While effective, active noise control methods are invasive, costly, and their

implementation in a rotating environment is complicated.

Alternatively, passive edge treatments can be used to mitigate the acoustic scattering. Designers

have drawn inspiration from the stealth capabilities of certain owl species. Owls rely on several

evolutionary adaptations to succeed in the challenging task of hunting in quiet and dark forests.

Among these adaptations are a disproportionate eyes-to-face ratio, bi-aural hearing, an almost

freely rotating head, and, notably, serrated feathers. According to Lilley (1998), this last

adaptation was first noted by Graham (1934), who suggested three main structures that helped

Owls to capture prey while being unnoticed or giving them too short a time to escape. The first

one are leading-edge comb-like serrations, the second one, trailing-edge comb-like serrations,

and lastly very soft upper and lower wing surfaces. These structures are shown in Figure 1.10 (a).

Figure 1.10 (b) shows the scaled spectra of in-flight measurements of three birds of prey, the
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barn owl, the Harris’s hawk, and the Common kestrel performed by Sarradj, Fritzsche & Geyer

(2011). The barn owl’s noise signature is remarkably lower in the 1.6 to 6.3 kHz frequency

range, noting that the acoustic array could not resolve the signal past the latter frequency. In

an extensive experimental investigation by Kroeger & Helvey (1971), some noise suppression

mechanisms were suggested that could explain the morphology of the Owls’ wings. Among

them, vortex sheet generators guaranteed attached laminar flow on the outboard part of the wing,

reduced velocity gradients at the trailing edge, and a shift towards lower frequencies compared

to solid surfaces.

����
�

����

Figure 1.10 (a)Barn’s owl wing morphology and (b) noise
spectrum from three birds of prey.

Taken from Jaworski & Peake (2020)

As pointed out by Jaworski & Peake (2020), the mechanisms behind the owl’s silent flight are

still an intensive field of research and understanding of the basic physics involved are desired

in order to be adapted to aerospace applications. Despite the lack of understanding into the

essential mechanisms, serrations have already shown to be an effective noise control method.

Oerlemans, Fisher, Maeder & Kögler (2009) installed serrations in a full-scale, 94 m diameter

wind turbine. Noise reductions of 2-3 dB were achieved at low frequencies, accompanied by a

slight increase in noise at higher frequencies. Gruber, Joseph & Chong (2010) investigated the
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effect of serration wavelength, _, and amplitude, 2�, on far-field noise using a NACA65(12)-10

airfoil as shown in Figure 1.11 (a). The experimental campaign demonstrated that serrations

can be utilized for airfoil TEN mitigation at non-dimensional frequencies, given by lX�*2 � 1,

Figure 1.11 (b), where X is the boundary layer thickness and*2 is the convection velocity of eddies

within the boundary layer. Noise increase was found for non-dimensional frequencies above 1, as

shown in Figure 1.11 (c). Narrower serrations characterized by a smaller serration wavelength, _,

showed better noise reduction performance. Later, Chong, Vathylakis, Joseph & Gruber (2013)

investigated the effect of non-flat serrations at a moderate Reynolds number on a NACA0012

airfoil. They found that the serrations were able to suppress airfoil tonal noise on the one hand,

and were responsible for vortex-shedding noise due to the thickness at the serration root on the

other hand.

���

��� ���

Figure 1.11 Comparison of baseline airfoil with serrated ones.(a) Airfoil with trailing
edge serrations, (b) noise spectrum from 300 to 7000 Hz, and (c) noise spectrum from

7000 to 20000 Hz.
Taken from Gruber (2012)
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Arce León, Ragni, Pröbsting, Scarano & Madsen (2016) performed far-field acoustics and

particle image velocimetry (PIV) measurements of the flow through serrations added to a

NACA0018 airfoil at a Reynolds number of 2�6 � 105. The effect of the serration angle with

respect to the trailing edge, as in a flap, was investigated. Noise reductions of up to 6 dB were

measured between 1-5 kHz for aligned serrations, whereas noise reduction was followed by noise

increase for the misaligned ones. In the same configuration, Avallone, Pröbsting & Ragni (2016)

used PIV to characterize the flow over the serrations and the near wake. The results showed that

upstream of the trailing edge, the flow is mildly affected by the serrations. Downstream, the flow

pattern is complex and characterized by a pair of counter-rotating streamwise-oriented vortical

structures.

Direct Numerical Simulations (Sanjose et al., 2014; Jones & Sandberg, 2012; Moreau et al.,

2019) have shown that the far-field noise reduction achieved by serrations is caused by the

scattering process, i.e., tip-root interference rather than a change in the turbulence statistics.

This minimal change in turbulence statistics between straight and serrated edges can be exploited

by modeling the wall-pressure spectrum only once and using analytical models to account for

the scattering differences between straight and serrated edges

While several studies focused on airfoil TEN control with serrations, only a handful of

investigations looked at small propeller TEN reduction. For example, Ning, Wlezien & Hu

(2017) measured the noise reductions from a small propeller with sawtooth serrations of different

amplitudes with one microphone located on the rotation axis, upstream from the propeller. They

concluded that sharper serrations are better at reducing TEN. Additionally, the study found no

difference in thrust between straight and serrated edges at hover. Similarly, Pang, Cambray,

Rezgui, Azarpeyvand & Showkat Ali (2018) investigated the far-field acoustics of small serrated

propellers using a directivity antenna that covered the upstream direction. The results showed

that serrations can reduce broadband noise, particularly for low rotational velocities. Lee et al.

(2019) experimented with serrations with a flat tip (chopped peak) and with rectangular patterns

in a small anechoic chamber. In the former case, noise reduction was achieved at most RPM

and observer positions, whereas in the latter, noise reduction was observed only at one RPM.
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Yang, Wang, Liu, Hu & Li (2020) investigated different ways to add serrations to a propeller

blade. They studied the influence of adding versus cutting the serrations on the blade. They also

varied the portion of the blade span that is serrated. Looking at forward flight, they found that

add-on serrations increased thrust compared to the baseline configuration at the same rotational

speed (RPM). The opposite behavior was found for cut-in serrations. Both serrated designs

showed reduced power consumption. The noise reductions measured for blades with full-span or

half-span serrations were similar. Wei et al. (2021) compared the performance of conventional

sawtooth serrations with rounded ones in a narrow RPM range (2000-3000). They concluded that

both methods are effective and noted an increase in thrust generated, attributing the performance

improvement to the added area of the baseline propeller. More recently, Candeloro, Nargi,

Grande, Ragni & Pagliaroli (2021) tested rotors with sawtooth serrations of different amplitudes

and wavelengths in hover and forward flight. They showed that the serrations seem to be more

effective during forward flight and that the reductions are greater closer to the rotor plane.

Moreover, a reduction in thrust compared to the baseline was observed. Lastly, Wei et al. (2024)

combined a cicada’s wing shape with serrations, resulting in better noise and aerodynamic

performance. Their design, along with other serrated propellers, is shown in Figure 1.12

Given the vast creative space that serrations provide to propeller designers, a physical model

capable of capturing the essential mechanism of noise attenuation is desired during early

design phases. Howe (1991) pioneered the analytical modeling of serrated trailing edges. The

methodology follows the use of Green’s functions. The far-field leading order approximation, as

explained by Lee et al. (2021), states that for a serrated edge with height-to-wavelength ratio

��_ � 1 the spectrum is given by 	0�¹2c��_º, where 	0 is the straight-edge spectrum, resulting

in less noise than the corresponding straight edge. Gruber (2012) experiments tested Howe’s

model concluding that it overpredicted the noise reductions by over 10 dB at certain frequencies.

Later, Lyu et al. (2016) leveraged Amiet’s solution for the straight-edge problem, and assumed

the solution as a Fourier expansion, yielding a system of coupled PDEs. The coupled system of

PDEs must be solved iteratively, and approximation of different orders can be obtained, with the

second-order solution giving reasonable convergence (Lyu et al., 2016; Akila, Marinus & Larbi,
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Figure 1.12 Bio-inspired propeller designs (a) Cicada wing shape with
chordwise 3D serrations.

Taken from Wei et al. (2024),
(b) rectangular and flat tip serrations.

Taken from Lee et al. (2019),
and (c) sawtooth and rounded serrations.

Taken from Wei et al. (2021)

2018). While accurate, Lyu’s model evaluation is computationally intensive. To circumvent

the long computational time, Ayton (2018) employed the Wiener-Hopf method2 to derive a

closed-form solution to the serrated edge problem. Ayton application of the Wiener-Hopf

method, resulted in an eigenfunction expansion for the spanwise direction (serrated edge) in

transformed Fourier-space, where the expansion coefficients are determined by the serration

shape. Ayton then applied the method of steepest descent (or stationary phase) to approximate

the inverse Fourier Transform. This latter approximation implies that the model is strictly 2D

and valid only in the geometrical far-field, i.e., when the observer distance to the trailing edge is

much larger than the acoustic wavelength. Lastly, Ayton’s original model required a double-sum

and integral over infinite spanwise wavenumbers.

2 The Wiener-Hopf method is a mathematical technique that exploits the properties of Fourier-transformed
complex-analytical functions to find solutions to PDEs with mixed boundary conditions.
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Lyu & Ayton (2020) noted that the integral and the sums, could be reduced to a single sum

for the case of sharp serrations, thus yielding faster computations. Nevertheless, the model

remained 2D, and its radiation cylindrical rather than spherical, rendering its application to

rotating blades questionable. To circumvent this, Li & Lee (2022) heuristically modified the

rapid model to match finite span and spherical radiation conditions. More recently, Lyu (2023)

found a complete 3D analytical solution to Ayton’s model without using the steepest descent

approximation. Lyu noted that the assumptions used in the Wiener-Hopf factorization may limit

the method’s validity to high frequencies.

1.3 Critical review of the literature

Given the low tip Mach number at which quadcopters operate, propeller trailing-edge noise has

been recognized as a dominant noise source, and it is particularly significant due to the human

ear’s frequency response. Amiet (1976) model has been validated in numerous applications

and can therefore be used to calculate the far-field acoustic pressure for a blade after it has been

discretized into spanwise strips. The key to accurate trailing-edge noise predictions is modeling

the wall-pressure fluctuation spectrum near the trailing edge. Small propellers operate in a regime

where viscous effects play a large role in the aerodynamic and acoustic fields. High-fidelity

simulations require a substantial amount of computational time, and further improvements are

needed to achieve better agreement with experimental data. Amiet’s theory is developed on

the assumption of a fully turbulent boundary layer, which might not be the case for quadcopter

blades; thus, its applicability must be assessed and its limitations established.

Bio-inspired serrations have shown potential for reducing trailing-edge noise. However, the

plethora of possible combinations between serration shape, wavelength, and height demands

a thorough understanding of the basic scattering mechanism behind the noise reduction.

Additionally, propeller designers need a fast method to account for potential noise reductions

in the early design stages. Although significant progress has been made in serration acoustic

models, their implementation and validation for low-Reynolds-number propellers is scarce. A

fast serration model, such as Li & Lee (2022) extension of Ayton’s model, is desirable from
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a design perspective. Nevertheless, the heuristic assumptions made for its extension must be

assessed, and its applicability for small scale propellers defined.

While Ayton’s original model provides a fast way to evaluate the far-field acoustics, the near-field

effects, such as the surface pressure distribution on the serration, are not available. Starting from

the original model by Ayton (2018), a first step towards a 3D model is proposed by solving the

square wave which presents less mathematical complexities compared to the sawtooth.

Accurate wall-pressure spectrum modeling is an essential input to the acoustic models. As noted

by Moreau et al. (2019) the fact that most of the far-field noise reduction comes from the acoustic

interference between the tip and root of the serrations, low-cost RANS simulations can be used

to generate the input data required by wall-pressure spectrum models (Sanjosé & Moreau, 2018)

by considering simulations with only straight edges. As a first building block in the methodology,

the next Chapter presents the mathematical formulation for straight and serrated edge acoustic

models.





CHAPTER 2

TRAILING EDGE NOISE MODELING FOR STRAIGHT AND SERRATED EDGES

“The scientist describes what is; the engineer creates what never was and in the middle, we try

to understand turbulence.”

— Anonymous, inspired by Theodore von Kármán

Lighthill (1952) seminal work demonstrated that turbulence emits sound by converting a minute

fraction of turbulence kinetic energy into acoustic waves. For example, a jet discharging into a

stationary fluid produces noise despite the absence of any solid boundary. Lighthill proposed

the concept of an acoustic analogy to address such scenarios where free turbulence radiates

sound. Lighthill rearranged the Navier-Stokes equations to obtain an inhomogeneous wave

equation where a finite volume of turbulent fluid contains the noise sources. In the case of free

turbulence, the sound can be modeled as an equivalent distribution of static quadrupole sources

in an otherwise undisturbed medium. Using the derived equations and scaling arguments,

Lighthill demonstrated that the acoustic intensity scales with the eight power of the flow velocity,

concluding that turbulence itself is an inefficient sound radiator at low Mach numbers. Following

Lighthill’s work, Curle (1955) demonstrated that the presence of solid surfaces increases the

effective radiation of sound, since the equivalent noise sources can be modeled as dipoles.

Perhaps the most widely studied flow-surface interaction is that of a Turbulent Boundary Layer

(TBL), as noted by Blake (2017). This stems from fundamental turbulence research on one hand,

and from practical engineering purposes on the other. Any vehicle, ranging from submarines to

space launch vehicles, will develop a turbulent boundary layer on its surface. Aerodynamically

generated noise results from the interaction of the pressure fluctuations within the boundary layer

with edges, such as the wings of an airplane or the side mirrors of an automobile. At sufficiently

high Mach numbers, the turbulence itself becomes a significant sound radiator. The pressure
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fluctuations also induce vibrations in the vehicle’s panel structure that are transmitted to the

interior. According to Panda, Roozeboom & Ross (2019), the transmitted pressure fluctuations

are responsible for the interior acoustic environment of an automobile, the cabin of an aircraft,

and the payload and crew-compartment of a space vehicle. Equally important, knowledge of

these flow-induced vibrations is required during the design phase to ensure structural integrity

of the vehicles.

Turbulent boundary layers play a role in everyday life as a mechanism that produces certain sounds,

such as the fricative consonant ’s’ when speaking (Howe & McGowan, 2005). Additionally,

TBLs are fundamental to the sound generating mechanism of reed-driven wind instruments, such

as saxophones, clarinets, or oboes (Fabre, Gilbert, Hirschberg & Pelorson, 2012). The airflow

from the player’s mouth induces turbulent flow over the reed walls, which in turn radiate sound

using the instrument as a waveguide. The final sound resulting from the complex vibro-acoustic

coupling of the reed with the instrument. It is noted that in this Thesis all vibro-acoustic effects

are not considered, even though the source of aerodynamic noise and flow-induced vibrations is

the same.

This chapter starts with the introduction of Curle’s analogy, a powerful mathematical tool

in aeroacoustics used in the derivation of trailing edge noise models. This is followed by a

description of the turbulent boundary layer as the trailing edge noise source. Then, Amiet’s

model for straight edges is derived. The subsequent section will derive Ayton’s model for

serrated edges and its various extension and limitations. The chapter concludes with a novel

approach to extend the square wave serration to finite chord using Curle’s analogy.

2.1 Curle’s Acoustic Analogy

Curle (1955) followed Lighthill footsteps to derive scaling laws for trailing edge noise. Here, the

approach in Glegg & Devenport (2024) is used to illustrate the application of the analogy to

obtain a scaling between the acoustic intensity and the flow as the latter interacts with a surface.

Figure 2.1 shows a turbulent boundary layer developing over the surface ( of an airfoil with
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normal vector � � . The noise source location at the trailing edge is given by y and the observer

is at x. Thus, the emission and reception times are � � �� and � � �,respectively. Following

Curle’s analogy, Eq.(2.1), the density fluctuations at the receiver, ���x
 ��, are given by:

Observer  (x)
Received waves at t

Source  (y)
Emitted waves at τ*

Propagation region: Stationary medium

nj
Source region: turbulent flow

�
��

Figure 2.1 Acoustic waves emitted from the trailing edge for reference in Curle’s analogy
Taken from Merino Martinez (2018)
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(2.1)

where � �� � is the normal component of the velocity and represents the mass flux across

the surface. �� � is the unsteady force (loading) exerted on the surface of the airfoil by the

fluid. �� � is Lighthill’s stress tensor that for incompressible and homentropic flow equals to

���� � (Glegg & Devenport, 2024) and 
0 is time-domain free-field Green’s function given by:
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4c jx � yj � (2.2)

The sources are integrated for a finite period of time 2) resulting in:
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In the above solution, the source terms are evaluated at the source or retarded times. The

surfaces are stationary so y is independent of g. This formulation implies that source fluctuations

occurring at the same time g will contribute to the observer signal at x at different reception

times. Note that if the source regions is sufficiently small, the retarded times can be ignored (i.e.,

the time delay at the observer is close to zero) and the integrals can be evaluated at a fixed time.

Since the goal is to obtain a proportionality between the noise and the flow over the surface,

some simplifications can be made. The monopole term equals to zero in this case as the surface

is considered impermeable and thus E 9 = 0. Moreover, the quadrupole term scaling is known

from Lighthill’s eight power law. Thus, the derivation focuses on the dipole term related to the

surface loading:

d0¹x� Cº22
0

���
dipole

= � m
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�
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the space derivative is evaluated with the chain rule:
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���
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� (2.5)

Since g� = C � jx�yj
20

, it follows that:
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Therefore, an alternate form of the dipole term is:
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Since the surface is impermeable, then dE8E 9= 9 = 0, and the only significant term is the loading

term ?8 9 . For most scenarios, it is the far-field what is of interest, so the second term in the

square brackets becomes less important as the observer moves away from the source region,

jx � yj ¡¡ _02. Therefore, the far-field approximation for a rigid stationary surface simplifies to:

d0¹x� Cº22
0

���
dipole

� G8

4c jxj220

¹
(

�
m ¹?8 9= 9 º

mg

�
g=g�

3(¹yº� (2.8)

Furthermore, assuming that the surface is acoustically compact such that the chord is much

smaller than the acoustic wavelength, 2 �� _02, retarded time effects can be neglected:

d0¹x� Cº22
0

���
dipole

� G8

4c jxj220
� 3�8
3g

���
g=g�

� (2.9)

with

�8 ¹gº =
¹
(

?8 9= 9 3(¹yº� (2.10)

If the surface applies a net force �8 to the fluid, the sound radiation has the characteristics of a

compact dipole oriented in the direction of the force. The force typically scales as �8 / d0*
2(,

and the time derivative as 3�8
3g

/ d0*
3(�!. Thus, the far-field acoustic intensity � is given by:
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� =
?02

d020
=

¹d022
0º

2

d020
� (2.11)

and scales as:

� / d0*
6(2 sin2 \

¹4c jxjº223
0!

2
� (2.12)

where \ is the observer angle relative to the free-stream direction when the lift force is considered

as shown in Figure 2.2.

The scaling results show two important characteristics of dipole-type sources: first, that far-field

acoustic intensity from a compact dipole source scales with the sixth power of the mean flow

velocity, and second, that noise levels are higher with higher elevation angles from the trailing

edge. Notice that the above analysis uses a compact assumption. In the case that the source

characteristic length, in this case the chord, is on the same order of magnitude as the acoustic

wavelength, one obtains a non-compact source and thus an acoustic intensity scaling with the

fifth power of the flow velocity, as demonstrated by Williams & Hall (1970). The directivity is

equally affected due to the source non-compactness, and transitions from a dipole to a cardioid

shape as schematically shown in Figure 2.2.

2.1.1 Moving surfaces and the Ffwocs-Williams and Hawkings analogy

Curle’s analogy is valid for stationary surfaces in a uniform flow; if the surfaces positions are

changing with time, as is the case with a propeller blade, a generalization of the analogy is

required. Ffowcs Williams, Hawkings & Lighthill (1969) extended Curle’s results by exploiting

the concept of generalized derivatives to include the effect of surfaces in arbitrary motion. In

the Ffwocs-Williams and Hawkings (FW-H) analogy, the volume and surface integrals must

be evaluated over moving surfaces, which adds a new layer of complexity, as the sources are
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Figure 2.2 Directivity radiation and flow velocity dependency for
compact and non-compact trailing edge noise sources

Taken from Merino Martinez (2018)

moving relative to the observer, so both y and the propagation distance between the source and

the observer will change with emission time.

According to Glegg & Devenport (2024), in the FW-H analogy for a propeller, there are three

terms of importance for the far-field noise. The first is the quadrupole term, whose strength

depends on )8 9 , and corresponds to the sound radiated by both turbulence and flow distortions,

such as shock waves associated with the blades. The second is the dipole source term, controlled

by the surface loading ?8 9 . Finally, there is an additional term in the monopole source that

depends only on the blade surface velocity and the density at the observer. This is a volume

displacement source and is only nonzero if the observer ’sees’ a time-varying surface velocity at

emission time. This source is zero for an object in linear motion traveling toward the observer,

but it is nonzero for a rotating blade that continuously changes direction relative to the observer.

For typical low-tip-Mach-number drone propellers, the quadrupole term is not significant. As

discussed in Chapter 4, when considering broadband noise sources, such as TEN, the effects of

rotation (source acceleration) as captured in the FW-H can usually be neglected, particularly for
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low-Mach-number applications. Thus, Curle’s analogy can be used to model trailing-edge noise,

provided that statistics of the turbulent flow field beneath the boundary layer are available.

Curle’s Analogy————————————————Summary
• Curle’s analogy allows relating unsteady forces over a surface to the far-field acoustic

pressure. This noise source is usually called a dipole source.

• The acoustic intensity of compact and non-compact dipole noise sources scales with the

sixth and fifth power of the velocity, respectively.

2.2 Turbulent boundary layer Wavenumber-Frequency spectrum

In Curle’s analogy, the dipole contribution is associated with steady or unsteady forces on a

surface, e.g., a propeller blade. The unsteady forces are a result of the interaction of the surface

with unsteady flow. The latter can be generated by bodies in front of the propeller, a common

example being the hull of a ship in maritime applications or the intake of a turboprop engine

in aeronautical applications. The unsteady flow may also be self-generated, as in a Turbulent

Boundary Layer (TBL) over an airfoil surface.

The flow field beneath a TBL is characterized by partially correlated spatio-temporal scales in a

continuous energy exchange, extracting energy from the free-stream and ultimately dissipating

it by heat at the wall. Fundamental processes in the boundary layer, such as entrainment

and vortical motions of different scales, are illustrated in Figure 2.3 for a spatially evolving

zero-pressure-gradient turbulent boundary layer developing under a five metre-long flat plate

towed through water (Lee et al., 2012). The marks at the bottom of each frame show the

downstream distance from the trip, which is close to the plate leading edge. The division

between the vortical flow inside the boundary layer and the irrotational flow in the free-stream is

not well-defined, and it is made irregular by large-scale eddies. As noted by Lee et al. (2012), in

the more traditional laboratory frame of reference, in which fluid passes over a stationary body,

it is difficult to observe the whole evolution and lifetime of turbulent coherent structures. An
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equivalent experiment in a wind/water tunnel would require a camera and a laser that move with

the flow, effectively ’chasing’ eddies as they are convected downstream.

� ��� ���

��� ��� ���

��� ��� ���

��� ��� ���

��� ��� ���

Figure 2.3 Evolution of a turbulent boundary layer on a flat plate at
zero-pressure-gradient

Taken from Lee et al. (2012)

The very nature of turbulence dictates that even if an experiment is repeated with seemingly

identical conditions and with exceptional care, the measurements of the velocity, pressure or

any other field variable will be different. Moreover, and as noted by Smol’yakov & Tkachenko

(1983), the turbulent fluctuations cannot be predicted for any point within the flow or for any

instant of time. In other words, the only approach to study turbulence at the present time is

through statistical methods.
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Consider turbulent flow over a wall such that G1 is in the flow direction, G2 normal to the wall,

and G3 is in the spanwise direction. Furthermore, with the common assumption that the field is

homogeneous in space and statistically-stationary in time (Bull, 1996), it is possible to define

space-time correlations as a function of the stream and spanwise separation of two points in the

wall separated by a distance, ¹b1� 0� b3º and at two times separated by g

'?? ¹b1� b3� gº = h?¹G1� G3� Cº?¹G1 ¸ b1� G3 ¸ b3� C ¸ gºi � (2.13)

where ?¹G1� G3� Cº is the fluctuating wall-pressure at the surface point (G1,G3) at time t, and the

brackets < > represent the ensemble averaging. Taking the space and time Fourier transform

of the correlation function yields the wavenumber-frequency spectrum of the wall-pressure

fluctuations.

�¹:1� :3� lº =
1

¹2cº3

¹ 1

�1

¹ 1

�1

¹ 1

�1
'?? ¹b1� b3� gº4�8¹:1b1¸:3b3¸lgº3b13b33g� (2.14)

With l the angular frequency, and :1 and :3 the streamwise and spanwise wavenumbers,

respectively. The Wavenumber-Frequency (WF) spectrum, �¹:1� :3� lº, contains a vast amount

of information. Three, two, and one-dimensional representations of the WF spectrum are

illustrated in Figure 2.4 (Zhao et al., 2024). In the 3D representation, the spectrum consists

of the aerodynamic and the acoustic components, with associated high and low wavenumbers,

respectively. The peak at ¹:2� 0º is the convective ridge, and it is the main characteristic of the

aerodynamic component. For example, the large eddies in Figure 2.3 are responsible for this part

of the spectrum. Taking a slice at a constant l yields the wavenumber map, where once again

the convective ridge is the dominant feature. The ridge alongside the subconvective region is, for

example, the main contributor to cabin noise in aircraft and high-speed trains (Zhao et al., 2024).

Lastly, the viscous region is characterized by large wavenumbers where energy is dissipated as

heat. Small eddies close to the wall in Figure 2.3 contribute to this part of the spectrum. The

same regions are highlighted in the 1D (constant :3) representation.
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Figure 2.4 Representations of a TBL wavenumber-frequency spectrum: (a) 3D
representation, (b) 2D representation(constant l) and (c) 1D

representation(constant :3)
Taken from Zhao et al. (2024)

Despite almost a century of research, the theoretical progress on the TBL spectrum has exclusively

focused on the infinitely long and infinitesimally thin flat plate, as any deviation from this

idealized geometry introduces excessive complexity. For example, for the flow over an airfoil,

the curvature induces a streamwise pressure gradient. If the curvature favors flow acceleration, a

Favorable Pressure Gradient (FPG) results. In contrast, if the curvature causes the flow to slow

down the pressure gradient is Adverse (APG). Given the vast number of airfoils available, it is

not feasible to obtain a one-fits-all model including the effect of the pressure gradient on the
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WF spectrum. Moreover, in a laboratory setting, it is only possible to have a finite number of

pressure sensors on the surface and thus the wavenumber-frequency spectrum is only estimated.

