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FOREWORD

Control development of complex dynamic systems such as multi-joint robot arms is a considerable

challenge. Conventional linear control strategies present performance limitations for high speed

and acceleration displacements. Therefore it becomes mandatory to transition to robust nonlinear

control techniques in order to ensure satisfactory performance. This thesis explores a particular

type of nonlinear control applied to robotic systems, namely sliding mode control. This

control technique features inherent robust properties and is applicable to many physical systems,

including robotic systems.

The main purpose of this thesis is to propose and formalize a novel design of nonlinear

sliding functions based on the dynamic model of robotic systems that will allow the asymptotic

convergence of the system towards the reference trajectory when the sliding mode is reached. The

design of such functions allows for an important simplification of the torques input control law,

while preserving the inherent robustness properties and tracking performance of conventional

sliding mode control. This simplification ensures a complete decoupling of the chattering

effect of the torque inputs, which then leads as well to overall chattering reduction on all joint

axes. From a practical standpoint, the simplification of the torques control law prevents against

premature failures of actuating components in the system, and avoids unaccounted for fast

dynamics behaviour in the closed-loop system.
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Conception d’une commande par modes glissants à surfaces non-linéaires appliquée à
des systèmes robotisés

Charles FALLAHA

RÉSUMÉ

Cette thèse présente un travail sur l’approfondissement de l’étude de la commande non-linéaire

par modes glissants sur les systèmes électromécaniques dont le modèle dynamique peut être

formalisé selon la structure mathématique standard des bras robotisés manipulateurs. Plus

particulièrement, ce travail de recherche porte sur une conception novatrice de surfaces de

glissements non-linéaires basées sur le modèle dynamique des systèmes robotisés. La conception

des surfaces non-linéaires basées sur le modèle consiste à simplifier les termes non-linéaires

de la commande en couples incluant les matrices d’inertie, d’accélération et de gravité en les

utilisant dans les surfaces de glissement même. Ainsi, par rapport à la conception typique des

surfaces de glissement linéaires, la loi de commande en couples résultante est considérablement

simplifiée, et devient linéaire en fonction des vecteurs d’erreur de position et de vitesse. Cette

simplification entraîne ainsi une réduction des contraintes dynamiques transitoires et des niveaux

de bruits numériques et analogiques provenant des signaux des capteurs faisant partie du système

de contrôle en boucle fermée du système robotisé. De plus, la compensation de la matrice

d’inertie dans les surfaces de glissement assure un découplage total des niveaux de commutations

haute-fréquence du terme discontinu sur la loi des couples. Ce découplage induit à son tour

une réduction générale des commutations haute-fréquence sur tous les axes. Par ailleurs, la

conception des surfaces de glissement basées sur le modèle engendre également une étude com-

plémentaire sur la matrice de gravité du système robotisé. En effet, cette étude complémentaire

a permis de caractériser certaines propriétés algébriques novatrices liées à la matrice de gravité

qui servent à établir des critères de compensation de cette dernière dans la conception même des

surfaces de glissement. Il est également possible d’utiliser les caractéristiques de la matrice

de gravité afin de valider mathématiquement cette dernière, ce qui fournit donc un moyen de

complémenter la validation mathématique traditionnelle des matrices d’inertie et d’accélérations

du modèle du robot. Afin de valider expérimentalement l’approche de conception des surfaces de

glissement basées sur le modèle du robot, un banc de test d’un prototype d’un bras exosquelette à

7 degrés de liberté a été utilisé dans un premier temps. Comparée à l’approche conventionnelle,

l’approche proposée démontre une réduction importante des contraintes dynamiques ainsi que

des commutations haute-fréquence sur les couples d’entrées, tout en assurant un très bon suivi de

trajectoire. Afin de démontrer par la suite la généralisation de l’approche sur d’autres systèmes

robotisés, une application expérimentale a par ailleurs été validée sur un drone commercial de

type quadri-rotor. Finalement, la revue de littérature situe notre travail de recherche par rapport

aux publications scientifiques récentes, et prouve l’originalité de l’approche proposée, puisqu’au

meilleur de nos connaissances, aucune méthode semblable utilisant la conception des surfaces

de glissements basées sur le modèle du robot n’a été développée à ce jour.



X

Mots-clés: Modes glissants, Exosquelette, Robot, Fonctions de glissement basées sur le modèle,

Commutations haute-fréquence, Contrôle Robuste, Quadri-rotor



Design of a sliding mode controller with model-based switching functions applied to
robotic systems

Charles FALLAHA

ABSTRACT

This thesis presents an in-depth study sliding mode control applied on electromechanical systems

which dynamic model can be formalized according to the standard mathematical structure of

robotic manipulator arms. More specifically, this research work focuses on an innovative design

of nonlinear sliding surfaces based on the dynamic model of robotic systems. The design of

the nonlinear model-based surfaces consists in simplifying the nonlinear terms of the torque

control input including the inertia, accelerations and gravity matrices by using them in the

sliding surfaces themselves. Thus, compared to the typical design of linear sliding surfaces, the

resulting torque control law is considerably simplified, and becomes linear as a function of the

position and velocity error vectors. This simplification thus leads to a reduction in transient

dynamic constraints and in digital and analog noise levels originating from the signals of the

sensors that are part of the closed-loop control system. In addition, the compensation of the

inertia matrix in the sliding surfaces ensures a total decoupling of the high-frequency chattering

phenomenon originating from the discontinuous term of the torques control law. This decoupling

in turn induces a general reduction in the chattering levels on all axes. In addition, the design of

model-based sliding surfaces also generates a complementary study on the gravity matrix of

the robotic system. Indeed, this complementary study makes it possible to characterize novel

algebraic properties linked to the gravity matrix which serve to establish a compensation criterion

for the latter in the very design of sliding surfaces. It is also possible to use the characteristics of

the gravity matrix to mathematically validate the latter, thus providing a way to complement the

traditional mathematical validation of the inertia and acceleration matrices of the robot model.

In order to experimentally validate the model-based sliding surface design approach, a test bench

including a prototype of an exoskeleton arm with 7 degrees of freedom is first used. Compared

to the conventional approach, the proposed approach demonstrates a significant reduction in

dynamic constraints as well as in the chattering levels on the torque inputs of the exoskeleton,

while ensuring very good trajectory tracking performance. In order to subsequently demonstrate

the generalization of the approach on other robotic systems, an experimental application has

also been validated on a commercial quad copter drone. Lastly, the literature review positions

our research work with relation to recent scientific publications, and proves the originality of the

proposed approach, since to the best of our knowledge, no similar method using the design of

model-based sliding surfaces on robotic systems has been developed to date.

Keywords: Sliding mode, Exoskeleton, Robot, Model-Based Switching Functions, Chattering,

Robust Control, Quadcopter
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INTRODUCTION

The present decade has seen a considerable diversification of robotic systems in several fields of

application. Traditionally linked to the industrial field, robotics has recently shown significant

progress in the commercial and social fields, mainly due to the accessibility of available hardware

and software technologies. This robotic era therefore implies the arrival on the market of new

complex and atypical topologies of mobile and fixed robots. The study of these new robotic

systems requires engineers to develop new simulation models and to optimize and simplify

control laws. On the one hand, the validation of these new models becomes a central element

in the robotic design phases. On the other hand, the development of new powerful and robust

control algorithms is also becoming necessary to meet the growing needs of robotic applications.

It is in this context that this thesis focuses on the study of nonlinear sliding mode control applied

to robotic electromechanical systems. Among the nonlinear control approaches, sliding mode

control belongs to the family of variable structure controllers that were formalized in the early

1950s in the Soviet Union by scientists such as Emelyanov (1967), Filippov (1988) and Tsypkin

(1984). The sliding mode control was subsequently introduced in the Western world by Utkin

(1981), and then experienced a considerable expansion within the community of automation

engineers. Several research and synthesis works were subsequently carried out, in particular by

Slotine et al. (1987), Spurgeon (2008) and DeCarlo et al. (1988). The sliding mode control finds

its application in several fields of engineering, including robotic systems, namely by Hashimoto,

Maruyama and Harashima (1987) and Utkin et al. (1999). The sliding mode control applies to

both single and multi-variable systems. The implementation of sliding mode control on these

systems has proven to be considerably simpler than other nonlinear control techniques, allowing

rapid implementation on complex systems. On the other hand, the variable structure of this

command provides an intrinsic robustness property which, in practice, applies to uncertain

systems without having to add adaptive correction loops (Slotine and Li, 1991). However, this

property of robustness comes in particular from a term of discontinuous nature which appears in
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the control law, and which has the disadvantage of creating uncontrolled high frequency switching

on the control signal, known as chattering. Several strategies for reducing or eliminating the

chattering phenomenon have been proposed in the scientific literature (Levant, 1993; Bartolini

et al., 2000; Hamerlain et al., 2007; Parra-Vega and Hirzinger, 2001). Some of these strategies

will be briefly presented in the literature review section. Therefore, given the amount of work and

solutions proposed to address the common problem of chattering on sliding mode control signals,

this thesis does not focus on this point, but rather focuses on the study of the design of nonlinear

sliding surfaces based on the robot model, with a view to simplifying and reducing the constraints

on the resulting control law. As an experimental prototype, an exoskeleton robot with 7 degrees

of freedom will be chosen to test and validate the design. Exoskeleton robots are currently

the subject of several studies and research for rehabilitation and physiotherapy applications

(Tsagarakis and Caldwell, 2003). These studies involve, among other things, haptic control as

shown by Frisoli et al. (2009) and Gupta and O’Malley (2006), control using measured biolog-

ical signals (Lucas et al., 2004), or control by active movement of subjects (Kawasaki et al., 2007).

This research thesis is therefore structured as follows: A literature review will first be presented

in order to position our research with respect to recent developments on sliding mode control.

Then, Chapter 2 presents a summary of the model-based sliding functions approach by taking

up the key notions of the journal articles that we published for this purpose, and which are

covered in Chapters 3, 4 and 5. In addition, the contributions made by this research will be

highlighted. Chapter 3 presents the article that was published in the journal International

Journal of Measurement Identification and Control and which contains the development of

model-based sliding functions for the setpoint convergence problem. In order to demonstrate

that the proposed approach can be applied to electromechanical systems which are not only

exclusive to manipulator robots, Chapter 4 presents the article which was published in the journal

International Journal of Automation and Control and which demonstrates the application of the
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proposed approach on a four-rotor type flying drone. Finally, Chapter 5 presents a generalization

of the approach proposed for trajectory monitoring, the content of which has been published

in the journal IEEE Transactions on Mechatronics. Finally, a synthesis as well as several

recommendations will be presented by way of conclusion of this thesis report.





CHAPTER 1

LITERATURE REVIEW

In this section, a literature review is proposed in order to properly position the research work

presented in this document. First, a general review of some well-known nonlinear control

methods is presented. This review is then followed by a more detailed review of the sliding mode

control, which focuses on the work undertaken to date on the reduction of the high-frequency

chattering problem, as well as on the study of nonlinear sliding functions. A focus will then be

made on robotic applications, and more particularly on manipulator robots, which will put into

context our research work.

1.1 General overview

The exponential evolution of numerical computation tools currently allows an efficient imple-

mentation of complex real-time control algorithms. Among these algorithms, nonlinear digital

controllers are increasingly used for the regulation of complex systems. Several works on

nonlinear systems represent exhaustive references, especially by Khalil (2002), Isidori (1995),

Slotine and Li (1991), and Krstic et al. (1995). Applications involving these nonlinear regulators

are increasingly used both in industry and in research. These controllers can also include

intelligent algorithms that rely on the use of artificial neural networks (Narendra, 1996) or on

the use of fuzzy logic principles (Thomas and Armstrong-Helouvry, 1995).

Among classical nonlinear control techniques, feedback linearization control (Slotine and Li,

1991) is an approach well known in the scientific literature. This approach consists of linearizing

the system by compensation and applying to the new linearized system a classic linear feedback

control. In robotic applications, this approach takes a special form, known as the partitioned law

(or computed torque approach) (Khosla and Kanade, 1989). In real applications, the feedback

linearization approach is implemented with some parameter adaptation methods (Akhrif and

Blankenship, 1988) in order to make it robust to modeling disturbances and uncertainties. This
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method can even be combined with smart approaches to ensure its robustness (Park and Cho,

2007).

The backstepping control method is another well-known nonlinear approach. This approach

is based on the progressive construction of Lyapunov functions formed from tracking errors

(Yang et al., 2004; Pranayanuntana and Vanchai, 2000). This method is however applicable for

systems with triangularizable structure, and the calculations of the control law become more

complex with the order increase of the studied system. In scientific literature, this approach is

often implemented with adaptive methods (Shieh and Hsu, 2008), as well as with intelligent

observers and state estimators (Lin and Hsu, 2005).

1.2 Literature review on sliding mode control

Among the methods mentioned above, sliding mode control therefore remains an interesting

nonlinear control approach to explore, given its simplicity of implementation and its natural

robustness with respect to disturbances and modeling uncertainties. Similar to previous methods,

sliding mode control can also be paired with smart approaches to improve expected performance,

as presented in Liang et al. (2008), Fnaiech et al. (2009) and Orlowska-Kowalska et al. (2009).

The following sub-section consists in exploring the literature review around sliding mode control,

and positioning our research work.

1.2.1 Control of chattering levels

The main problem brought by sliding mode control is the high-frequency chattering phenomenon

appearing on the control signals, and is characteristic of this control approach. Chattering

is caused by a discontinuous term included in the sliding mode control law. In a practical

(numerical) implementation, the commutations created by the discontinuous term do not occur

instantaneously, which therefore leads to chattering. The other element which also favors

chattering is that in practice, the sliding surface is never rigorously reached. Chattering is

generally undesirable because it can excite undesirable dynamics on the system. However, in
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certain applications such as in power electronics, Chattering does not necessarily have an adverse

effect, as suggested by Slotine and Li (1991).

In the scientific literature involving sliding mode control, the main research focus is aimed on

the reduction and/or elimination of the chattering phenomenon on the control inputs. Many

methods have been developed in that sense to contain or eliminate chattering. Among the best

known techniques, a method of softening the discontinuous term in the control law is mentioned

by Slotine and Li (1991) and consists in substituting the discontinuous term of the control law

𝑘𝑠𝑖𝑔𝑛(𝑆) with the term 𝑘 · 𝑠𝑎𝑡 (𝑆/Φ). The sat function is defined as follows :

𝑠𝑎𝑡 (𝑆/Φ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 𝑓 𝑜𝑟𝑆/Φ > 1

𝑆
Φ 𝑓 𝑜𝑟 − 1 ≤ 𝑆/Φ ≤ 1

−1𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

(1.1)

With this approach, chattering on the control input is eliminated. The convergence of the error

however remains in a neighborhood of the sliding surface, the amplitude of which is directly

dependent on the chosen value of Φ. Tracking performance is therefore affected. In general,

other functions which approximate the sign function have also been investigated in the literature.

for example, Camacho et al. (1999) proposed the use of a sigmoid function instead of the sign

function.

Another approach introduced by Levant (1993), and subsequently applied by numerous re-

searchers (Floquet et al., 2003), consists in increasing the degree of the sliding functions from

1 to a certain degree r >1, by using the virtual time derivative of order r-1 of the control law.

Choosing then this time derivative to be discontinuous, the actual control law is constructed by a

series of integrals, and is therefore of continuous nature. It is also proven that this approach

guaranties 𝑆 = �𝑆 = . . . = 𝑆(𝑟−1) . This approach has been applied by Hamerlain et al. (2007) on

a robot trajectory tracking problem. Bartolini et al. (2000) and Parra-Vega and Hirzinger (2001)

have focused on the second order in order to eliminate chattering on the control input. Higher

order sliding mode control requires however the construction of S, �𝑆, . . . , 𝑆(𝑟−1) , which then

implies the need for observers. A variant of this method applied only to sliding functions of
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order 2 was introduced by Moreno and Osorio (2008), and known as ‘Super-Twisting’. This

method has been shown to eliminate chattering without having to use �𝑆 in the expression of the

control law.