2.2.1 Wall-pressure fluctuations spectrum

According to Bull (1996) comprehensive measurement of the space-time correlation function or

the wavenumber-frequency spectrum are difficult to make and for engineering applications some

research has focused on the measurement of intermediate quantities. Among them, the single

point spectrum q?? ¹lº has been extensively used for trailing edge noise calculations (Lee et al.

(2021)). In an experimental setting, the single-point spectrum is measured by flush-mounted

sensors on a wall or on the surface of an airfoil. The single point spectrum is related to the

space-time correlation and the wavenumber-frequency via:

q?? ¹lº =
1

2c

¹ 1

�1
'?? ¹0� 0� gº4�8lg3g =

¹ 1

�1

¹ 1

�1
�¹:1� :3� lº3:13:3� (2.15)

Note that the mean pressure fluctuations, ?02 can be obtained from the integration of the

single-point wall-pressure spectrum across the frequency range:

?02 =

¹ 1

�1
q?? ¹lº3l� (2.16)

According to Glegg & Devenport (2024) the root-mean-square pressure fluctuations in an

equilibrium turbulent boundary layer are in the order of 1% of the free stream dynamic pressure

1�2d1*2
1 and approximately three times the wall-shear stress.

Analytical progress to relate the complete wavenumber-frequency spectrum to the single-point

wall-pressure spectrum can be made using Corcos (1964) model with the caveat that it was

proposed to fit measured data on a flat plate at zero pressure gradient (Roger & Moreau (2005)).

Assuming that the turbulence is frozen and that the turbulent field convects at velocity *2 allows

to express the statistically homogeneous wall-pressure field using separation of variables as:
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q?? ¹lº

4c2

¹ 1

�1
B
�
l
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jb3 j
�
48:3b3 3b3

¹ 1

�1
A

�
l

*2

jb1 j
�
48¹:1�l�*2ºb1 3b1� (2.17)

where A and B are decreasing functions of the separation distances b1 and b3 characterizing

the streamwise and spanwise coherence lengths, respectively. In the original Corcos (1964)

model they are exponential functions decreasing with increasing frequency and separation. This

hypothesis has been put into question as the factorization leads to erroneous values of the model

oblique wavenumber statistics. In other words, spanwise and streamwise separations cannot be

considered as independent variables. A more general definition for the functions A and B is:

A ¹b1� lº =
'?? ¹b1� 0� lº

q?? ¹lº
� B ¹b3� lº =

'?? ¹0� b3� lº
q?? ¹lº

(2.18)

For straight edges, it is established that the chordwise statistics have no effect on trailing-edge

noise (Roger & Moreau (2005)). However, the spanwise statistics are of major importance as

they are distributed all over the span. A commonly used parameter characterizing the pressure

field is the coherence between two points on the airfoil surface:

W2¹b1� b3� lº =
j'?? ¹b1� b3� lº j2

q?? ¹lº2 � (2.19)

The coherence is thus the squared streamwise or spanwise functions A, B when the separation b1

or b3 is set to zero. Integration of the coherence function yields the spanwise correlation length:

;I ¹:3� lº =
¹ 1

0

q
W2¹b3� lº cos¹:3b3º3b3� (2.20)

In the special case of Corcos’ model the spanwise correlation length simplifies to:

B ¹b3� lº = 4�l jb3 j�¹12*2º � ;I ¹lº =
12*2

l
� ;I ¹:3� lº =

l�¹12*2º
:2

3 ¸ »l�¹12*2º¼2
� (2.21)
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Further developments to obtain a relationship between the WF spectrum and the single-point

wall-pressure spectrum are made in the derivation of the trailing edge noise model in the next

section.

Following Bull (1996), the single point spectrum can broadly be divided into four regions and no

universal scaling exist for the complete spectrum. In other words, each one of the four regions

must be scaled by different flow variables to collapse results from different measurements.

The regions are shown in Figure 2.5. For the lowest frequencies, the spectrum evolves with

the square of the frequency and the corresponding time and pressure scales are, X��*1 and

1�2d*2
1 respectively. At mid-frequencies the spectrum peaks and mixed scales can be used. The

universal range is an overlap region between mid and high frequency regions. The size of these

regions grows with Reynolds number as noted by Goody (2004). No agreement in the evolution

of the spectrum has been reached in this region, with some theoretical results giving an l�1

dependency (Bull, 1996; Blake, 2017) whereas Goody (2004) suggest evolution between l�0�7

and l�0�8. The highest frequency range is characterized by an l�5 dependency and scaling by

internal boundary layer variables, gF and a�D2
g for the pressure and time respectively. Where gF

is the wall shear stress, a is the kinematic viscosity and Dg =
p
gF�d is the friction velocity.

2.2.2 Wall-pressure fluctuations spectrum modeling

Based on the gathered experimental data on turbulent boundary layers in flat plates, some empirical

wall-pressure models have been proposed. For example, Amiet (1976) used Willmarth & Roos

(1965) data to propose an empirical model to be used alongside his trailing edge noise model.

According to Lee (2018), Howe (1998) proposed a new model using theoretical derivations

made by Chase (1980). The resulting model was able to predict the l2 and l�1 portions of

the spectrum, but failed in the others. More recently, Goody (2004) included the effects of

Reynolds number, his model thus decaying with l�5 at high frequencies. All earlier models,

including Goody’s one, were based on zero-pressure-gradient turbulent boundary layers and

often disagreed by more than 10dB when used in airfoils. Rozenberg, Robert & Moreau (2012)

was the first to include the effect of adverse pressure gradient(APG) by fitting experimental data.
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Figure 2.5 Frequency regions and characteristic slopes of the
single-point wall-pressure fluctuations spectrum

Taken from Hwang et al. (2009)

Rozenberg’s model is accurate for mild to moderate APGs but disagrees with zero pressure

gradients. Later, Hu & Herr (2016) proposed a different scaling parameter to improve the

agreement with experimental data from highly loaded airfoils. Building upon the aforementioned

models, Lee (2018) proposed a universal wall pressure spectrum that could generalize the

behavior at zero, adverse and favorable pressure gradients.

According to Catlett, Anderson, Forest & Stewart (2016), these models have proved valid only

within specific ranges of the pressure gradient. Although rooted in the physics of the boundary

layer, their derivation remains somewhat ad hoc and usually requires the data-driven calibration

of several coefficients. More recently, and leveraging on one hand the increase in available data

from wind tunnel and high-fidelity simulations (LES or DNS) and on the other the advances

in Machine Learning, some authors have proposed data-driven/ models. Dominique, Van den

Berghe, Schram & Mendez (2022) proposed a new empirical model based on Artificial Neural

Networks (ANN) as an alternative to the semi-empirical models failure to predict wall-pressure
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spectra for boundary layers under strong adverse pressure gradients. The neural network-base

model provided a significant improvement over the semi-empirical models, with predictions

within � 1 dB/Hz for different flow cases. However, the model tends to feature a steeper

decay at high frequencies due to the limited training data. Similarly, Fritsch et al. (2023) used

Gene Expression Programming (GEP) with RANS and experimental data to obtain a model for

the wall-pressure spectra. The results showed that the GEP models improve the accuracy of

prediction considerably at all the different pressure gradient conditions as compared to the Hu

model.

The models discussed so far are for attached boundary layers. In the case of separated boundary

layers the wall-shear stress becomes zero, thus yielding a discontinuity if these models are used.

Pargal, Yuan & Moreau (2024) demonstrated such limitations and proposed a new scaling for

non-equilibrium boundary layers spectra. In addition, their model uses the mean velocity profile

to input information on the local state of the boundary layer. Lastly, Arroyo Ramo, Moreau,

Sandberg, Bauerheim & Jacob (2025) used ANN with a large database for a cambered, industrial

Controlled Diffusion (CD) airfoil that includes transitional effects via LSB. The resulting model

prediction outperforms the existing empirical models and is able of not only capture the general

shape of the spectrum but also predicts tonal peaks. The historical evolution of the wall-pressure

spectrum semi-empirical modeling is summarized in Figure 2.6

For the intended application of small-scale propellers in hover with no inflow distortion where

attached boundary layers under moderated APG are expected, Lee (2018) universal model can

be used given its proven accuracy (Lee et al., 2021). The spectrum is given by:

�?? ¹lº(( =
0¹l�(º1

»8¹l�(º2 ¸ 3¼4 ¸ »¹ 5 '6

)
º ¹l�(º¼�

� (2.22)

Where ') is the ratio of timescales between the outer and inner boundary layer sides given

by ¹X�*4º�¹a�Dgº that characterized the Reynolds number effect. Other models may use the

boundary layer displacement thickness X� instead of the boundary layer thickness X. Additionally,

*4 is the boundary layer’s edge velocity, a is the kinematic viscosity and Dg =
p

2gF�d is the
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friction velocity with gF being the wall shear stress. SS and FS represent the spectrum scale

factor and the frequency scale factor respectively.

As explained by Lee et al. (2021) the parameters 0 � 8 are model-dependent and define the

spectrum’s shape. Parameter 0 controls the spectrum’s shape. Variables, 1� 2� 4� and � determine

the slope of the spectrum at different frequencies. With 1 controlling the low frequency slope,

1� 2 and 4 defining the roll-off rate at middle frequencies and with 1 and � determining the

high frequency slope. Lastly, parameter 3 influences the position of the low frequency maxima.

Tables 2.1 to 2.3 show the values of parameters 0 � 8 for Goody’s, Rozenberg’s and Lee’s models.

Table 2.1 Parameters a-c for empirical
wall-pressure spectrum models

Model a b c
Goody 3 2 0.75
Rozenberg [2.82�2¹6�13��0�75 ¸ 3º4][4.2(���)+1] 2 0.75
Lee max(0'>I,(0.25V2-0.52)0'>I) 2 0.75

Table 2.2 Parameters d-g for empirical wall-pressure spectrum models

Model d e f g
Goody 0.5 3.7 1.1 -0.57
Rozenberg 4.76(1.4/�º0�75 »0�3754 � 1¼ 3.7+1.5V2 8.8 -0.57
Lee max(1,1.253'>I)(V2 � 0�5) or 3'>I(V2 �0.5) 3.7+1.5V2 8.8 -0.57

Table 2.3 Parameter i and spectrum (SS) and frequency scaling(FS)
factors for empirical wall-pressure spectrum models

Model h i SS FS
Goody 7 1 *4�g2

FX X�*4

Rozenberg min(3,19/
p
') )+4 4.76 *4�g2

<0GX
� X��*4

Lee min(3,(0.139+3.1043V2))+7 4.76 *4�g2
FX

� X��*4

To illustrate the capabilities of the different models, the wall-pressure fluctuations spectra

measured close to the trailing edge of an industrial controlled-diffusion airfoil at an angle of

attack of 8� and Re2 = 105 are compared with Goody’s, Rozenberg’s and Lee’s models. All the

models inputs come from a RANS simulation where the effect of the wind tunnel jet deflection



56

on the airfoil loading was accounted for by modeling the tunnel nozzle (Moreau & Roger, 2005).

The k-l SST model was used for closure of the RANS equations, and the extracted values

used to model the wall-pressure spectrum are shown in Table 2.4. As shown in Figure 2.7 the

three models predict the correct general shape of the spectrum, Goody’s model significantly

underpredicts the levels at all frequencies. This is expected as a cambered airfoil at non-zero

incidence experiences adverse pressure gradient. It is noted that under this flow conditions,

Rozenberg’s and Lee’s model have identical results.

Table 2.4 Values extracted from RANS simulations
to model the wall-pressure spectrum

Variable Symbol Value Units
Boundary layer thickness X 6.52E-03 m
Boundary layer Edge Velocity *4 1.68E+01 m/s
Boundary layer Disp thickness X� 2.30E-03 m
Momentum thickness \ 9.45E-04 m
Wall Shear Stress gF 3.40E-01 Pa
Air Density d0 1.23E+00 kg/m3

Air Kinematic Viscosity a 1.48E-05 m^2/s
Ratio of timescales ') 7.28E+00 -
Pressure Gradient dP/dx 2.66E+03 Pa/m

Wall-pressure fluctuations spectrum————————————Summary
• The complete WF spectrum contains a vast amount of information that is seldom required

for engineering purposes.

• The wall pressure fluctuations spectrum, q??, and the spanwise correlation length, ;I ¹lº

can be used to approximate the WF for source modeling.

• Lee’s model will be used as it is the most tested and verified model for airfoils under

loading, i.e., subjected to adverse pressure gradient.
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Willmarth–Roos–Amiet

Willmarth & Roos (1965); Amiet (1976)

Φpp(ω)

ρ20 δ
∗U3

e

= 2× 10−5 F (ω̃), F (ω̃) =
(
1 + ω̃ + 0.217ω̃2 + 0.00562ω̃4)−1

,

with ω̃ = ωδ∗/Ue.

Chase–Howe
Chase (1980, 1987); Howe (1990)

Φpp(ω)Ue

τ2
w δ∗

=
2 ω̃2

(
ω̃2 + 0.0144

)3/2 , ω̃ = ωδ∗/Ue.

ZPG-Goody
Goody (2004)

Φpp(ω)Ue

τ2
w δ

=
C2 (ωδ/Ue)

2

[
(ωδ/Ue)0.75 + C1

]3.7
+

[
C3(ωδ/Ue)

]7 ,

where C1 = 0.5, C2 = 3, C3 = 1.1R−0.57
T .

APG-Rozenberg
Rozenberg, Robert & Moreau (2012)

Φpp(ω)Ue

τ2
w,max δ∗

=
c1 ω̃

2

[
4.76 ω̃0.75 + c2

]c 3 +
[
8.8R−0.57

T ω̃
]c 4 , ω̃ = ωδ∗/Ue,

where ci depend on pressure-gradient parameters.

Lee’s Universal model
Lee (2018)

Φpp(ω)SS =
a(ωFS)b

[i(ωFS)c + d]e + [(fRg
T )(ωFS)]h

where SS and FS are the spectrum and frequency scaling, re-
spectively. Constants: b,c,e,f, and i are the same as Rozenberg’s

GEP Machine Learning-based
Fritsch et. al (2023)

φpp(ω) =
f1 + f2(ω)

f3(ω) + f4(ω)

f1 = −δ(CpG+ Cp −G+ 0.793) f2(ω) = −δ(Cp − 1.067)(Cp − 0.48) ω̄1.516

f3(ω) = (−0.163G+H) ω̄−0.976 f4(ω) = R0.26571
T (2.977Cp + 5.929G) ω̄0.827

G = (1− 1/H)/(uτ/Ue)

Figure 2.6 Historical evolution of wall-pressure
spectrum models
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Figure 2.7 Comparison of experimental wall-pressure
spectrum with different RANS-informed models at the trailing

edge of a controlled-diffusion airfoil
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2.3 Amiet’s Trailing edge noise model

While several authors have proposed models to predict Trailing Edge Noise (TEN), Amiet (1976)

model has arguably been applied the most in a variety of scenarios ranging from wind turbines

to helicopter rotor noise. This is primarily because of its clear physical interpretation in the

excitation (source), response, and propagation modeling. Amiet used the half-plane diffraction

problem to derive an expression for the scattered pressure on the plane. This pressure acts as an

equivalent dipole source and can then be propagated to the far-field via Curle’s analogy (Sec. 2.1).

Amiet’s TEN model is based on his earlier work for turbulence interaction noise (Amiet, 1975)

and follows the same methodology. The TEN model is derived next.

Common to most analytically tractable aerodynamic problems, Amiet models the airfoil as a flat

plate of zero thickness at zero angle of attack. Following Roger & Moreau (2005), the plate

is mathematically assimilated to a half-plane covering the negative x-direction and thus with

its trailing edge at G = 0 as shown in Figure 2.8. An incident pressure gust, i.e., a plane wave,

characterized by wavenumbers :1 and :3 in the streamwise and spanwise directions, respectively,

is convected at velocity *2. That is, Taylor’s frozen flow hypothesis is assumed valid, and

the pressure fluctuations do not evolve and are convected downstream at uniform speed *2,

usually assumed to be 0.6-0.8 of the free-stream velocity * (Lee et al., 2021). In this thesis, the

free-stream-to-convection ratio is defined as 0 = *�*2. Therefore, the aerodynamic streamwise

wavenumber is defined as :1 = l�*2

The incident pressure gust has magnitude ?8 and is given by:

%8 = ?84
�8¹lC�:1G�:3Iº � (2.23)

Under the assumptions of inviscid, irrotational and compressible flow, the Linearized Euler

Equations can be rearranged into a convected Helmholtz equation:
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 (2.24)

with the acoustic wavenumber, � � •��0 and the Prandtl-Glauert factor, �2 � 1 � �2, where

the free stream Mach number � is assumed less than unity. The 2D problem is solved first for

clarity.

�

�

�

�

�

��

��

	

Figure 2.8 An incident pressure gust convecting towards the
edge of a half-plane that models an airfoil

2.3.1 2D Solution

The 2D canonical Helmholtz equation can be obtained from Eq. (2.24) by introducing the

following transformation:

��	
 �� � ��	
 ��•������2�	 � (2.25)

Yielding:

�2 �
2�

�	2 � �2�

��2 �
�
�

�

�2
� � 0 (2.26)
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By using the half-chord length, 1, the following non-dimensional variables are obtained:

- =
G

1
� . = V

H

1
� ¯̀ =

:1

V2 �  1 = :11� (2.27)

and upon substitution in Eq. (2.26)

m2?

m-2 ¸ m2?

m.2 ¸ ¯̀2? = 0� (2.28)

The domain of the problem is artificially extended to -1 in the x direction in order to obtain

Amiet’s solution. To solve Eq. (2.28) two boundary conditions are required. Since the plate

is assumed to be rigid the no-flow-through condition applies on G � 0. The second boundary

condition follows from the Kutta condition. This condition is applied to allow for viscous effects

to be considered within equations that are inviscid. Physically, this means that the total pressure

at the trailing edge must be zero and for this particular problem it follows that the incident

pressure gust must be canceled at the trailing edge. Crighton (1985) and more recently Ayton,

Gill & Peake (2016) have discussed the importance and validity of the Kutta condition for

modeling gust-edge interaction problems. A consequence of the Kutta conditions is thus that the

total field is the sum of an incident field, ?8, and a scattered field, ?1. This scattered filed can

be found by solving the following Boundary Value Problem (BVP), involving the Helmholtz

equation alongside the no-flow-through and Kutta conditions:

m2?1

m-2 ¸ m2?1

m.2 ¸ ¯̀2?1 = 0�

m?1
m.

¹-� 0º = 0� - � 0

?1 = �?84�8¹ 1¸ ¯̀"�V2º- � - � 0� (2.29)

It is worth pointing out that the Helmholtz Equation with the discussed boundary conditions

is applicable for any type of wave, and thus it is valid for acoustic and electromagnetic waves.
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In the latter case, Sommerfeld (1896) gave the first mathematically rigorous solution to the

problem of diffraction by a half-plane in the context of optics. The solution equally applies to

acoustic waves. Soon after, Schwarzschild (1901) formulated an iterative procedure to solve

for the diffracted field by a slit (i.e., a gap between two half-planes). Amiet (1976) leveraged

Schwarzschild (1901) method to find the solution on the half-plane:

?1¹-� 0º =
1
c

¹ 1

0
� ¹-� b� /º� ¹bº� (2.30)

where

� ¹-� b� 0º =

s
�-
b

4�8 ¯̀¹b�-º

b � -
� (2.31)

and � ¹bº is the incident gust just upstream the trailing edge, which yields:

?1¹-� 0º = �1
c

¹ 1

0

s
�-
b

4�8 ¯̀¹b�-º

b � -
4�8¹ 1¸ ¯̀"�V2º-3b� (2.32)

which can be rearranged to give a more general formula

?B ¹-� 0º = �4�8 ¯̀-

c

¹ 1

0

s
�-
b

4�8�b

b � -
3b� (2.33)

The solution to the above integral is commonly tabulated. For example given by Gradštejn,

Ryžik, Jeffrey & Zwillinger (2009):

¹ 1

0

s
�-
b

4�8�b

b � -
3b = c4�8�-

�
1 � 48c�4

p
c

¹ ��-

0

4�8C
p
C
3C

�
� (2.34)

?1¹-� 0º = �48¹ ¯̀��º- »1 � ¹1 ¸ 8º��¹��-º¼� (2.35)
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where a factor of
p

2 has been introduced to simplify
p

248c�4 = 1 ¸ 8 and the following

combination of Fresnel integrals is used:

��¹Gº =
¹ G

0

4�8C
p

2cC
3C = �2¹Gº � 8(2¹Gº� (2.36)

The final solution for the scattering pressure obtained by Amiet (1976) reads:

%1¹-� 0º = »¹1 ¸ 8º��¹�» 1 ¸ ¹1 ¸ "º ¯̀¼-º � 1¼4�8 1- � (2.37)

The scattered pressure thus corresponds to the surface pressure distribution on a half-plane with

the amplitude equal to the magnitude of Eq. (2.37). This is often referred also as the pressure

jump.

2.3.1.1 Leading edge back-scattering correction

The surface pressure distribution given by Eq. (2.37) is valid in cases where the airfoil chord is

much larger compared to the acoustic wavelength, i.e., :2 ¡¡ 1. For cases where the chord is of

the same order of magnitude as the wavelength a leading edge back-scattering correction, ?2,

is necessary. As mentioned in the previous section, Schwarzschild (1901) originally proposed

an iterative approach to solve two coupled half-plane problems: the first considers a plate with

no leading edge but with a trailing edge and thus satisfies the Kutta condition; the second one

considers a plate with leading edge but without trailing edge and thus satisfies the upstream

potential condition but not the Kutta condition. The iterative technique is illustrated in Figure 2.9



64

Figure 2.9 Iterative procedure to account for finite chord effects
using the Schwarzschild method

Roger & Moreau (2005) applied such approach to obtain a closed form solution for the scattered

pressure on a finite chord airfoil. The complete formulae are given in Appendix I. Figure 2.10

shows the effect of the back-scattering correction for two Mach numbers at low and high

frequencies for two dimensionless gust parameter `. The effect of the finite chord correction

is important at low frequencies and/or low Mach number, whereas for high frequencies the

effect of the correction is minimum. Thus, for drone propellers the use of the leading edge

correction is necessary if accurate results are desired across the complete frequency range. For

Underwater applications for example, where the speed of sound is five times that of air and thus

the wavenumbers are one fifth of the ones in air, the leading edge correction is essential.
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2.3.2 3D Solution

The previous section dealt with a parallel gust, or a gust characterized only by the streamwise-

wavenumber  1. In this section a more general analysis is done by taking into account an oblique

gust, characterized by dimensionless streamwise and a spanwise wavenumbers ( 1�  3)(See

Figure 2.8). This generalization is possible given that the trailing edge is taken as the edge of

a half-plane in the z-direction and thus the spanwise dependency can be factorized. The 3D

convective Helmholtz equation is given by:

m2?

m-2 ¸ m2?

m.2 ¸ ¯̂2? = 0� (2.38)

with

¯̂2 = ¯̀2 �
 2

3
V2 � (2.39)

All the derivations from the parallel gust solution are easily extended into 3D provided that ¯̂2

is positive, in which case the gust is said to be supercritical and Eq. (2.38) is hyperbolic. The

solution for the pressure jump, �%, is thus given by:

�%¹-� 0º = »¹1 ¸ 8º��¹�» 1 ¸ ¯̂ ¸ ¯̀"¼-º � 1¼4�8¹ 1-¸ 3/º � (2.40)

If ¯̂2 is negative, Eq. (2.38) is elliptic and labeled subcritical. For sufficiently large spans,

subcritical gust do not radiate into the far-field but rather decay exponentially (Roger & Moreau

(2005)). Nonetheless, the solution proceeds similarly.

2.3.3 Aeroacoustic transfer function

The preceding result, (Eq. (2.40)) gives the pressure distribution on the flat plate. Recalling

Curle’s analogy, Eq. (2.8), the pressure represents an equivalent dipole distribution that is to

be integrated over the plate surface to obtain the far-field acoustic pressure. The broadband

nature of the trailing edge noise suggests that it is easier to work in the frequency domain than in
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the time domain. To frequency-domain version of Eq. (2.8), is obtained by taking its Fourier

transform (Glegg & Devenport, 2024):

���x
 •� � ��•	�
4• �x�2�0

�
�

�̂� � �y
 •�� � •
��� ���y�
 (2.41)

where �̂� � �y
 •� is the Fourier transform of the unsteady force, and y � �	
 �
 �� and x �

�	1
 	2
 	3� are the source and observer coordinates respectively as shown in Figure 2.11.

�

�

����

�

�
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���� � � � � �

Figure 2.11 Radiation integral source and observer
coordinates

Using the following far-field approximation �• � �x� � x � y��x� and noting that the only surface

of integration is given by the flat plate located at � � 0, yields:

���x
 •� � ��•	2

4• �x�2�0

� 0

�2•

� ��2

���2
��•���•����y�
 (2.42)

where �� is the pressure jump (or scattered pressure) on the flat plate. Note that in the time-

domain version of Curle’s Analogy (Eq. (2.8)), the integral is evaluated at the corresponding

emission time. In the case of a uniform flow over a flat plate this means that the source at the
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trailing edge appears to be moving or in other words, the acoustic waves are convected by the

mean flow. Due to Galilean invariance of the acoustic equations, a moving source in a stationary

fluid is equivalent to a stationary source in a moving fluid.

To better understand the effects of a moving source, consider the situation in Figure 2.12 where

a drone (modeled as a monopole source) is flying at constant velocity •0 overhead with respect

to a stationary observer. A pulse is emitted from the source y � �	
 �
 �� at time �• and is heard

by the observer at time �. In the elapsed between emission and reception, the source has moved

a distance • �� � �•� and the observer cannot discern if the pulse came from a fixed source, y,

moving with the flow or from a virtual source at y �• �� � �•�. In the frequency-domain version

of Curle’s analogy (Eq. (2.42)) the distance ••, known as the phase radius, accounts for the

emission and reception time differences. To find ••, first let •  denote the modified distance

between the source and the observer such that:

•2
  � �	1 � 	�2 � �2��	2 � ��2 � �	3 � ��2�� (2.43)

�
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���
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�
�

Figure 2.12 Effects of a moving source in emission and reception time

An implicit equation can be formulated for the emission distance in terms of the reception

coordinates:
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'2
4 = ¹G1 � G �* ¹C � C4ºº2 ¸ V2¹¹G2 � Hº2 ¸ ¹G3 � Iº2º

= ¹G1 � "'4º2 ¸ V2¹¹G2 � Hº2 ¸ ¹G3 � Iº2º� (2.44)

For subsonic Mach numbers, the above equation results in two roots. The physical root is the

one in which the causality condition is enforced, i.e., the wave at the observer was detected at a

time C ¡ C4. The root that satisfies this condition is given by:

'4 =
�" ¹G1 � Gº ¸

p
¹G1 � Gº2 ¸ V2¹¹G2 � Hº2 ¸ ¹G3 � Iº2º

V2

= ¹'B � " ¹G1 � Gºº�V2� (2.45)

Assuming far-field conditions, i.e., G1 � G� G3 � I and with H = 0 since all the sources are on

the airfoil’s surface, 'B can be Taylor-expanded and approximated to first order by:

'B = (0

 
1 � G1G ¸ V2G3I

(2
0

!
� (2.46)

where (0 is given by:

(2
0 = G2

1 ¸ V2¹G2
2 ¸ G2

3º� (2.47)

After substitution of the phase radius, Eq. (2.45), in Eq. (2.42) the far-field acoustic pressure

reads:

?0¹x� lº = �8lG2

2c20(
2
0
12

¹ 0

�2

¹ !�¹21º

�!�¹21º
�%4

�8 :

V2

�
(0�

G1-¸V2G3/
(0

1�" ¹G1�1-º
�
3/3-� (2.48)
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Using the scattered pressure solution for the 3D gust in Eq. (2.40) allows to evaluate the X and

Z integrals independently. The integral in Z is given by:

1

¹ !�¹21º

�!�¹21º
4
�8

�
 3�:̄

G3
(0

�
/
3/ = 1

48
D!
21 � 4�8

D!
21

8D
= 2!

sin¹ D!21 º
D!
21

= ! sinc
�
!

21

�
 3 � :̄

G3
(0

��
� (2.49)

with :̄ = :1 and D =  3 � :̄G3�(0. Substituting in the radiation integral yields:

?0¹x� lº = �8lG3!1

2c20(
2
0
! sinc

�
!

21

�
 3 � :̄

G3
(0

��
�4�8

:

V2 ¹(0�"G1º
¹ 0

�2
»¹1 ¸ 8º��¹��-º � 1¼4�8�-3-�

(2.50)

where

� =  1 � ¯̀
�
G1
(0

� "

�
� (2.51)

� =  1 ¸ ¯̀" ¸ ¯̂� (2.52)

The integral in Eq. (2.50) is usually called the radiation integral. Its calculation gives the

aeroacoustic transfer function L that relates the far-field sound to the aerodynamic wall-pressure.

The integral must be calculated for the main pressure term (Eq. (2.40)) and for the back-scattering

correction for both supercritical and subcritical gusts. Starting with the former gives:

L1 =

¹ 0

�2
»¹1 ¸ 8º��¹��-º � 1¼4�8�-3-

= � 428�

8�

(
¹1 ¸ 8º4�28�

r
�

� � �
�� »2¹� � �º¼ � ¹1 ¸ 8º�� »2�¼ ¸ 1 � 4�28�

)
�

(2.53)

after integrating by parts.
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This is the same as Eq.(5) in Amiet (1976) for parallel gusts, i.e.,  ̄3 = 0. The leading-edge

back-scattering is given by (details are given in Roger & Moreau (2005)):

1
�

L2 =
1
�

¹ 0

�2
52¹Gº4�8�-3- = 448 ¯̂ »1 � ¹1 ¸ 8º��¹4 ¯̂º¼2�428� ¸8»�¸  ̄ ¸`"� ¯̂¼�� (2.54)

with

� =
¹1 ¸ 8º4�48 ¯̂¹1 � �2º

2
p
c ̄

p
�

� = ¯̂ � ¯̀G1�(0

� = ¹1 ¸ nº48¹2 ¯̂¸�º sinc¹� � 2 ¯̂º ¸ ¹1 � nº48¹�2 ¯̂¸�º sinc¹� ¸ 2 ¯̂º ¸ ¹1 ¸ nº ¹1 � 8º
2¹� � 2 ¯̂º 448 ¯̂��¹4 ¯̂º

� ¹1 � nº ¹1 ¸ 8º
2¹� ¸ 2 ¯̂º 4�48 ¯̂��¹4 ¯̂º 4

28�

2

r
2 ¯̂
�

��¹2�º
�
¹1 ¸ 8º ¹1 � nº

� ¸ 2 ¯̂
� ¹1 � 8º ¹1 ¸ nº

� � 2 ¯̂

�
�

(2.55)

The aeroacoustic transfer function for a supercritical gust is then:

L ¹ 1�  3º = L1 ¸ L2� (2.56)

2.3.4 Far-field acoustic pressure power spectral density

All the efforts discussed so far have been aimed towards obtaining a relationship between an

incident harmonic pressure gust with frequency, l, and dimensional streamwise and spanwise

wavenumbers, :1 and :3 respectively and its corresponding acoustic far-field pressure. Since a

turbulent boundary layer contains a myriad of pressure scales, a statistical analysis is required to

relate the wall-pressure statistics, discussed in Sec. 2.2.2, to the far-field acoustic pressure Power

Spectral Density (PSD). The complete detailed procedure can be found in Nigro (2017), in this

section only the main steps are outlined.
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Following Roger & Moreau (2005) the PSD is found by integration over all gusts with 2D

wavenumbers contributing to the frequency l. However, the 2D integration over all the

wavenumbers is usually simplified in the streamwise direction by assuming that most of the

spectral energy is concentrated on the convective ridge where the streamwise wavenumber is

:1 = l�*2. Thus, the wavenumber-frequency spectrum can be also be written as:

�0

�
l

*2

�  3

�
=

¹ 1

�1
� ¹ 1�  3� lº 3 1� (2.57)

Therefore, only an integration over the spanwise wavenumbers is required. As discussed by

Amiet (1975) the far-field acoustic pressure PSD, (??, due to the pressure fluctuations in the

boundary layer is given by:

(?? ¹G� G0� [� lº =
1
*2

¹ 1

�1
6

�
G�

l

*2

�  3

�
6�

�
G0�

l

*2

�  3

�
4�8 3[�0

�
l

*2

�  3

�
3 3� (2.58)

where 6

�
G� l

*2
�  3

�
is related to the transfer function derived in the previous section and ’*’

denotes the complex conjugate. The streamwise dependency has been eliminated by assuming

that the eddies are convected downstream at a constant velocity*2 and with the distance between

two points in the spanwise direction as [ = I � I0

Using the results from the transfer function yields:

(?? ¹x� lº =
 
lG2!1

2c20(
2
0

!2
1
1

¹ 1

�1
sinc2

�
!

21

�
 3 � :̄

G3
(0

�� ����L �
l

*2

�  3

�����2 �0

�
l

*2

�  3

�
3 3�

(2.59)

As explained by Schlinker & Amiet (1981), the assumption of frozen turbulence allows to

establish a direct relationship between the wavenumber spectrum and the frequency spectrum.

Therefore, the wavenumber-frequency spectrum can be expressed as the product of the single-

point wall-pressure fluctuations spectrum and the spanwise correlation length using Corcos’

model(Eq. (2.21)) :
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�0

�
l

*2

�  3

�
=

1
c
q?? ¹lº ;I ¹ 3� lº � (2.60)

which yields:

(?? ¹x� lº =
 
lG2!1

2c20(
2
0

!2
1
1

¹ 1

�1
sinc2

�
!

21

�
 ̄3 � :̄

G3
(0

�� ����L �
l

*2

�  ̄3

�����2 1
c
q?? ¹lº;I ¹:3� lº 3 ̄3�

(2.61)

Assuming that the span is significantly larger than the chord, or that the characteristics

aerodynamic scales close to the trailing edge are smaller than the chord the following important

simplification can be made:

sinc2
�
!

21

�
 3 � :̄

G3
(0

��
' 2c1

!
X

�
 3 � :̄

G3
(0

�
� (2.62)

Using the sifting property of the delta function gives:

(?? ¹x� lº =
 
lG21

2c20(
2
0

!2

2!
����L �

l

*2

� :
G3
(0

�����2 q?? ¹lº;I
�
:
G3
(0

� l

�
� (2.63)

Note than when the wall pressure spectrum model is used in conjunction with Amiet’s model, it

represents an incident wall pressure spectrum, which is not affected by a trailing edge. In other

words, the acoustic models solve the scattering of this wall pressure spectrum by a trailing edge

so that this wall pressure spectrum should not include the scattered part. However, it would be

challenging in the measurement or in the compressible high-fidelity LES or DNS simulations to

distinguish the incident wall pressure spectrum from the scattered wall pressure spectrum near

the trailing edge (Lee et al., 2021). Note that in the calculations in this Thesis, Eq. (2.63) is

multiplied by a factor of 4 that accounts for a single-sided spectra, and for radiation from both
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upper and lower surfaces of the plate. Eq. (2.63) is the fundamental result of this section, and it

is the model used to calculate the trailing edge noise from straight edges.

Amiet’s straight trailing edge model —————————-Summary
• Amiet’s model is derived from Linearized aerodynamic equations which can be interpreted

also as a wave equation.

• The wall pressure fluctuations spectrum, q??, and the spanwise correlation length, ;I ¹lº

are essential inputs that must be modeled.

• Using the frozen turbulence assumption the wall-pressure statistics upstream of the

trailing edge can be used.

• The aeroacoustic transfer function L relates the wall-pressure fluctuations spectrum to

the far-field acoustic pressure PSD.

2.4 Ayton’s serrated trailing edge noise model

While experimental measurements demonstrated the effectiveness of serrated edges for trailing

edge noise control, the prediction of such reductions is still elusive. From a mathematical point

of view, the modeling is essentially unchanged compared to that of straight edges. The excitation

is still a harmonic pressure gust (Eq.(2.23)) and the mixed boundary conditions still apply.

However, the division between the no-flow-through and the Kutta conditions is now a function

of the spanwise-coordinate, and this alone significantly increases the analytical treatment. This

section explores the noise modeling from serrated trailing edges using Ayton (2018) approach,

based on the Wiener-Hopf method.

Ayton (2018) model aimed to provide an alternative to Lyu et al. (2016) and Howe (1991)

models. The former being too computationally demanding and the latter known to over-predict

noise reduction by as much as 15 dB as noted by Gruber (2012). In contrast to Lyu’s approach,

based on the Schwarzschild technique, Ayton uses the Wiener-Hopf method. As noted by Noble

(1958), the technique was originally intended to solve a specific integral equation, but during the

Second World War, its potential to solve diffraction problems by semi-infinite planes. At its core,
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the Wiener-Hopf method relies on the Fourier Transform of the partial differential equation and

subsequent factorization of complex variable functions. It is worth noting that Huang (2017)

also used the Wiener-Hopf technique, albeit in combination with a Fourier series expansion.

Thus, the solution is not given in closed analytical form. The derivation of Ayton’s model of

serrated trailing edge noise is presented next.

2.4.1 Original Ayton’s model

Consider an incoming pressure wave (Eq.(2.23)) on a semi-infinite plane convected towards an

edge described by a periodic function ­ ���. Figure 2.13 shows a sawtooth shape characterized by

root-to-tip amplitude, 2€, and wavelength, �. Nevertheless, Ayton’s model allows the use of any

periodic function, e.g., square wave, sinusoidal, chopped peak, among others. Mathematically,

the serration shape is described by piecewise functions. Following Ayton’s derivation, all lengths

are made dimensionless by the serration wavelength, �. Note that in the following derivation

2€�� is noted as 2€ as Ayton did. In other words, all the lengths are implicitly non-dimensional

by the serration wavelength.

�

�

�
��

�

��

�

�

Figure 2.13 Coordinate system for the serrated trailing edge problem
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The scattered field must satisfy the convective Helmholtz equation (Eq. (2.24)) subject to

boundary conditions of zero normal velocity on the surface:

m?

mH

����
H=0

= 0 G � ¹2�º� ¹Iº� (2.64)

and zero pressure jump across the wake downstream of the plate (the familiar Kutta condition):

�? jH=0 = �?848¹:1G¸:3Iº G ¡ ¹2�º� ¹Iº� (2.65)

The problem is solved for one serration period only, and periodic boundary conditions are

enforced in the spanwise-direction:

?

���
I=1

= ?

���
I=0

48:3 �
m?

mI

����
I=1

=
m?

mI

����
I=0

48:3 (2.66)

A convective transform % = ?¹G� H� Iº48:"G�V2 is used to simplify the Helmholtz equation

yielding:

V2 m
2%

mG2 ¸ m2%

mH2 ¸ m2%

mI2 ¸
�
:

V

�2
% = 0 (2.67a)

m%

mH

����
H=0

G � ¹2�º� ¹Iº (2.67b)

�% jH=0 = �?848¹ :̃1G¸:3Iº G ¡ ¹2�º� ¹Iº (2.67c)

% jI=1 = % jI=04
8:3 (2.67d)

m%

mI

����
I=1

=
m%

mI

����
I=0

48:3 � (2.67e)

where :̃1 = :1 ¸ :"�V2. Ayton proceeds by introducing a non-orthogonal coordinate

transformation, arguing that this is necessary to allow a solution using separation of variables.

However, Lyu (2023) demonstrated that the transformation is not strictly necessary. The

transformation is made here for consistency with the original derivation. Thus introducing the
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transformation:

b =
G

V
� ¹2�º� ¹Iº� (2.68a)

[ = H� (2.68b)

Z = I� (2.68c)

The following system of equations is obtained:

�
1 ¸ ¹2�º2�0¹Zº2

� m2%

mb2 ¸ m2%

m[2 ¸ m2%

mZ2 � 2¹2�º�0¹Zº m2%

mbmZ
� ¹2�º�00¹Zº m%

mb
¸
�
:

V

�2
= 0�

(2.69a)

m%

m[

����
[=0

= 0� b � 0� (2.69b)

�% j[=0 = �?84¹8Xb¸8 :̃1 ¹2�º� ¹Zºº¸8:3Z � b ¡ 0� (2.69c)

% jZ=1 = % jZ=04
8:3 � (2.69d)

m%

mZ

����
Z=1

=
m%

mZ

����
Z=0

48:3 � (2.69e)

where X = :̃1V. Inspection of Eq. (2.69a) reveals that the coefficients of the b derivatives are

functions of the spanwise variable Z , this impedes the use of separation of variables method to

solve the equation. As pointed out by Roger, Schram & Santana (2013), one way to by-pass this

restriction is to Fourier Transform the b coordinate only, such that:

%̂¹�� [� Zº =
¹ 1

�1
%¹b� [� Zº48�b3b� (2.70)

The solution to %̂¹�� [� Zº can now be expressed as the product of two functions, Y and Z, such

that:

%̂¹�� [� Zº = . ¹�� [º/ ¹�� Zº � (2.71)
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with Y and Z being the solution of the following ordinary differential equations (ODE). The two

functions are related by a separation constant j:

. 00 ¸
 �

:

V

�2
� �2 � j2

!
. = 0� (2.72)

and

/00 ¸ 28�¹2�º�0/0 ¸
�
8�¹2�º�00 � �2¹2�º2¹�0º2 ¸ j2

�
/ = 0� (2.73)

The . -equation is a second order ODE with constant coefficients and the solution is given by:

. ¹�� [º = sgn¹[º4 j�[ j
p
�2�F2

� (2.74)

where sgn¹0º = 0 and sgn¹Gº = � 1 when � G ¡ 0. Note that the Sommerfeld radiation condition

(negative exponential) has been enforced. This ensures that the solution is an outgoing wave,

radiating energy towards infinity and not the opposite. In addition:

F2 =

�
:

V

�2
� j2� (2.75)

The /-equation is a second order ODE with variable coefficients and requires the substitution

/ ¹Zº = 48¹2�º�� ¹Zº, ¹Zº, where , ¹Zº is a dummy-function, to eliminate the first-order term.

The equation is then solved for , ¹Zº and after transforming back gives:

/ ¹�� Zº = 4�8�¹2�º� ¹Zº ¹�¹�º cos ¹jZº ¸ �¹�º sin ¹jZºº � (2.76)
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Imposing periodic boundary conditions to Eq. (2.76), allows one to eliminate � or � and find

the following allowable modes:

/= ¹�� Zº = 4�8�¹2�º� ¹Zº4�8:3Z¸2=c8Z � (2.77)

And a general solution in transformed space given by:

%̂¹�� [� Zº =
1Õ

==�1
�= ¹�ºB6=¹[º4�j[ j

p
�2�F2

=/= ¹�� Zº� (2.78)

where:

F2
= =

�
:

V

�2
� j2

= � j= = �:3 ¸ 2=c� (2.79)

The derivation proceeds to solve for �= ¹�º using the Wiener-Hopf Technique. Details are

omitted for brevity. According to Ayton (2018), the [ boundary conditions (Eqs. (2.69c) and

(2.69d)) are applied to find two holomorphic1 functions. One function that is analytical in the

upper half �¸-plane and another one that is analytical in the lower half ��-plane.

A narrow strip enclosing the real axis is then considered, within which both analytic continuations

coincide on the boundary. This equality implies that their difference defines a function analytic

throughout the entire complex plane. By Liouville’s theorem, such a function must be constant

(or, in certain cases, a polynomial of finite degree). This constraint provides the closure condition

required to uniquely determine the analytic function and hence solve for the coefficients �=.

The solution in the transformed space is given by:

%̂¹�� [� Zº =
1Õ

==�1

�= ¹�º
p
�X � F=

28¹� ¸ Xº
p
� � F=

sgn¹[º4�j[ j
p
�2�F2

=/= ¹�� Zº� (2.80)

1 Holomorphic functions are complex-valued functions that are differentiable in a neighborhood of each
point in a domain in the complex coordinate space
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The solution in Eq. (2.80) presents a few alternatives. Ayton (2018) proceeded by approximating

the inverse Fourier transform using the method of stationary phase, also known as method of the

steepest descent. This yields a far-field (:A � 1) approximation and, as noted by Jones (1989),

with additional limitations for observers at small angles (� � 0) from the trailing edge. On the

other hand, a complete solution in physical space may be attempted by completely evaluating the

inverse Fourier transform. The inverse transform is mathematically involved and was performed

by Lyu (2023) who also pointed out a limitation of the model, due to the factorization of the

�= ¹�º coefficients. A third approach consists in evaluating the inverse Fourier transform only

on the plane surface ([ = 0). This removes one coordinate from the problem, and gives the

surface pressure, which can then be used in Curle’s analogy.

2.4.2 Rapid Lyu and Ayton’s model

As noted before, application of the steepest descent method allows to evaluate the inverse Fourier

transform of Eq. (2.80) in the far-field. At a glance, the steepest descent method (not to be

confused with the gradient descent algorithm in optimization) exploits the rapid oscillatory

behavior of the phase function, k¹Iº in integrals of the type:

I =

¹ 1

0

5 ¹Iº48Ak¹Iº3I� (2.81)

The steepest descent method can be used, for example, to obtain large argument approximations

of the Bessel functions among other functions of mathematical physics. Note that for sufficient

large values of A , the majority of the contribution to the integral will come from the neighborhood

of the stationary points of k¹Iº. In the rest of the interval, the rapid oscillations will cancel each

other out. Using a Taylor’s expansion of the phase function, k¹Iº, about a saddle point I0 allows

approximating I to first order:

I � 5 ¹I0º

s
2c

A jk00¹I0º j
4k¹I0ºA

�
1 ¸O

�
1
A

��
� (2.82)
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The method of the steepest descent still requires the specification of a contour. For the

mixed boundary conditions problems like the straight or serrated edge, the contour is usually

parameterized such that the imaginary part of the phase function (k¹Iº) remains constant. For

the detailed definition of the contours, the reader is referred to Lyu, Ayton & Chaitanya (2019)

and Hales (2024). After application of the steepest descent method, the solution of Eq. (2.80)

yields, in cylindrical coordinates:

?¹A� \� Iº �
1Õ

==�1

�= ¹�F= cos \º
p
�X � F=

28¹X � F= cos \º sin
�
\

2

�
48F=A48c�4

p
cA

48j=I� (2.83)

where A =
p
G2 ¸ H2 and \ is measured from the x-axis. Following Lyu & Ayton (2020), the PSD

due to a convecting statistically stationary turbulent pressure field, is given by:

(A
?? ¹l� A� \� Iº �

¹ 1

�1

���?¹A� \� Iº���2�¹l�*2� :3º3:3� (2.84)

Substituting Eq. (2.83) in the above equation gives:

(A
?? ¹l� A� \� Iº �

1
4cA

sin2
�
\

2

� ¹ 1

�1
�¹l�*2� :3º

1Õ
==�1

�= ¹�F= cos \º
p
�X � F=

¹X � F= cos \º 48j=I48F=A

�
1Õ

<=�1

�
�< ¹�F< cos \º

p
�X � F<

¹X � F< cos \º 48j<I48F<A

��
3:3� (2.85)

Since experimental evidence and theoretical results have shown that serrations are effective when

they are narrow (:_�V � 2c), Lyu & Ayton (2020) proposed the following simplifications to

Eq. (2.85). First, it is only needed to investigate the case were both F= and F< are real, because

otherwise the term 48F=A
�
48F<A

�� causes the whole term to exponentially decay in the far-field.

Since F= =
p
¹:�Vº2 � j2

= it is concluded that F= is real only when �:�V � j= � :�V. It is

then permissible to have:
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48F=A
�
48F<A

��
= X=< sgn

�
<¹F=º

�
� (2.86)

where < is the real part and X=< is the Kronecker delta. Note that Eq. (2.86) shows that its

right-hand side vanishes if F= is imaginary. This implies that:

(A
?? ¹l� A� \� Iº �

1
4cA

sin2
�
\

2

�
�

1Õ
==�1

¹ 1

�1
�¹l�*2� :3º

�����= ¹�F= cos \º
p
�X � F=

¹X � F= cos \º

����2 sgn
�
<¹F=º

�
3:3� (2.87)

Then, using the fact that F= is real only when �:�V � j= � :�V and that the serration

wavelength is small, Lyu & Ayton (2020) conclude that the integrand does not vanish only when

�2=c � :�V � :3 � �2=c ¸ :�V (using Eq. (2.79)). This allows one to take the :3 dependency

out of the integral and to change the integration interval to �2=c � :�V to 2=c ¸ :�V, without

causing significant errors. After doing so, Eq. (2.87) simplifies to:

(�
?? ¹l� A� \º �

:̄

4c2A

X ¸ :̄

¹X � :̄ cos \º2
sin2

�
\

2

� ¸1Õ
==�1

���= ¹�:̄ cos \º
��2 � �

l�
2c=
_

�
� (2.88)

where :̄ = :�V. As explained by Lyu & Ayton (2020), the simplifications from the original

model can be summarized in the following inequality, :_�V � 2c. To put things in perspective,

for small scale propellers the serration wavelength is a fraction of the serration height which

is itself a fraction of the chord. For a value of _ = 5 mm the above inequality holds up

to 68 kHz, well beyond the human hearing range. Using the same simplified model for the

wavenumber-frequency spectrum, Eq. (2.60), as in Amiet’s model yields:
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(�
?? ¹l� A� \º �

:̄

4c2A

X ¸ :̄

¹X � :̄ cos \º2
sin2

�
\

2

�
q?? ¹lº

¸1Õ
==�1

���= ¹�:̄ cos \º
��2 ;I �l� 2c=

_

�
�

(2.89)

2.4.3 Li and Lee’s extension of the rapid model

As a consequence of the steepest descent approximation, the rapid Lyu and Ayton model

(Eq.(2.83)) decays as 1�
p
A or, equivalently, its PSD (Eq.(2.89)) as 1�A . As noted by Tian & Lyu

(2022), this decay is strictly two-dimensional and thus the direct use of Eq. (2.89) for a finite

airfoil or a blade segment is questionable. To circumvent this issue, Li & Lee (2022) suggested

several heuristic modifications to the model. First, they proposed to include the airfoil span,

L, and to include an additional 1�A to match the attenuation rate of the acoustic propagation.

Secondly, they modified the spanwise wavenumber to include the effect of observers out of the

mid-span plane, yielding :3 = 2c=�_ ¸ :I�(0 instead of :3 = 2c=. Additionally, they included

the observer spanwise position. Lastly, the same factor of 4 used in Amiet’s model that accounts

for a single-sided spectra and to account radiation from both upper and lower surfaces of the

plate was included. The Li and Lee’s extension of the rapid Lyu and Ayton’s model then reads:

(LL
?? ¹l� A� \º �

4!:̄
4c2(2

0

X ¸ :̄

¹X � :̄ cos \º2
sin2

�
\

2

�
q?? ¹lº

1Õ
==�1

���= ¹�:̄ cos \º
��2 ;I ¹l� :3º � (2.90)

2.4.4 Effect of serration shape

So far, the serration treatment has been general with no consideration of the serration shape.

Note that in the rapid Lyu and Ayton model and in Li and Lee’s extension, all the serration effects

are contained in the modal expansion coefficients �= ¹�:̄ cos \º given by Eq. (2.91). Thus, the
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coefficients result from expanding the serration shape function, � ¹Iº, in the orthogonal base

found in Eq.(2.77) and are therefore shape dependent.

�= ¹Bº =
¹ 1

0
482�¹ :̃1�:̄ cos \º� ¹Iº4�82=cI3I� (2.91)

The expansion coefficients of some common shapes are given next. The original shape functions

proposed by Ayton (2018) are used. In them the serration root-to-tip amplitude are normalized

to 1/2. Thus, for the sawtooth serration the expansion coefficients are:

�st
= ¹Bº =

�4B84�8=c

4=2c2 � B2 sin
�
1
4
¹B ¸ 2=cº

�
� (2.92)

For the square wave are:

�
sq
= ¹Bº =

8>>>>>>>>>>><>>>>>>>>>>>:

848 ¹=�1º c�2

=c
sin¹ B4 º = odd

0 = even

cos¹ B4 º = 0

(2.93)

and for the sinusoidal shape:

�sin
= ¹Bº = ��= ¹�B�4º (2.94)

Where B = ¹:1 ¸ :"�V2 � := cos�º2��V and �= is the Bessel’s function of the first kind

of nC� order. While it is well-known that sharper (2h/_>1) serrations give better noise

reductions (Kholodov & Moreau, 2021), the debate over the "best" serration shape is not settled,

as less traditional shapes have been proposed, such as the iron shaped or the ogee (Lima Pereira,
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are about 20% of the chord gives values of s between 0.44 to 4.4 for frequencies between 1 and

10 kHz respectively. Therefore, for small scale propellers, the square wave should give better

noise reductions than the other shapes, and it is chosen as the starting point to develop a 3D

model based on the original Ayton’s model.

Serrated Models —————————————————————- Summary
• The original Ayton’s model (Eq.(2.89)) is the result of an approximation using the

steepest descent method as thus has a cylindrical (2D) decay in the far-field and it is

limited to high non-dimensional frequencies.