Other approaches proposed in literature consist of reducing chattering by modifying the

conventional reaching law. Gao and Hung (1993) have designed nonlinear reaching laws which

allow a dynamic adaptation of a gain of the control law as a function of the variation of the

sliding function. Thus, the further the state vector is from the sliding surface, the greater this gain

is and tends to bring the vector back to the surface, and vice versa. Therefore, it is theoretically

possible to reduce high frequency switching in steady state, without affecting the convergence

time or even the system tracking error. Gao and Hung therefore proposed in particular two

possible reaching laws to reduce chattering.

The first reaching law contains a term proportional to the sliding function which allows the system

to reach the sliding surface more quickly when it is far from it. In addition, the proportional term

reduces the effort required by the discontinuous part 𝑠𝑖𝑔𝑛(𝑆) and therefore allows the reduction

of the chattering levels on the control input. This reaching law is given by :

�𝑆 = −𝑘 · 𝑠𝑖𝑔𝑛 (𝑆) −𝑄 · 𝑆 (1.2)

In the second proposed reaching law there is a fractional power of the sliding function which

multiplies the sign of this one, as follows:

�𝑆 = −𝑘 · |𝑆 |𝛼 𝑠𝑖𝑔𝑛 (𝑆) (1.3)

where 𝛼 is real and strictly included between 0 and 1. It is also shown that the reaching law (1.3)

generates a finite reaching time of the sliding surface.
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Otherwise, an approach which proposes an exponentially varying reaching law has recently been

studied in (Fallaha et al., 2011). This reaching law is given as follows :

�𝑆 = −
𝑘

𝑁 (𝑆)
𝑠𝑖𝑔𝑛 (𝑆) ; 𝑁 (𝑆) = 𝛿0 + (1 − 𝛿0) 𝑒𝑥𝑝(−𝛼 |𝑆 |𝑝) (1.4)

with 𝛼 ≥ 0, 𝛿0 is a strictly positive offset less than 1 and p a strictly positive integer. The choice

of parameters k, 𝛿0 and 𝛼 depends on several elements, namely the dynamics of the system,

the extent of the uncertainties and the level of disturbances exerted on the system. When the

sliding function S reaches 0, then 𝑁 (𝑆) reaches 1. Therefore gain 𝑘
𝑁 (𝑆) reaches k but does not

go to 0, as opposed to reaching law (1.3). It is therefore expected that with this approach a

more robust behavior of the system will be observed with the reaching law (1.4). If on the other

hand 𝑆 increases, then 𝑁 (𝑆) reaches 𝛿0 and 𝑘
𝑁 (𝑆) reaches 𝑘

𝛿0
, which is a bounded value. Hence,

𝑘 ≤ 𝑘
𝑁 (𝑆) ≤

𝑘
𝛿0

and − 𝑘
𝛿0
|𝑆 | ≤ 𝑆 �𝑆 ≤ −𝑘 |𝑆 | ≤ 0, and therefore the system remains stable in the

Lyapunov sense.

1.2.2 Nonlinear sliding functions

In contrast to studies of reduction or elimination of chattering in sliding mode control, much less

work is present in the literature regarding the study of nonlinear sliding functions. Among the

works on nonlinear functions, Choi et al. (1994) have explored sliding functions with variation

of the parameters over time in order to improve the robustness and the transient performance

of the control. More recently, a focus on Terminal Sliding Mode Control (TSMC) (Yu et al.,

2005; Cao et al., 2015), in which nonlinear sliding functions are designed to ensure a rapid

convergence of the tracking error towards 0 in a finite time. The TSMC has been introduced by

Venkataraman and Gulati (1991). The initial version of this approach is based upon the design

of nonlinear sliding functions which have the following form for second-order systems:

�𝑆 = 𝜆 · 𝑥𝑝 + �𝑥, 𝑝 > 0 (1.5)
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The choice of the value of p must verify certain particular conditions and has an impact on the

convergence performance of the system when on the sliding surface. Several variants of this

method have subsequently evolved, such as the fast terminal sliding mode (Yu and Zhihong,

2002).In robotics, the terminal sliding mode control is interesting because it provides a greater

precision of convergence to the movement of the robot (Tang, 1998; Wang et al., 2009; Jin et al.,

2009).

However, all of the above mentioned methods involving nonlinear sliding functions design do

not include any model-based compensation term in their expression.

In summary, this literature review positions our research work with regards to the existing

research work in scientific journals. Therefore, the model-based sliding functions design

approach seems to represent a genuine contribution to the sliding mode control field, as it has not

been explored before. To be noted that the model-based sliding functions design approach can

be easily combined with the existing chattering reduction techniques for optimal performance.

It would even seem conceivable to combine the design of model-based sliding functions with

the terminal sliding mode control to ensure an exact convergence of the error system towards 0,

and in a finite time. These latter points, while interesting to explore, are not part of the present

research work, which will focus only on the design of sliding functions based on the dynamic

model of the robot.



CHAPTER 2

MODEL-BASED SLIDING FUNCTIONS DESIGN REVIEW AND THEORETICAL
CONTRIBUTIONS

This chapter puts into context our research subject by first stating the problem encountered

with conventional sliding mode controllers applied to robotic systems and using typically linear

sliding surfaces. The conventional use of linear sliding surfaces simplifies the dynamics of

the closed loop system, but at the cost of a complex, nonlinear, and considerably coupled

resulting control law. From a practical point of view, the implementation of such a control law

could generate undesirable effects, such as premature failures of actuators, secondary effects of

couplings, or even the appearance of high-frequency dynamics on the closed-loop system. The

main contribution of the research subject consists in the design of nonlinear sliding surfaces

based on the dynamic model of the robot, and which also ensure an asymptotic convergence

of the system with a controlled dynamics. This leads to a considerable simplification of the

torque control law, with the possibility of a complete decoupling of the chattering phenomenon

on each of the robot axes. The secondary contribution that results from the design of the

model-based switching functions is the characterization of the gravity term of the robot model.

This characterization leads to the formulation of a condition on the proportional matrix of

the controller in order to ensure an asymptotic convergence of the system towards the desired

trajectory. This characterization of the term of gravity also makes it possible to push further the

overall validation of the dynamic model of the robot.

2.1 Conventional Sliding Mode Control Review

Sliding mode control is a nonlinear control approach that is relatively simple to implement

and is applicable to several kinds of single and multivariate system structures as presented by

Utkin et al. (1999).This approach has inherent robustness properties which are attributed to the

structure of the control law which contains a discontinuous term. Moreover, this discontinuous

term is responsible for the high-frequency chattering phenomenon that is characteristic of

the conventional approach. Before stating some of the issues related to conventional sliding
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mode control, it would be appropriate at this point to briefly introduce the basic concepts of

conventional sliding mode control as well as its application on robot arms.

The sliding mode control forces the states of the closed-loop controlled system to stay or "slide"

on a surface or hyper-plane defined in state space. In the traditional case, the hyper-plane S = 0

is characterized by a function S which represents a linear relationship between state errors and

their successive derivatives:

𝑆 =
𝑛−1∑
𝑖=0

𝐶𝑖 ∗ 𝑒
(𝑖) (2.1)

𝑛 represents the order of the controlled system. Matrix constants 𝐶𝑖 are chosen in such a way as

to obtain an asymptotic convergence of state errors towards 0, while following specific criteria

of dynamic performance. In order to ensure the condition 𝑆 = 0, the control law must therefore

be designed accordingly. To describe this process, consider the example of the following

second-order nonlinear single input/single output (SISO) system:

�𝑥 = 𝑓 (𝑥, �𝑥) + 𝑏(𝑥, �𝑥) · 𝑢 (2.2)

Where 𝑓 and 𝑏 are both nonlinear functions in terms of 𝑥 and �𝑥, and 𝑏 is invertible. Let 𝑥𝑑 be

the reference trajectory and 𝑒 = 𝑥 − 𝑥𝑑 the tracking error which converges to zero. The first step

consists of choosing the switching function 𝑆 as per (2.1) for 𝑛 = 2, namely:

𝑆 = 𝜆𝑒 + �𝑒, 𝜆 > 0 (2.3)

The second step consists of ensuring that the sliding surface 𝑆 = 0 is reached through the proper

design of the control law 𝑢(𝑡). In order to achieve this, the time derivative of 𝑆 is typically

chosen to meet the following relationship, often referred to as reaching law:

�𝑆 = −𝑘 · 𝑠𝑖𝑔𝑛(𝑆), 𝑘 > 0 (2.4)

Reaching law (2.4) implies that the condition 𝑆 · �𝑆 < 0 at any time 𝑡, therefore guaranteeing that

𝑆 will converge to 0 over time.
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Forming the time derivative of 𝑆 by using (2.3) and considering (2.2), then (2.4) can be written

as:

𝜆 �𝑒 + ( 𝑓 (𝑥, �𝑥) + 𝑏(𝑥, �𝑥) · 𝑢 − �𝑥𝑑) = −𝑘 · 𝑠𝑖𝑔𝑛(𝑆) (2.5)

Solving for 𝑢 in (2.5) gives the expression of following control law:

𝑢 (𝑡) = 𝑏−1 ( �𝑥𝑑 − 𝜆 �𝑒 − 𝑓 (𝑥, �𝑥))︸������������������������︷︷������������������������︸
𝑢𝑒𝑞

− 𝑏−1𝑘 (𝑥) 𝑠𝑖𝑔𝑛(𝑆)︸���������������︷︷���������������︸
𝑢𝑑𝑖𝑠𝑐

(2.6)

The control law (2.6) is formed of two terms of different nature. 𝑢𝑒𝑞 is the equivalent control of

continuous nature, and includes the system’s dynamic model terms 𝑓 (𝑥, �𝑥) and 𝑏(𝑥, �𝑥). This

compensation keeps the closed-loop system on the sliding surface. The second term, 𝑢𝑑𝑖𝑠𝑐, is

of discontinuous nature, and allows the state error vector to reach the sliding surface. This

term also makes it possible to ensure the robustness of the closed-loop system against external

disturbances or potential modeling errors. This term is also responsible for the typical high

frequency chattering phenomenon on control signals. Figure 2.1 illustrates the process described

in the phase plane for the particular case of the second order system, where the state error vector

reaches the linear surface and progresses on the latter to asymptotically reach the equilibrium

point 0 (Fallaha et al., 2011).

In the case of complex MIMO systems such as multi-joint manipulator robots, the expression

of 𝑢𝑒𝑞 and 𝑢𝑑𝑖𝑠𝑐 becomes considerably complex and strongly nonlinear. This complexity can

add constraints on the torque inputs control law in transient and steady-state regimes. The

general dynamic equation of multi-joint manipulator robots without friction and without external

constraints is well established in the literature (Craig, 2005) and can be expressed as a second

order nonlinear differential equation in joint vector space, as follows:

𝜏 = 𝑀 (𝜃) �𝜃 +𝑉𝑚
(
𝜃, �𝜃

)
�𝜃 + 𝐺 (𝜃) (2.7)
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Figure 2.1 Convergence in the phase plane with linear sliding surface

𝜏 is the torque inputs vector, 𝜃 is the joint angles and displacements vector, 𝑀 (𝜃) is the

inertia matrix and is symmetrical and positive definite, 𝑉𝑚
(
𝜃, �𝜃

)
is the centrifugal and Coriolis

accelerations matrix, 𝐺 (𝜃) is the gravity vector term.

By applying the sliding mode control method on second order MIMO systems, a first order linear

vector sliding function is then chosen based on the tracking error term and its time derivative as

follows:

𝑆 = Λ𝐸 + �𝐸,Λ = 𝑑𝑖𝑎𝑔 (𝜆𝑖) , 𝜆𝑖 > 0 (2.8)

𝐸 = 𝜃 − 𝜃𝑅 is the tracking error vector between the measured angles and displacements vector 𝜃

and the reference angles and displacements vector 𝜃𝑅. Following the design procedure associated

with sliding mode control and similarly to the SISO example above, the input torque control

law is then designed to force the vector E to reach the surface 𝑆 = 0. As per (2.8), condition

𝑆 = 0 then forms a first-order linear differential equation as a function of E whose asymptotic

convergence towards 0 is ensured by an appropriate choice of values 𝜆𝑖. To ensure that surface

𝑆 = 0 is reached,the control law is designed to ensure the following reaching law put into a
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matrix format:

�𝑆 = −𝐾 · 𝑠𝑖𝑔𝑛(𝑆), 𝐾 = 𝑑𝑖𝑎𝑔 (𝑘𝑖) , 𝑘𝑖 > 0 (2.9)

Relationship (2.9) allows here again to reach the surface S = 0 in a finite time which depends on

the chosen values 𝑘𝑖. Using relationships (2.7), (2.8) and (2.9), it follows that the torque inputs

control law takes the following form (Fallaha et al., 2011):

𝜏 = 𝑉𝑚
(
𝜃, �𝜃

)
�𝜃 + 𝐺 (𝜃) − 𝑀 (𝜃) ∗

(
Λ �𝐸 − �𝜃𝑅

)
︸������������������������������������������������︷︷������������������������������������������������︸

𝑢𝑒𝑞

−𝑀 (𝜃) 𝐾 · 𝑠𝑖𝑔𝑛(𝑆)︸�����������������︷︷�����������������︸
𝑢𝑑𝑖𝑠𝑐

(2.10)

Relationship (2.10) shows a structure similar to that described in equation (2.6), including the

equivalent term 𝑢𝑒𝑞 and the discontinuous term 𝑢𝑑𝑖𝑠𝑐.

2.2 Problem Statement

The torque inputs control law (2.10) is complex and strongly nonlinear in the general case.

This complexity also increases with the number of degrees of freedom of the robot. The term

𝑢𝑒𝑞 includes the matrices and vectors forming the robot model. In the case of fast trajectories

tracking, this has the effect of increasing the transient constraints on the overall control law. It

is even possible that the steady state is also affected if this nonlinear dependence on the joint

angles and displacements leads to an amplification of the analog or digital noises inherent to

the measurement methodologies adopted. The discontinuous term for its part also includes the

inertia matrix which multiplies the term 𝑠𝑖𝑔𝑛(𝑆). The inertia matrix is non-diagonal in the

general case. This therefore leads to the coupling the high-frequency chattering phenomenon on

the input torques, the amplitude of which also depends on the variations of the elements of the

inertia matrix.

2.3 Model-Based switching functions design applied to robotic arms

The solution presented in this research which addresses the above problem statement focuses

on the design of nonlinear sliding functions based on the robot model. These sliding functions
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aim to absorb the problematic terms of the torques control law. In contrast to the expression

of conventional linear sliding functions given by (2.8), the resulting functions 𝑆 (𝜃, 𝜃𝑅) are

based on the robot’s model, and thus are in the general case nonlinear and mutually coupled.

Figure 2.2 presents the concept of using model-based nonlinear sliding functions by showing an

example in the phase plane in which the sliding surface is nonlinear, but nonetheless ensures

asymptomatic convergence of the system towards the equilibrium point. The approach therefore

Figure 2.2 Convergence in the phase plane with the model-based

nonlinear sliding surfaces

consists of moving towards a complexification and coupling of the sliding functions, with the

aim of leading in return to a simplification and decoupling of the input torques control law. The

difficulty in this case is obviously the design of the functions 𝑆 (𝜃, 𝜃𝑅) which will allow the

adequate simplification of the torque inputs, while ensuring the asymptotic convergence of the

state error vector towards 0.

2.3.1 Model-Based switching functions design for the setpoint problem

This section summarizes the approach which is presented in more detail in the article of Chapter

3 published in the journal International Journal of Measurement Identification and Control
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and which consists in designing sliding functions based on the robot’s model for a setpoint

convergence problem.

Returning to the description of the design of the sliding functions based on the model in the

problem statement section, the idea is to design sliding functions which can absorb the nonlinear

terms forming the compensation part of the control law . These sliding functions are first

designed for the setpoint convergence problem. In our case, the setpoint equilibrium point is set

to 0. The linear sliding functions typically chosen for the setpoint 0 can be deduced from (2.8)

and are given by:

𝑆 = Λ𝜃 + �𝜃 (2.11)

The first step is to see if the inertia matrix 𝑀 (𝜃) can be removed from the discontinuous term of

the law (2.10) by transferring it to the function (2.11). Intuitively, given that 𝑀 (𝜃) is positive

definite, the following nonlinear function is expected to provide asymptotic convergence of 𝜃

towards 0 when 𝑆 = 0:

𝑆 = 𝑀 (𝜃) �𝜃 + Γ𝜃 (2.12)

With Γ a constant symmetric and positive definite matrix. The proof of asymptotic stability can

indeed be easily established using the following Lyapunov function:

𝑉 =
1

2
· 𝜃𝑇Γ𝜃 (2.13)

Indeed, the time derivative of V is then given by:

�𝑉 = �𝜃𝑇Γ𝜃 (2.14)

When the sliding surface is reached (i.e. 𝑆 = 0), then from (2.12) it comes that:

𝑀 (𝜃) �𝜃 = −Γ𝜃 (2.15)
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Using then (2.15) in (2.14) leads to the following expression of �𝑉 :

�𝑉 = − �𝜃𝑇𝑀 (𝜃) �𝜃 (2.16)

Equation (2.16) shows that �𝑉 is negative semi-definite. However, when the sliding surface is

reached, �𝜃 = 0 implies that 𝜃 = 0 as well. Therefore this establishes that the sliding surface

𝑆 = 0 ensures the asymptotic convergence of 𝜃 towards 0.

On the other hand, using the switching function (2.12) in the reaching law (2.9) leads to the

following:

𝑀 (𝜃) �𝜃 + �𝑀 (𝜃) �𝜃 + Γ �𝜃 = −𝐾 · 𝑠𝑖𝑔𝑛(𝑆) (2.17)

Using (2.7) in (2.17) gives the following

𝜏 −𝑉𝑚
(
𝜃, �𝜃

)
�𝜃 − 𝐺 (𝜃) + �𝑀 (𝜃) �𝜃 + Γ �𝜃 = −𝐾 · 𝑠𝑖𝑔𝑛(𝑆) (2.18)

And then solving for the torque vector, the inputs control law becomes:

𝜏 = −𝑉𝑚
(
𝜃, �𝜃

)
�𝜃 + 𝐺 (𝜃) − 𝐾 · 𝑠𝑖𝑔𝑛 (𝑆) −

(
Γ + 𝜎

(
𝜃, �𝜃

) )
�𝜃 (2.19)

𝜎
(
𝜃, �𝜃

)
is a skew-symmetric matrix which satisfies the following known relationship between

the inertia matrix and the accelerations matrix (Spong et al., 2005) :

𝜎
(
𝜃, �𝜃

)
= �𝑀 (𝜃) − 2𝑉𝑚

(
𝜃, �𝜃

)
(2.20)

Compared to (2.10), the torque inputs control law (2.19) shows that the inertia matrix 𝑀 (𝜃)

is not present anymore in the discontinuous term 𝐾 · 𝑠𝑖𝑔𝑛 (Σ). This implies a decoupling of

chattering effect between the torque input vector’s elements by choosing K diagonal.

The second step consists of evaluating the potential compensation of the term−
(
𝜎
(
𝜃, �𝜃

)
+𝑉𝑚

(
𝜃, �𝜃

) )
�𝜃

which is present in (2.19) by transferring it as well within the sliding function S. Since the

torque vector 𝜏 manifests through a first order time differentiation of S, the latter function should
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therefore include the time integral of the term −
(
𝜎
(
𝜃, �𝜃

)
+𝑉𝑚

(
𝜃, �𝜃

) )
�𝜃 as follows :

𝑆 = 𝑀 (𝜃) �𝜃 + Γ𝜃 + Δ
∫

𝜃𝑑𝑡 −

∫ (
𝜎
(
𝜃, �𝜃

)
+𝑉𝑚

(
𝜃, �𝜃

) )
�𝜃𝑑𝑡 (2.21)

The term Δ
∫
𝜃𝑑𝑡, in which Δ is a symmetric and positive definite constant matrix, is a necessary

term that ensures the asymptotic convergence towards 0.

Note that the time derivative of 𝑆(𝜃, �𝜃) can be deduced from (2.21):

�𝑆(𝜃, �𝜃) =𝑀 (𝜃) �𝜃 + �𝑀 (𝜃) �𝜃 + Γ �𝜃 + Δ𝜃 −
(
𝜎(𝜃, �𝜃) +𝑉𝑚 (𝜃, �𝜃)

)
�𝜃 (2.22)

Which simplifies into the following:

�𝑆(𝜃, �𝜃) = 𝑀 (𝜃) �𝜃 +𝑉𝑚 (𝜃, �𝜃) �𝜃 + Γ �𝜃 + Δ𝜃 (2.23)

Using (2.7) in (2.23):

�𝑆(𝜃, �𝜃) = 𝜏 + Γ �𝜃 + Δ𝜃 − 𝐺 (𝜃) (2.24)

Using therefore (2.24) in reaching law (2.9), and solving for 𝜏 gives the following control law:

𝜏 = −Γ �𝜃 − Δ𝜃 + 𝐺 (𝜃) − 𝐾𝑠𝑖𝑔𝑛 (𝑆) (2.25)

In order to prove the asymptotic stability of 𝜃 towards 0 when 𝑆 = 0, consider the following

Lyapunov function:

𝑉 =
1

2
�𝜃𝑇𝑀 �𝜃 +

1

2
𝜃𝑇Δ𝜃 (2.26)

The time derivative of 𝑉 is:

�𝑉 =
1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇𝑀 �𝜃 + �𝜃𝑇Δ𝜃 (2.27)

(2.27) can also be written as:

�𝑉 =
1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇 (𝜏 −𝑉𝑚 − 𝐺) + �𝜃𝑇Δ𝜃 (2.28)
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Using the expression (2.25) of 𝜏 in (2.28) gives:

�𝑉 =
1

2
�𝜃𝑇 ( �𝑀 − 2𝑉𝑚) �𝜃 − �𝜃𝑇Γ �𝜃 − �𝜃𝑇𝐾𝑠𝑖𝑔𝑛(𝑆) (2.29)

Since �𝑀 − 2𝑉𝑚 is skew-symmetric, this leads to:

�𝑉 = − �𝜃𝑇Γ �𝜃 − �𝜃𝑇𝐾𝑠𝑖𝑔𝑛(𝑆) (2.30)

Therefore, when the sliding surface 𝑆 = 0 is reached, then:

�𝑉 = − �𝜃𝑇Γ �𝜃 (2.31)

Therefore �𝑉 is negative semi-definite, and therefore the proof of convergence of 𝜃 to 0 is very

straitforward.

As a final step, in order to simplify further the control law (2.25) it is possible to compensate the

gravity term 𝐺 (𝜃) with the following sliding function:

𝑆
(
𝜃, �𝜃

)
= 𝑀 (𝜃) �𝜃 + Γ𝜃 + Δ

∫
𝜃𝑑𝑡 −

∫ (
𝜎
(
𝜃, �𝜃

)
+𝑉𝑚

(
𝜃, �𝜃

) )
�𝜃𝑑𝑡 +

∫
(𝐺 (𝜃) − 𝐺 (0)) 𝑑𝑡

(2.32)

The choice of the sliding function (2.32) ultimately leads to the following simplified torque

inputs control law:

𝜏 = −Γ �𝜃 − Δ𝜃 + 𝐺 (0)︸�����������������︷︷�����������������︸
𝑢𝑒𝑞

−𝐾𝑠𝑖𝑔𝑛 (𝑆)︸��������︷︷��������︸
𝑢𝑑𝑖𝑠𝑐

(2.33)

Therefore, the law (2.33) shows a simplified relation of the torque inputs control law, which

becomes linear in terms of the angles and speeds of joints. To be also noted that choosing a

diagonal gain matrix K leads to a decoupled chattering effect on all joint axes. The proof of

asymptotic convergence of 𝜃 towards 0 when the sliding surface 𝑆
(
𝜃, �𝜃

)
= 0 is reached uses the
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following constraint on the eigenvalues of the matrix Δ:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Δ) > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔𝑖Ψ𝐺) (2.34)

Ψ𝐺 is a matrix of symmetric nature that is constructed upon the gravity matrix 𝐺 (𝜃) as follows:

Ψ𝐺 (𝜃) = −

(∫ 1

0

𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
, 𝐽𝐺 =

[
𝜕𝐺𝑖
𝜕𝜃 𝑗

]
(2.35)

Moreover, it can be shown that

𝐺 (𝜃) − 𝐺 (0) = −Ψ𝐺 (𝜃) · 𝜃 (2.36)

Indeed, relationship (2.34) implies that the difference Δ −Ψ𝐺 (𝜃) is positive definite.

Note that Appendix I provides additional explanation material to relationships (2.35) and (2.36)

through a simple SISO example.

When the sliding surface 𝑆(𝜃, �𝜃) = 0 is reached, (2.33) becomes:

𝜏 = −Γ �𝜃 − Δ𝜃 + 𝐺 (0) (2.37)

Consider now the following Lyapunov candidate function:

𝐿(𝜃, �𝜃) =
1

2
�𝜃𝑇𝑀 (𝜃) �𝜃 + 𝑃(𝜃) − 𝑃(0) (2.38)

with 𝑃 a scalar function defined as (Tomei, 1991):

𝑃(𝜃) = 𝑈 (𝜃) +
1

2
𝜃𝑇Δ𝜃 − 𝜃𝑇𝐺 (0) (2.39)

𝑈 is the potential energy term from which is derived 𝐺 (𝜃). Differentiating 𝑃(𝜃) with respect to

𝜃 and noting that
𝜕𝑈 (𝜃)

𝜕𝜃
= 𝐺 (𝜃) (Spong et al., 2005), then using (2.36), the following relation
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can be obtained:
𝜕𝑃(𝜃)

𝜕𝜃
= 𝐺 (𝜃) + Δ𝜃 − 𝐺 (0) = (Δ −Ψ𝐺 (𝜃)) 𝜃 (2.40)

Since Δ − Ψ𝐺 (𝜃) is positive definite, then
𝜕𝑃(𝜃)

𝜕𝜃
= 0 only for 𝜃 = 0, and therefore 𝑃(𝜃) is

absolute minimum for 𝜃 = 0 (Tomei, 1991), which implies 𝑃(𝜃) − 𝑃(0) > 0 for 𝜃 ≠ 0. Thus,

from (2.38) it can be deduced that 𝐿 (𝜃, �𝜃) is a Lyapunov function. Differentiating 𝐿 (𝜃, �𝜃) with

respect to time gives:

�𝐿(𝜃, �𝜃) = �𝜃𝑇𝑀 (𝜃) �𝜃 +
1

2
�𝜃𝑇 �𝑀 (𝜃) �𝜃 + �𝜃𝑇𝐺 (𝜃) + �𝜃𝑇Δ𝜃 − �𝜃𝑇𝐺 (0) (2.41)

The above equation can also be written as:

�𝐿(𝜃, �𝜃) = �𝜃𝑇𝜏 + �𝜃𝑇Δ𝜃 − �𝜃𝑇𝐺 (0) (2.42)

Using relationship (2.37), (2.42) simplifies into:

�𝐿 (𝜃, �𝜃) = − �𝜃𝑇Γ �𝜃 (2.43)

Therefore �𝐿 (𝜃, �𝜃) is negative semi-definite. Applying Barbalat’s lemma (Slotine and Li, 1991),

�𝜃 converges to 0. Using (2.7) and (2.37) it comes that:

Δ𝜃 + (𝐺 (𝜃) − 𝐺 (0)) = (Δ −Ψ𝐺 (𝜃)) 𝜃 −→
t

0 (2.44)

Since Δ −Ψ𝐺 (𝜃) is positive definite, this proves that 𝜃 converges to 0

2.3.2 Generalization of model-based sliding functions design for trajectory tracking
applications

The design of model-based sliding functions for the trajectory tracking problem has been

developed in the article presented in Chapter 5 and published in the journal IEEE/ASME
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Transactions on Mechatronics. As per the design, the following sliding function is then chosen:

Σ = 𝑆
(
𝜃, �𝜃

)
− 𝑆

(
𝜃𝑅, �𝜃𝑅

)
(2.45)

𝜃𝑅 is the reference trajectory. It should then be noted that the sliding function (2.32) for the

setpoint problem becomes a particular case of (2.45) for 𝜃𝑅 = �𝜃𝑅 = 0.The other important point

is that the generalization to trajectory tracking in this case is not trivial, given that the function

𝑆(𝜃, �𝜃) is nonlinear in the general case. Thus, it will be noted that:

Σ = 𝑆
(
𝜃, �𝜃

)
− 𝑆

(
𝜃𝑅, �𝜃𝑅

)
≠ 𝑆

(
𝜃 − 𝜃𝑅, �𝜃 − �𝜃𝑅

)
(2.46)

Note that the proof of asymptotic stability of Σ = 0 as developed in the paper of Chapter 5

goes through the construction of a Lyapunov-like function similar to (2.36). However, this

Lyapunov-like function in this case can be negative, but with a negative bound. The usage of

such Lyapunov-like function has been presented by Slotine and Li (1991) and leads to the same

conclusion of global asymptotic stability.

The choice of the sliding function (2.45) for trajectory tracking leads to the following torque

control law:

𝜏 = 𝜏𝑅 − Γ �𝐸 − Δ𝐸︸������������︷︷������������︸
𝑢𝑒𝑞

−𝐾𝑠𝑖𝑔𝑛 (Σ)︸��������︷︷��������︸
𝑢𝑑𝑖𝑠𝑐

(2.47)

With 𝜏𝑅 = 𝑀 (𝜃𝑅) �𝜃𝑅 + 𝑉𝑚
(
𝜃𝑅, �𝜃𝑅

)
�𝜃𝑅 + 𝐺 (𝜃𝑅), and 𝐸 = 𝜃 − 𝜃𝑅. To be noted that 𝜏𝑅 is

exclusively formed of constructed terms and signals, and contains no measured or estimated

terms or signals. Figure 2.3 depicts the general block diagram of the sliding mode control

algorithm with model-based sliding functions: To be noted that the law (2.33) becomes a

particular case of (2.47) for 𝜃𝑅 = �𝜃𝑅 = 0. The new simplified torque inputs control law (2.47)

shows linear behavior as a function of the error E and its time derivative. Another important

point is the cancellation of matrix 𝑀 (𝜃) in the discontinuous term 𝑢𝑑𝑖𝑠𝑐. This result implies a

complete decoupling of the chattering phenomenon on all joint axes, provided that matrix K is
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Figure 2.3 General block diagram of trajectory tracking sliding mode controller with

model-based sliding functions

chosen to be diagonal. Finally, control law (2.47) can be considered as simple proportional and

derivative controller with a discontinuous term providing robustness properties to the closed-loop

system.