• The heuristic extension by Li and Lee proposes a few modifications to alleviate the

restrictions, yielding a correct 1/A (3D) decay, inclusion of the finite span and observer

spanwise position effect.

• The expansion coefficients �= ¹Bº provide a simple way to assess the effect of each

serration shape.

• A preliminary analysis based on the scattering properties of each serration shape, shows

great potential for the square wave compared to other more traditional shapes, for drone

applications.

2.5 Extension of the original Ayton’s model for the square wave

The steepest descent approximation (Eq.(2.83)) used in the previous section allows to obtain

a far-field solution to the serrated edge. Given the limitations discussed in the previous

section, it is desirable to obtain an analytical model that does not require the steepest descent

approximation or the heuristic extension from 2D to 3D. It is important to note that this approach

is shape-dependent, unlike the original Ayton’s model. For example, Lyu (2023) provides a

complex analytical expression for the complete near-field of the sawtooth shape (and other linear

functions). Zhang & Lyu (2024) used Lyu’s results on the plate surface to evaluate the far-field

acoustic pressure of the sawtooth via Curle’s analogy.
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This section presents a less mathematically intensive approach for the square wave, given its

promising results for small-scale propellers. The main idea is to evaluate the Fourier transform

of Eq.(2.80) only on the serrated plate to obtain the surface pressure. This surface pressure can

then be used in Curle’s analogy to obtain a closed-form solution without any approximation.

Evaluating Eq.(2.80) for [ = 0 then yields:

%̂¹_� 0� Zº =
1Õ

==�1

p
�X � F=�= ¹_º

28
p
_ � F= ¹_ ¸ Xº

/= ¹_� Zº� (2.95)

with inverse Fourier Transform:

%¹b� 0� Zº = 1
2c

¹ 1

�1
%̂¹_� 0� Zº4�8_b3_� (2.96)

Which gives:

%¹b� 0� Zº =
1Õ

==�1

�¹ 1

�1

p
�X � F=�= ¹�º

28
p
� � F= ¹� ¸ Xº

/= ¹�� Zº4�8�b3�
�
� (2.97)

Substituting Eq. (2.77) and using G�V = b ¸ 2�� ¹Iº gives:

%¹G� 0� Iº =
1Õ

==�1

48j=I

2c

�¹ 1

�1

p
�X � F=�= ¹�º

28
p
� � F= ¹� ¸ Xº

4�8�G�V3�

�
� (2.98)

Using the following change of variables:

b = � � F=� (2.99)

-= = X ¸ F=� (2.100)

results in:
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%¹G� 0� Iº =
1Õ

==�1

48¹j=I�F=G�Vº

4c8

�¹ 1

�1

p
�-=�= ¹b ¸ F=ºp

b ¹b ¸ -=º
4�8bG�V3b

�
� (2.101)

2.5.1 Surface Pressure

Equation (2.101) is the starting point for the calculation of the surface pressure for the square wave.

Due to the orthogonality of the modal expansion, each mode can be considered independently.

Recalling that in the expansion coefficients for the square wave, Eq. (2.93), the even modes

evaluate to zero, while the odd modes(= = 2? ¸ 1) are given by:

�
sq
= ¹Bº = 848¹=�1ºc�2

=c
sin

� B
4

�
=
848¹=�1ºc�2

=c

48B�4 � 4�8B�4

28
for = = 2? ¸ 1� (2.102)

with B = 2�¹ :̃1 ¸ �º = 2�¹ :̃1 ¸ b ¸ F=º. Substituting the above equation in Eq. (2.101) yields

for the nth odd mode:

%= ¹G� 0� Iº = �=

¹ 1

�1

p
�-=p

b ¹b ¸ -=º

�
48B�4 � 4�8B�4

28

�
4�8bG�V3b� (2.103)

with

�= =
48¹j=I�F=G�Vº

4c8
848¹=�1ºc�2

=c
� (2.104)

Splitting the integral, substituting for B and collecting the b terms results in:

%= ¹G� 0� Iº =
�=

28

�
48

�
2 ¹ :̃1¸F=º

¹ 1

�1

p
�-=p

b ¹b ¸ -=º
4�8¹G�V���2ºb3b

� 4�8
�
2 ¹ :̃1¸F=º

¹ 1

�1

p
�-=p

b ¹b ¸ -=º
4�8¹G�V¸��2ºb3b

�
�

(2.105)
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Before solving the preceding integrals, it is noted that since only the surface pressure on the

plate is of interest, it is not necessary to compute the integral from �1 to 1 but rather from �1

to 0, since in phase space the boundary between the plate and the wake corresponds to b = 0.

The solution to the integrals is then given by the Schwarzschild technique, Eq. (2.34):

¹ 0

�1

p
�-=p

b ¹b ¸ -=º
4�8�b3b = c48�-

�
1 � 48c�4

p
c

¹ �-

0

4�8C
p
C
3C

�
= c48�- erfc

 
¹1 ¸ 8º

r
�-

2

!
�

(2.106)

where erfc(x)= 1-erf(x) is the complementary error function. Notice that the following

relationship between the Fresnel integrals used in Eq. (2.34) and the complementary error

function (Roger & Moreau, 2005) has been used :

¹1 ¸ 8º��¹Gº � 1 = � erfc
�
¹1 ¸ 8º

r
G

2

�
(2.107)

This allows for an easier implementation in Python using the special library scipy, and to

better handle possible singularities when the function itself is divided by a value close to zero

(Roger & Moreau, 2012). Substituting in Eq. (2.105) gives the square wave surface pressure

odd modes as:
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�=c
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(2.108)

Following the same logic, the solution for the zeroth-mode is:
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with

�0 =
48¹j0Z�F0GVº

4c8
� (2.110)

Some important comments can be made upon inspection of Eq. (2.108) and Eq. (2.109). First,

the square wave surface pressure distribution is equivalent to two straight edges, one at the

serration root and one at the tip. Second, the solution for the odd modes and for the zeroth

mode differ only in the sign between the main terms. Furthermore, in the limit of zero serration

amplitude, 2� ! 0, the two terms in Eq. (2.108) cancel each other, while the terms in Eq. (2.109)

add each other, recovering the surface pressure in Amiet’s model (Eq. (2.34)) for the case of

parallel gusts, i.e., :3 = 0. The final expression for the surface pressure (or pressure jump) for

the square wave thus reads:

�%B@ =

1Õ
==�1

�%= ¹G� 0� Iº� (2.111)

with

�%= =

8>>>>>>>>>>><>>>>>>>>>>>:

%0 if = = 0

%= if = = 2? ¸ 1

0 if = = 2?

(2.112)
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2.5.2 Radiation integral

The surface pressure distribution can now be used as an equivalent dipole source in Curle’s

analogy, Eq. (2.42). The plate is extended in the streamwise direction to 	 � �� and has a finite

span from � � ���2 to � � ��2 as shown in Figure 2.15. The origin is at the middle of the tooth

and the purple regions correspond to the integration surface for a single tooth. Notice that the

teeth number, ƒ� and the span are related by � �
�ƒ�

„��ƒ�
�

�

�

�

��

�

�

���	��	�

�

�

�

����� � � � � �� �

Figure 2.15 Coordinates for the square wave radiation integral. The purple
zones correspond to the integration surface for a single tooth.

Since periodic boundary conditions are assumed in Eq. 2.67 the surface of integration corresponds

to one wavelength only and the fluid region (white region between the two adjacent teeth in

Figure 2.15) can be discarded. The radiation integral for a single mode, �, over a single tooth, „,

and its adjacent plate surface is given by:

��
„ �x
 •� �
��•	2

4•�0�
2
0

� ­ ���

��

� 1

0
���•

��•����	
 (2.113)
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where '4 is the source-observer distance accounting for convective effects given by Eq. (2.45)

and where � ¹Iº is the piecewise function defining the square wave in the original Ayton (2018)

model given by:

�¹Iº =
1
4

8>>>>>>><>>>>>>>:
�� I 2 »0� 1

4 º

��� I 2 ¹ 1
4 �

3
4 º

�� I 2 ¹ 3
4 � 1¼

(2.114)

Note that in Ayton (2018), all the serration shapes were normalized to have a tip-to-root

amplitude of 1/2 and can be arbitrarily scaled by 2�. The sharp boundaries of the square wave

can be leveraged to discard the wake region (I 2 »1�4� 3�4¼) contribution to the surface integral.

Additionally, since there is no explicit I-dependency in � ¹Iº, (Eq. (2.114)) the integral can be

split into 3 regions:

The first one accounting for the pressure on the plate, from upstream, G = �2, to the serration

root, G = ���4:

?1
= ¹x� lº =

�8lG2

4c20(
2
0

¹ ���4

�2

¹ !�2

�!�2
�%=4

8:'43I3G� (2.115)

The second and third between the serration root, G = ���4 and the serration tip, G = ��4 with

the former over the first quarter of the serration wavelength, (I 2 »0� 1�4¼) :

?2
=�< ¹x� lº =

�8lG2

4c20(
2
0

¹ ��4

���4

¹ 1�4

0
�%=4

8:'43I3G� (2.116)

and the latter, over the last quarter of the serration wavelength, (I 2 »3�4� 1¼)

?3
=�< ¹x� lº =

�8lG2

4c20(
2
0

¹ ��4

���4

¹ 1

3�4
�%=4

8:'43I3G� (2.117)
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Following Zhang & Lyu (2024), it is possible to sum over all the teeth, #C , to obtain a finite span

integral for a single mode, =, given by:

?2
= ¹x� lº =

<=#CÕ
<=�#C

�8lG2

4c20(
2
0

¹ ��4

���4

¹ <¸1�4

<

�%=4
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and similarly:
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Substituting �= (Eq. (2.104)) and '4(Eq. (2.45)) in the first radiation integral (Eq. (2.115)) gives:
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(2.120)

Inspection of the above equation reveals that the spanwise dependency of the integrals can be

factorized outside the streamwise integral. Thus, after grouping the streamwise and spanwise

terms the integral can be re-written as:
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where the coefficients are defined as:

�= = j= � :
G3
(0

� (2.122)

�= = �X ¸ :

V

G1
(0

(2.123)

The spanwise integral is straightforward and gives:¹ !�2

�!�2
48�=I3I = sinc

�
!

2
�=

�
(2.124)

Whereas integration by parts is used for the streamwise integral (details are given in Appendix II)

yielding:
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For the integration over the tooth the spanwise and streamwise integrals are given by:
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and
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Notice that Eq. (2.126) and Eq. (2.127) have the same common streamwise integral, and it is of

the same form of that in Eq. (2.125). The spanwise integrals are given by:

¹ <¸1�4
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4�8�=I3I =
4�8�=<

�8�=

�
1 � 4�8�=�4

�
� (2.128)
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Substituting these results and adding ?2
= ¹x� lº and ?3

= ¹x� lº gives:
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Using the definition of the Dirichlet kernel:

#CÕ
<=�#C

48<G =
sin»¹2#C ¸ 1ºG�2¼

sin¹G�2º � (2.131)
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gives:
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And upon substitution:
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While Eq. (2.115) and Eq. (2.133) are for the odd modes, = = 2? ¸ 1, the same results can be

used for the zeroth mode, = = 0, by changing the sign from negative to positive in the third main

term. To obtain a closed form solution for the far-field acoustic pressure PSD, the infinite span

(or large aspect ratio) assumption is used:

lim
#C!1

�
sin»¹2#C ¸ 1º�0�2¼

sin¹�0�2º

�2
� 2c!

1Õ
==�1

X

�
:3 � :

G3
(0

¸ 2=c
�
� (2.134)

where, X, is the Dirac delta function. Then, by following the same statistical considerations as in

Amiet’s model (Sec. 2.3.4) results in:
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where, =, is odd or zero and L(&

�
l
*2
� :

G3
(0

¸ 2=c
�

comes from the evaluation of the integration

limits in Eq. (2.125) and Eq. (2.133) for the plate and the teeth respectively. Note that in the

limit of zero serration amplitude (2� ! 0), the teeth contribution to the far-field (Eq. (2.133)) is

zero and the plate radiation integral (Eq. (2.125)) reduces to the radiation integral in Amiet’s

model (Eq.(2.50)).

3D square wave model —————————————————————- Summary
• The new square wave model is found by evaluation of surface pressure distribution from

Ayton’s original model.

• The surface pressure is evaluated by using the Schwarzschild solution.

• The far-field radiation proceeds by using Curle’s analogy.

• The new model agrees with Amiet’s model in the limit of zero serration amplitude.

2.6 Conclusion

The mathematical formulae required to predict trailing edge noise from straight and serrated

airfoils was derived in this Chapter. Assumptions and limitations were presented. Amiet’s model

is generally valid over the whole frequency range by using the back-scattering correction and

for all observer positions, but it is limited to straight edges. In contrast, Ayton’s model and Li

and Lee’s extension are valid at high non-dimensional frequencies and at high observer angles.

Santamaria’s model for the square wave does not present the aforementioned limitations, but it

is only valid for square wave serrations. The equations for the far-field acoustic pressure PSD for

each discussed model are summarized in Figure 2.16. All models, require accurate single-point

wall-pressure spectrum to give useful engineering results. The models are put into test with
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validation from experimental data for airfoils in the next Chapter. Lastly, both models can be

extended to rotating blades as will be shown in Chapter 4.
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Figure 2.16 Summary of equations to calculate the far-field acoustic
pressure PSD for straight and serrated edges





CHAPTER 3

SERRATED AIRFOIL NOISE REDUCTION:EXPERIMENTS AND PREDICTION

“... from so simple a beginning endless forms most beautiful and most wonderful have been,

and are being, evolved”

— Charles Darwin

With the analytical tools at hand, this chapter presents some verification and validation examples

of the straight and serrated edge models. Firstly, Li and Lee’s extension of Ayton’s model is

compared in the limit of zero serration amplitude with Amiet’s model. Then, noise reduction

predictions are validated with measurements on a serrated controlled-diffusion airfoil, using

the experimental wall-pressure spectra as input to the models. This is followed by a complete

experimental campaign on a NACA0012 airfoil with Reynolds number and angle of attack

representative of the NACA0012 propeller operating conditions. Two serrations geometries

are evaluated, the conventional sawtooth, and the square wave, allowing thus verification and

validation of the new square wave model. Comparisons between RANS-based predictions and

experimental noise reductions are presented at the end of the Chapter.

3.1 Controlled-Diffusion airfoil

Controlled-Difussion (CD) airfoils are thin, highly cambered airfoils initially developed for

compressor blades that have been the subject of extensive study during the past four decades

by the turbomachinery community. As noted by Hobbs & Weingold (1984), CD airfoils were

developed to control the momentum diffusion rate on the suction surface, in other words, to

prevent boundary layer separation even at high incidences. Additionally, it was demonstrated

by the same authors that blades with CD airfoils allowed transonic compressors to operate

shock-free. The CD airfoil was again on the spotlight during the early 2000s (Moreau, Henner,
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Iaccarino, Wang & Roger, 2003; Moreau & Roger, 2005) in the context of low-speed automotive

engine cooling fans. More recently, high fidelity simulations have been done (Wang, Moreau,

Iaccarino & Roger, 2009; Wu et al., 2020), including a Lattice-Boltzmann method (LBM) with

DNS resolution close to the wall on a CD airfoil with three-dimensional serrations by Sanjose

et al. (2014). The vast database for the CD airfoil makes it ideal to validate trailing edge noise

models.

Far-field acoustics, wall-pressure statistics, boundary layer, and wake profiles measurements

were conducted at the anechoic wind tunnel at Université de Sherbrooke (Padois, Laffay,

Idier & Moreau, 2015) and École Centrale de Lyon (Moreau & Roger, 2005) on the CD airfoil

at angle of attack 8� and free stream velocity of 16 m/s. The airfoil has a chord of 0.135 m and a

span of 0.3 m, with a Reynolds number based on the chord of 1�5 � 105. A modular mockup

of the CD airfoil has been built to test different active and passive noise control techniques

including: trailing edge serrations, a porous trailing edge and boundary layer suction (Moreau

et al., 2016). Noise reductions obtained using smooth three-dimensional sawtooth serrations

of size 2� = 10 mm with an aspect ratio of 2 have been measured in the aforementioned flow

conditions. Additionally, Moreau et al. (2019) compared the experimental noise spectra with the

rapid Ayton’s model finding a good agreement on the frequency range where the noise reductions

occur. Figure 3.1(a) shows iso-countours of the swirling strength criterion superimposed on the

divergence of the velocity field (representing density fluctuations) for the CD airfoil at 8� angle

of attack from the DNS simulation of Wu et al. (2020). Figure 3.1(b) shows iso-contours of the

_2-criterion colored by streamwise velocity from the simulation with serrations from Sanjose

et al. (2014). Lastly, Figure 3.1(c) shows the serrated experimental mock-up used in Moreau

et al. (2016).

Figure 3.2 compares experimental data from UdeS with: Amiet’s model (including the back-

scattering correction) given by Eq. (2.63), Ayton’s rapid model given by Eq. (2.89), Li and Lee’s

extension given by Eq. (2.90), both in the limit of zero serration amplitude. The numerical

predictions obtained from a Lattice-Boltzmann method simulation, with DNS resolution, coupled

with the FW-H analogy (Sanjose et al., 2014) are presented as well. In the present validation
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e d g e f or a str ai g ht e d g e airf oil a n d ( b) S P L r e d u cti o n  wit h t h e us e of s err ati o ns.

Li a n d  L e e’s  m o d el is s e e n t o  m at c h  A mi et’s  m o d el at all b ut l o w fr e q u e n ci es,  w hi c h is e x p e ct e d

gi v e n t h e h alf- pl a n e ass u m pti o n i n v ol v e d i n t h e ori gi n al  A yt o n’s  m o d el ( A yt o n, 2 0 1 8).  M or e o v er,
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Li a n d  L e e’s  m o d el i m pr o v es t h e a gr e e m e nt b et w e e n t h e r a pi d  A yt o n’s  m o d el a n d  A mi et’s  m o d el,

as it a ut o m ati c all y a c c o u nts f or t h e fi nit e s p a n a n d t h e t hr e e- di m e nsi o n al n ois e r a di ati o n.  All

a n al yti c al  m o d els f oll o w t h e tr e n ds of t h e e x p eri m e nt al d at a at  mi d t o hi g h fr e q u e n ci es.  O nl y at

hi g h fr e q u e n ci es, d o es t h e e x p eri m e nt al P S D at  U d e S l e v el o ut, as a n a d diti o n al  w a k e n ois e

s o ur c e c o ntri b ut es t o t his fr e q u e n c y r a n g e ( W u et al. , 2 0 2 0).

T o b ett er vis u ali z e t h e r es ults, t h e n ois e r e d u cti o ns fr o m t h e e x p eri m e nts, t h e si m ul ati o ns a n d

fr o m t h e  m o d els ar e pr es e nt e d i n Fi g ur e 3. 3.  T h e n ois e r e d u cti o n is d e fi n e d as:

Δ S P L = 1 0 l o g 1 0

�푃
str ai g ht
�푃 �푠 (�퐸, �푠, �푠 )

�푠 s err at e d
�푠 �푠 (�푠, �푘, �휔 )

( 3. 1)
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Fi g ur e 3. 3 ( a)  A c o usti c pr ess ur e P S D f or a n o bs er v er at 2  m a n d 9 0 ◦ fr o m t h e tr aili n g
e d g e f or a str ai g ht e d g e airf oil a n d ( b) S P L r e d u cti o n  wit h t h e us e of s err ati o ns.

Si mil ar g o o d tr e n d of t h e n ois e r e d u cti o n is o bs er v e d f or t h e s err at e d c as e.  T h e di ff er e n c e s e e n

b e y o n d 4 k H z is a g ai n c a us e d b y t h e a d diti o n al  w a k e n ois e s o ur c e.  Li a n d  L e e’s  m o d el t h er ef or e

pr o vi d es e x c ell e nt airf oil n ois e pr e di cti o ns f or b ot h str ai g ht a n d s err at e d c as es at Θ = 9 0 ◦ .
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Fi g ur e 3. 4 s h o ws t h e dir e cti vit y p att er ns f or t h e  C D airf oil usi n g  A mi et’s  m o d el ( E q. ( 2. 6 3))

a n d t h e  Li a n d  L e e’s e xt e nsi o n of  A yt o n’s  m o d el ( E q. ( 2. 9 0))  w h e n t h e s err ati o n h ei g ht, 2 ℎ ,

a p pr o a c h es z er o.  T h e e xt e n d e d  A yt o n’s  m o d el  m at c h es t h e  w ell- k n o w n h alf- pl a n e s ol uti o n

w h er e fi nit e c h or d e ff e cts ar e n ot i n cl u d e d, a n d t h e s o ur c e is a c o usti c all y c o m p a ct as dis c uss e d

i n S e c. 2. 1.  M or e o v er, t h e p att er ns ar e i n p erf e ct a gr e e m e nt  wit h t h e fi nit e c h or d a n d h alf- pl a n e

p att er ns i n  H o w e ( 2 0 0 1) a n d  R o g er  &  M or e a u ( 2 0 0 5).  T h us, it is e x p e ct e d t h at  Li a n d  L e e’s

m o d el gi v es g o o d pr e di cti o ns f or o bs er v ers at 9 0 ◦ fr o m t h e tr aili n g e d g e, a n d dis cr e p a n ci es ar e

e x p e ct e d at ot h er o bs er v er p ositi o ns, p arti c ul arl y at l o w n o n- di m e nsi o n al fr e q u e n ci es.
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( c)
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− 1 3 0 − 1 1 4 − 9 7 − 8 0

( d)

Fi g ur e 3. 4 S P L dir e cti vit y f or t h e  C D airf oil usi n g  A mi et’s a n d t h e e xt e n d e d  A yt o n’s
m o d els. ( a) �푃 �푃 = 1 ,( b) �푠 �퐸 = 5 ,( c) �푠 �푠 = 1 0 a n d ( d) �푠 �푠 = 2 5 .  T h e fl o w is fr o m l eft t o

ri g ht.
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Airfoil trailing edge noise reduction with serrations———————————Summary
• Noise reduction predictions are fairly well predicted by using an experimental wall-

pressure spectrum.

• The frequency range where noise reductions occur is captured in the model, however

it predicts constant noise reductions at high frequencies, which are not observed

experimentally.

• Li and Lee’s model predicted directivity pattern correspond to those of a half-plane

scattering.
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3.2 Trailing edge noise measurements on a NACA0012 airfoil with serrations

Since the main subject of study in this thesis is a propeller based on the NACA0012 airfoil, an

experimental campaign was conducted at the anechoic open-jet wind tunnel at the Université de

Sherbrooke on an airfoil based on the same profile. The objectives of the airfoil campaign were

threefold. Firstly, to validate the findings in Chapter 2 for the square and sawtooth serrations,

where potential benefits from the former were found. Secondly, to validate the new square wave

model and compare with Li and Lee’s predictions. Lastly, most experimental data for trailing

edge noise have been recorded at moderate to high Reynolds numbers. Thus, aerodynamic and

acoustic data for the Reynolds numbers where small propellers operate are scarce.

The anechoic room is the same one used for the CD airfoil measurements discussed in the

previous section. The room dimensions are 7 � 5.5 � 4 m3. The nozzle has an exit section

of (! � �) 30 � 50 cm2 and operates in the velocity, +1, range between 5 and 50 m/s. The

carbon fiber airfoil had a chord of 13 cm and a span, !, of 30 cm with a blunt trailing edge of

1.57 mm. Pressure taps are installed along the mid-span for measuring the mean pressure. The

taps were connected to two 16-port Scanivalve (DSA3217PTP) pressure scanners via plastic

tubes. Detailed views of the installed airfoil at the exit of the nozzle are shown in Figure 3.5.

The disks on the side plates allow modification of the airfoil geometric angle of attack in steps of

1 degree. For the far-field acoustic pressure measurements, six 1/2" PCB (378B02) microphones

were located at the mid-span plane at a distance of 1.6 m from the trailing edge, as shown in

Figure 3.6.

3.2.1 Test matrix

To select the wind tunnel free-stream velocity, +1, and the geometric angle of attack, U6, RANS

simulations of the propeller in free-field conditions were used to match the airfoil chord-based

Reynolds number. Since the velocity and angle of attack vary along the propeller span, data at

75% of the span were selected, as this is a common location to characterize propeller metrics.

The details of the simulations are deferred to Chapter 4. From the RANS simulations, the
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Figure 3.5 Wind tunnel nozzle and airfoil installed between side plates.
(a) back view and (b) side view with detail showing pressure taps

Figure 3.6 Experimental set-up at the anechoic wind tunnel
with far-field microphones
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relative velocity and effective angle of attack seen by the blade were estimated using a velocity

triangle. Note that in hover conditions, the axial flow corresponds exclusively to the induced

velocity generated by the propeller. The Reynolds number range corresponding to the RPM

range from 4000 to 8000 is 66,000 to 132,000. The lowest Reynolds number corresponds to

a wind tunnel velocity of � 7.5 m/s and would not allow for the identification of trailing edge

noise due to low noise levels. Therefore, the range was shifted and extended, resulting in the

wind tunnel free-stream velocity range of 10 to 20 m/s. The effective angle of attack,Ueff, in

the RANS simulations varies between 2 and 5 degrees. The geometric angle of attack was

calculated using the following wind tunnel correction by Brooks et al. (1989):

Ueff =
U6

Z
�

Z = ¹1 ¸ 2fº2 ¸
p

12f�

f =

�
c2

48

� � 2
�

�2
� (3.2)

where H is the tunnel width. The geometric angle of attack testing range was from 0 to 10

degrees, resulting in an effective angle of attack from 0 to 7 degrees. The Reynolds number

range suggested that airfoil tonal noise due to transitional boundary layers might be present

during the measurements, in line with the findings of Pröbsting et al. (2015). Thus, a means of

forcing transition was needed to ensure a fully turbulent boundary layer at the trailing edge.