2.4 Experimental validation of the proposed approach to different robotic systems

The model-based sliding function design approach has been experimentally validated on different

robotic systems. As shown in the article IEEE/ASME Transactions on Mechatronics in Chapter

5, the approach has been validated experimentally on a 7-DOF exoskeleton arm nicknamed

ETS-MARSE, and which is presented in Figure 2.4: The experimental results recorded with the

proposed approach are discussed in Chapter 5 and compared to the conventional sliding mode

approach with linear surfaces. To visually illustrate the difference between these 2 approaches,

Figure 2.5 below compares simulation results of asymptotic convergence in the phase plane of

ETS-MARSE’s axis 2 for a) the conventional approach with linear surfaces, and b) the proposed

approach with model-based sliding surfaces. The part in blue represents the reaching phase,

and the part in red represents the sliding phase on the surface. Note in b) the non-linearity of
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Figure 2.4 ETS-MARSE Structure and Reference Frames Assignation

the sliding surface with the proposed approach using model-based functions, in contrast to the

conventional sliding surface design approach in a).

The proposed approach has also been experimentally applied to the inner control loop of a

Parrot-type quad-copter drone, as presented in the article International Journal of Automation

and Control of Chapter 5. Figure 2.6 shows the drone with the experimental setup environment.

Thus, it is therefore demonstrated that the proposed model-based sliding function design approach

can be applied to a large family of various robotic systems, whose dynamic model can be put

into a typical form of mechanical dynamic equations of the second order.
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a) Convergence on a linear sliding surface b) Convergence on model-based sliding surface

Figure 2.5 Simulation results in the phase plane for ETS-MARSE’s axis 2

Figure 2.6 Quad-copter Parrot and experimental setup environment

2.5 Proposed approach’s novelty claim and theoretical contributions

The design of model-based sliding functions is an innovative and original approach, since no

publication or scientific research has yet addressed this subject, of what has been observed to

date.
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1. The main contribution of this approach is the substantial simplification of the torque control

law. This simplification results in several advantages such as the reduction of transient

constraints and noise levels on the torque signals, decoupling of the chattering effect on

all joint axes, and ease of adjustment of the control parameters. This approach can also be

combined with existing chattering reduction/elimination techniques for optimal operation.

2. The second related point of contribution consists in the study of the gravity term which was

undertaken within the framework of the latter’s compensation by the new sliding functions.

This study led to a relationship derived from the model’s gravity term, which not only serves

to establish a compensation criterion for the latter, but also allows further validation of the

mathematical dynamic model of the robot.
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3.1 Abstract

This paper introduces a novel manifold design for sliding mode control, applicable to second

order mechanical systems which nonlinear dynamics can be formalized into that of robotic

manipulators. The new approach shows that model based sliding manifold design simplifies

substantially the torque control law, which ultimately becomes linear in terms of joint angles and

rates. This approach allows additionally decoupling of the chattering effect on the torque inputs

on each axis. A new property related the gravity term is introduced and is used for stability

analysis and model validation purposes. Simulation results compare the introduced approach to

the conventional linear manifold design. The results demonstrate that the new approach reduces

transient constraints on torque input, and is more robust to matched uncertainties for low inertia

robots.

Keywords: Sliding mode control, nonlinear control, robot control, nonlinear sliding manifolds,

chattering.

3.2 Introduction

Nonlinear control has become more accessible over the years with the continuous increase in

digital computing power, and can be found in numerous engineering applications. Cutting

edge industries are also beginning to grasp the importance of nonlinear control, and their
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application to their inherently nonlinear plants and processes, as this understandably provides a

substantial improvement in performance. Among the most known modern nonlinear control

techniques, sliding mode control has grown in popularity within the controls community, and

its applications reach out to numerous fields, including robotics. Two main characteristics

usually bring controls engineers to consider using sliding mode control, that is the simplicity of

implementation, and the overall robustness of the closed loop system. These usually make the

practical implementation of sliding mode control particularly simple and efficient. Most of the

research papers found on sliding mode control are mainly focused on two major topics, namely

chattering reduction on the control input and study of nonlinear sliding manifolds. The chattering

phenomenon is originated from a discontinuous term in the control input which purpose is to

absorb disturbances as well as matched or unmatched uncertainties, and therefore increase the

robustness of the control. The problem with chattering is that it enforces on the control input

uncontrolled high frequency commutations which could either alter physical components or

excite high frequency dynamics on the closed loop system. Research efforts on this matter

have attempted to treat or control chattering while compromising on or keeping the same level

of robustness. A straightforward way to reduce chattering is to smoothen the discontinuous

term by using a saturation function. This technique is known as the boundary layer approach

(Slotine and Li, 1991). The disadvantage of such an approach is that the robustness of the

control is reduced, and the system remains within a boundary of the sliding manifold. Gao

and Hung (1993), Camacho et al. (1999) and Fallaha et al. (2011) explore nonlinear reaching

laws in order to reduce the discontinuous gain and thus chattering when the sliding manifold is

reached. Another approach to reduce chattering was introduced by Levant (1993) and consists

of increasing the order of the system. This approach is also known as higher order sliding mode

control (HOSM). A particular case of HOSM is second order sliding mode control. Hamerlain

et al. (2007), Bartolini et al. (1998), Bartolini et al. (2000) and Parra-Vega and Hirzinger (2001)

propose different applications of second order sliding mode control. However, the drawback of

HOSM is that the stability proofs are mainly based on geometrical methods. In order to address

this, Moreno and Osorio (2008) proposed a Lyapunov based approach for studying the stability

of a particular type of a second order sliding mode controller, namely the super-twisting sliding
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mode controller (STSMC). Floquet and Barbot (2007) and Gonzalez et al. (2012) have explored

as well the STSMC approach. On the other hand, the study of nonlinear sliding manifolds is

focused on two separate objectives that could be combined as well; first, improving the transient

effects on the control input, and second, ensuring a finite convergence time of the sliding system

on the manifold, which is not met by the typical linear manifold design. Choi et al. (1994)

and Stepanenko and Su (1993) have explored the use of sliding functions with time-varying

parameters to improve robustness and transient behaviour of the control input. More recently,

research was focused on terminal sliding mode control, where nonlinear sliding functions are

designed to ensure a fast and finite convergence time on the sliding surface (Feng et al., 2002;

Yu et al., 2005; Tang, 1998).

This paper features a novel sliding manifold design approach based on the general dynamic

model of robotic systems. It uses the inherent properties of the model matrices in order to

ensure asymptotic stability to the system while in sliding mode. Finally, it provides considerable

simplification of the torque vector expression, and offers as well a means of decoupling the

chattering effect on the robot axes. The paper introduces as well a new property applied on the

gravity term, which is used for stability analysis and model validation purposes (Fallaha and

Saad, 2016). The presented methodology is kept as general as possible, and is applicable to all

second order mechanical systems which dynamics can be formalized into that of the general

model of robotic systems. To be noted that the paper is solely focused on the study of the

asymptotic stability of the system towards the zero equilibrium point. Trajectory tracking study

will be carried out in a separate paper material. This paper is organized as follows: Section

II gives a brief overview of the conventional sliding mode control, and formulates the need to

design model based sliding manifolds. Sections III and IV present the core of the theoretical

development of the paper, and introduce model based sliding manifold design, for first order

and higher order manifolds. Section V applies the model based sliding manifold design to two

examples of 2-DOF robots and presents simulation results with analysis and discussions. Section

V finally concludes the paper.
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3.3 Problem Formulation and Motivation

This section presents an overview of a robot arm general dynamics and also gives a brief review

of sliding mode control applied on the robot. It highlights the main limitations of using linear

sliding manifolds and expresses the need to have additional freedom in designing more complex

model-based manifolds. The general dynamics of a robot arm manipulator without any friction

effect is very well established in the robotic literature, and is given by:

𝜏 = 𝑀 (𝜃) �𝜃 +𝑉𝑚 (𝜃, �𝜃) �𝜃 + 𝐺 (𝜃) (3.1)

Where 𝜏 is the torque control input vector, 𝜃 is the robot joints angles vector, 𝑀 (𝜃) is the inertia

matrix, and is positive definite, 𝑉𝑚 (𝜃, �𝜃) is the centrifugal and Coriolis matrix, 𝐺 (𝜃) is the

gravitational term vector. Moreover, matrices 𝑀 and 𝑉𝑚 are bounded by the following property

(Spong et al., 2005):

𝑆(𝜃, �𝜃) = �𝑀 (𝜃) − 2𝑉𝑚 (𝜃, �𝜃) (3.2)

Where 𝑆 is a skew-symmetric matrix. In typical sliding mode, the sliding functions design is

defined as a linear first order structure in terms of 𝜃 and �𝜃, namely:

Σ = Λ𝜃 + �𝜃 (3.3)

Where Σ is the sliding functions vector and Λ = 𝑑𝑖𝑎𝑔(𝜆𝑖𝑖), 𝜆𝑖𝑖 > 0

The control law is designed to ensure that the sliding manifold is reached, which is equivalent

to Σ = 0. In this case, vector 𝜃 will converge to the equilibrium point 0 following a first order

behaviour, with a rate defined by matrix Λ. On the other hand, in order to achieve the sliding

condition, the control law is designed such that the following relationship is always verified:

�Σ = −𝐾𝑠𝑖𝑔𝑛(Σ) (3.4)

Where sign is the well-known signum function, and 𝐾 = 𝑑𝑖𝑎𝑔(𝑘𝑖𝑖), 𝑘𝑖𝑖 > 0.
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The control law that allows for (3.4) is given by:

𝜏 = 𝑉𝑚 �𝜃 + 𝐺 (𝜃) − 𝑀 (𝜃)𝐾𝑠𝑖𝑔𝑛(Σ) − 𝑀 (𝜃)Λ �𝜃 (3.5)

Equation (3.5) shows that 𝜏 is formed of many terms, one of which is discontinuous, as it

includes the signum function. This term is responsible for the chattering phenomenon widely

observed and studied in sliding mode control. Equation (3.4) is also referred to as the reaching

law, as it will force to reach 0 in a finite amount of time 𝑡𝑟 . 𝑡𝑟 is the reaching time, and is directly

linked to 𝐾 by the following relation:

𝐾 =
|𝑆 (𝑡 = 0) |

𝑡𝑟
(3.6)

In order to meet a required reaching time and convergence speed, 𝐾 is therefore bounded by

relation (3.6). Note that 𝐾 also plays a central role in disturbance and uncertainties rejection,

and the higher the value of 𝐾, the higher the robustness of the sliding mode control, but the

higher the chattering levels on the control input as well. Observing (3.5) again, the signum term

is also a function of the inertia matrix, which then implies that the choice of 𝐾 is dependent

upon 𝑀 (𝜃) as well. Since 𝑀 (𝜃) is not diagonal in the general sense, this also implies a coupling

effect of the chattering on the torque vector. In order to remove this dependency, a model-based

nonlinear sliding manifold design is proposed in the next sections. The approach will be also

aimed at simplifying and reducing transient constraints on the control inputs.

3.4 Model-Based First-Order Sliding Manifold Design

In this section, a nonlinear sliding function design including the inertia matrix of the robot is

proposed. As opposed to the linear function defined by (3.3), consider the following model-based

function:

Σ = 𝑀 (𝜃) �𝜃 + Γ𝜃 (3.7)
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where Γ is a positive definite matrix. As will be shown below, the inclusion of the inertia matrix

will allow the decoupling of the chattering inputs, as well as break the dependency of 𝐾 on

𝑀 (𝜃). For the rest of the development, consider the following 2 cases:

Case 1: Γ is constant in time.

Case 2: Γ = 𝑃Φ𝑃𝑇 , where 𝑃 is the matrix formed by the eigenvectors of the inertia matrix, and Φ

is a diagonal matrix with constant and strictly positive elements such that Φ = 𝑑𝑖𝑎𝑔(𝜙𝑖𝑖), 𝜙𝑖𝑖 > 0.

Note that the following holds as well:

𝐷 = 𝑃𝑇𝑀𝑃 (3.8)

where 𝐷 is a diagonal matrix which elements are the eigenvalues of the inertia matrix,

𝐷 = 𝑑𝑖𝑎𝑔(𝑑𝑖𝑖), 𝑑𝑖𝑖 > 0.

Proposition 1: For both case 1 and case 2, the sliding manifold Σ = 0 , where Σ is given by (3.7),

will ensure the asymptotic stability of 𝜃 to 0.

Proof 1: For case 1, choose the following Lyapunov candidate:

𝑉 =
1

2
· 𝜃𝑇Γ𝜃 (3.9)

Since Γ is constant, differentiating (3.9) gives:

�𝑉 = �𝜃𝑇Γ𝜃 (3.10)

When the sliding manifold is reached, Σ = 0. Therefore, from (3.7):

Γ𝜃 = −𝑀 (𝜃) �𝜃 (3.11)
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Multiplying both sides of (3.11) by �𝜃𝑇 to the left:

�𝜃𝑇Γ𝜃 = − �𝜃𝑇𝑀 (𝜃) �𝜃 (3.12)

Therefore,

�𝑉 = − �𝜃𝑇𝑀 (𝜃) �𝜃 ≤ 0 (3.13)

From (3.13), �𝑉 is semi-negative definite. Assuming however that �𝑉 is continuous, then Barbalat’s

lemma shows that �𝑉 converges to 0 with time, which implies that �𝜃 converges to 0 with time as

well. Also using (3.11) finally implies that 𝜃 converges to 0 with time, which completes the

proof for case 1. For case 2, consider the following variable change:

𝑥 = 𝑃𝑇𝜃,Ξ = 𝑃𝑇Σ (3.14)

Using this variable change in (3.7) gives:

𝑃Ξ = 𝑀 · ( �𝑃𝑥 + 𝑃 �𝑥) + 𝑃Φ𝑃𝑇 · (𝑃𝑥) (3.15)

Simplifying (3.15) and using the orthogonality properties of matrix 𝑃 gives:

Ξ = 𝑃𝑇𝑀𝑃 �𝑥 + (Φ + 𝑃𝑇𝑀 �𝑃)𝑥 (3.16)

Using (3.8) in (3.16):

Ξ = 𝐷 �𝑥 + (Φ + 𝐷𝑃𝑇 �𝑃)𝑥 (3.17)

Σ = 0 implies that Ξ = 0 as per the variable change of (3.14). Therefore, using (3.17) gives:

𝐷 �𝑥 = (Φ + 𝐷𝑃𝑇 �𝑃)𝑥 = 0 (3.18)

Using the fact that 𝐷 is invertible then implies:

�𝑥 = (𝐷−1Φ + 𝑃𝑇 �𝑃)𝑥 = 0 (3.19)
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Since 𝐷 and Φ are both diagonal matrices:

𝐷−1Φ = 𝑑𝑖𝑎𝑔𝑖

(
𝜙𝑖𝑖
𝑑𝑖𝑖

)
(3.20)

Using the orthogonality properties of matrix 𝑃 again, it can be shown that 𝑃𝑇𝑃 is skew-symmetric.

Multiplying (3.19) by 𝑥𝑇 to the left therefore yields:

𝑥𝑇 �𝑥 = 𝑥𝑇𝑑𝑖𝑎𝑔𝑖

(
𝜙𝑖𝑖
𝑑𝑖𝑖

)
𝑥 (3.21)

Equation (3.21) shows that each 𝑥𝑖 converges asymptotically to 0, which completes the proof for

case 2. For both cases, the torque control law that will allow the reaching condition (3.4) to be

met is given by:

𝜏 = −𝑉𝑚 (𝜃, �𝜃) + 𝐺 (𝜃) − 𝐾 · 𝑠𝑖𝑔𝑛(Σ) − (Γ + 𝑆) �𝜃 − �Γ𝜃 (3.22)

From (3.22), the signum term is now independent of the inertia matrix and the chattering effect

is decoupled for all the torque inputs, which was the aim of the design. This also means that the

choice of 𝐾 remains independent of 𝑀 (𝜃). For case 1, note that �Γ = 0 in (3.22).

3.5 Model-Based higher-order sliding manifold design

In the last section, the first-order sliding manifold design yielded a simplification of the control

input by removing the inertia matrix term from the discontinuous control. In this section, a

higher-order sliding manifold design is proposed, to which an integral term is added. This is

intended to further simplify the torque control input. Two higher-order sliding manifolds are

proposed; the first compensates only the centrifugal and Coriolis term and the other compensates

both the centrifugal and Coriolis and the gravity terms with an additional constraint to meet.
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3.5.1 Compensation of the centrifugal and Coriolis term in the control input

In this section, the following higher-order sliding function is considered:

Σ = 𝑀 (𝜃) �𝜃 + Γ𝜃 + Δ
∫

𝜃𝑑𝑡 −

∫
(𝑆 +𝑉𝑚) �𝜃𝑑𝑡 (3.23)

Γ and Δ are constant positive definite matrices. In equation (3.23), integral terms are added to

give more degrees of freedom in simplifying the torque control input and completely remove the

dependency on the inertia matrix and the centrifugal and Coriolis term.

Proposition 2: The sliding manifold Σ = 0, where Σ is given by (3.23), will ensure the

asymptotic stability of 𝜃 to 0.

Proof 2: Choose the following Lyapunov candidate:

𝑉 =
1

2
�𝜃𝑇𝑀 �𝜃 +

1

2
𝜃𝑇Δ𝜃 (3.24)

Differentiating (3.24) gives:

�𝑉 =
1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇𝑀 �𝜃 + �𝜃𝑇Δ𝜃 (3.25)

When the sliding manifold Σ = 0 is reached, �Σ = 0 as well. Therefore:

�𝑀 �𝜃 + 𝑀 �𝜃 + Γ �𝜃 + Δ𝜃 − (𝑆 +𝑉𝑚) �𝜃 = 0 (3.26)

(3.26) can also be written as:

(
1

2
�𝑀 �𝜃 −𝑉𝑚 �𝜃

)
+

1

2
�𝑀 �𝜃 + 𝑀 �𝜃 + Γ �𝜃 − 𝑆 �𝜃 + Δ𝜃 = 0 (3.27)
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Multiplying (3.27) by �𝜃𝑇 to the left and noticing that S and 1
2
�𝑀 − 𝑉𝑚 which is equal to 1

2
𝑆 is

also skew-symmetric gives:

1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇𝑀 �𝜃 + �𝜃𝑇Γ �𝜃 + �𝜃𝑇Δ𝜃 = 0 (3.28)

Using (3.28) in (3.25) finally gives:

�𝑉 = − �𝜃𝑇Γ �𝜃 ≤ 0 (3.29)

Using again Barbalat’s lemma, �𝑉 converges to 0 with time, which implies that �𝜃 converges to 0

with time. Using also (3.26) finally implies that 𝜃 converges to 0 with time, which completes the

proof.

The torque control input that allows Σ given by (3.23) to converge to 0 is given by:

𝜏 = 𝐺 (𝜃) − 𝐾 · 𝑠𝑖𝑔𝑛(Σ) − Γ �𝜃 − Δ𝜃 (3.30)

In (3.30), it can now be seen that the dependence of the torque control input to 𝑀 (𝜃) and 𝑉𝑚 �𝜃 is

completely removed. Compared now to (3.5), the control law of (3.30) is simpler and transient

constraints are expected therefore to have less impact on the control input. It remains also

obvious that the latter carries additionally the same advantages mentioned in section 3.4, with

regards to decoupled chattering effect on torque inputs, and the independency of 𝐾 to 𝑀 (𝜃).

3.5.2 Compensation of the gravity term in the control input

In this section, the following higher order sliding function is considered:

Σ = 𝑀 (𝜃) �𝜃 + Γ𝜃 + Δ
∫

𝜃𝑑𝑡 −

∫
(𝑆 +𝑉𝑚) �𝜃𝑑𝑡 +

∫
(𝐺 (𝜃) − 𝐺 (0))𝑑𝑡 (3.31)

With Γ and Δ are constant positive definite matrices. Compared to (3.23), (3.31) includes an

additional integral term which purpose is to compensate for the gravity term in the torque
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control law. Proposition 3 below proves that the corresponding manifold will allow asymptotic

convergence if an additional constraint is verified by Δ.

Proposition 3: the sliding manifoldΣ = 0 , whereΣ is given by (3.31), will ensure the asymptotic

stability of 𝜃 to 0 provided that the eigenvalues of matrix Δ verify the following constraint:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Δ) > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔𝑖Ψ𝐺) (3.32)

WhereΨ𝐺 (𝜃)is a symmetric matrix defined in proof 3 below. Note that sinceΨ𝐺 (𝜃) is symmetric,

it is diagonalizable, and all its eigenvalues are real values.

Proof 3: Consider the following Lyapunov candidate function:

𝑉 =
1

2
�𝜃𝑇𝑀 �𝜃 +

1

2
𝜃𝑇Δ𝜃 +𝑈 − 𝜃𝑇𝐺 (0) (3.33)

Where 𝑈 is the potential energy term from which is derived 𝐺 (𝜃) . 𝑈 is chosen such that

𝑈 − 𝜃𝑇𝐺 (0) > 0. This choice is valid under the assumption that the initial value of 𝜃 is bounded.

Differentiating (3.33) and noticing that 𝑑𝑈𝑑𝑡 = �𝜃𝑇𝐺 (𝜃), (Spong et al., 2005):

�𝑉 =
1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇𝑀 �𝜃 + �𝜃𝑇Δ𝜃 + �𝜃𝑇𝐺 (𝜃) − �𝜃𝑇𝐺 (0) (3.34)

Lemma 1 in appendix based on the mean value theorem (Fallaha and Saad, 2016) applied to

differentiable vector functions, proves the following property that 𝐺 (𝜃) − 𝐺 (0) can be written

as:

𝐺 (𝜃) − 𝐺 (0) = −Ψ𝐺 (𝜃) · 𝜃 (3.35)

Where Ψ𝐺 (𝜃) is a symmetric matrix, and can be deduced from the jacobian of 𝐺 (𝜃) by using

relation (A-2) in appendix A. Therefore (3.34) can be written as:

�𝑉 =
1

2
�𝜃𝑇 �𝑀 �𝜃 + �𝜃𝑇𝑀 �𝜃 + �𝜃𝑇Δ𝜃 − �𝜃𝑇Ψ𝐺 (𝜃)𝜃 (3.36)
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When the sliding manifold Σ = 0 is reached, �Σ = 0 as well. Therefore:

�𝑀 (𝜃) �𝜃 + 𝑀 (𝜃) �𝜃 + Γ �𝜃 + Δ𝜃 − (𝑆 +𝑉𝑚) �𝜃 −Ψ𝐺 (𝜃) · 𝜃 = 0 (3.37)

(3.37) can be also written as follows:

(
1

2
�𝑀 (𝜃) �𝜃 −𝑉𝑚 �𝜃

)
+

1

2
�𝑀 (𝜃) �𝜃 + 𝑀 (𝜃) �𝜃 + Γ �𝜃 − 𝑆 �𝜃 + Δ𝜃 −Ψ𝐺 (𝜃) · 𝜃 = 0 (3.38)

Multiplying (3.38) by �𝜃𝑇 to the left, and noticing that 𝑆 and 1
2
�𝑀 − 𝑉𝑚 which is equal to 1

2
𝑆 is

also skew-symmetric gives:

1

2
�𝜃𝑇 �𝑀 (𝜃) �𝜃 + �𝜃𝑇𝑀 (𝜃) �𝜃 + �𝜃𝑇Γ �𝜃 + �𝜃𝑇Δ𝜃 − �𝜃𝑇Ψ𝐺 (𝜃) · 𝜃 = 0 (3.39)

Using (3.39) in (3.36) gives:

�𝑉 = − �𝜃𝑇Γ �𝜃 ≤ 0 (3.40)

Using here again Barbalat implies that �𝜃 converges to 0 with time. Using (3.37) shows therefore

that:

(Δ −Ψ𝐺 (𝜃)) · 𝜃 −→
t

0 (3.41)

Lemma 2 in the appendix A shows that constraint (3.32) implies that Δ − Ψ𝐺 (𝜃) is positive

definite. From (3.41) it comes that 𝜃 converges to 0 with time, which completes the proof. The

torque control input that allows Σ given by (3.31) to converge to 0 is given by:

𝜏 = 𝐺 (0) − 𝐾 · 𝑠𝑖𝑔𝑛(Σ) − Γ �𝜃 − Δ𝜃 (3.42)

The control law (3.42) is now in its simplest form, as 𝐺 (𝜃) is now replaced by G(0) . Compared

to the initial control law (3.5), (3.42) has a much less complex expression, and is now fully linear

in terms of 𝜃 and �𝜃. It is also possible to force a complete decoupling of the axes by choosing

for instance Γ and Δ to be diagonal matrices.
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Matrix Ψ𝐺 (𝜃) has therefore a central role in the compensation of the gravity vector in the control

law, and its eigenvalues can be used to form an asymptotic convergence condition by imposing a

constraint on matrix Δ, as per (3.32). The symmetry property of Ψ𝐺 (𝜃) and its eigenvalues can

be used as well to study and validate the gravity vector model.

The following application example shows the computation and study of matrix Ψ𝐺 (𝜃) and its

eigenvalues for a 2 DOF robot manipulator.

Example

In this example, a method for computing Ψ𝐺 (𝜃) is given for a 2 DOF robot example depicted

in Figure 3.1. The structure of Ψ𝐺 (𝜃) is validated and its eigenvalues functions are formed to

study the asymptotic stability constraint applied on matrix Δ. Figure 3.1 shows the 2 DOF robot

Figure 3.1 RR Manipulator

arm with two perpendicular rotational axes. Both joint masses are assumed located at distal

points as represented in the figure. The dynamic model of the robot has already been studied in
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(Craig (2005)) and the following matrices can be derived:

𝑀 (𝜃) =

⎡⎢⎢⎢⎢⎣
𝑚1𝐿

2
1
+ 𝑚2(𝐿1 + 𝐿2𝑐2)

2 0

0 𝑚2𝐿
2
2

⎤⎥⎥⎥⎥⎦
(3.43)

𝑉 (𝜃, �𝜃) =

⎡⎢⎢⎢⎢⎣
−2(𝐿1 + 𝐿2𝑐2)𝑚2𝐿2𝑠2 �𝜃1

�𝜃2

(𝐿1 + 𝐿2𝑐2)𝑚2𝐿2𝑠2 �𝜃
2
1

⎤⎥⎥⎥⎥⎦
(3.44)

𝐺 (𝜃) =

⎡⎢⎢⎢⎢⎣
0

𝑚2𝑔𝐿2𝑐2

⎤⎥⎥⎥⎥⎦
(3.45)

The working envelope of the robot is given by the following intervals defined in the joint space

variables:

𝜃1 ∈
[
−
𝜋

2
,
𝜋

2

]
, 𝜃2 ∈

[
−
𝜋

2
,
𝜋

2

]
(3.46)

Using the expression of 𝐺 (𝜃) in (3.45), the jacobian matrix of 𝐺 (𝜃) can be deduced by applying

relation (3.69) given in appendix A:

𝐽𝐺 =

⎡⎢⎢⎢⎢⎣
0 0

0 −𝑚2𝐿2𝑔𝑠2

⎤⎥⎥⎥⎥⎦
(3.47)

It is now possible to compute matrix Ψ𝐺 (𝜃) as defined in lemma 1 of appendix A.

Ψ𝐺 (𝜃) = −

(∫ 1

0

𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
= −

⎡⎢⎢⎢⎢⎣
[0]1

0 [0]1
0

[0]1
0

[
𝑚2𝐿2𝑔·𝑐(ℎ𝜃2)

𝜃2

]1

0

⎤⎥⎥⎥⎥⎦
(3.48)

Which therefore yields the following expression of matrix Ψ𝐺 (𝜃):

Ψ𝐺 (𝜃) =

⎡⎢⎢⎢⎢⎣
0 0

0
𝑚2𝑔𝐿2

𝜃2
(1 − 𝑐𝑜𝑠 (𝜃2) )

⎤⎥⎥⎥⎥⎦
(3.49)
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As expected, Ψ𝐺 (𝜃) is symmetric, and provides therefore a validation of the structure of the

gravity vector (𝜃) . Note that in this particular case Ψ𝐺 (𝜃) is diagonal, resulting from the

structure of the robot, as gravity acts exclusively on its second joint.

In order to verify (3.35), compute Ψ𝐺 (𝜃) · 𝜃:

Ψ𝐺 (𝜃) · 𝜃 =

⎡⎢⎢⎢⎢⎣
0 0

0
𝑚2𝑔𝐿2

𝜃2
(1 − 𝑐𝑜𝑠 (𝜃2) )

⎤⎥⎥⎥⎥⎦
·

⎡⎢⎢⎢⎢⎣
𝜃1

𝜃2

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
0

𝑚2𝑔𝐿2 (1 − 𝑐𝑜𝑠 (𝜃2) )

⎤⎥⎥⎥⎥⎦
(3.50)

Computing on the other hand 𝐺 (𝜃) − 𝐺 (0) gives:

𝐺 (𝜃) − 𝐺 (0) =

⎡⎢⎢⎢⎢⎣
0

𝑚2𝑔𝐿2𝑐2

⎤⎥⎥⎥⎥⎦
−

⎡⎢⎢⎢⎢⎣
0

𝑚2𝑔𝐿2

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
0

𝑚2𝑔𝐿2 (𝑐𝑜𝑠 (𝜃2) − 1)

⎤⎥⎥⎥⎥⎦
(3.51)

It can therefore be deduced from (3.50) and (3.51) that 𝐺 (𝜃) − 𝐺 (0) = −Ψ𝐺 (𝜃) 𝜃, which

verifies relation (3.35).

From (3.49), the eigenvalues of Ψ𝐺 (𝜃) can be easily deduced:

𝜆1 = 0;𝜆2 =
𝑚2𝑔𝐿2

𝜃2
(1 − 𝑐𝑜𝑠 (𝜃2) ) (3.52)

From (3.52), 𝜆2 is only function of 𝜃2 as gravity acts only on the second joint. It can be shown

that 𝜆2 is strictly monotonous, as it increases with 𝜃2. Since 𝜃2 varies in the
[
− 𝜋

2
, 𝜋

2

]
interval,

then

𝜆2𝑚𝑎𝑥 =
2 · 𝑚2𝑔𝐿2

𝜋
(3.53)

In order to insure asymptotic stability with the control law (3.42), the eigenvalues of matrix Δ

must all be greater than 𝜆2𝑚𝑎𝑥 , as per (3.32). Figure 3.2 below shows the variation of 𝜆2 in the

joint space with the following numerical values of the robot’s parameters:

𝑚1 = 0.5𝑘𝑔;𝑚2 = 0.5𝑘𝑔; 𝑙1 = 0.2𝑚; 𝑙2 = 0.2𝑚; 𝑔 = 9.81𝑁/𝑘𝑔
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Figure 3.2 RR Manipulator Eigenvalue 2 Function in Joint Space

3.6 Case Studies on 2 DOF Planar Robots

This section studies the application of model based nonlinear sliding manifolds on two examples

of 2-DOF planar robots through simulations. In the first example, a robot with a relatively

higher inertia, Coriolis and centrifugal terms compared to the second example is chosen. In

the second example, the robot is considered with matched uncertainties on the gravity term. In

both examples, the model based sliding function of (3.31) is used, which therefore yields to

the simplified control law of (3.42). The simulation results for both examples are compared to

conventional sliding manifold design.