A 3D turbulator tape commonly used in gliders, and manufactured by Hansjorg-Streifeneder, was

available in two thicknesses: 0.4 and 0.8 mm. The selection of the trip thickness is not trivial,

as the goal is to force transition without excessively tripping the boundary layer and without

significantly altering the airfoil loading. Therefore, the impact of the trip on aerodynamic

performance was assessed by installing the tape on the suction side, the pressure side, or on

both, with different thicknesses. The trip thicknesses were selected to be 0.4 mm and 0.8 mm

on the suction and pressure sides, respectively. Details of the spectra under different tripping

conditions can be found in Appendix III. The airfoil with the thickest trip is shown in Figure 3.7
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Figure 3.7 Airfoil pressure side
with 0.8 mm thick turbulator tape

To study the noise reduction due to trailing edge serrations, two serrated appendices were

manufactured in acrylic (plexiglass) of the same thickness as the airfoil trailing edge. Based on

the analysis from the previous chapter (Figure 2.14), the sawtooth and the square wave were

selected as having the highest noise reduction potential at the low speeds tested. Following

Gruber (2012), a trailing edge serration is effective when the serration amplitude is on the order of

the boundary layer thickness (2� � X). Therefore, the serration amplitude was determined from

the boundary layer thickness extracted from 2D-RANS simulations at '42 = 105,representative

of the propeller flow at around 6000 RPM, and set to 2� = 6mm. The serration wavelength was

set to 3 mm following an optimal serration aspect ratio of 2 suggested by Kholodov & Moreau

(2021). The serrations were secured to the airfoil trailing edge using double-sided tape, with
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multiple runs showing no evidence of serration movement or detachment. Figure 3.8 shows the

installed sawtooth and square wave serrations, the latter in the tripped configuration.

��� ���

Figure 3.8 Trailing edge sawtooth serrations installed in the NACA0012 airfoil

Finally, the tests were run for the clean and tripped configurations with and without the serrations

as summarized in Table 3.1

Table 3.1 Test matrix and designation for NACA0012 airfoil

Airfoil ��(m/s) †‡(deg.) Designation
Baseline

10,12,14,16,18,20 0,2,4,6,7,8,10

Baseline
Serrated-Sawtooth Sawtooth
Serrated-Square Wave Square
Baseline-tripped Baseline(T)
Serrated-sawtooth-tripped Sawtooth(T)
Serrated-square wave-tripped Square(T)

Acoustic data sampling rate was 51.2 kHz and data were collected for 60 seconds. Whereas

the mean pressure was sampled at 4 Hz for 25 seconds. Acoustic spectra were computed



112

using the Welch’s periodogram method as implemented in the python library SciPy with a

Blackman-Harris window. The windows size are optimally defined for the FFT algorithm to

provide a 1 Hz resolution and include 10% of zero padding.

3.2.2 Results

The baseline results are discussed first. Figure 3.9 shows the spectra evolution with angle of attack

for the 90-degree microphone. The anechoic room background noise is shown for reference.

At all velocities, a wide hump at low frequencies is evident for angles of 0, 2, and 4 degrees.

Humps of less amplitude appear at higher frequencies than the main hump for other angles

of attack. For all humps, the amplitude and peak frequency increase with increasing velocity.

Given the low-Reynolds-number conditions, these humps can be attributed to the scattering of

large coherent structures at the trailing edge. As explained by Pröbsting & Yarusevych (2015)

these structures are the result of the laminar-to-turbulent transition via a Laminar Separation

Bubble (LSB) occurring on the suction, pressure, or both sides of the airfoil. LSBs often develop

on airfoils operating at chord-based Reynolds number under 500,000 (Mueller & DeLaurier,

2003) as discussed in Sec. 1.1.4.

The humps observed in the baseline spectra are in line with the observations of Pröbsting et al.

(2015) where at low angles of attack, and for Reynolds numbers below 105, it is expected that

both the suction and pressure side boundary layers contribute to the humps in the spectra. The

humps amplitude decreases with angle of attack with a noticeable change from 4 to 6 degrees at

all Reynolds numbers. For the low-Reynold number investigated, it is expected that the LSB

moves upstream as the angle of attack increases, thereby transitioning and reattaching as a TBL

closer to the leading edge (Mueller & DeLaurier, 2003; Winslow et al., 2018). Additionally, the

background noise has no effect in the measured spectra. Lastly, note that the microphones reach

their lower sensitivity threshold in all cases, and the signal is no longer detected for frequencies

exceeding 5000 Hz in the highest speed case. Therefore, in the following results all the spectra

shown will be limited to this frequency.
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Fi g ur e 3. 9  B as eli n e n ois e s p e ctr a f or all a n gl es of att a c k at ( a) 1 0  m/s, ( b) 1 2  m/s, ( c)
1 6  m/s a n d ( d) 2 0  m/s

A s c ali n g of t h e h u m ps fr e q u e n ci es  wit h t h e fr e e-str e a m v el o cit y c a n b e d o n e t o v erif y t h at

t h e h u m ps i n t h e b as eli n e s p e ctr a ar e d u e t o l a mi n ar b o u n d ar y l a y er i nst a biliti es.  T h us, all t h e

s p e ctr a ar e s m o ot h e d usi n g a S a vit z k y  &  G ol a y ( 1 9 6 4) filt er, as i m pl e m e nt e d i n t h e P yt h o n

li br ar y S ci P y.  T h e a p pli c ati o n of t h e S a vit z k y- G ol a y filt er  wit h a  wi n d o w s p a n ni n g 4 0 0 s a m pl es

a n d a p ol y n o mi al or d er of 2 all o ws t o i d e ntif y t h e h u m p p e a k fr e q u e n c y at all a n gl es of att a c k

f or v el o citi es b et w e e n 1 0 a n d 1 6  m/s.  At hi g h er v el o citi es, t h er e is n o cl e ar i d e nti fi a bl e p e a ks,

t h er ef or e t h e 1 8 a n d 2 0  m/s s p e ctr a ar e n ot i n cl u di n g i n t h e s c ali n g.  T h e e v ol uti o n of t h e h u m ps

p e a k fr e q u e n c y, �푃p e a k , is s h o w n i n Fi g ur e 3. 1 0 f or all t h e a n gl es of att a c k.  N oti c e t h at t h e

fr e q u e n c y d e p e n ds o n b ot h t h e  R e y n ol ds n u m b er a n d t h e a n gl e of att a c k, i n cr e asi n g  wit h b ot h

p ar a m et ers.  T h e Fi g ur e als o s h o ws P at ers o n,  V o gt, Fi n k  &  M u n c h ( 1 9 7 3 a) e m piri c al s c ali n g of

t h e fr e q u e n c y  wit h �푃 1 .5 .  G o o d a gr e e m e nt  wit h P att ers o n s c ali n g is n ot e d at t h e l o w est a n gl e of

att a c k.
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O v er all, b ot h t h e s a wt o ot h a n d t h e s q u ar e  w a v e s err ati o ns ar e c a p a bl e of r e d u ci n g t h e  m ai n

h u m p a m plit u d e.  T h e e ff e ct is e vi d e nt at  m o d er at e a n gl es of att a c k  w h er e t h e s q u ar e  w a v e

s err ati o ns c a n gi v e r e d u cti o ns of u p t o 1 0 d B.  Wit h i n cr e asi n g a n gl e of att a c k, t h e s err ati o ns

still r e d u c e t h e n ois e b ut t o a l ess er d e gr e e.  At l ar g e a n gl es of att a c k, t h e  m ai n n ois e s o ur c e is

t ur b ul e nt b o u n d ar y l a y er tr aili n g e d g e n ois e,  w hi c h is e x p e ct e d as t h e  L S B  m o v es u pstr e a m a n d

a  T B L d e v el o ps o v er  m ost of t h e c h or d.  A d diti o n all y, t h e s q u ar e  w a v e s err ati o ns gi v e b ett er
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noise reductions at the hump-dominated part of the spectrum, while the sawtooth performs

better at higher frequencies. Minor noise increase (� 2 dB) is observed for the square wave

serrations at low angles of attack for all velocities at frequencies over 1 kHz.

Two ways in which the serrations may reduce the far-field noise due to the transitional boundary

layers are hypothesized. Firstly, the presence of the serrations results in the large structures due

to the transitional boundary layers decreasing their spanwise coherence. Secondly, the serrations

act as a division between the flow fields from the pressure and suction sides, therefore weakening

any potential coupling effect between both sides.

3.2.2.2 Effects of trip

While it has been demonstrated that the noise reduction capabilities of serrations are effective

for transitional flows, the models presented in Chapter 2 assume fully turbulent boundary layers,

and the noise due the scattering of small-scale structures at the trailing edge. Therefore, the

second part of the results will focus on the cases where both airfoil sides were tripped. First, it is

demonstrated that the trip can indeed eliminate the humps due to transitional boundary layers.

The effect of the trip on the far-field acoustics is shown in Figure 3.12 for U6 = 2 �, 6 �, and 10 �

and for velocities of 10, 16, and 20 m/s.

The trip effect is evident at low angles of attack and across all velocities. For U6 = 2 �, the trip

trims the hump amplitude by about 20 dB and reduces noise beyond 1 kHz as well. For U6 =

6 �, the trip reduces the secondary hump amplitude by roughly 5 dB with minor noise increase

past the hump frequency range. At the highest angle of attack, U6 = 10 �, the adverse pressure

gradient has forced transition to turbulence on the clean airfoil suction side, resulting in very

similar spectra for the clean and tripped configurations. A slight noise reduction is observed

for the tripped configuration below specific velocity-dependent frequencies, and a slight noise

increase occurs above these frequencies.

Recalling that trailing edge noise due to TBL scales with the fifth power of the flow velocity

(Sec 2.1) it is possible to verify that indeed the trip has eliminated most of the noise from laminar
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f or �푃 �푃 = 2 ◦ ( a) 1 0  m/s, ( b) 1 6  m/s, ( c) 2 0  m/s, �푠 �퐸 = 6 ◦ ( e) 1 0  m/s, (f) 1 6  m/s, ( g) 2 0  m/s
a n d �푠 �푠 = 1 0 ◦ ( h) 1 0  m/s, (i) 1 6  m/s, (j) 2 0  m/s

b o u n d ar y l a y er i nst a biliti es.  T h er ef or e, t h e tri p p e d s p e ctr a ar e s c al e d t o i d e ntif y t h e r e gi o ns

w h er e  T B L tr aili n g e d g e n ois e d o mi n at es.  T h e s c ali n g b y t h e fift h p o w er of t h e v el o cit y is s h o w n

i n Fi g ur e 3. 1 3 f or t h e l o w est a n d hi g h est a n gl es of att a c k. It is n ot e d t h at t h e s p e ctr a d o n ot

c oll a ps e f or fr e q u e n ci es b et w e e n 1 0 0 a n d 2 0 0  H z, si n c e t his n ois e is d u e t o t h e j et n ois e ( ≈ �푠 7 )

c o mi n g fr o m t h e n o z zl e. F or fr e q u e n ci es b et w e e n 2 0 0 a n d 1 0 0 0  H z, t h e s p e ctr a c oll a ps es,

p arti c ul arl y f or t h e v el o citi es b et w e e n 1 4 a n d 2 0  m/s.  B e y o n d 1 5 0 0  H z t h e s p e ctr a d o es n ot

c oll a ps e a n d s er v es as a n i n di c at or t h at  T B L tr aili n g e d g e n ois e is n o l o n g er d et e ct e d.
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a n gl es of att a c k of 0 a n d 1 0 d e gr e es

3. 2. 2. 3  E ff e ct of t ri p a n d s e r r ati o ns

Wit h t h e c ert ai nt y t h at t h e n ois e c o mi n g fr o m t h e tr aili n g e d g e is n o w e x cl usi v el y d u e t o t ur b ul e nt

b o u n d ar y l a y er s c att eri n g, Fi g ur e 3. 1 4 c o m p ar es t h e s p e ctr a of t h e tri p p e d b as eli n e  wit h t h e

s a wt o ot h a n d s q u ar e  w a v e s err ati o ns u n d er t h e s a m e tri p p e d c o n diti o ns f or �푃 �푃 = 2 ◦ , 6 ◦ a n d 1 0 ◦

f or v el o citi es of 1 0, 1 6, a n d 2 0  m/s.  N ois e r e d u cti o ns ar e visi bl e f or all fl o w c o n diti o ns. Si mil ar

t o t h e cl e a n c as es, t h e s q u ar e  w a v e gi v es hi g h er n ois e r e d u cti o ns at l o w fr e q u e n ci es  w hil e at

hi g h er fr e q u e n c y t h e s a wt o ot h p erf or ms sli g htl y b ett er.  T h e s q u ar e  w a v e c a n yi el d u p t o 5 d B

r e d u cti o n at l o w a n gl es of att a c k.

N ot a bl y, t h e s err ati o n p erf or m a n c e d o es n ot d e gr a d e si g ni fi c a ntl y  wit h i n cr e asi n g v el o cit y f or

t h e s a m e a n gl e of att a c k.  R e c alli n g t h at t h e s err ati o ns  w er e si z e d b as e d o n si m ul ati o ns  wit h a

c h or d- b as e d  R e y n ol ds n u m b er of 1 0 5 ,  w hi c h c orr es p o n ds  wit h t h e t u n n el v el o cit y of 1 2  m/s, it

w as e x p e ct e d t h at f or i n cr e asi n g  R e y n ol ds n u m b ers, t h e b o u n d ar y l a y er t hi c k n ess es  w o ul d b e

s m all er.  T h us, t h e s err ati o ns  w o ul d still b e b e n e fi ci al, as t h eir r o ot-t o-ti p a m plit u d e is al w a ys

l ar g er t h a n t h e b o u n d ar y l a y er t hi c k n ess.  T his e ff e ct is s o m e w h at c o m p eti n g  wit h t h e t hi c k e ni n g

of t h e b o u n d ar y l a y er d u e t o a d v ers e pr ess ur e gr a di e nt if t h e a n gl e of att a c k is als o v ar yi n g.

Fr o m t h e d esi g n p oi nt of vi e w, it  mi g ht b e a d e q u at e t o si z e t h e s err ati o ns f or t h e o p er ati n g p oi nt

wit h t h e l ar g est e x p e ct e d b o u n d ar y l a y er t hi c k n ess.
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f or �푃 �푃 = 2 ◦ ( a) 1 0  m/s, ( b) 1 6  m/s, ( c) 2 0  m/s, �푠 �퐸 = 6 ◦ ( e) 1 0  m/s, (f) 1 6  m/s, ( g) 2 0  m/s
a n d �푠 �푠 = 1 0 ◦ ( h) 1 0  m/s, (i) 1 6  m/s, (j) 2 0  m/s

T o c o n cl u d e t h e e x p eri m e nt al r es ults s e cti o n, it is  w ort h v erif yi n g t h at t h e s err ati o ns ar e a bl e

t o r e d u c e tr aili n g- e d g e n ois e at all  mi cr o p h o n e l o c ati o ns.  T his is s h o w n i n t h e  O v er all S o u n d

Pr ess ur e  L e v el ( O A S P L) dir e cti vit y pl ots i n Fi g ur e 3. 1 5 f or �푠 �푠 = 2 ◦ , 6 ◦ , a n d 1 0 ◦ a n d f or

v el o citi es of 1 0, 1 6, a n d 2 0  m/s .  T h e  O A S P L is o bt ai n e d b y i nt e gr ati n g e a c h s p e ctr u m fr o m

1 0 0  H z t o 5 0 0 0  H z.  T h e l o w er li mit c orr es p o n di n g t o t h e a n e c h oi c r o o m c ut- o ff c o n diti o n a n d

t h e u p p er li mit t o t h e  mi cr o p h o n e l o w est s e nsiti vit y fr e q u e n c y at t h e hi g h est v el o cit y.  B ot h

t h e s q u ar e  w a v e a n d t h e s a wt o ot h s err ati o ns r e d u c e n ois e f or  m ost o p er ati n g c o n diti o ns at all

o bs er v er a n gl es,  wit h t h e f or m er p erf or mi n g b ett er t h a n t h e l att er.
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Figure 3.15 Comparison of baseline clean and with tripped trailing edge noise at 90�
for †‡ = 2� (a)10 m/s, (b)16 m/s, (c)20 m/s, †‡ = 6� (e)10 m/s, (f)16 m/s, (g)20 m/s

and †‡ = 10� (h)10 m/s, (i) 16 m/s, (j)20 m/s

Airfoil trailing edge noise reduction with serrations———————————Summary
• Serrations are an effective way to mitigate trailing edge noise from both, transitional and

fully-turbulent boundary layers.

• The square wave serration gives larger noise reductions at lower frequencies compared

with the conventional sawtooth serration.

• For the tripped cases, TBL trailing edge noise dominates the spectra for frequencies

between 200 and 1000 Hz.

• From the design point of view, it might be adequate to size the serrations for the operating

point with the largest expected boundary layer thickness.
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3.3 RANS-based trailing edge noise modeling

With the experimental results in hand, the next step is to apply the serrated models discussed

in Chapter 2. The essential input of the models being the single-point wall-pressure spectrum

upstream of the trailing edge. As discussed previously, RANS simulations are used to obtain

the boundary layer information to model the spectra. Having the spectrum, the Li and Lee’s

extension of the rapid Lyu and Ayton’s model is used to predict the noise due to the square wave

and sawtooth serration. Additionally, the new square wave model is also compared with Li and

Lee’s model and the experimental data.

3.3.1 RANS simulations

The RANS simulations are performed in ANSYS-CFX using the k-l SST model to compare

with the experimental tripped cases. The domain is 3D, albeit with a small span, rendering the

simulations effectively 2D with the use of periodic boundary conditions. The domain extends

10 chord lengths downstream from the trailing edge and 5 chord lengths upstream from the

leading edge as shown in Figure 3.16. The hybrid mesh consists of prismatic layers close to the

wall to capture the boundary layer evolution along the airfoil, whereas the rest of the domain

consists of tetrahedral elements. A parametric study on the first layer thickness and the prismatic

layer aspect ratio was performed to evaluate the impact of these parameters in the pressure and

skin friction distributions. The parametric study and additional mesh details are presented in

Appendix IV.

The effective angle of attack is calculated with Eq. (3.2) to recreate the wind tunnel conditions,

and the same test matrix given in Table 3.1 is simulated for the tripped configurations. In all

cases, the lift and drag coefficients are monitored to assess global convergence and the residuals

fell below 10�6. Starting with the aerodynamic results, the experimental pressure coefficient in

the tripped configuration is compared with the RANS simulations for U6 = 2�, 6� and 8� for the

lowest and highest velocity in Figure 3.17
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of attack for the lowest velocity and for all but 10 degrees for the highest one. Additionally, the

pressure distribution is properly captured for the rest of the chord. The good agreement between

the experimental and the RANS pressure coefficient, is a first-step to obtain trailing edge noise

predictions for airfoils subjected to an adverse pressure gradient.

3.3.2 Trailing edge noise predictions

Following the RANS simulations, Python-based post-processing scripts were used to extract

boundary-layer parameters for modeling the wall-pressure spectrum using Lee’s model (Eq. 2.22).

The required parameters are identical to those in Table 2.4. The extraction methodology follows

that of Sanjosé & Moreau (2018) were the boundary layer parameters were extracted at 85% of

the chord. A key value to extract is the boundary layer thickness, X. Note, however, that this is

not a straightforward process, as there are several difficulties in detecting the boundary-layer

edge. For example, vorticity, turbulence kinetic energy, and total pressure all vary significantly

within the boundary layer but attain constant values outside it, making them possible candidates

for detecting the boundary layer edge. Additionally, consider that the non-uniformity of the

mesh (particularly in 3D simulations, relevant to the propeller) makes it challenging to define

a maximum along an extraction line (Sanjosé & Moreau, 2018). In summary, to detect the

boundary layer edge, a Gaussian smoothing is applied to the extraction lines, and the first and

second derivatives of the total pressure profiles are used to estimate X.

Figure 3.18 shows the experimental and RANS-modeled far-field acoustics for angles of attack

U6 = 2 �, 6 �, and 10 � and for velocities of 10, 16, and 20 m/s . The results are shown for an

observer at 1.6 m for the 90 degree microphone using: Amiet’s model, Eq. (2.63), Li and Lee’s

model, Eq. (2.90) and the new square wave model, Eq. (2.135), the latter two models evaluated

at zero serration amplitude(2� ! 0). Additionally, note that the boundary layers were extracted

only on the suction side and equal radiation from the pressure side is assumed by including a

factor of 2 in all the models.
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serrations shapes. For the square wave noise reductions of up to 5 dB are noted at low speeds.

Notice that the model is also able to capture the relative difference between the square wave and

sawtooth serrations. For the experimental range where noise reductions are not observed, the

model significantly overpredicts noise reductions. The oscillatory nature of the modal expansion

coefficients for the square wave results in multiple peaks and troughs, whereas the sawtooth

modeled noise reductions tend to stabilize at around 10 dB. The aforementioned behavior is

in good agreement with the zeroth-mode expansion coefficient, �0¹Bº, discussed in Sec 2.4.4.

Therefore, the latter can be used for fast estimations of the frequency range of potential noise

reductions.

RANS-based serrated airfoil noise predictions———————————Summary
• Amiet’s model and the new square wave model are in good agreement with the tripped

baseline case, particularly at the highest velocities.

• The new square model and Li and Lee’s model are better at predicting the serrated airfoil

noise at low and high frequencies, respectively, with disagreements of up to 5 dB.

• Further validation is needed for the new square wave model.

• The noise reductions, � SPL, calculated using Li and Lee’s model, are in good agreement

with the measurements for both sawtooth and square wave serrations.

• None of the models is able to capture the rapid decrease of TBL trailing edge noise for

frequencies above 2000 Hz.
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3.4 Conclusion

The models of Chapter 2 have been tested in the present Chapter for airfoils. Firstly, the noise

reductions using a serrated Controlled-Diffusion airfoil were compared with experimental and

numerical data using an experimental wall-pressure spectra. The results with Li and Lee’s model

are in fair agreement with the measurements. However, a directivity analysis showed that Li

and Lee’s model has a half-plane directivity and thus presents limitations at low dimensionless

frequencies.

An experimental campaign on a NACA0012 airfoil was undertaken to further validate the models

in the Reynolds number commonly found in drone propellers. The NACA0012 airfoil was

adapted with trailing edge serrations and noise reductions were measured in the mid-span plane.

Tripping was necessary to avoid transitional boundary layer noise. Square wave and sawtooth

serrations were studied. The former was found to perform better at low frequencies and the latter

at high frequencies, with a velocity-dependent cross-over frequency. Li and Lee’s model and the

new square wave model were compared with the measurements on the airfoil with square wave

serrations. Each model performs better at different frequency ranges, with the new square wave

model in better agreement for frequencies below 1000 Hz and the Li and Lee’s model for higher

frequencies.

Finally, Li and Lee’s model is able to capture the trend of noise reductions due to different

serration shapes. The model follows the noise reductions with velocity, and gives reasonable

magnitude of them in the frequencies where they occur. However, outside this range, the model

overpredicts the noise reductions. In the next Chapter, Li and Lee’s model is extended to rotating

blades and used to design serrations for the NACA0012 propeller.



CHAPTER 4

RANS-BASED DESIGN OF PROPELLERS WITH SERRATED TRAILING EDGES

“All models are wrong, some are useful”

— George Box

“If you want to find the secrets of the universe, think in terms of energy, frequency and vibration.”

— Nikola Tesla

This chapter discusses how Schlinker & Amiet (1981) approximation for modeling rotating

blades can be used in the context of serrated propeller blades, using Li and Lee’s model. Rotating

blade elements from a cooling fan and a wind turbine are used to verify Li and Lee’s extension

of Ayton’s model in the limit of zero serration amplitude(2� ! 0). A complete methodology

to obtain the wall-pressure spectrum from RANS simulations is then presented. The RANS

simulations are validated against the NACA0012 propeller experimental data with transitional

and fully-turbulent modeling. Then, the effect of the serration shape is discussed for the

NACA0012 propeller. General serration shape design considerations are given to conclude the

chapter.

4.1 Propeller trailing edge noise

Schlinker & Amiet (1981) proposed a strip-theory-based method to use Amiet’s results

(Eq. (2.63)) for helicopter rotors, which was later successfully applied to low-speed fans

(Roger, Moreau & Guedel (2006),Sanjosé & Moreau (2018)) and wind turbines (Tian & Cotté

(2016)). Consider a blade strip (green segment) rotating in the XY plane as shown in Figure 4.1

at constant angular velocity 
. Note that flow direction is in the negative Z-direction.
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Figure 4.1 Propeller global coordinates

The blade strip moves in a local rectilinear motion, thus neglecting the acceleration effects

due to rotation. Additionally, the rotor frequency is much smaller when compared to the

turbulence characteristic frequency, and the noise is blade-to-blade uncorrelated. Sinayoko,

Kingan & Agarwal (2013) derived a model for a blade segment in circular motion and investigated

the effect of acceleration in the far-field sound. They demonstrated that it was negligible for low

tip Mach numbers and found relatively small differences for high Mach numbers. Schlinker

and Amiet proposed to use a blade segment far-field PSD and perform an azimuthal average

over one revolution. Since there is a relative motion between the blade and the observer, the

averaging is weighted by a Doppler factor, leading to the expression:

�rotor
�� �Ro
 •� �

‰

2•

ƒ��
��0

� 2•

0

�
•• �Š�
•

�2
�k
�� �ro
 •• �Š�� dŠ (4.1)
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With � the number of blades and #B the number of blade strips. The integration variable W

sweeps the angular shift of the observers over a whole revolution (0 � W � 2c). The Doppler

shift for a stationary rotor (e.g., a propeller in hover) is given by:

l4 ¹Wº
l

= 1 ¸ "C sin \ sin¹W � qºq
1 � ¹"G sin \º2

(4.2)

Where "C and "G are the blade strip tangential and axial Mach number respectively, with \

and q the polar and azimuthal angles determining the observer’s position in the rotor frame

of reference. The full blade rotor noise is obtained by adding the contributions of all blade

segments calculated with either Amiet’s model (Eq. (2.63)) or Li and Lee’s model (Eq. (2.90)).

It must be noted that in the strip models, the sources are located at the trailing-edge. Therefore,

Eq. (4.1) cannot be directly applied without a coordinate transformation that positions the

source coordinates at the trailing edge of the considered blade segment. Several coordinate

transformation operations are required to go from the global (-�.� /) to the local (blade aligned)

(G� H� I). These transformations account for the geometry of the blade. The considered angles

are, sweep (Z), pitch (V) and lean (b) as shown in Figure 4.2

The general form of a coordinate transformation, also called rotation, is given by:

266666664
*

+

,

377777775
= M ¹*�+�,!-�.�/º

266666664
-

.

/

377777775
(4.3)

Where M ¹-�.�/!*�+�,º is a rotation matrix that transforms the coordinate system (-�.� /) into

the system (*�+�,). That is, from the fixed center of rotation to a moving system that is a

function of the azimuthal angle W. The rotation matrix is
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Figure 4.2 Rotation matrices to change from propeller (global) to strip
(local) coordinates.