3.6.1 2 DOF Planar Robot with Higher Inertia, Coriolis and Centrifugal forces

This example studies a 2-DOF planar robot that has a rotational and prismatic joints (PR), and

with relatively high inertia, Coriolis and centrifugal effects. This is done by choosing adequate
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dynamic parameters and operating the robot at relatively high joint rates. The objective of this

study is to show that with model based sliding manifold design, the resulting transient constraints

on the torques control input are reduced compared to the baseline case of linear sliding manifold

design. As presented in the theoretical development above, this shows that by using model based

sliding manifold design, additional degrees of freedom can be used to simplify the control input.

The robot used in this example is depicted in Figure 3.3. 𝜃1 and 𝑑2 are the joints angle and

Figure 3.3 RP Manipulator

displacement respectively for axes 1 and 2, and vary respectively within [0, 2𝜋] and [0, 2]. 𝑚1

and 𝑚2 are respectively the masses of links 1 and 2, located at the centers of masses 𝐶1 and 𝐶2.

The inertia tensors of links 1 and 2 at the center of masses are given by:

𝐶1 𝐼1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐼𝑥𝑥1 0 0

0 𝐼𝑦𝑦1 0

0 0 𝐼𝑧𝑧1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝐶2 𝐼2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐼𝑥𝑥2 0 0

0 𝐼𝑦𝑦2 0

0 0 𝐼𝑧𝑧2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
The dynamic model has been already studied in (Craig, 2005) and the following matrices were

derived:

𝑀 (𝜃) =

⎡⎢⎢⎢⎢⎣
(
𝑚1𝑙

2
1
+ 𝐼𝑧𝑧1 + 𝐼𝑧𝑧2 + 𝑚2𝑑

2
2

)
0

0 𝑚2

⎤⎥⎥⎥⎥⎦
(3.54)

𝑉
(
𝜃, �𝜃

)
=

⎡⎢⎢⎢⎢⎣
𝑚2𝑑2

�𝑑2 𝑚2𝑑2
�𝜃1

−𝑚2𝑑2
�𝜃1 0

⎤⎥⎥⎥⎥⎦
(3.55)
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𝐺 (𝜃) =

⎡⎢⎢⎢⎢⎣
(𝑚1𝑙1 + 𝑚2𝑑2) 𝑔𝑐1

𝑚2𝑔𝑠1

⎤⎥⎥⎥⎥⎦
(3.56)

Note that in this particular case 𝑀 (𝜃) is diagonal. The following numerical values of the

parameters were used in simulation: 𝑚1 = 0.1𝑘𝑔;𝑚2 = 0.2𝑘𝑔; 𝑙1 = 1𝑚; 𝐼𝑧𝑧1 = 0; 𝐼𝑧𝑧2 = 0; 𝑔 =

9.81𝑁/𝑘𝑔

As mentioned above, it is proposed to apply the model based sliding function design in (3.31)

with the gravity term compensation. In order to assess the performance of the model based

sliding function, a baseline using conventional linear higher order sliding manifold design is

used for the exercise. Equation (3.57) is the typical choice in this case:

Σ = �𝜃 + Λ𝜃 + 𝐶
∫

𝜃𝑑𝑡 (3.57)

Where Λ and 𝐶 are chosen to be positive definite diagonal matrices. In order to have a high

convergence speed, assume a double pole placement of -20 in (3.57). This gives the following

numerical values for matrices Λ and 𝐶:

Λ =

⎡⎢⎢⎢⎢⎣
40 0

0 40

⎤⎥⎥⎥⎥⎦
, 𝐶 =

⎡⎢⎢⎢⎢⎣
400 0

0 400

⎤⎥⎥⎥⎥⎦
(3.58)

Gain 𝐾 was chosen to be equal to 𝐾 =

⎡⎢⎢⎢⎢⎣
5 0

0 2.5

⎤⎥⎥⎥⎥⎦
. in order now to have similar dynamics on

the model-based sliding manifold, the following Γ and Δ are chosen:

Γ = 40 ∗ 𝑀 (0);Δ = 400 ∗ 𝑀 (0);𝑀 (0) =

⎡⎢⎢⎢⎢⎣
0.1 0

0 0.2

⎤⎥⎥⎥⎥⎦
(3.59)

Choosing 𝑀 (0) in the design of Γ and Δ as per (3.59) actually yields to lower values for the

latter matrices, as the values of 𝑀 (𝜃) are actually the lowest for 𝜃 = 0 in this particular example.

This therefore translates into a lower convergence rate at the beginning, but reaches progressively
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the same convergence rate with time. A possible ponderation between the maximum and the

minimum values of 𝑀 (𝜃) could be used as well.

Note that since higher order sliding manifolds are used for both conventional and model based

sliding functions design, it is possible to completely remove the reaching phase by choosing the

proper initial condition for the integral term.

For this example, Ψ𝐺 (𝜃) is computed in the appendix and given by equation (3.75). Analysis

of the eigenvalues of Ψ𝐺 (𝜃) was done in Matlab, and shows that in this case, both eigenvalues

are lower than 4 for the defined working envelope of the robot. From (3.48), it can be deduced

that the eigenvalues of Δ are 40 and 80. Therefore constraint (3.32) is respected and the sliding

function (3.31) can be used in this case.

In order to have the same chattering level as with the baseline, matrix K was tuned as follows:

𝐾 =

⎡⎢⎢⎢⎢⎣
0.5 0

0 0.5

⎤⎥⎥⎥⎥⎦
.

The comparison of baseline and model based-sliding function approach was done in Simulink

with the above numerical values of the sliding functions. Figure 3.4 features the comparison

results of the movement of the robot from an initial condition of (𝜃10 = 0.5𝑟𝑑/𝑠, 𝑑20 = 1𝑚) to

the convergence point (0,0). The simulation results show that using the model based sliding

manifold approach leads to constraints reduction on the control input, while keeping similar

tracking performance on the joint angles. With the model based sliding manifold approach,

the initial torque input for axis 1 is set at about -20 Nm, whereas it is set around -60 Nm with

the baseline approach. This difference comes mainly from the initial condition on the inertia

matrix that still appears in the baseline torque control law. The peak value of torque input for

axis 1 reaches approximately 8 Nm with the model based sliding manifold design, whereas it

reaches approximately 12 Nm with the baseline design. This difference comes mainly from the

Coriolis and Centrifugal terms that are compensated for in the model based approach. Transient

differences on the torque control input for axis 2 is not as apparent, but still show that transient

effort remains lower with the proposed approach.
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a) Torques axis 1 b) Torques axis 1 zoomed

c) Torques axis 2 d) Torques axis 2 zoomed

e) 𝜃1 f) d2

Figure 3.4 Model-Based Versus Default Sliding Function Design for RP Manipulator
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3.6.2 2-DOF Planar Robot with Lower Inertia under Matched Uncertainties

In this example, another 2-DOF planar robot is considered that has two rotational joints (RR).

The objective of this example is therefore to show that the lower inertia of the robot combined

with matched uncertainties introduced in the model will force an increase of the discontinuous

gain K in the conventional linear sliding manifold design in order to absorb the uncertainties.

With the model based sliding manifold design approach, since the independence of the inertia is

established, there is no need to increase the equivalent discontinuous gain. In this particular

case, it is therefore shown that the model based sliding manifold design offers a more robust

behaviour of the closed loop system.

The studied robot in this example has two rotational joints and is depicted in Figure 5. The

parameters of the robot are chosen here such that the inertia matrix compared to the previous

example has considerably less impact. 𝜃1 and 𝜃2 are the joints angle respectively for axes 1 and

Figure 3.5 RR manipulator

2. The two-link manipulator is also considered to have two point masses 𝑚1 and 𝑚2 at distal

point of each link. Joint angles of axes 1 and 2 vary respectively within
[
0, 𝜋

2

]
and

[
− 𝜋

2
, 𝜋

2

]
. The
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dynamic model is also studied in (Craig, 2005) and the dynamic matrices are given below:

𝑀 (𝜃) =

⎡⎢⎢⎢⎢⎣
𝑙2
2
𝑚2 + 2𝑙1𝑙2𝑚2𝑐2 + 𝑙

2
1
(𝑚1 + 𝑚2) 𝑙2

2
𝑚2 + 𝑙1𝑙2𝑚2𝑐2

𝑙2
2
𝑚2 + 𝑙1𝑙2𝑚2𝑐2 𝑙2

2
𝑚2

⎤⎥⎥⎥⎥⎦
(3.60)

𝑉𝑚 (𝜃, �𝜃) =

⎡⎢⎢⎢⎢⎣
−𝑚2𝑙1𝑙2 �𝜃2𝑠2 −𝑚2𝑙1𝑙2𝑠2

(
�𝜃1 + �𝜃2

)
𝑚2𝑙1𝑙2𝑠2 �𝜃1 0

⎤⎥⎥⎥⎥⎦
(3.61)

𝐺 (𝜃) =

⎡⎢⎢⎢⎢⎣
𝑚2𝑙2𝑔𝑐12 + (𝑚1 + 𝑚2) 𝑙1𝑔𝑐1

𝑚2𝑙2𝑔𝑐12

⎤⎥⎥⎥⎥⎦
(3.62)

As per the first example above, the same sliding manifolds with the same notations are used for

both the baseline and the model-based design. In this case, a double pole placement of -30 is

chosen, which gives the following numerical values for matrices Λ and 𝐶:

Λ =

⎡⎢⎢⎢⎢⎣
60 0

0 60

⎤⎥⎥⎥⎥⎦
, 𝐶 =

⎡⎢⎢⎢⎢⎣
900 0

0 900

⎤⎥⎥⎥⎥⎦
(3.63)

Gain 𝐾 was chosen to be equal to 𝐾 =

⎡⎢⎢⎢⎢⎣
50 0

0 50

⎤⎥⎥⎥⎥⎦
. Similarly to before, Γ and Δ are chosen:

Γ = 60 ∗ 𝑀 (0);Δ = 900 ∗ 𝑀 (0);𝑀 (0) =

⎡⎢⎢⎢⎢⎣
0.02 0.008

0.008 0.004

⎤⎥⎥⎥⎥⎦
(3.64)

In this particular case, choosing 𝑀 (0) in the design of Γ and Δ as per (3.64) actually yields to

higher values for the latter matrices, as the values of 𝑀 (𝜃) are actually the highest for 𝜃 = 0 in

this particular example. This therefore translates into a higher convergence rate at the beginning,

but reaches progressively the same convergence rate with time. As mentioned in the previous

example, a possible ponderation between the maximum and the minimum values of 𝑀 (𝜃) could

be used.
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For this example, Ψ𝐺 (𝜃) is computed in appendix A and given by equation (3.80). Analysis of

the eigenvalues of Ψ𝐺 (𝜃) was done in Matlab, and shows that in this case, both eigenvalues are

lower than 0.3 for the defined working envelope of the robot. From (3.64), it can be deduced that

the eigenvalues of Δ are 0.61 and 20.98. Therefore constraint (3.32) is respected and the sliding

function (3.31) can be also used in this case.In order to have the same chattering level as with

the baseline, matrix K was tuned as follows: 𝐾 =

⎡⎢⎢⎢⎢⎣
0.6 0

0 0.2

⎤⎥⎥⎥⎥⎦
. The comparison of baseline and

model-based sliding function approach was done in Simulink with the above numerical values of

the sliding functions. An introduction of matched uncertainties on the gravity term of the robot

model was introduced equally for both approaches. Figure 3.6 shows the comparison results

of the movement of the robot from an initial condition of (𝜃10 = 0.5𝑟𝑑/𝑠, 𝜃20 = −0.5𝑟𝑑/𝑠) to

the convergence point (0,0). The following numerical values of the parameters were used in

simulation: 𝑚1 = 0.1𝑘𝑔;𝑚2 = 0.1𝑘𝑔; 𝑙1 = 0.2𝑚; 𝑙2 = 0.2𝑚; 𝑔 = 9.81𝑁/𝑘𝑔

Simulation results show that the proposed approach is more robust to matched uncertainties, as

for the same gain K, the control input is able to ensure asymptotic convergence of the joint angles.

The baseline approach is not able to provide this, even with a multiplier factor of 4 on gain K.

This comes from the fact that with the baseline approach, the robustness to matched uncertainties

is function of the inertia matrix, whereas with the proposed approach this dependence is removed.

Indeed, for matched uncertainties, the baseline approach yields the following reaching law:

�Σ = 𝑀−1 · 𝐹𝑚 − 𝐾 · 𝑠𝑖𝑔𝑛(Σ) (3.65)

Where 𝐹𝑚 is the term containing all the matched uncertainties, whereas the mode-based approach

yields:

�Σ = 𝐹𝑚 − 𝐾 · 𝑆𝑖𝑔𝑛(Σ) (3.66)

Equation (3.66) shows that the reaching law is now independent of the inertia matrix, which

therefore makes the choice of K independent as well of M. Since in this particular case the

inertia of the robot is relatively small, (3.65) implies that matched uncertainties will yield to

higher values of K for the baseline approach, in order to ensure the robustness of the sliding
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Figure 3.6 Model Based Versus Default Sliding Function Design for RR Manipulator

Under Matched Uncertainties on the Gravitational Term

mode phase. Also note that with the baseline approach, the chattering effect is existent on both

axes, even though only axis 1 reached the sliding mode phase. This corroborates the coupling

effect of chattering with the baseline approach, for a non-diagonal inertia matrix.

3.7 Conclusion

This paper introduced a model based sliding manifold design methodology applied on robotic

systems. It introduced as well a property related to the gravity term, that helped to compensate

the latter in the control law. This property could be also used to verify the validity of the gravity

term in the dynamic model of any robot. The theoretical development in the paper shows that the
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model based sliding manifold approach offers a decoupling of the chattering effect on the torque

inputs, and simplifies the control input by potentially removing the dependency on all model

matrices and using them instead in the sliding manifold itself. This ultimately provides a linear

control input in terms of the joint angles and rates. The advantage of such a simplification makes

the control input less dependent to transient constraints for high dynamics effects, and the system

more robust to matched uncertainties for low inertia effects, as presented in the simulation

results. As mentioned previously, this paper was focused on the study of the asymptotic stability

of the system towards the zero equilibrium point. Trajectory tracking study will be carried out

in a separate paper material.

3.8 Appendix A. Supplementary Material

Lemma 1: The difference 𝐺 (𝜃) − 𝐺 (0) can be written as:

𝐺 (𝜃) − 𝐺 (0) = −Ψ𝐺 (𝜃) · 𝜃 (3.67)

Where Ψ𝐺 (𝜃) is a symmetric matrix

Proof of Lemma 1: Using the mean value theorem applied to differentiable vector functions,

the following holds:

𝐺 (𝜃) − 𝐺 (0) =

(∫ 1

0

𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
· 𝜃 (3.68)

Where 𝐽𝐺 is the square jacobian of G defined as follows:

𝐽𝐺 =

[
𝜕𝐺𝑖
𝜕𝜃 𝑗

]
(3.69)

Using the fact that G is derived from a potential energy U, namely:

𝐺𝑖 =
𝜕𝑈

𝜕𝜃𝑖
(3.70)
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Then the jacobian matrix can be written as:

𝐽𝐺 =

[
𝜕

𝜕𝜃 𝑗

𝜕

𝜕𝜃𝑖
𝑈

]
(3.71)

Assuming that second partial derivatives of U are continuous and using Schwarz’ theorem, the

following holds:
𝜕

𝜕𝜃 𝑗

𝜕

𝜕𝜃𝑖
𝑈 =

𝜕

𝜕𝜃𝑖

𝜕

𝜕𝜃 𝑗
𝑈 (3.72)

Therefore 𝐽𝐺 is symmetric. NotingΨ𝐺 (𝜃) = −
(∫ 1

0
𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
,Ψ𝐺 (𝜃) will also be symmetric

as it is the integral of a symmetric matrix, which completes the proof of Lemma 1. In order to

validate the results of lemma 1, consider again the two 2-DOF robots studied in section 3.6.1.