Taken from Kücükcoskun (2012)

M ¹-�.�/!*�+�,º =

266666664
cos W sin W 0

� sin W cos W 0

0 0 1

377777775
(4.4)

The second rotation accounts for the sweep angle, Z , which is the deviation of the blade from the

radial direction. The transformation is given by:
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M ¹*�+�,!D�E�Fº =

266666664
cos Z sin Z 0

� sin Z cos Z 0

0 0 1

377777775
(4.5)

Next, to take into account the pitch angle, V, measured with respect the rotor plane the

transformation is ¹D� E� F ! <� =� ?º and the associate rotation matrix is:

M ¹D�E�F!<�=�?º =

266666664
0 � cos V � sin V

1 0 0

0 � sin V cos V

377777775
� (4.6)

The minus sign appears since the streamwise component is defined from the blade strip

center towards the trailing edge. Lastly, the lean angle is accounted by the transformation

¹<� =� ? ! G� H� Iº with the transformation matrix:

M ¹<�=�?!G�H�Iº =

266666664
1 0 0

0 cos b sin b

0 � sin b cos b

377777775
(4.7)

Now, the local coordinate system is aligned with the blade and thus Eq. (4.1) can be applied for a

single blade strip. The present work approximates the integral in Eq. (4.1) numerically with the

trapezoidal rule using 50 angular positions. The acoustic power radiated by the rotor can then

be found by integrating Eq. (4.1) over a sphere S centered at the rotor hub center. In practice,

a discrete number of observers is used. 360 observers are used in the meridional plane (XZ

plane in Figure 4.1) and four observers in the azimuthal direction to obtain sufficient resolution

without excessive computational time.

P ¹lº =
¹

S

(rotor
?? ¹ro� lº
d020

d( (4.8)
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with d020 being the air impedance at rest. The sound power level (SWL) in dB is computed

from P for a resolution of � 5 = 1 Hz and with a reference power of ,ref = 10�12 W:

SWL = 10 log10

�
P � 5

,ref

�
(4.9)

The in-house turbomachinery noise code "PyFanNoise" was used in this Thesis to perform all

the rotating blades calculations.

Schlinker and Amiet’s blade trailing edge noise model —————————-Summary
• Uses a strip-theory approach with each strip moving in rectilinear motion, thus neglecting

the effect of source acceleration.

• It has been extensively validated in a variety of applications from Wind Turbines to

automotive engine cooling fans.

• It can be used with any straight or serrated trailing edge model.

4.2 Verification of Li and Lee’s model to rotating blades

Having established the directivity patterns of the extended Ayton’s model for isolated blades in

the previous chapter (Figure 3.4), this section presents results on the representative wind turbine

and cooling fan blade elements, first presented by Blandeau & Joseph (2011) and later used

by Sinayoko et al. (2013) and Tian & Lyu (2022) to verify Schlinker and Amiet’s theory for

rotating blades and for Lyu’s serration model extension to rotating blades, respectively. The

parameters of the blade elements are shown in Table 4.1. In both cases, Kim & George (1982)

wall-pressure spectrum is used. The free stream-to-convection velocity ratio, 0, is assumed to

be 1.25 and Corcos’ constant, 12, 1.61 following Sinayoko et al. (2013).

Figure 4.3 shows the directivity results for the cooling fan and the wind turbine at a low and

high Helmholtz number of, :2 = 0�5, and :2 = 50, respectively. The flow goes from right to

left, so the rotational plane is at 90�. Firstly, it is noted that the implementation of Amiet’s

model is successful as the results are in good agreement with the directivity patterns in Sinayoko

et al. (2013). Secondly, at high frequencies, it is clear that the extended Ayton’s model matches
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Table 4.1 Parameters of the blade elements

Wind Turbine Cooling Fan

 25 RPM 600 RPM
Span 7.25 m 0.1 m
Chord 2 m 0.13 m
Pitch 10� 34�
'42 7.5 � 106 1.8 � 105

"G 0.029 0.0354
"C 0.165 0.0525

Amiet’s model for observers at high elevation angles from the rotational plane for both the

cooling fan and the wind turbine, with the largest discrepancies occurring close to the rotational

plane, as expected from the isolated airfoil directivity patterns from Figure3.4. In summary, it is

expected that the extended Ayton’s model will be valid for applications with sufficiently large

chords (:2 ¡¡ 1), like wind turbines for all frequencies, whereas the validity for applications

where the chord might be on the order of the acoustic wavelength (:2 � 1) must be carefully

assessed.

As discussed in Sec. 2.4.4, the modal expansion coefficients in Li and Lee’s model govern

the noise reduction capabilities of each serration shape. Given the behavior of zeroth-mode

expansion coefficient (Figure 2.14), it is worth exploring how different shapes will perform for

the representative cooling fan and wind turbine blade elements. Since detailed information on

the boundary layer is not available for these cases, the largest serration amplitude considered is

20% of the chord to limit the impact on the aerodynamic performance. Figure. 4.4 shows the

SPL reduction between straight edges and different serration shapes for the cooling fan and wind

turbine elements. The serration amplitude-to-wavelength ratio (2��_) is fixed to 2, except for

the cooling fan in Figure 4.4b where it is 2.5 to allow comparison with the results in Tian & Lyu

(2022). For this case an observer at \ = 45� is used, whereas for the other cases, the results are

for an observer above the rotational plane (\ = 0�) given the good agreement for straight edges

in Figure 4.3 for both applications. The frequency range for the wind turbine is from 100 to

10000 Hz and from 1000 to 10000 Hz for the cooling fan.
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limitation of the serrated models available in the literature as they do not account for the noise

increase due to the flow through the serrations as reported experimentally Gruber et al. (2010).

Li and Lee’s model validation for blades —————————-Summary
• Li and Lee’s model can be used for blades, but its frequency range is application-

dependent.

• It is in reasonable agreement with the more complex Lyu’s sawtooth model.

• The model shows that each serration geometry performs better at different conditions.

4.3 NACA0012 Propeller

Having verified the frequency range and the directivity limitations of Li and Lee’s model,

this section presents a comprehensive methodology for predicting trailing edge noise for a

representative drone propeller. The two-bladed rotor1 has a 0.25 m diameter (�), constant pitch

(10°), and a constant chord (0.025 m) based on the NACA0012 airfoil. Experimental data from

Gojon et al. (2021) and Santamaria, Sanjose, Gojon, Belliot & Moreau (2024) are available for

validation.

The propellers were tested in the ISAE-SUPAERO anechoic chamber. This facility is acoustically

treated in the 80–16 000 Hz frequency range and has dimensions of 5.02 m long, 5.24 m wide,

and 5.34 m high from wedge-tip to wedge-tip. The isolated rotors are placed in the center of the

chamber and are driven by a Faulhaber 3274G024BP4 3692 electric brushless motor, which

has low noise emissions as compared to conventional off-the-shelf motors. Far-field noise is

measured with a directivity antenna comprising 13, 1/4" GRAS microphones. The microphones

are placed at a distance of 1.62m from the rotor center and spaced every 10� from �60� to 60�

with the rotor plane at 0� as shown in Figure 4.5.

Acoustic data are acquired at a sampling frequency of 51.2 kHz for 16 s. Acoustic narrowband

spectra are obtained from time signals using Welch’s periodogram method with a Hanning

1 While rotor is a term exclusively used to refer to helicopters main and tail rotors, the term is used here
interchangeably with propeller. This practice is common in the small-propeller community
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Figure 4.5 Experimental set-up with the baseline propeller

window applied on 50 segments, using a 50% overlap and an amplitude correction factor. The

frequency resolution is � 5 = 3.125 Hz. Following Zawodny & Boyd (2020) the random SPL

uncertainty is � 0.45 dB.

The far-field acoustics are calculated following the methodology in Sanjosé & Moreau (2018).

First, a single-passage RANS simulation of the rotor is performed. After the convergence of

mean aerodynamic quantities, the blade is divided into strips, and boundary layer parameters are
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extracted. These parameters are used in the in-house broadband turbomachinery noise code

PyFanNoise to model the wall-pressure spectrum and to calculate the far-field acoustic pressure

using the models introduced and validated in Chapter 2 for each strip. Lastly, the complete

rotor far-field acoustic pressure at a given observer location is calculated using Eq.(4.1). The

methodology is summarized in Figure 4.6.

Figure 4.6 Methodology for propeller trailing edge noise calculation

4.3.1 RANS simulations set-up

The RANS simulations were run in the commercial software ANSYS CFX. The computational

domain is divided into two regions: a large stationary domain and a rotating domain, as

shown in terms of the propeller radius ' in Figure 4.7. The RANS equations are solved in a

moving reference frame (MRF) in the rotating domain, introducing the Coriolis and centripetal

components of the acceleration in the momentum equations. In both cases the air is modeled

as an incompressible medium with constant temperature, using the CFX default physical and

transport properties for air at 25��.

The experimental RPM range is between 4000 and 8000, yielding a chord-based Reynolds

number range between 88000 and 176000 using the blade tip speed. The corresponding tip

Mach numbers are 0.15 and 0.3 respectively. It is expected, then, that transitional effects play an

essential role in aerodynamic performance, whereas compressibility effects can be disregarded.

The simulations are performed with the High Resolution advection scheme. For closure of the

RANS equations, the : �l SST model is used. Given the low-Reynolds number, the simulations
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Figure 4.7 Single-passage stationary and rotational domain for RANS
simulations

are performed twice for all RPM, first using the fully developed turbulence model, then the

transitional modeling by activating the Š � ••… model based on the Langtry-Menter model.

The Š � ••… Langtry & Menter (2009) is a two-equation local correlation-based transition model

(LCTM) that is used in conjunction with the � � • SST model . The first equation is for the

intermittency Š, and the second one is for the transition onset momentum thickness Reynold

number ••… . The intermittency is zero for laminar boundary layers where the production of

turbulence kinetic energy is inhibited, and it is one for turbulent boundary layers where �

evolves according to its transport equation. The transport equation for ••… connects empirical

correlations to the onset criteria in the Š equation. It accounts for non-local effects due to

changes in the freestream turbulence and in the pressure gradient at the edge of the boundary

layer. A standard diffusion term in the ••… equation propagates this information towards the

wall. Due to its empirical nature, the Š � ••… model does not aim to reproduce the complex

physics of transition but rather to model the consequences of the transition in the flow. The

transition physics are thus entirely contained in the empirical correlations.

An unstructured mesh was generated using the software CentaurSoft and consisted of a surface

mesh with an associated prismatic layer, and tetrahedral mesh for the rest of the domain. The
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surface mesh parameters are the same as the ones used in Chapter 3 for the NACA0012 airfoil

simulations and are discussed in Appendix IV. The key zone for the tetrahedral mesh is the

region where the tip-vortices evolve downstream from the propeller as shown in red in Figure4.8.

Figure 4.8 Mesh strategy for the propeller: (a) leading edge, (b)
blade near-field, (c) blade wake

Poor resolution of the tip-vortices has a detrimental effect on the RANS aerodynamics predictions.

Since a global convergence study is not practical from the computational time point of view,

local refinements in key areas were made, and evaluated in terms of the thrust coefficient(2) ),

Eq. (1.8) and the figure of merit (FM), Eq. (1.10). The convergence results as a function of

mesh element size are shown in Figure 4.9 for the tip-vortex region.

While convergence is not reached in a strict sense, the results with the smallest tetrahedron size

are seen not to vary significantly (less than 1.5% for the �) ) with respect to the next tetrahedron

size tested. Therefore, the smallest tetrahedron size shown in Figure 4.9 was deemed sufficient.

A similar study was performed to set the maximum element size in the stationary domain mesh,

but it is not shown here for brevity. On average the largest elements in the stationary domain are

on the order of the propeller chord. Having set the mesh maximum size in the stationary domain
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Figure 4.9 Convergence of mesh refinement for the region around the tip
vortices (a) thrust coefficient and (b) figure of merit

and the refinement zones in the rotational domain, a grid convergence study is performed by

scaling down the tetrahedron size in the rotational domain (blue rectangle in Figure 4.8) in a

global manner. This results in an exponential increase in the tetrahedron number. Note that this

does not affect the surface and the prismatic regions close to the blade. As seen in Figure 4.10

the thrust coefficient and Figure of Merit tend to an asymptotic value with an increasing number

of elements. A rational polynomial fit is shown to highlight the trend and the shaded regions

represent a region within 1% of the asymptotic value.
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Figure 4.10 Grid convergence for (a) thrust coefficient and (b) figure of merit

Figure 4.11 shows isosurfaces of Q-criterion colored by vorticity superimposed on (left) axial

velocity and (right) turbulence kinetic energy contours. Note that the black arrow denotes the

positive direction in the axial direction. The tip vortices are adequately captured for the final
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mesh used, and their trace is visible in the axial velocity contours as well. The Figure also

illustrates the slipstream contraction downstream the propeller.

Figure 4.11 Isosurfaces of Q-criterion colored by vorticity superimposed on
(left) axial velocity and (right) turbulence kinetic energy contours.

4.3.2 Aerodynamic results

Figure 4.12 compares the thrust coefficient and the Figure of Merit calculated from the RANS

simulations with two data sets. The first data set is from Gojon et al. (2021) obtained using two

10 N S100 load cells from Strain Measurement Devices (SMD) (Wallingford, CT), while the

second data set comes from Santamaria et al. (2024) using a six-axis ATI (Apex, NC) Nano

17 load cell. The latter data set was obtained in the anechoic room in Figure 4.5 while the

former was obtained in a different test rig. Furthermore, the second data set also includes a

propeller with tripping cylinders at 10% from the leading edge to force transition to turbulence
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recommendations in ANSYS turbulence-modeling best practices guide. In the tip region of

the blade (��• ‹ 0�75), the boundary layer is in a transitional state and the transition position

moves closer to the leading edge along the span. This is consistent with the increasing Reynolds

number as the entrainment velocity increases with radius. Similarly, the percentage of blade span

in the transitional regime increases with increasing RPM. The transition line (white) obtained

experimentally from Infrared Thermography (IRT) (Jaroslawski, Forte, Moschetta & Gowree,

2023) in a similar, albeit 3-bladed, propeller at 6500 RPM is shown for a qualitative comparison.
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Figure 4.13 Suction side Wall-shear streaklines over contours of intermittency
for the transitional and turbulent solutions at 8000, 6000 ,and 4000RPM. The
white line at the 6000 RPM transitional case comes from IRT measurements.

The streaklines reveal the existence of strong radial flow close to the hub, affecting the whole

suction side for the lowest RPM and less portions of the blade as the rotational velocity increases.

For the transitional results, the streaklines show much more radial flow on the suction side
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consistent with previous LES results (Shenoy, Gojon, Jardin & Jacob, 2024). They also show

the location of the transition to turbulence along the span as a result of laminar flow separation.

The latter triggers the transition to turbulence at mid-chord in the outermost part of the blade

and thus the state of the boundary layer at the trailing edge is close to the fully turbulent case.

Additionally, the influence of the tip vortex is noticed in all cases on the suction side as it disturbs

the flow from the chordwise direction. Lastly, the streaklines in the fully turbulent cases show

no evidence of flow detachment or recirculation.

The H¸ is below 3 for most of the blade span in all cases and has maximum values at the leading

edge of about 3, 4, and 5 for the 4000, 6000, and 8000 RPM cases respectively. Additionally,

Figure 4.14 shows the Turbulence Kinetic Energy (TKE) contours at mid-span and at 90%

span for the same RPMs. For the fully turbulent results, the maximum TKE location is shown

to be within the prismatic layer for all cases. These two results assure that the inputs for the

wall-pressure models are accurate.

Additionally, note that the boundary layer of the 4000 RPM case presents very low levels of

turbulence, and it develops from the mid-chord, unlike the other two cases where the development

starts around the quarter chord. Similarly, the transitional case remains laminar at mid-span, and

the transition triggered by the LSB at 90% span results in a sharp increase of TKE and a thicker

build-up all the way to the trailing edge.
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Figure 4.14 Turbulence kinetic energy at 50% of the span [(a),(c),(e)
and(g)] and 90% of the span [(b),(d),(f) and(h)] for various simulations:

[(a),(b)] 8000 RPM, [(c),(d)] 6000 RPM, and [(g),(h)] 4000 RPM for fully
turbulent cases, and [(e),(f)] 6000 RPM for the transitional case.

With the results from the RANS simulations validated, the next step is the extraction of the

boundary layer parameters to model the wall-pressure fluctuations spectrum. The extraction

follows the same methodology based on the relative total pressure, as discussed in Chapter 3

(Sec.3.3.2) for the detection of the boundary layer edge as described by Sanjosé & Moreau

(2018), and it is performed at 85% of the chord. The evolution of some parameters required to

model the wall-pressure spectrum is shown in Figure 4.15 for different RPMs. The displacement

thickness decreases as the speed increases as a direct consequence of increasing the Reynolds
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number. The curves for Clauser’s parameter, ��, tend to collapse for all rotational speeds along

the midspan and diverge close to the blade tip, showing thus the independence of the Reynolds

number in the midspan given that the chord at all radial positions is the same. Lastly, the wall

shear stress, �Œ increases with Reynolds number as expected.
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Figure 4.15 Evolution of the boundary layer displacement thickness (a), Clauser’s
parameter (b), external velocity (c), and wall shear stress (d) along the span for different

RPMs.

4.3.3 Acoustic predictions for straight edge

Following the extraction of the mean flow quantities along the span, the wall-pressure fluctuations

spectrum, Ž�� �•�, and the far-field acoustic pressure PSD are calculated in PyFanNoise. Unless

otherwise noted, Lee’s wall pressure spectrum, Eq. (2.22) is used in all calculations. After

calculating the wall-pressure fluctuations spectrum and the blade strip acoustic pressure, the

rotor acoustic Sound Power Level (SWL) is computed from Eq. (4.8). The results for the

propeller rotating at 6000 RPM obtained with the methodology described in Figure 4.6 are
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matching with experimental data, the strip length cannot be arbitrarily small. The smallest strip

length is limited by the spanwise correlation length, ‘� �•�. Additionally, even though ten strips

are used for the noise calculation, it is worth noting that approximately 95% of the acoustic

power is radiated from the 2 outermost strips. Figure 4.18 shows that strips 9 and 10 contribute

the most to the total radiated acoustic power for a straight trailing edge, regardless of the model

used.
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Figure 4.18 Acoustic power radiated from each blade strip using Li and Lee’s
model

Finally, a comparison of the directivity patterns obtained with Amiet’s and Ayton’s models with

the experimental data from the tripped propeller is presented. The frequency range considered

is 1-16 kHz as in the experimental campaign. Figure 4.19 shows the overall sound pressure level

(OASPL) directivity for the 4000, 6000, and 8000 RPM cases. The flow is from top to bottom

with the rotational plane at 0�. On the one hand, Amiet’s model captures the expected dipolar

pattern due to trailing edge noise while the extended Ayton’s model matches Amiet’s model

at high elevation angles from the rotor plane in agreement with the results of Sec. 4.2. On the

other hand, the results from both models are in better agreement with the experimental data as

the rotational speed increases; this follows the findings of the development of the boundary layer

as shown in Figure 4.14.
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Figure 4.19 OASPL directivity at 4000 (a), 6000 (b), and 8000 (c) RPM for a straight
edge propeller with tripping using Amiet’s and the extended Ayton’s model. The flow is

from top to bottom.

4.3.4 Acoustic predictions for serrated edge

In this section, the performance of different serration shapes on the NACA0012 drone propeller

is investigated. According to Gruber, Joseph & Chong (2011) and Lee et al. (2021), a serration

becomes effective for amplitudes on the order of the boundary layer thickness (2€ � ’�. Without

loss of generality, the 6000 RPM case is chosen as the baseline. At this rotational speed, the

boundary layer close to the tip is about 2.5 mm; thus, the serration amplitude, unless otherwise

noted, is 5 mm (20% of the chord). The serration amplitude-to-wavelength ratio 2€�� is fixed to

2, in this case, following the optimal ratio found both experimentally and numerically (Gruber

et al., 2011; Kholodov & Moreau, 2021) and for consistency with the airfoil serration parameters

in Chapter 3.

First, the noise levels of the propeller with sawtooth, sinusoidal, slitted-V, and square wave

trailing edges are compared in Figure 4.20 with the noise levels of the propeller with a straight

edge. Note that the spectra are zoomed in the frequency range of 1 kHz to 10 kHz, where the

attenuation occurs and where the models were in good agreement with the experimental data. A

linear scale is used for this decade. The slitted-V shape has the worst acoustic performance and

the square wave the best with the sawtooth and sinusoidal shapes radiating almost equally across
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Figure 4.22 Acoustic power radiated from each strip for a propeller with square wave
serrations.

Since the serration height for a given propeller may be a fixed parameter once the blade is

manufactured, it is important to calculate the noise reductions over the whole operational range

of the propeller. This is even more important if square wave serrations are to be used since a

change in RPM could trigger a phase shift close to or at the constructive interference region.

Figure 4.23 shows the directivity of the OASPL in the frequency range of 1-10 kHz for different

serration shapes at different RPMs. It is clear that the serration height of 5 mm is effective over

the whole operating points and for all observer angles. Additionally, it is noted that no lobes are

present in any case, this is in good agreement with the original results in Ayton (2018) where

lobes appeared for values of � �2€� ‹ 4 for the square wave and � �2€� ‹ 8 for the sawtooth. In

the present calculations, � �2€� was always less than unity for the NACA0012 drone propeller.
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Figure 4.23 OASPL directivity for different serration shapes at 4000 (a), 6000 (b), and
8000 RPM (c).

NACA0012 propeller serration design—————-Summary
• The mesh region for the tip-vortices is critical for the RANS-simulation of hovering

propellers.

• RANS transitional modeling is essential to accurately predict the thrust and Figure of

Merit.

• Amiet’s model is in good agreement with the experimental results for frequencies up to

10 kHz.

• Li and Lee’s model matches Amiet’s model for frequencies beyond 4 kHz.

• For straight edge propellers, the outermost strips contribute the most to the far-field

acoustics.

• The square wave serration shows greater noise mitigation potential for small-scale

propellers.

4.4 General serration shape design considerations

Given the limited range of applicability of the square wave type serration to small propellers,

it is worth investigating alternatives for larger chord propellers, such as those found in ducted

fans UAVs where diameter size constraints may play a key role and low-aspect ratio blades
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By blending the serrations, the noise reductions are seen to be slightly modified from the

single-shape cases, and the shift to higher frequency can be subjectively beneficial and exploited

to tailor the spectrum around the dominant trailing edge noise frequency.

Turning to more general design considerations where not only the chord length but also the

diameter and the rotational speed can change, both the tip Mach number and Reynolds number

based on the chord will vary. Considering that the design conditions will correspond to attached

flow with flow features similar to Figs. 4.13 and 4.15, the noise reduction achieved by serrations

are expected to be driven again by their diffraction effect and therefore by the modal expansion

coefficients �=. Contours of the magnitude of the zeroth-mode expansion coefficients of the

sawtooth, sinusoidal, and square-wave serrations are therefore presented in Figure 4.26 as

a function of the serration length 2� (in meter) and the tip Mach number "C8?, at selected

frequencies of interest.

In Figure 4.26 the symbols represent the applications considered in this paper. For the wind

turbine and cooling fan case, a serration height of 10% of the chord is used. These contours for

the square wave clearly show that it outperforms the other shapes at moderate tip Mach number

and for serration heights less than 1 cm. As soon as the latter is beyond 1 cm, the sawtooth and

sinusoidal serrations outperform the square wave (or slit), with either one providing the largest

noise reduction depending on the frequency range. As shown above, this suggests a possible

combination of these two serration types to achieve the broadest noise reduction over the whole

frequency range of interest. Finally, an augmentation of the tip Mach number significantly

reduces the effect of all serration designs for a given serration height. The latter needs to be

doubled when the Mach number goes from 0.1 (small drones) to 0.4 (large UAM propeller),

4.5 Conclusion

This chapter presented a low-order methodology showing potential noise reductions for a

representative drone propeller. Following single-blade passage RANS simulations of a small

propeller with constant chord and pitch based on the NACA0012 airfoil, the wall-pressure
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to assess potential trailing-edge noise reductions. It was shown that different serration shapes

perform better at different non-dimensional frequencies. The often-overlooked square wave

was shown to outperform the more traditional sawtooth and sinusoidal serrations when used

in the NACA0012 drone propeller, over the whole operational range.Larger noise reductions

and a larger design space for the serrations can be obtained by increasing the blade planforms,

allowing longer, more efficient serrations. Indeed, a mix of sinusoidal and sawtooth serrations

can then be tuned to achieve significant noise reduction over the entire audible frequency range

of interest between 100 Hz and 10 kHz



CHAPTER 5

INSTALLATION AND MANUFACTURING EFFECTS OF TRAILING EDGE
SERRATIONS

“Clouds are not spheres, mountains are not cones, coastlines are not circles, and bark is not

smooth, nor does lightning travel in a straight line”

— Benoit Mandelbrot

This final chapter puts to test the findings of previous Chapter for the NACA0012 propeller.

Several 3D printed propellers were manufactured to assess the impact of the serration installation

method. That is, the acoustic and aerodynamic effect of "cutting" the serrations directly onto

the blade compared to the use of add-on appendices, like in the case of the NACA0012 airfoil

in Chapter 3. Following the presentation of the test matrix, the broadband filtered spectra is

used to separate noise sources from transitional and turbulent boundary layers. Then, results

for cut-in and add-on serrations are presented. Lastly, the noise reduction predictions using the

RANS-based methodology from Chapter 4 are compared with the experimental ones.

5.1 Serrated propeller design and manufacturing

In the previous Chapter, Amiet’s and Li and Lee’s models were used to predict trailing edge

noise with and without serrations. Both models result from solving a BVP with mixed boundary

conditions for the convection of a pressure gust over a flat plate that represents an airfoil or a

blade strip. The flat plate is assumed to be infinitesimally thin. Additionally, the methodology of

the previous Chapter used a wall-pressure fluctuations spectrum model based on fully turbulent

boundary layers. These two assumptions are not met in practice as blades have a finite thickness

and small-scale propellers operate in transitional regimes. Another concern arising from the

use of trailing-edge serrations is their impact on aerodynamic performance. Given the finite

thickness at the trailing edge, the cutting or addition of serrations could result in modification
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of the aerodynamic performance. Therefore, a complete experimental campaign was then

conducted to assess the validity of the analytical models assumptions and to investigate the

impact of serrations on aerodynamic performance

5.1.1 Propeller test matrix

Several CAD models of serrated propellers were generated. The serration types are divided

into three categories: add-on (A), cut-in sharp (C-SH), and cut-in smooth (C-SM). The first

case is a flat plate appendix where the serration patterns are carved. The division between

sharp and smooth serrations for the cut-in case is necessary since blunt edges could result in

vortex-shedding noise as noted by Chong et al. (2013) and must be considered at early design

stages. Note that the smooth teeth in the case of the serrated controlled-diffusion (CD) airfoil

were shown to add no extra noise sources and provided very similar aerodynamic performance

compared to the straight edge (Sanjose et al., 2014; Moreau et al., 2019). The detail of cut-in

and add-on teeth is shown in Figure 5.1. Note that to make a fair comparison, two baseline

propellers are proposed. The original propeller (B) without any modification will serve as the

baseline for the propellers with cut-in serrations, whereas a modified propeller with a flat plate

add-on (BP) will be used to assess the add-on serrations.

��� ��� ���

Figure 5.1 Serrations types: (a) cut-in smooth, (b) cut-in sharp and (c) add-on

Based on the RANS simulations in Chapter 4 (Sec. 4.3.4) the serration tip-to-root amplitude

was set to 2h=5 mm and the wavelength to _=2.5 mm. The thickness at the trailing edge was the
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main manufacturing constraint and was initially set at a minimum of 0.1 mm. For propellers

with cut-in serrations, the teeth are thicker at the root (� 1.4 mm), and the minimum thickness

of 0.1 mm can be obtained at the tip. For the add-on cases, the tapered NACA 0012 profile end

is replaced with a flat plate of constant thickness and sufficient length to allow for serration

printing. The flat plate thickness was set to 0.4 mm, as lower values resulted in loss and/or

detachment of teeth during printing. The resulting mean chords are the same as the baseline for

the propellers with cut-in serrations. For the add-on cases, the NACA0012 profile is truncated at

96% of the chord and the resulting mean chord is 6% longer than the baseline.

Table 5.1 Serrated propeller test matrix

Clean Tripped(T) Designation

Baseline Straight edge x x B-(T)
Flat plate add-on x x BP-(T)

Cut-in
sawtooth

Sharp x C-ST-SH
Smooth x C-ST-SM

Add-on Square x x A-SQ-(T)
Sawtooth x x A-ST-(T)

Additionally, given the fully turbulent assumption of the analytical models, the propellers with

add-on serrations were manufactured in two configurations: a "clean" one and one with tripping

cylinders at 10% of the chord. Following Gowree et al. (2023) design on a similar, albeit

3-bladed, NACA0012 propeller, the tripping height and diameter were set to 140 `m and 1.37

mm, respectively, with a distance between cylinders of 2.54 mm. The complete test matrix is

shown in Table 5.1. Figure 5.2 and Figure 5.3 show the baseline and serrated propeller tips and

some blade planforms, respectively.

5.1.2 Propeller manufacturing

The propellers were manufactured using stereolithography (SLA) with the Form-3L 3D printer

using the Formlabs RIGID 4000 resin. Several experimental campaigns (Gojon et al., 2021;

Gowree et al., 2023; Li Volsi et al., 2024) required manufacturing similar propellers and helped

validate this process. SLA-printed objects are continuous and highly isotropic, enabling the



166

��������

�����������

��������������

�������������
��

Figure 5.2 Tip view of baseline and serrated propellers

Figure 5.3 Planforms of some tested propellers: (a)straight-edge with trip (B-T)
,(b) add-on flat plate with trip (BP-T) ,(c) add-on square wave (A-SQ), (d) add-on
sawtooth (A-SQ), (e), cut-in smooth serration (C-SM) and (f) Mixed sinousidal

serrations with double amplitude and wavelength (A-M10-T)

creation of parts with smooth surface finishes and fine features. The precision is on the order of

0.1 to 0.3 mm for fine features and within 0.5% for larger dimensions.
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As serrations are rather thin appendages (0.4 mm) and relatively long (5 mm), their manufacturing

is challenging. The automatic algorithms of the printing software define the layout, orientation,

and support of the print, but they yield excessive support on the serrations. Therefore, the

support distribution was manually modified, by seeking a balance between supporting the part

and placing supports on fragile parts. Finally, with a layer thickness of 0.1 mm, the printing

time was around 20 hours for 4 propellers.

Following the printing, the rotors were washed with isopropyl alcohol to remove any resin

remaining on the rotor surface. Then, they were UV-treated to finalize the polymerization

process, and to improve part strength. The support structures required for the printing process

were cut out, and lastly the propellers were hand-sanded, as it has been shown that surface

roughness can impact rotor aerodynamics and acoustics (Gowree et al., 2023; Pettingill, Zawodny,

Thurman & Lopes, 2021). The final step was the static balancing of the rotors. Figure 5.4 shows

the propeller with cut-in sharp serrations (C-SH). Figure 5.5 shows the propeller with an add-on

plate (BP) during static balancing.

Figure 5.4 3D printed propeller with sawtooth cut-in sharp serrations (C-SH)
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Figure 5.5 3D printed propeller with flat plate add-on (BP) during static
balancing.

Serration design and manufacturing———————————————-Summary
• The serrations are sized based on the RANS-estimated boundary layer thickness of 5 mm

from Chapter 4 at 6000 RPM. The wavelength is set such that the amplitude-to-wavelength

ratio is 2.

• Cut-in (3D) and add-on(2d, flat-plate like) serrations are manufactured, with the trailing

edge thickness being the main manufacturing constraint.

• The serrated propellers are manufactured with SLA in clean and tripped configurations.

The latter only for add-on cases.
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5.2 Experimental set-up and signal processing

The propellers were tested in the ISAE-SUPAERO anechoic room described in the previous

Chapter (Figure 4.5) using the same motor and the same microphone array. Thrust and torque

measurements were done with a six-axis ATI (Apex,NC) Nano 17 load cell.

5.2.1 Signal processing

Following the measurements, time-averaged thrust, torque, and power results were calculated

and are presented in a dimensionless form for the thrust coefficient �) and the Figure of Merit

�" , as defined in Eqs. (1.8) and (1.10) respectively.

For the acoustic results, the broadband component of the spectrum is necessary to assess

the serration effect. The broadband component is obtained using a Savitzky-Golay filter

(Savitzky & Golay (1964)), as implemented in the open-source signal processing library SciPy.

The filter requires two parameters: the window length and the polynomial order. Tuning these

two parameters results in filtering out the shaft and BPF harmonics, leaving the broadband

signal.

The application of the Savitzky-Golay filter with a window spanning 500 samples and a

polynomial order of 6 on the straight-edge propeller is shown in Figure 5.6 for different RPMs.

The broadband signal shown in black in Figure 5.6 consists of two overlapping humps. The first

one is between 1-10 kHz without any clear peaks (highlighted in grey zones), while the second

one has several peaks, and their frequency depends on the RPM.
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Figure 5.6 SPL and extracted broadband signal at 60� from the rotor plane for straight
edge propeller at (a) 4000 RPM, (b) 5000 RPM, (c) 6000 RPM, and (d) 7000 RPM. The
gray zones correspond to trailing edge noise from the turbulent boundary layer scattering.

When scaled with the fifth power of the blade velocity at 75% of span �75, the spectra at all RPM

collapse as shown in Figure 5.7. This stresses the non-compact dipole nature of the source, and

this hump can be attributed to trailing-edge noise. The second hump, however, does not follow

this scaling, as it is the consequence of laminar boundary layer instability tones, as demonstrated

next.
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where �, the ratio of the average instability convection speed to ��, is fixed to 0.4 Yakhina et al.

(2020). By subtracting the equations between two consecutive tones, the following expression is

obtained:

� ˆ �
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�
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�
� ��

1 � ��

��1
(5.2)

Using the average distance between peaks in Figure5.8, the feedback-loop length, �, is estimated

to be 18.5, 19.7, and 22.2 mm for the 4000, 5000, and 6000 RPM cases, respectively. Note

that all these values are lower than the propeller chord and increase with the Reynolds number,

which suggests that the transition location moves upstream with increasing RPM.

Moreover, Pröbsting et al. (2015) identified different regimes of tonal noise on a NACA0012

airfoil depending on whether the tones come from the suction or pressure side, or both, as shown

in Figure5.10. Since the airfoil section of the propellers used in the present study is NACA0012,

an estimate of the effective angle of attack and Reynolds number along the span is required to

use the regime chart.



1 7 3

I n or d er t o o bt ai n a n esti m at e of t h e e ff e cti v e a n gl e of att a c k t h e  R A N S r es ults fr o m  C h a pt er 4

ar e us e d.  T h e first st e p i n t h e c al c ul ati o n is t o p erf or m a  m eri di o n al a v er a g e of t h e fl o w t hr o u g h

t h e pr o p ell er. S e c o n dl y, a li n e at a dist a n c e of 1 0% c h or d u pstr e a m of t h e pr o p ell er is c h os e n f or

t h e e xtr a cti o n of t h e v el o citi es i n t h e r el ati v e r ef er e n c e fr a m e.  T h e u pstr e a m v el o cit y tri a n gl e

t h e n pr o vi d es t h e a n gl e �푃 as s h o w n i n Fi g ur e 5. 9 ( a). Si n c e t h e bl a d e pit c h �푃 is c o nst a nt al o n g

t h e s p a n, t h e e ff e cti v e a n gl e of att a c k, �푠 �퐸 �푠 �푠 , is e asil y c al c ul at e d.

0 2 4 6 8 1 0
α e f f ( d e g)

0 .0

0 .2

0 .4

0 .6

0 .8

1 .0

r/
R

( a)

1
0. 7

5 0. 5 0. 2
5

x / c

1. 0

0. 9

0. 8

0. 7

0. 6

0. 5

0. 4

0. 3

0. 2

0. 1

0. 0

r/
R

T E L E

( b)

Fi g ur e 5. 9  E ff e cti v e a n gl e of att a c k al o n g t h e s p a n.  Mi ni at ur e s h o ws v el o cit y tri a n gl e ( a).
Wall-s h e ar str ess str e a kli n es i m p os e d o v er c o nt o urs of t ur b ul e n c e i nt er mitt e n c y at 6 0 0 0

R P M.  Bl u e r e gi o ns i n di c at e t ur b ul e nt fl o w,  w h er e as r e d  m ar ks l a mi n ar fl o w ( b).

T h e r e gi o ns of tr a nsiti o n al fl o w al o n g t h e s p a n ar e i d e nti fi e d  wit h t h e i nt er mitt e n c y c o nt o urs

i n Fi g ur e 5. 9 ( b). F or �푠 / �푠 b el o w 0. 6, t h e b o u n d ar y l a y er r e m ai ns l a mi n ar; t h e r e gi o n b et w e e n

0. 6 a n d 0. 8 e x hi bits tr a nsiti o n al fl o w; a n d t h e o ut er m ost p art of t h e bl a d e is f ull y t ur b ul e nt.

T h er ef or e, t h e z o n es  w h er e t h e i nst a biliti es i n t h e b o u n d ar y l a y er  mi g ht o c c ur c orr es p o n d t o

t h e r e gi o n b et w e e n 0. 6 a n d 0. 8. I n t his r e gi o n, t h e e ff e cti v e a n gl e of att a c k is b et w e e n 3. 5◦ a n d



174

5�. The effective angle of attack and Reynolds number are extracted and marked in green in

Figure 5.10

Figure 5.10 Regimes of tonal noise generation. Suction (blue, hatched) and pressure (red,
hatched) side dominated.(Adapted from Pröbsting et al. (2015)). Zones of transitional flow

in the propeller (green, hatched)

The green zone matches the suction-dominated regime, thus adding further evidence that the

tones identified in the baseline spectrum come from instabilities in the transitional boundary

layer on the suction side. Furthermore, as shown later, the filtered spectra for the suction side

tripped propeller do not display these tones.

The frequency and levels of this noise source are highly dependent on the manufacturing process

as noted by Thurman et al. (2024). To show the reproducibility of this phenomenon, the data set

from three identically designed rotors in Gojon et al. (2021) will be used and designated JASA.

The propellers materials, manufacturing details, and assembly method are summarized in Table
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5.2. In the present study, the propeller was printed as a single piece, whereas the blades and hub

were individually printed and assembled for the other propellers. Furthermore, as shown later,

the filtered spectra for the suction side tripped propeller do not display these tones.

Table 5.2 Test matrix and designation for NACA0012 airfoil

Propeller Material Printing direction Assembly
JASA 1 Rigid resin 1 3 pieces
JASA 2 Rigid resin 2 3 pieces
JASA 3 Grey resin 1 3 pieces

Present study Rigid resin NA 1 piece

Using the same filtering techniques described in the previous section, the filtered spectra and

identified tones for the JASA propellers and the baseline propeller of the present study are

shown in Figure 5.11 where the SPL of each propeller has been arbitrarily shifted to avoid

cluttering. While all the propellers display peaks, their prominence differ. For example, the

JASA-3 propeller peaks are well-defined, with an easily identifiable central peak. In contrast, the

peaks from the JASA-1 propeller are of lower amplitude. Additionally, the peaks for all the JASA

propellers are identified at similar frequencies, whereas the peaks in the present study’s propeller

occur at higher frequencies. Despite the frequencies not matching, the average peak separation

of all identified peaks is on the same order of magnitude. Lastly, note that the hump peak shifts

from propeller to propeller. Given that the geometry is identical, this can be attributed primarily

to material, printing, and assembly methods, all of which can directly impact the blade’s surface

finish and, consequently, the evolution of the transitional regions along the blade.
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5.3.1 Cut-in serrations

In this section, the aerodynamics and acoustic effects of cut-in trailing edge serration are

discussed. The serrations are either sharp or smooth as summarized in Table 5.1. To investigate

the impact of the 3D printing method, two samples of each serrated rotor have been manufactured

and compared here.

Figure 5.12 shows the thrust coefficient and the Figure of Merit for straight-edge (B), sharp

(C-SH), and smooth (C-SM) cut-in serrated propellers. Two sets of results are shown for the

sharp and smooth serrated propellers, corresponding to data obtained for each sample. Li Volsi

et al. (2024) performed an uncertainty quantification analysis on the same test stand and on

a similar propeller by repeating aerodynamics measurements at the same RPM. Using their

measured mean and standard deviations, the aerodynamic loads relative uncertainties were

calculated and scaled by the present results for the straight-edge propeller. The results of this

linear scaling are presented with error bars corresponding to a confidence interval of 95%.
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Figure 5.12 (a) Thrust coefficient and (b) Figure of Merit for propellers with a straight
edge (B), sharp (C-SH), and smooth (C-SM) cut-in serrations.

In terms of repeatability, the differences between the sharp-teeth propellers are found to be less

than the ones between the smooth-teeth ones, with an average relative difference of less than 2%
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for the former and 4% for the latter. The geometrical complexity of the smooth teeth may explain

this trend. Below 6000 RPM, all the serrated propellers are seen to fall within the baseline

uncertainty range, except for one of the smooth cases. At the highest RPM, the sharp and smooth

cases have a 5% and an 8% decrease in the FM, respectively, for the worst-performing samples.

These results highlight the importance of assessing the repeatability of the manufacturing method

for serrated propellers, as minor changes in the teeth geometry may give large uncertainties in

performance estimates.

To assess the impact of the manufacturing method on the far-field acoustics, the sound pressure

levels (SPL) or spectra at 60� from the rotor plane of the two samples are compared in Figs. 5.13

and 5.14 for sharp and smooth cut-in designs, respectively. Note that this observer position will

be used for all spectrum comparisons since trailing edge noise is expected to contribute more to

the overall spectrum compared to positions closer to the rotational plane.
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Figure 5.13 SPL at 60� from the rotor plane for propellers with sharp cut-in serration (a)
4000 RPM and (b) 8000 RPM.

Unlike the aerodynamic performances, the relative SPL differences between samples of the same

geometry are less pronounced, particularly at high RPM. In the following analysis, the C-SH

and C-SM samples are used to compare with the straight edge case.

The spectra at 60� from the rotor plane at four rotational speeds between 4000 and 7000 RPM

are shown in Figure 5.15 for the same geometries. Overall, the broadband noise levels are

increased for both serration designs compared to the baseline. Only at high frequencies can both

the sharp and smooth serrations reduce broadband noise levels, and the frequency at which they
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Figure 5.14 SPL at 60� from the rotor plane for propellers with smooth cut-in serration
(a) 4000 RPM and (b) 8000 RPM.

do so depends on the RPM, which is in good agreement with the findings in Pang et al. (2018);

Yang et al. (2020). Additionally, the serrated rotors radiate less than the baseline case at the BPF

harmonics at lower speeds.
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Figure 5.15 SPL at 60� from the rotor plane for straight edge propeller(B) and cut-in
sharp (C-SH) and smooth (C-SM) serrations for (a) 4000 RPM; (b) 5000 RPM, (c)

6000 RPM; and (d) 7000 RPM.

Noise increase due to cut-in serrations in airfoils was measured by Chong et al. (2013) and ascribed

to vortex-shedding noise emanating from the serration root. Given the three-dimensionality and

considerable bluntness (��� � 5%) of the serrations for the cut-in cases, the filtered spectra of
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the propellers are analyzed next to confirm if the noise increase is indeed due to vortex-shedding.

Figure 5.16 (a) shows the extracted broadband signal for the straight, cut-in sharp, and cut-in

smooth propellers with varying RPM. An arbitrary offset between each curve has been added for

better visualization. The humps peak frequency changes with RPM, and it is slightly shifted

for the sharp and smooth serrations. The Strouhal number (�� � ˆ�•�� ����) is computed from

the peak frequencies, the serration root thickness �, and the blade speed at 75% of the span and

plotted as a function of the Reynolds number and RPM, as shown in Figure 5.16 (b).
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Figure 5.16 (a) Filtered spectra for straight, cut-in sharp and cut-in smooth propellers at
different RPMs (with arbitrary SPL offset) .(b) Strouhal number for the peak frequency as

a function of Reynolds number

The scaling reveals two different behaviors for each serration type. In the case of sharp serrations,

the values are in the neighborhood of �� � 0�12 with a slight tendency to increase with Reynolds

number, whereas the smooth serrations do not have a discernible trend. The behavior in the latter

case is attributed to the more complicated geometry of the smooth teeth as the current rotor scale

could not fully alleviate the sharp or blunt edges as in the previous CD airfoil (Sanjose et al.,

2014; Moreau et al., 2019). Note that for the sharp serrations, the �� values are in fair agreement

with the values reported by Chong et al. (2013) for airfoils, with the caveat that their serrations

were sharper (i.e. smaller serration wavelength) and the lowest tested Reynolds number was
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200,000. Therefore, the cut-in serrations increase noise mainly caused by vortex-shedding

phenomena.

Moreover, the results in Figure 5.16 (a) suggest that at low RPMs, the cut-in serrations can

eliminate the laminar boundary-layer instability tones. This serration effect is in good agreement

with the experimental and numerical results by Chong et al. (2013), Moreau et al. (2016) and

Gelot & Kim (2020) on an airfoil. In the latter study, the authors suggested that the serrations

weaken the aeroacoustic feedback loop at the source via two mechanisms: first, a reduction of

the wall-pressure fluctuations close to the trailing edge, and second, an early breakdown of the

spanwise coherence length.

Directivity patterns for the BPF, the extracted broadband noise, and the overall sound pressure

level (OASPL) are shown in Figure 5.17. The broadband noise is calculated between 1000-16000

Hz, and the OASPL is calculated between 80-16000 Hz following Gojon et al. (2021) and

Gowree et al. (2023). The same trend as above is seen for all angular positions: an overall

increase of the broadband noise component at all speeds. At the BPF, the serrated propellers

produce similar noise levels, whereas the baseline propeller radiates less at lower RPM, with all

curves collapsing as the RPM increases. A similar trend is observed for the OASPL, noting that

the directivity pattern changes as the RPM increases, signaling a change in the dominant noise

source from tonal to broadband (mostly TEN).
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Figure 5.17 BPF, Broadband and OASPL directivity for straight edge (B), sharp (C-SH)
and smooth (C-SM) cut-in serrations at (a) 4000 RPM; (b) 6000 RPM and (c) 8000 RPM.
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5.3.2 Add-on serrations

The add-on serrations required a significant modification of the airfoil profile by adding the flat

plate at the trailing edge with sufficient thickness to be 3D printed. Therefore, it is necessary to

consider the aerodynamic and acoustic effects of the plate itself. Figure 5.18 shows the thrust

coefficient and figure of merit for the baseline (B), the baseline with flat plate appendix (BP),

and the add-on serrations (A-ST). The discontinuity in the profile shape tangent at the rear of the

airfoil results in a reduction of aerodynamic performance, as seen by a lower figure of merit at

all RPMs. Since the serrated plate has less surface area than the original flat plate appendix, the

figure of merit is slightly improved for the serrated propeller (A-ST) compared to the flat plate

add-on (BP), while the thrust coefficient is unchanged.
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Figure 5.18 (a) Thrust coefficient and (b) Figure of Merit for propellers with a straight
edge (B), add-on flat plate (BP), add-on sawtooth serrations (A-ST) and add-on square

wave serrations

The acoustic effects of the add-on plate and serrations are shown in Figure 5.19 for an observer

at 60� from the rotor plane and at different RPMs.
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Figure 5.19 SPL at 60� from the rotor plane for propellers with a straight edge(B),
add-on flat plate (BP), and add-on serrations (A-ST) for (a) 4000 RPM; (b) 5000 RPM; (c)

6000 RPM; and (d) 7000 RPM.

The presence of the flat plate alone reduces broadband noise below 10 kHz at all RPM and

seems to be more effective than the serrated propeller for most frequencies of interest, albeit with

some significant noise increase at very high frequencies. The reason behind the good acoustic

performance of the propeller with the add-on plate could be attributed to an improved pressure

recovery along the suction side, thanks to the add-on flat plate. The adverse pressure gradient

indeed has a strong influence on the wall-pressure spectra, hence resulting in the observed

beneficial acoustic effect. The frequency range at which the serrations are effective depends

on the RPM, as it did for the cut-in serrations. Additionally, the propeller with the add-on

serrations (A-ST) eliminates the noise caused by the laminar boundary layer instabilities on the

baseline (B), again in agreement with the airfoil results (Chong et al., 2013; Moreau et al., 2016;

Gelot & Kim, 2020).

The BPF directivity is shown in Figure 5.20 for the same propellers. It is noted that the propeller

with the add-on plate, radiates less at positions below the rotor plane for the 4000 and 6000
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RPM cases. The serrated propeller increases the BPF noise by a small amount at certain angles

for some RPM and vice versa, without any discernible trend.

Both the propeller with the add-on plate and the add-on serrations reduce broadband noise at low

RPMs as shown in Figure 5.20. The reduction is larger at higher elevation angles and decreases

with increasing RPM. Notice that the reduction in broadband noise from add-on propellers is

larger than the one from cut-in serrations when compared to their respective baselines. Thus,

how the serrations are installed is crucial and must be assessed during the design phase.
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Figure 5.20 BPF, Broadband, and OASPL directivity for propellers with a straight
edge(B), add-on flat plate(BP), and add-on serrations(A-ST) for (a) 4000 RPM; (b) 6000

RPM, and (c) 8000 RPM.

5.3.3 Effect of serration shape

The effect of serration shape on the far-field acoustics is shown in Figure 5.21 for the sawtooth

and square wave serrations. While both shapes increase broadband noise compared to the case of

the plate, the sawtooth performs better than the square wave. This is in contrast to the expected

benefits from the square wave serrations, as demonstrated experimentally in Chapter 3, on the

one hand, and from the theoretical predictions in Chapter 4, on the other. The reasons for this

disagreement are hypothesized to be related to the difficulties during the manufacturing process

of the square wave. Several attempts were required to guarantee the integrity of the teeth, and

even after a successful print, some teeth were damaged during the detachment process. Further
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research is required to leverage the potential noise mitigation from the square wave when applied

for propellers.
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Figure 5.21 SPL at 60� from the rotor plane for propellers with add-on flat plate (BP),
and add-on sawtooth serrations (A-ST) and add-on square wave serrations (A-SQ) for (a)

4000 RPM; (b) 5000 RPM; (c) 6000 RPM; and (d) 7000 RPM.

5.3.4 Effects of forced transition

First, the original baseline propellers (with and without add-on plate) are compared with their

tripped counterparts. From an aerodynamics point of view, the presence of the cylinders has

two effects: first, they create excrescence drag, and second, they force turbulent flow over the

blade. These two effects combined yield lower aerodynamic performance. This is confirmed in

Figure 5.22, where both the thrust and the figure of merit are lower for the tripped case (B-T)

at all RPMs when compared to the baseline (B). This is in good agreement with the original

results from Gowree et al. (2023). Interestingly, this trend is not followed for the add-on plate

tripped (BP-T) case, which generates the most thrust and has the second-best Figure of Merit

from all the baselines. Additionally, it is noted that while the relative difference between the



186

baseline (B) and its tripped twin (B-T) is constant throughout the RPM range, the gap between

the clean and tripped baseline with the plate reduces with increasing RPM.
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Figure 5.22 (a) Thrust coefficient and (b) Figure of Merit for clean and tripped propellers
with a straight edge (B, BT) and add-on plate (BP, BPT)

The impact of the tripping cylinders on the far-field acoustics is shown in Figs. 5.23 and 5.24 for

the baseline and for the propeller with an add-on flat plate, respectively. For the former, the

forced transition is seen to reduce broadband noise, particularly at low RPM. As demonstrated

in the previous section, this is due to the elimination of laminar boundary layer instability tones;

the same explanation was suggested by Gowree et al. (2023). Note that the presence of a laminar

separation bubble (LSB) around mid-chord has also been confirmed recently by high-fidelity

simulations (Vittal-Shenoy, Gojon, Jardin & Jacob, 2022; Rendon et al., 2024)

The spectra for the clean and tripped propeller with the add-on plate show a different behavior.

At 4000 RPM, the tripped case reduces broadband noise below 8 kHz, then there is a noise

increase between 8-15 kHz due to a hump centered at 12 kHz and a reduction beyond this range.

Similar trends are observed at different RPMs. It is hypothesized that the junction modifies the

boundary layer and thus its scattering at the plate edge deviates from a fully turbulent boundary

layer. Future numerical simulations will investigate such effects in detail.
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Figure 5.23 SPL at 60� from the rotor plane for clean (B) and tripped (BT) propellers
with a straight edge (a) 4000 RPM, (b) 5000 RPM, (c) 6000 RPM, and (d) 7000 RPM.
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Figure 5.24 SPL at 60� from the rotor plane for clean (BP) and tripped (BP-T)propellers
with an add-on flat plate (a) 4000 RPM, (b) 5000 RPM, (c) 6000 RPM, and (d) 7000 RPM.



188

-90°
-60°

-30°

0°

30°

60°
90°

(a)

30

40

50

60

S
P

L
(d

B
)

B

B-T

-90°
-60°

-30°

0°

30°

60°
90°

(b)

40

50

60

70
-90°

-60°

-30°

0°

30°

60°
90°

(c)

50

60

70

BPF

BBD

OASPL

Figure 5.25 BPF, Broadband, and OASPL directivity for clean(B) and tripped(BT)
propellers with a straight edge (a) 4000 RPM, (b) 6000 RPM and (c) 8000 RPM.