3.8.1 Example A1: 2-DOF RP robot of section 3.6.1

Using the expression of 𝐺 (𝜃) in (3.45) and applying (3.69) gives:

𝐽𝐺 =

⎡⎢⎢⎢⎢⎣
− (𝑚1𝑙1 + 𝑚2𝑑2) 𝑔𝑠1 𝑚2𝑔𝑐1

𝑚2𝑔𝑐1 0

⎤⎥⎥⎥⎥⎦
(3.73)

Note that as expected, 𝐽𝐺 is symmetric. Ψ𝐺 (𝜃) can now be derived as follows:

Ψ𝐺 (𝜃) = −

(∫ 1

0

𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
= −

⎡⎢⎢⎢⎢⎢⎣

[
(𝑚1𝑙1+𝑚2𝑑2ℎ)𝑔𝑐(ℎ𝜃1)

𝜃1
−
𝑚2𝑑2𝑔𝑠(ℎ𝜃1)

𝜃1
2

]1

0

[
𝑚2𝑔𝑠(ℎ𝜃1)

𝜃1

]1

0[
𝑚2𝑔𝑠(ℎ𝜃1)

𝜃1

]1

0
0

⎤⎥⎥⎥⎥⎥⎦
(3.74)

Which therfore yields:

Ψ𝐺 (𝜃) = −

⎡⎢⎢⎢⎢⎣
(𝑚1𝑙1+𝑚2𝑑2)𝑔𝑐1−𝑚1𝑙1𝑔

𝜃1
−
𝑚2𝑑2𝑔𝑠1
𝜃1

2

𝑚2𝑔𝑠1
𝜃1

𝑚2𝑔𝑠1
𝜃1

0

⎤⎥⎥⎥⎥⎦
(3.75)
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In order to verify (3.35), form the following

Ψ𝐺 (𝜃) 𝜃 = −

⎡⎢⎢⎢⎢⎣
(𝑚1𝑙1+𝑚2𝑑2)𝑔𝑐1−𝑚1𝑙1𝑔

𝜃1
−
𝑚2𝑑2𝑔𝑠1
𝜃1

2

𝑚2𝑔𝑠1
𝜃1

𝑚2𝑔𝑠1
𝜃1

0

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
𝜃1

𝑑2

⎤⎥⎥⎥⎥⎦
= −

⎡⎢⎢⎢⎢⎣
(𝑚1𝑙1 + 𝑚2𝑑2) 𝑔𝑐1 − 𝑚1𝑙1𝑔

𝑚2𝑔𝑠1

⎤⎥⎥⎥⎥⎦
(3.76)

Noticing that

𝐺 (0) =

⎡⎢⎢⎢⎢⎣
𝑚1𝑙1𝑔

0

⎤⎥⎥⎥⎥⎦
(3.77)

It can be deduced then from (3.76) that −Ψ𝐺 (𝜃)𝜃 = 𝐺 (𝜃) − 𝐺 (0).

Figure 3.7 Eigenvalue 1 function of matrix Ψ𝐺 (𝜃) for RP robot in section 3.6.1
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Figure 3.8 Eigenvalue 2 function of matrix Ψ𝐺 (𝜃) for RP robot in section 3.6.1

3.8.2 Example A2: 2-DOF RR robot of section 3.6.2

Using the expression of 𝐺 (𝜃) in (3.51) and applying (3.69) gives:

𝐽𝐺 =

⎡⎢⎢⎢⎢⎣
−𝑚2𝑙2𝑔𝑠12 − (𝑚1 + 𝑚2) 𝑙1𝑔𝑠1 −𝑚2𝑙2𝑔𝑠12

−𝑚2𝑙2𝑔𝑠12 −𝑚2𝑙2𝑔𝑠12

⎤⎥⎥⎥⎥⎦
(3.78)

Note that as expected, 𝐽𝐺 is symmetric. Ψ𝐺 (𝜃) can now be derived as follows:

Ψ𝐺 (𝜃) = −

(∫ 1

0

𝐽𝐺 (ℎ · 𝜃)𝑑ℎ

)
= −

⎡⎢⎢⎢⎢⎢⎣

[
𝑚2𝑙2𝑔𝑐(𝑡 (𝜃1+𝜃2))

𝜃1+𝜃2

]1

0
+
[
(𝑚1+𝑚2)𝑙1𝑔𝑐(ℎ𝜃1)

𝜃1

]1

0

[
𝑚2𝑙2𝑔𝑐(𝑡 (𝜃1+𝜃2))

𝜃1+𝜃2

]1

0[
𝑚2𝑙2𝑔𝑐(𝑡 (𝜃1+𝜃2))

𝜃1+𝜃2

]1

0

[
𝑚2𝑙2𝑔𝑐(𝑡 (𝜃1+𝜃2))

𝜃1+𝜃2

]1

0

⎤⎥⎥⎥⎥⎥⎦
(3.79)
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Which therefore yields:

Ψ𝐺 (𝜃) = −

⎡⎢⎢⎢⎢⎣
𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔

𝜃1+𝜃2
+

(𝑚1+𝑚2)𝑙1𝑔𝑐1−(𝑚1+𝑚2)𝑙1𝑔
𝜃1

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

⎤⎥⎥⎥⎥⎦
(3.80)

In order to verify (3.35), form the following:

Ψ𝐺 (𝜃) 𝜃 = −

⎡⎢⎢⎢⎢⎣
𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔

𝜃1+𝜃2
+

(𝑚1+𝑚2)𝑙1𝑔𝑐1−(𝑚1+𝑚2)𝑙1𝑔
𝜃1

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

𝑚2𝑙2𝑔𝑐12−𝑚2𝑙2𝑔
𝜃1+𝜃2

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
𝜃1

𝜃2

⎤⎥⎥⎥⎥⎦
=

−

⎡⎢⎢⎢⎢⎣
(𝑚1 + 𝑚2) 𝑙1𝑔𝑐1 + 𝑚2𝑙2𝑔𝑐12 − 𝑚2𝑙2𝑔 − (𝑚1 + 𝑚2) 𝑙1𝑔

𝑚2𝑙2𝑔𝑐12 − 𝑚2𝑙2𝑔

⎤⎥⎥⎥⎥⎦
(3.81)

Noticing that

𝐺 (0) =

⎡⎢⎢⎢⎢⎣
𝑚2𝑙2𝑔 + (𝑚1 + 𝑚2)𝑙1𝑔

𝑚2𝑙2𝑔

⎤⎥⎥⎥⎥⎦
(3.82)

It can be deduced then from (3.81) that −Ψ𝐺 (𝜃)𝜃 = 𝐺 (𝜃) − 𝐺 (0).

Lemma 2: Constraint (3.32) implies that Δ −Ψ𝐺 (𝜃) is positive definite.

Proof of Lemma 2: (3.32) implies that there exists a real value 𝑣 such that:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Δ) > 𝑣 > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔𝑖Ψ𝐺) (3.83)

Consider now matrix V defined as:

𝑉 = 𝑣𝐼 (3.84)

It can be therefore deduced that:

Δ −Ψ𝐺 (𝜃) = Δ −𝑉 +𝑉 −Ψ𝐺 (𝜃) = 𝐴 + 𝐵 (3.85)

Where 𝐴 = Δ −𝑉 and 𝐵 = 𝑉 −Ψ𝐺 (𝜃).
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Figure 3.9 Eigenvalue 1 function of matrix Ψ𝐺 (𝜃) for RR robot in section 3.6.2

Note that by construction, the eigenvalues of matrices A and B are respectively given by:

𝐸𝑖𝑔𝑖 𝐴 = 𝐸𝑖𝑔𝑖Δ − 𝑣; 𝐸𝑖𝑔𝑖𝐵 = 𝑣 − 𝐸𝑖𝑔𝑖Ψ𝐺 (3.86)

Using therefore relation (3.83), (3.86) implies that the eigenvalues of matrices A and B are all

strictly positive, which also implies that A and B are positive definite, and therefore A+B is also

positive definite. From (3.85), it comes that Δ −Ψ𝐺 (𝜃) is positive definite as well.
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Figure 3.10 Eigenvalue 2 function of matrix Ψ𝐺 (𝜃) for RR robot in section 3.6.2
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4.1 Abstract

This paper proposes the design of a new sliding mode controller of the attitude fast inner-loop of

a drone quadrotor type system. The controller uses the novel model-based switching functions

approach, which leads to important simplifications of the pitch, roll and yaw torques control

inputs fed to the quadrotor. The model-based switching functions approach forces as well a

complete chattering decoupling of these three torque inputs and enhances the robustness of

the closed-loop system. The proposed approach is combined with the fixed-time sliding mode

approach, and is experimentally implemented and successfully validated on a quadrotor system.

Keywords: Sliding Mode Control; Model-Based Switching Functions; Fixed-Time Sliding

Mode; Quadrotor; UAV.

4.2 Introduction

The field of robotics has known an important progress and diversification in the last decade.

This has been mainly supported by the development of technology and by the increase of

affordability of robotic hardware and software systems. The increase in sensors accuracy

and in CPU computing power has also contributed in the development of more sophisticated
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controllers for fixed and mobile robotics. The global robotic market is anticipated to reach 87

billion dollars (Wolfgang et al., 2017) by the end of 2025. Within mobile robotics, unmanned

aerial vehicles (UAVs), and specifically multi-rotor systems have become increasingly popular,

and their multiple engineering applications include inspection, exploration, agriculture and

transportation.

UAVs were initially deployed in the mid 1930’s, and were mainly used for non-military

applications up to the late 1980’s (Valavanis and Vachtsevanos, 2015). UAVs can be mainly

classified into two comprehensive categories, namely fixed and rotary wing structures (Nguyen

et al., 2020). A hybrid mix between both structures can also be considered. Multi-rotor UAVs

fall within the rotary wing structures category, and have recently known an important expansion

in the mobile robotics market, thanks to their flexibility in flight properties, including hovering,

maneuverability, speed and obstacles avoidance. On the other hand, multi-rotor UAVs are rather

energy inefficient and consume considerable energy mainly in hovering applications. However,

ongoing advances in battery technology and control systems techniques are helping to address

this issue.

The controllers designed for multi-rotor UAVs are required to provide functional accuracy and

robustness against outward and inward disturbances, including environmental and physical

fluctuations. Nguyen et al. (2020) have provided a comprehensive study of controllers that are

applied to multi-rotor UAVs, including linear and nonlinear controllers. Many research papers

have tackled the control problem of multi-rotor UAVs and proposed several control algorithms.

Among those controllers, feedback linearization (Al-Hiddabi, 2009; Voos, 2009; Abbasi et al.,

2017), backstepping (Basri et al., 2015; Barikbin and Fakharian, 2019; Jiang et al., 2018),

optimal control (Fessi and Bouallègue, 2019), intelligent control (Pratap and Purwar, 2019) and

sliding mode control (SMC) (Modirrousta and Khodabandeh, 2017; Chen et al., 2019; Kali,

Rodas, Gregor, Saad and Benjelloun, 2018) have been studied and applied to multi-rotor UAVs.

Among the nonlinear control techniques, SMC has been widely used for controlling nonlinear

systems. SMC is an inherently robust approach that removes the need of adding adaptive
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algorithms to the control loop (Slotine and Li, 1991) and can be applied to many SISO or

MIMO systems. It has been recently applied on numerous robotic and mechatronic systems

(Hosseinabadi and Abadi, 2019; Aboulem et al., 2019; Ardjal et al., 2019). However, the main

downside of SMC in its practical implementation is the chattering phenomenon that occurs

on the control input signals. This chattering effect is due to a discontinuous term used in the

conventional construction of the control law input. However, numerous techniques presented in

the literature have been successfully applied to reduce or eliminate the chattering phenomenon.

The boundary layer approach introduced in (Slotine and Li, 1991) is a well-known technique that

smoothens the discontinuous term by replacing the signum function with a saturation function.

Nonlinear reaching laws have also been explored in (Gao and Hung, 1993; Camacho et al., 1999;

Fallaha et al., 2011) in order to reduce the discontinuous gain when the system approaches the

sliding surface. Higher-order sliding mode (HOSM) has been introduced by Levant (1993) and

increases the order of the system. HOSM computes a discontinuous sliding mode control law

that is the time derivative of the actual control law. This requires the implementation of higher

order observers in its traditional implementation. A particular case of HOSM, namely second

order sliding mode, has also been explored in literature, (Hamerlain et al., 2007; Bartolini et al.,

2000; Parra-Vega and Hirzinger, 2001). Sivaramakrishnan et al. (2015) proposed a third order

sliding mode control. More recently the super-twisting algorithm proposed by Moreno and

Osorio (2008) has gained popularity and was further studied by Kali, Saad, Benjelloun and

Khairallah (2018) and Gonzalez et al. (2012).

In this paper, SMC with the model-based switching functions approach (Fallaha and Saad,

2018) is experimentally applied to the setpoint stabilization problem of a quadcopter UAV’s

inner attitude control loop, whereby traditional linear switching functions are replaced by

nonlinear model-based switching functions. The contribution of this paper is summarized into

the following points:

1. Model-based switching functions substantially simplify the expression of the pitch, yaw and

roll torque control inputs, while ensuring asymptotic convergence on the switching surface.
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2. This simplification leads to the reduction of transient activity on the control input, as well

as a complete chattering decoupling on the attitude angles torques.

The paper is therefore structured as follows: Section 2 presents the basics of the quadcopter

drone mathematical modeling. Then, section 3 introduces the model-based switching functions

approach with fixed-time and applies it to the quadcopter application, by underlining the

advantages of the nonlinear model-based switching functions over the typical linear sliding

functions design. Section 4 explores the experimental drone quadcopter setup and presents some

experimental results comparison and analysis for the setpoint stabilization problem of the drone.

Section 5 finally concludes the paper.

4.3 Quadrotor UAV Mathematical Modeling Development

The quadrotor UAVs typically include four independent electric motors mounted on a rigid cross

structure as shown in Figure 4.1 (Castillo et al., 2004).

Figure 4.1 Quadcopter structure, frames and forces
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4.3.1 Dynamics modeling of position and attitude

UAV systems can achieve up to 6-Degrees Of Freedom (DOF) formed by the position vector

𝑃 = [𝑥, 𝑦, 𝑧]𝑇 ∈ 𝑅3 that includes the altitude 𝑧 and the Euler angles vector Θ = [𝜙, 𝜃, 𝜓]𝑇 ∈ 𝑅3

with 𝜙 represents the roll, 𝜃 represents the pitch and 𝜓 represents the yaw.

The position dynamic model is given as in Castillo et al. (2004) by:

𝑀

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�𝑥

�𝑦

�𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸︷︷︸
�𝑃

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐾𝑥 0 0

0 𝐾𝑦 0

0 0 𝐾𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸���������������︷︷���������������︸
𝐾

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�𝑥

�𝑦

�𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸︷︷︸
�𝑃

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜏𝑥

𝜏𝑦

𝜏𝑧

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸�︷︷�︸
𝜏𝑃

(4.1)

where 𝐾 is the matrix of drag coefficients of translation, 𝑀 denotes the quadrotor’s mass, 𝜏𝑥 , 𝜏𝑦

and 𝜏𝑧 are virtual control inputs defined as follows:

𝜏𝑥 = (cos(𝜓)sin(𝜃)cos(𝜙) + sin(𝜓)sin(𝜙)) 𝜏𝑇

𝜏𝑦 = (sin(𝜓)sin(𝜃)cos(𝜙) − cos(𝜓)sin(𝜙)) 𝜏𝑇

𝜏𝑧 = −𝑀𝑔 + cos(𝜃)cos(𝜙)𝜏𝑇

(4.2)

where 𝑔 denotes the constant of gravity and 𝜏𝑇 is the thrust force, and acts vertically on the

quadcopter. Note that the angles 𝜙 and 𝜃 are always assumed to be different from ±(𝜋/2) in

order to avoid singularity points in the control law.