While the forced transition reduces broadband noise, its effect on the BPF is almost negligible

for both the baseline and the propeller with the add-on plate as shown in Figures 5.25 and 5.26

respectively. Regarding the OASPL, the tripped baseline (B-T) has the lowest noise levels at

4000 RPM closely followed by the baseline with the add-on plate. The noise reductions from

the add-on plate with the trip at lower frequencies are almost outweighed by the aforementioned

secondary hump and match the levels of the baseline for observers close to the rotational plane.
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Figure 5.26 BPF, Broadband, and OASPL directivity for clean(BP) and tripped (BP-T)
propellers with an add-on flat plate (a) 4000 RPM, (b) 6000 RPM, and (c) 8000 RPM.
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5.3.5 Effects of forced transition and serrations

This section presents the effects of adding tripping cylinders to the propeller with add-on

serrations. Starting with the aerodynamics in Figure 5.27, it is noticed that the propeller with

the add-on flat plate and the trip (BP-T) generates more thrust at all RPMs, while the values for

the rest of the propellers tend to collapse at higher RPMs.
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Figure 5.27 (a) Thrust coefficient and (b) Figure of Merit for clean and tripped propellers
with an add-on plate (BP, BP-T) and add-on serrations(A-ST, A-ST-T)

For the Figure of Merit, the tripped propeller with the serrations (A-ST-T) has the worst

performance. The tripped propeller outperforms the rest for RPMs below 6000 after which the

serrated propeller (A-ST) attains higher values.

The spectra in Figure 5.28 show that the compound effect of the trip and the serrations (A-ST-T)

results in noise reductions over the whole frequency range at all RPMs, noting that the tripped

propeller with the add-on plate (BP-T) slightly outperforms the rest in the low-frequency range.

Additionally, the humps beyond 10 kHz in the add-on tripped case are not present in either of

the serrated cases, suggesting that the serrations eliminate the LSB as mentioned in the previous

section.
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Figure 5.28 SPL at 60� from the rotor plane for clean and tripped propellers with add-on
serrations (A-ST, A-ST-T) and for the tripped propeller with add-on flat plate(BP-T) at (a)

4000 RPM, (b) 5000 RPM, (c) 6000 RPM, and (d) 7000 RPM.
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Figure 5.29 BPF, broadband, and OASPL directivity for clean and tripped propellers
with add-on serrations (A-ST, A-ST-T) and for the tripped propeller with add-on flat

plate(BP-T) at (a) 4000 RPM, (b) 6000 RPM, and (c) 8000 RPM.

The propeller with add-on serrations and forced transition also outperforms the rest in terms of

radiated tonal noise as shown in Figure 5.29 and consistently reduces noise over the frequency

range of interest particularly at high elevation angles. Overall, with an aerodynamic penalty of
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about 4% in the Figure of Merit, the propeller with add-on serrations and with the trip (A-ST-T)

can reduce tonal and broadband noise at all RPMs, although such reductions decrease with

increasing rotational speed.

To conclude this experimental result section, it is important to contrast the noise reduction

benefits due to the trip and the serrations with the imposed aerodynamic penalties. Figure 5.30

shows the Overall Sound Pressure Levels for the extracted broadband noise levels at 6000 RPM

and for an observer at 60� with their corresponding Figure of Merit. Note that to include all

potential effects of the serrations, the broadband noise levels are integrated from 1 to 16 kHz, as

done in the directivity plots of this section.

While the trade-off between noise reduction and aerodynamic performance is evident, it is

worth considering the relative large uncertanties involved in the static measurements of small

propellers, as shown with the errorr bars in Figure 5.12. With the exception of the propellers with

cut-in serrations (C-SH and C-SM), all other configurations reduce the noise compared with the

baseline propeller. These results show that further noise reductions studies involving serrations

must include their detrimental effect in aerodynamic performance and are a preliminary step for

optimization methodologies.

Experimental results on serrated propellers ——————————-Summary
• Tripping and serrations can mitigate trailing edge noise.

• While cut-in serrations can reduce trailing edge noise, they increase overall noise due to

vortex-shedding at the serration root.

• The sawtooth serration is more effective at reducing trailing edge noise than the square

wave at all frequencies. This is in contrast to the results on airfoils.

• There is a clear trade-off between noise reduction and aerodynamic performance when

using trailing edge serrations.

• Up to 5 dB in broadband noise reduction for a 4% Figure of Merit reduction for the

add-on serrations with trip.
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5.4 Comparison with semi-analytical predictions

The noise reductions from the different propellers are compared with results obtained in the

in-house code PyFanNoise with the RANS-based semi-analytical method presented in Chapter

4. Note that each serration type was compared with its respective baseline. Thus, the cut-in

serrations (C-SH, C-SM) were compared with the Baseline (B) and the add-on serrations (A-ST,

A-ST-T) with the baseline with the add-on plate (BP, BPT) in clean and tripped configurations.

Figure 5.31 shows the broadband noise levels reductions �(%! = (%!10B4;8=4 � (%!B4AA0C43

from the different serrated propellers and compares them with the theoretical predictions for an

observer at 60� from the rotor plane. The frequency range used to calculate the difference is

between 1 and 20 kHz.

At 4000 RPM, all the serrated propellers increase broadband noise, except for the add-on tripped

case. At this RPM, there are significant differences between the cut-in sharp and smooth cases,

with the latter yielding lower reductions beyond 12 kHz. Notably, the add-on trip and the sharp

case yield similar noise reductions of 3 dB past 12.5 kHz. At this RPM, the add-on tripped case

gives more than 5 dB noise reduction close to 10 kHz.

For the 6000 RPM case, the frequency range at which noise reductions occur moves to higher

frequencies, with the add-on (clean) and cut-in cases decreasing noise only past 16 kHz. The

add-on tripped case shows around 1 dB noise increase below 5 kHz and yields noise reductions

up to 5 dB beyond this frequency.

At the highest RPM, only the add-on tripped serration reduces noise, being effective beyond

12.5 kHz. The cut-in cases perform almost equally, yielding a 7 dB noise increase at 10 kHz.

There are a few takeaways regarding the theoretical predictions based on the extended Ayton’s

model, given that its assumptions (infinite flat plate, fully turbulent flow) mainly correspond to

the A-ST-T case only. First, the model cannot predict any noise increase since this is related to

manufacturing and secondary flow effects. Secondly, the model over-predicts the maximum noise

reduction at all RPMs by 3- 4 dB. Thirdly, the model captures the trend of decreasing serration

benefit with increasing RPM for the add-on tripped case, meeting the model assumptions more
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5.5 Conclusion

In this Chapter, theoretical noise reductions using serrations have been assessed. Realistic

serration design has been considered by taking into account manufacturing methods constraints

such as minimum thickness and tolerances. Different propellers based on a NACA0012 airfoil

section with add-on, cut-in sharp, and cut-in smooth serrations have been built with SLA rapid

prototyping. Two baselines corresponding to the original propeller and a modified one with an

add-on flat plate have been manufactured for better comparison. The spectra of these baseline

rotors show equidistant narrow-band humps at almost all tested rotational speeds that have

been identified to laminar boundary-layer instability noise on the blade suction sides, matching

previous experiments on the NACA0012 airfoil. Additional prototypes with tripping elements at

10% from the leading edge have been manufactured to study the impact of forced transition on

the baselines and add-on serrated propellers. As previously found on airfoils, tripping alleviates

the laminar boundary-layer instability noise.

It is demonstrated that with SLA it is possible to obtain similar samples for the cut-in serrations,

for which small deviations have been found, particularly for the propeller with smooth teeth. The

present study stresses the importance of considering how serrations are installed in the design.

The propellers with cut-in serrations show noise reductions for different frequencies at different

RPMs. Below those frequency ranges, noise increase was measured. Some of the noise increase

has been attributed to vortex shedding characterized by a Strouhal number based on the serration

root thickness and the relative velocity at 75% span of 0.12, very close to what was previously

found on airfoils. The tripped propeller with the add-on serrations was the most effective at

reducing broadband noise with an aerodynamic penalty of 5% in the Figure of Merit.

The theoretical model, the assumptions of which are close to the tripped propeller with add-

on serrations (A-ST-T), correctly predicts the noise reduction frequency range for this case.

Additionally, the analytical results capture the noise reduction decrease with increasing RPM

trend. However, the predictions for cut-in serrations do not agree with the experimental data, as

these serrations deviate significantly from the idealized one. The results show that both cut-in
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and add-on serrations are valid methods to reduce TEN. However, in both cases, the serrations

are most effective at low RPMs, where broadband noise dominates the spectra. Overall, although

the noise reductions are over-predicted by 3-4 dB, the method can provide initial guidelines for

serration design



CONCLUSION AND RECOMMENDATIONS

“The first principle is that you must not fool yourself, and you are the easiest to fool.”

— Richard P. Feynman

6.1 Conclusions

A low-order methodology for the design of propellers with serrated trailing edges has been

proposed, applied, and validated to a representative drone propeller based on the NACA0012

airfoil, featuring a constant pitch and chord along the span. The methodology leverages

low-fidelity RANS simulations to model the single-point wall-pressure fluctuations spectrum.

The latter is then used in conjunction with Amiet’s model for straight edges, Li and Lee’s

extension of Ayton’s model for serrated edges, and a newly derived model for the square-wave

serration presented in Chapter 2. The new model combines Ayton’s formulation, based on the

Wiener-Hopf method, to obtain the scattered pressure, which is later used in Curle’s analogy to

derive the far-field acoustic pressure Power Spectral Density (PSD). The new model alleviates

Ayton’s model 2D nature and includes finite-chord effects. All analytical models assume a

frozen turbulent field convecting along an infinitesimally thin flat plate at zero angle of attack.

Two experimental datasets were used to validate the acoustic models. The first one is for an

industrial controlled-diffusion (CD) airfoil with and without sawtooth serrations, for which

the experimental wall-pressure spectra were available. A good agreement is found for the

straight-edge case using Li and Lee’s model in the limit of zero serration amplitude. Limitations

at low frequencies due to the semi-infinite chord are observed. For the serrated edge case, the

predicted noise reductions are within 3-4 dB of the experimental values in the frequency range
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where noise reductions were measured. Outside this range, the model overpredicts the noise

reductions.

The second validation dataset is the result of an experimental campaign presented in Chapter 3 on

a NACA0012 airfoil at operational conditions typical of drone propellers. The airfoil was fitted

with add-on sawtooth and square wave serrations. Laminar Boundary Layer (LBL) instability

noise was identified at almost all operating conditions, and it was necessary to add a trip to force

a fully turbulent boundary layer on both sides. The serrations were then tested for clean and

tripped configurations. In the former case, the two serration geometries reduce noise levels, with

the square wave serration achieving the best performance, reducing noise by up to 10 dB. For the

tripped airfoil, the serrations can also reduce noise levels, though to a lesser extent, up to 4 dB.

The square wave serration again outperforms the sawtooth, particularly at low frequencies. The

newly developed square wave model recovers Amiet’s straight-edge solution and is thus valid

over the entire frequency range. Both models fail to predict noise reductions at low Reynolds

numbers, with agreement with experiments improving with increasing Reynolds number. for

the square wave, the new model better predicts trends across all operational conditions and is

within 3 dB of the measured noise reductions. Li and Lee’s model captures the noise-reduction

trends across different serration shapes. Further validation for the new square model is required

to provide uncertainty margins.

The methodology was then extended to propellers by coupling the airfoil models with Schlinker

and Amiet’s method. The extension was verified with wind turbine and cooling fan blade elements

available in the literature. Li and Lee’s model matches Amiet’s model at high frequencies and at

high elevation angles relative to the rotor plane. Single-blade passage RANS simulations of the

NACA0012 propeller were performed, and aerodynamic and acoustic validation was made with

experimental data. The propeller operates in the Reynolds number range between 80,000 to

160,000, based on the chord and the blade relative velocity, and thus transitional effects play
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an important role. There are two essential considerations for accurate low-Reynolds-number

performance prediction with RANS. On the one hand, the tip vortex region must be finely

discretized to obtain the correct loading. On the other hand, modeling the transition with the

W-Re\ is emphasized, as the thrust coefficient and Figure of Merit are in better agreement with

the experimental dataset. The two aerodynamic performance metrics falling within the 95%

confidence interval across the operating range.

The wall-pressure fluctuations spectrum was modeled from the RANS results, and the propeller

far-field acoustics were calculated using the in-house turbomachinery noise code PyFanNoise.

Little to no difference was found in the acoustic predictions between the transitional and fully

turbulent models, and the latter was used throughout Chapter 4. Amiet’s model matches the

measured Sound Power Levels (SWL) for frequencies between 1 and 10 kHz, while Li and

Lee’s model matches Amiet’s results at frequencies beyond 4 kHz. Overall, the acoustic results

agree fairly well with experimental measurements, especially at high rotational speeds, where

secondary flows are weaker and the onset of turbulence matches more favorably with the fully

turbulent k-l SST model used in the RANS. This finding aligns with the results of Chapter 3 on

airfoils. Li and Lee’s model was used to assess potential reductions in trailing-edge noise. It was

shown that different serration shapes perform better at different non-dimensional frequencies.

The often-overlooked square wave was shown to outperform the more traditional sawtooth and

sinusoidal serrations when used in the NACA0012 drone propeller across its entire operational

range.

The OASPL directivity plots showed no deviation from the dipole pattern for any of the shapes

considered, and potential reductions of up to 10 dB are possible with the square wave at high

frequencies. Larger noise reductions and a larger design space for the serrations can be obtained

by increasing the blade planforms, allowing longer, more efficient serrations. Indeed, a mix of

sinusoidal and sawtooth serrations can be tuned to achieve significant noise reduction across
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the entire audible frequency range of interest, from 100 Hz to 10 kHz. This could also change

the classical propeller design paradigm, in which the blade chord distribution and planform

are no longer primarily driven by aerodynamic considerations but by passive noise-reduction

constraints.

In Chapter 5, several propellers based on a NACA0012 airfoil section with add-on, cut-in sharp,

and cut-in smooth serrations were manufactured using stereolithography (SLA) rapid prototyping

to validate the theoretical results presented in Chapter 4. Two baselines corresponding to the

original propeller and a modified one with an add-on flat plate have been manufactured for

better comparison. Additional prototypes with tripping elements at 10% from the leading edge

have been manufactured to study the impact of forced transition on the baselines and add-on

serrated propellers. The spectra of these baseline rotors exhibit equidistant, narrow-band humps

at nearly all tested rotational speeds, which have been identified as laminar boundary-layer

instability noise on the blade suction sides, matching previous experiments on the NACA0012

airfoil. As previously observed on airfoils, tripping or serrations alleviate the noise from laminar

boundary-layer instability.

A repeatibility test for the cut-in serrations was made and demonstrates that identical acoustics

are obtained from different samples. This thesis emphasizes the importance of considering how

serrations are incorporated into the design. The propellers with cut-in serrations show broadband

noise reductions at different frequencies and RPMs. Below those frequency ranges, noise levels

increased. Some of the noise increase has been attributed to vortex shedding characterized by

a Strouhal number based on the serration root thickness and the relative velocity at 75% span

of 0.12, very close to what was previously found on airfoils. Overall, there is a clear trade-off

between noise reduction and aerodynamic performance. The propellers with cut-in serrations

have a lesser impact on aerodynamics but increase noise due to vortex shedding. The tripped

propeller with the add-on serrations was the most effective at reducing broadband noise, with
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measured noise reductions of up to 5 dB at the lowest RPM and an aerodynamic penalty of 4%

in the Figure of Merit across the operational envelope.

The theoretical model, whose assumptions closely match those of the tripped propeller with

add-on serrations (A-ST-T), accurately predicts the noise-reduction frequency range for this

case. Additionally, the analytical results capture the decrease in noise reduction with increasing

RPM trend. However, the predictions for cut-in serrations do not agree with the experimental

data, as these serrations deviate significantly from the idealized one. The results show that both

cut-in and add-on serrations are effective methods for reducing TEN. However, in both cases,

the serrations are most effective at low RPMs, where broadband noise dominates the spectra.

Overall, although the noise reductions are over-predicted by 3-4 dB, the method can provide

initial guidelines for serration design and clear guidance of where to expect the noise reductions.

6.2 Recommendations

Extension of the present work may come from different fronts. From a theoretical perspective,

it would be ideal to further validate the new square wave model and extend it to the rotating

case. In the former case, Finite Element Method (FEM) frequency-domain simulations can be

used to model a flat plate with serrated edges to obtain the near-field scattered pressure (Lyu

et al., 2016; Zhang & Lyu, 2024) and compare the results with those obtained in Chapter 2.

On a more ambitious scale, new acoustic models that account for the three-dimensionality of

cut-in serrations may be developed, as has been done for cambered, finite-thickness airfoils at a

non-zero angle of attack (Ayton & Peake, 2013).

From the numerical perspective, high-fidelity numerical simulations could contribute in two

ways. On the one hand, they will allow validation of the noise-reduction mechanisms of the

square wave and, at the same time, establish the limitations of the assumptions presented in

this thesis, e.g., frozen turbulence and an infinitesimally thin flat plate. On the other hand, the
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high-fidelity simulation of serrated propellers could be used to study in detail the trade-off

between noise reduction and aerodynamic performance. Moreover, the simulation could shed

light on the performance disparity between the square wave in the airfoil and propeller cases.

On a similar vein, a reduced-order model that can account for the aerodynamic penalties

induced by the serrations would serve as a stepping stone towards a complete optimization

method and ultimately, a design where little to no penalties are introduced. Further noise

reduction could be achieved by introducing optimal serration shapes based on the serration

wavelength (Kholodov & Moreau, 2021).

Finally, different aspects of the overall methodology can also be improved. For example,

extraction of the boundary layers on both sides of the blade could further improve agreement with

experimental data. Moreover, further investigation into transitional boundary-layer wall-pressure

spectrum modeling would be beneficial, as new models (Arroyo Ramo et al., 2025) would

easily integrate into the framework. This approach might require redefining or changing the

model inputs compared to the fully turbulent case. Additionally, the common assumption of

frozen turbulence can be relaxed for serrated-edge cases. Recent studies have shown that better

agreement between models and experiments is found by considering a non-frozen turbulent

field (Tian & Lyu, 2025, 2024).



APPENDIX I

BACK-SCATTERING CORRECTION DERIVATION

Equation (2.37) does not allow calculating airfoil self-noise unless severe restrictions on the

geometry are made. A correction proposed by Roger and Moreau (2005) considers the effects of

a finite chord by taking into account the back-scattering from the leading edge. In this section

the derivation of the full solution for the pressure jump is presented. The velocity potential

of an irrotational fluid + = r� generally lacks physical meaning, nonetheless, it’s a powerful

mathematical tool in the study of acoustic waves. Therefore,the relationship between pressure

disturbance and potential is given by:

%48lC = �d0
��

�C

With � = q48lC and ����C = m��mC ¸*m��mG, Substituting and making non-dimensional

by the semi-chord gives
�1
d0*

% =
mq

m-
¸ 8 ̄q (A I-1)

Equation (A I-1) is actually a first order ODE that can be solved using an integrating factor such

that the following general type of ODE

H0 ¸&¹GºH = %¹Gº

Has the following solution
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Which gives the potential

q¹-� 0º = � 1

d0*

¹ -

�1
%¹b� 0º4�8 ̄ ¹-�bº3b



204

Substituting (2.37) in the above equation gives the potential for - � 0 as:

q1¹-� 0º = � 1

d0*

¹ -

�1
4�8U ̄b| {z }

3E
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4�8 ̄ ¹-�bº|     {z     }
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3b (A I-2)

The preceding integral is done by parts, with the exponential functions as 3E and the Fresnel

function as D. The derivative of the Fresnel function is evaluated using Leibniz rule

3
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Since the limits of the integral are fixed and noting that ��¹1º = 1�¹1 ¸ 8º gives the potential:

q1¹-� 0º =
14�8 ̄-

8d0* ¹U � 1º ̄
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With

� =

r
�1
�

�1 =  ̄1 ¸ ¹1 ¸ "º ¯̀ � =  ̄ ¸ ¹1 ¸ "º ¯̀

This potential must now be canceled upstream of the leading edge by adding a second potential

as a correction, corresponding to the back-scattering. The following change of variables is done

to get another canonical Schwarzschild problem:

q1 = k14
8 ¯̀"- � E = �¹- ¸ 2º

This allows to define a potential k2 such that k2¹E� 0º = �k1¹E� 0º for E ¡ 0. In other words, the

potential for - � �2 is set to zero. Above’s transformations along with the no-flow boundary

condition allows to find the potential as

k2¹E� 0º =
�1
c

¹ 1

0

r�E
b

4�8 ¯̀¹b�Eº

b � E
k1¹b� 0ºb

Which is solved using the equivalence between the Fresnel integral and the complementary error

function, since the original integral cannot be computed directly. Details are omitted for brevity
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and can be found in Roger and Moreau. The back-scattering potential is then:

q2¹-� 0º '
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Where the notation f�g2 stands for an imaginary part multiplied by the correction factor

n =

�
1 ¸ 1

4 ¯̀

��1�2
substitution of (A I-4) into (A I-1) allows to find the back-scattering disturbance

pressure, such that:
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Where
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APPENDIX II

SQUARE WAVE STREAMWISE RADIATION INTEGRAL

The integrals for the radiation integral in Eq. (2.115) are calculated here. For convenience, the

calculation is shown for an indefinite integral¹
erfc
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r
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Let G1 = G�V which gives:
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and let F = G1 ¸ ��2 which gives
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The integral on the left is straightforward. The integral on the right can be computed via

integration by parts with D = erf
�
¹1 ¸ 8º

q
F-
2

�
and 3E = 4�8� ¹F���2º3F. The derivative of D

follows from Leibniz integral rule:
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After regrouping the exponentials, the remaining integral is:
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Then, substitute E =
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D to obtain:
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The last integral is by definition erf
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, substituting back for E and D gives:
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The complete integral thus reads:
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The first two terms are grouped using the definition of erfc
�
¹1 ¸ 8º

p
G
2

�
. Additionally, using

F = G1 ¸ ��2 gives:
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The final result is obtained by substitution of G1 and factoring the common terms:
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APPENDIX IV

RANS MESH GENERATION

The airfoil grid, created using the CentaurSoft grid generator, consists of a hybrid mesh with

quadrilaterals close to the wall and triangles everywhere else. The airfoil simulations objective

is to define the first layer thickness, number of layers and aspect and stretching ratios for the

quadrilaterals. These parameters play a key role in accurately capturing the boundary layer

and, thus, are critical for trailing edge noise prediction. The stretching ratio and the number

of prismatic layers are fixed to 1.15 and 25, respectively, based on the ANSYS CFX transition

modeling guide recommendations. Thus, the variable parameters are the first layer thickness

and the cell aspect ratio, as shown in Table IV-1 for a total of fifteen meshes. The velocity

components on the inlet conditions of the airfoil domain are extracted at 50% of the blade span

from a prior simulation of the propeller spinning at 6000 rpm yielding a Reynolds number of

66000. The simulations are then run for fully turbulent (: � l SST) and transitional (W � '4\)

models.

Table-A IV-1 Mesh prismatic layer test matrix

Aspect
ratio

First layer
thickness(%c)

Number of
prismatic layers

Stretching
ratio

10 0.01,0.015,0.02,0.03,0.04 25 1.15
20 0.01,0.015,0.02,0.03,0.04 25 1.15
40 0.01,0.015,0.02,0.03,0.04 25 1.15

In terms of convergence, all the fully turbulent cases except for the case with the smallest

first layer thickness reached RMS values below 10�6, while for the transitional model, only

the cases with the largest aspect ratio and thicker first layer reached the threshold. The skin

friction coefficient distribution is shown in Figs. IV-1 and IV-2 for the transitional and turbulent

cases, respectively. The fully turbulent results tend to collapse except for the smallest first layer

thickness. In contrast, the transitional results show greater variation. The transition location

can be inferred from the change in curvature in the 2 5 curves. The laminar-turbulent transition

takes place around G�2 = 50% for the cases with a smooth 2 5 distribution. The effect of the
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aspect ratio is marginal for the turbulent results, while it can significantly impact the skin friction

distribution for the transitional cases. Similar sensitivity of the Š � ••… model to grid parameters

has been reported in the case of a helicopter rotor in hover. (Richez, 2024)
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Figure-A IV-1 Suction side skin friction coefficient distribution as a function of first layer
thickness for an aspect ratio of (a) 40, (b) 20, (c) 10 using the k-• SST model
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Figure-A IV-2 Suction side skin friction coefficient distribution as a function of first layer
thickness for an aspect ratio of (a) 40, (b) 20, (c) 10 using the Š � ••… model

Overall, larger aspect ratios produce smoother skin friction coefficient distributions and improve

convergence. It is important to note that for transitional simulations, it is recommended to have a

finer discretization in the streamwise direction to capture laminar separation bubbles. Therefore,

for this particular configuration, a trade-off between solution smoothness and accurate modelling

must be made. The averaged �� values measured in the different simulations are reported in

Table IV-2 for the suction side and at 	�� � 10%.

Table-A IV-2 Suction side y� values at 10% of the chord for the different first layer
thickness tested.

First layer thickness 0�01%� 0�015%� 0�02%� 0�03%� 0�04%�

y� at 	�� � 10% 0.5 0.7 1.0 1.5 2.0
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The effects of the first layer thickness and the aspect ratio on the airfoil drag coefficient �� are

shown in Fig. IV-3. The transitional results (right in Fig. IV-3) show a lower drag coefficients

compared to the turbulent solution as a result of the laminar region. The results highlight the

marginal impact of the grid on the turbulent drag predictions and the high sensitivities for the

transitional ones. The latter can be associated to the shifting location of the transition on the

different grids as highlighted in the � ˆ distribution in Fig. IV-2. As the �� value increases, the

transition is delayed downstream, resulting in lower � ˆ on a larger portion of the airfoil surface,

yielding a lower drag coefficient. The aspect ratio influence is unclear for transitional simulations.

On the contrary, �� increases as the aspect ratio increases and the first layer thickness for fully

turbulent simulations (left in Fig. IV-3). The unstable � ˆ distribution seen for the first layer

thickness of 0�01%� in Figs. IV-1 and IV-2 are associated to the too low �� value of 0.5.
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Figure-A IV-3 Drag coefficient with varying first layer thickness and aspect ratio with (a)
k-• SST and (b)Š � ••…

In order to design a mesh that is suitable for both fully turbulent and transitional simulations at

the lowest computational cost, a balance must be struck between the two parameters. To reduce

the possibilities of oscillatory solutions, the first layer thickness will be set to 0.03% of the chord

and the aspect ratio to 20 for the propeller surface mesh. With these parameters, 324 points

around the airfoil are obtained, and ensure a �� below 1 for 	�� ‹ 15%.
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