As for the dynamic model of the attitude, it is represented as follows (Castillo et al., 2004):

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐽11 𝐽12 𝐽13

𝐽21 𝐽22 𝐽23

𝐽31 𝐽32 𝐽33

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸����������������︷︷����������������︸
𝐽 (Θ)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�𝜙

�𝜃

�𝜓

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸︷︷︸
�Θ

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐵11 𝐵12 𝐵13

𝐵21 𝐵22 𝐵23

𝐵31 𝐵32 𝐵33

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸������������������︷︷������������������︸
𝐵(Θ, �Θ)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

�𝜙

�𝜃

�𝜓

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸︷︷︸
�Θ

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜏𝜙

𝜏𝜃

𝜏𝜓

⎤⎥⎥⎥⎥⎥⎥⎥⎦︸�︷︷�︸
𝜏Θ

(4.3)
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where 𝜏𝜙, 𝜏𝜃 and 𝜏𝜓 represent respectively the roll, pitch and yaw input torques, 𝐽 (Θ) and

𝐵(Θ, �Θ) are respectively the inertia and the Coriolis matrices where their elements are defined

as:

𝐽11 =𝐼𝑥

𝐽12 =𝐽21 = 0

𝐽13 =𝐽31 = −𝐼𝑥sin(𝜃)

𝐽22 =𝐼𝑦cos2(𝜙) + 𝐼𝑧sin
2(𝜙)

𝐽23 =𝐽32 =
(
𝐼𝑦 − 𝐼𝑧

)
cos(𝜃)cos(𝜙)sin(𝜙)

𝐽33 =𝐼𝑥sin
2(𝜃) + cos2(𝜃)

(
𝐼𝑦sin

2(𝜙) + 𝐼𝑧cos2(𝜙)
)

𝐵11 =0

𝐵12 =
(
𝐼𝑦 − 𝐼𝑧

) (
�𝜃cos(𝜙)sin(𝜙) + �𝜓cos(𝜃)

(
sin2(𝜙) − cos2(𝜙)

) )
− 𝐼𝑥 �𝜓cos(𝜃)

𝐵13 =
(
𝐼𝑧 − 𝐼𝑦

)
�𝜓cos(𝜙)sin(𝜙)cos2(𝜃)

𝐵21 =
(
𝐼𝑧 − 𝐼𝑦

) (
�𝜃cos(𝜙)sin(𝜙) + �𝜓cos(𝜃)

(
sin(𝜙) − cos2(𝜙)

) )
+ 𝐼𝑥 �𝜓cos(𝜃)

𝐵22 =
(
𝐼𝑧 − 𝐼𝑦

)
�𝜙cos(𝜙)sin(𝜙)

𝐵23 = �𝜓sin(𝜃)cos(𝜃)
(
−𝐼𝑥 + 𝐼𝑦sin

2(𝜙) + 𝐼𝑧cos2(𝜙)
)

𝐵31 =
(
𝐼𝑦 − 𝐼𝑧

)
�𝜓cos(𝜙)sin(𝜙)cos2(𝜃) − 𝐼𝑥 �𝜃cos(𝜃)

𝐵32 =
(
𝐼𝑧 − 𝐼𝑦

) (
�𝜃sin(𝜃)cos(𝜙)sin(𝜙) + �𝜙cos(𝜃)

(
sin2(𝜙) − cos2(𝜙)

) )
+ �𝜓cos(𝜃)sin(𝜃)

(
𝐼𝑥 − 𝐼𝑦sin

2(𝜙) − 𝐼𝑧cos2(𝜙)
)

𝐵33 = �𝜃cos(𝜃)sin(𝜃)
(
𝐼𝑥 − 𝐼𝑦sin

2(𝜙) − 𝐼𝑧sin
2(𝜙)

)
+
(
𝐼𝑦 − 𝐼𝑧

)
�𝜙sin(𝜙)cos(𝜙)sin2(𝜃)

(4.4)

where 𝐼𝑥 , 𝐼𝑦 and 𝐼𝑧 are the moments of inertia. Moreover, the rotor speed 𝑤𝑟 is defined by:

𝑤𝑟 = 𝑤1 − 𝑤2 + 𝑤3 − 𝑤4 (4.5)
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and is related to the input torques by:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜏𝑇

𝜏𝜙

𝜏𝜃

𝜏𝜓

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑏 𝑏 𝑏 𝑏

𝑏𝑙 −𝑏𝑙 −𝑏𝑙 𝑏𝑙

𝑏𝑙 𝑏𝑙 −𝑏𝑙 −𝑏𝑙

𝑐 −𝑐 𝑐 −𝑐

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑤2
1

𝑤2
2

𝑤2
3

𝑤2
4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.6)

where 𝑏, 𝑐 and 𝑙 are respectively the thrust coefficient, the drag coefficient, the distance that

separates the rotor and the center of mass.

4.4 Model-Based Switching Functions with Fixed-Time SM Design

In this section, a nonlinear fixed-time sliding mode controller with model-based switching

functions will be designed to ensure a robust flight for quadrotor system. For the design

procedure, the following useful Lemma is presented:

Lemma 1. (Refer to Zuo (2015)) Consider a nonlinear system defined by:

�𝑆(𝑥) = −𝜇1 |𝑆(𝑥) |
𝜈1𝑠𝑖𝑔𝑛(𝑆(𝑥)) − 𝜇2 |𝑆(𝑥) |

𝜈2𝑠𝑖𝑔𝑛(𝑆(𝑥)), 𝑆(0) = 𝑠0 (4.7)

where 𝜇1 > 0, 𝜇2 > 0 𝜈1 > 1 and 𝜈2 ∈ (0, 1). Then, the considered system is practical fixed-time

stable and the maximal required time to reach the equilibrium point is defined as follows:

𝑇𝑅𝑚𝑎𝑥 =
1

𝜇1(𝜈1 − 1)
+

1

𝜇2(1 − 𝜈2)
(4.8)
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4.4.1 Position Controller Design

Let us design the position model-based sliding functions as follows:

𝑆𝑃 =𝑀 �𝐸𝑃 + (𝐾 + 𝛽1)𝐸𝑃 + 𝛽2

∫ 𝑡

0

𝐸𝑃𝑑𝑡

=𝑀 ( �𝑃 − �𝑃𝑑) + (𝐾 + 𝛽1) (𝑃 − 𝑃𝑑) + 𝛽2

∫ 𝑡

0

(𝑃 − 𝑃𝑑)𝑑𝑡

(4.9)

where 𝐸𝑃 = 𝑃 − 𝑃𝑑 ∈ 𝑅3 is the position tracking error vector with 𝑃𝑑 =
[
𝑥𝑑, 𝑦𝑑, 𝑧𝑑

]𝑇
is the

desired position vector and 𝛽1 and 𝛽2 are (3 × 3) diagonal matrices where the elements are

strictly positive constants.

The aim of the proposed approach is to ensure robustness, fixed-time convergence of the

model-based sliding functions to zero and to produce lower chattering. To this end, the following

reaching law structure is selected:

�𝑆𝑃 = −𝐾1sig𝛼1 (𝑆𝑃) − 𝐾2sig𝛼2 (𝑆𝑃) (4.10)

where 𝐾1 = 𝑑𝑖𝑎𝑔(𝐾11, 𝐾12, 𝐾13) and 𝐾2 = 𝑑𝑖𝑎𝑔(𝐾21, 𝐾22, 𝐾23) are diagonal positive matrices,

sig𝛼𝑖 (𝑆) =
[
|𝑆𝑃1 |

𝛼𝑖1sign(𝑆𝑃1), · · · , |𝐸𝑃3 |
𝛼𝑖3sign(𝑆𝑃3)

]𝑇
for 𝑖 = 1, 2 with sign(𝑆𝑃 𝑗 ), 𝛼1 𝑗 and 𝛼2 𝑗

for 𝑗 = 1, 2, 3 are defined by:

sign(𝑆𝑃 𝑗 ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, 𝑖 𝑓 𝑆𝑃 𝑗 > 0

0, 𝑖 𝑓 𝑆𝑃 𝑗 = 0

−1, 𝑖 𝑓 𝑆𝑃 𝑗 < 0

(4.11)

𝛼1 𝑗 = 0.5(𝛼∗1 𝑗 + 1) + 0.5(𝛼∗1 𝑗 − 1)sign( |𝑆𝑃 𝑗 | − 1) (4.12)

𝛼2 𝑗 = 0.5(1 + 𝛼∗2 𝑗 ) + 0.5(1 − 𝛼∗2 𝑗 )sign( |𝑆𝑃 𝑗 | − 1) (4.13)

where 𝛼∗
1 𝑗 > 1 and 0.5 < 𝛼∗

2 𝑗 < 1. To compute the expression of the position control law, let us

compute �𝑆𝑃 based on Equation (4.9) and using the dynamic model of the position given in (4.1)
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as follows:
�𝑆𝑃 =𝑀 �𝐸𝑃 + (𝐾 + 𝛽1) �𝐸𝑃 + 𝛽2𝐸𝑃

=𝑀 ( �𝑃 − �𝑃𝑑) + 𝐾 ( �𝑃 − �𝑃𝑑) + 𝛽1
�𝐸𝑃 + 𝛽2𝐸𝑃

=𝜏𝑃 − 𝑀 �𝑃𝑑 − 𝐾 �𝑃𝑑 + 𝛽1
�𝐸𝑃 + 𝛽2𝐸𝑃

(4.14)

Finally, the combination of the equations (4.10) and (4.14) leads to the following proposed

fixed-time SM position control with model-based sliding functions:

𝜏𝑃 = 𝑀 �𝑃𝑑 + 𝐾 �𝑃𝑑 − 𝛽1
�𝐸𝑃 − 𝛽2𝐸𝑃 − 𝐾1sig𝛼1 (𝑆𝑃) − 𝐾2sig𝛼2 (𝑆𝑃) (4.15)

Hence, the total force 𝜏𝑇 is obtained as follows:

𝜏𝑇 =
√
𝜏2
𝑥 + 𝜏

2
𝑦 + (𝜏𝑧 + 𝑀𝑔)2 (4.16)

Theorem 1 Consider the position dynamic model of the quadrotor given in (4.1), the developed

control law (4.15) ensures the convergence of the model-based sliding functions to zero in a

fixed-time for 𝑗 = 1, 2, 3 by:

𝑇𝑅𝑃 , 𝑗 ≤
1

𝐾1 𝑗 (𝛼1 𝑗 − 1)
+

1

𝐾2 𝑗 (1 − 𝛼2 𝑗 )
(4.17)

Proof. This demonstration presents the stability analysis of the overall system. Hence, a

definite-positive Lyapunov function is selected and it’s first time derivative is calculated as:

𝑉𝑃 = 0.5 𝑆𝑇𝑃 𝑆𝑝 (4.18)

�𝑉𝑃 = 𝑆𝑇𝑃 �𝑆𝑝

= 𝑆𝑇𝑃

(
𝜏𝑃 − 𝑀 �𝑃𝑑 − 𝐾 �𝑃𝑑 + 𝛽1

�𝐸𝑃 + 𝛽2𝐸𝑃

) (4.19)
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Substituting 𝜏𝑃 by its expression (4.15) in the above equation gives:

�𝑉𝑃 = 𝑆𝑇𝑃
(
− 𝐾1

𝛼1 (𝑆𝑃) − 𝐾2sig𝛼2 (𝑆𝑃)
)

=
3∑
𝑗=1

𝑆𝑃 𝑗
(
− 𝐾1 𝑗 |𝑆𝑃 𝑗 |

𝛼1 𝑗 sign(𝑆𝑃 𝑗 ) − 𝐾2 𝑗 |𝑆𝑃 𝑗 |
𝛼2 𝑗 sign(𝑆𝑃 𝑗 )

)

=
3∑
𝑗=1

−𝐾1 𝑗 |𝑆𝑃 𝑗 |
1+𝛼1 𝑗 − 𝐾2 𝑗 |𝑆𝑃 𝑗 |

1+𝛼2 𝑗 ≤ 0

(4.20)

Hence, it is clear from the above equation that the closed-loop system is stable. Otherwise, based

on equation (4.10) and Lemma 1, the used model-based sliding functions (4.9) are fixed-time

stable. In other words, 𝑆𝑃 converges to zero in a fixed-time that is independent of its initial value

and depends only on the reaching law gains.

4.4.2 Attitude Controller Design

The objective here is to control the attitude states to their respective desired trajectories. The

desired roll and pitch angles are generated from the virtual controllers (Alqaisi et al., 2020) as

follows:

𝜙𝑑 = arctan

(
cos(𝜃𝑑)

(
𝜏𝑥sin(𝜓𝑑) − 𝜏𝑦cos(𝜓𝑑)

𝜏𝑧 + 𝑀𝑔

))

𝜃𝑑 = arctan

(
𝜏𝑥cos(𝜓𝑑) + 𝜏𝑦sin(𝜓𝑑)

𝜏𝑧 + 𝑀𝑔

) (4.21)

In this part, the above used procedure will be adopted for the attitude tracking. The attitude

model-based switching function is given as follows:

𝑆Θ =𝐽 (Θ) �𝐸Θ + 𝜆1𝐸Θ + 𝜆2

∫ 𝑡

0

𝐸Θ𝑑𝑡 −

∫ 𝑡

0

(
𝐹 (Θ, �Θ) + 𝐵(Θ, �Θ)

)
�Θ𝑑𝑡

+

∫ 𝑡

0

(
𝐹 (Θ𝑑 , �Θ𝑑) + 𝐵(Θ𝑑 , �Θ𝑑)

)
�Θ𝑑𝑑𝑡

=𝐽 (Θ) ( �Θ − �Θ𝑑) + 𝜆1𝐸Θ + 𝜆2

∫ 𝑡

0

𝐸Θ𝑑𝑡 −

∫ 𝑡

0

(
𝐹 (Θ, �Θ) + 𝐵(Θ, �Θ)

)
�Θ𝑑𝑡

+

∫ 𝑡

0

(
𝐹 (Θ𝑑 , �Θ𝑑) + 𝐵(Θ𝑑 , �Θ𝑑)

)
�Θ𝑑𝑑𝑡

(4.22)
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where 𝐸Θ = Θ − Θ𝑑 ∈ 𝑅3 is the orientation tracking error vector with Θ𝑑 =
[
𝜙𝑑, 𝜃𝑑, 𝜓𝑑

]𝑇
is

the desired Euler angles vector and 𝜆1 and 𝜆2 are (3 × 3) diagonal matrices where the elements

are strictly positive constants and the matrix 𝐹 (Θ, �Θ) is defined by:

𝐹 (Θ, �Θ) = �𝐽 (Θ) − 2𝐵(Θ, �Θ) (4.23)

Hence, the derivative of 𝑆Θ is computed as:

�𝑆Θ =𝐽 (Θ) �𝐸Θ + �𝐽 (Θ) �𝐸Θ + 𝜆1
�𝐸Θ + 𝜆2𝐸Θ −

(
𝐹 (Θ, �Θ) + 𝐵(Θ, �Θ)

)
�Θ

+
(
𝐹 (Θ𝑑, �Θ𝑑) + 𝐵(Θ𝑑, �Θ𝑑)

)
�Θ𝑑

=𝐽 (Θ) ( �Θ − �Θ𝑑) + 𝜆1
�𝐸Θ + 𝜆2𝐸Θ + 𝐵(Θ, �Θ) �Θ − 𝐵(Θ𝑑, �Θ𝑑) �Θ𝑑

=𝜏Θ − 𝐽 �Θ𝑑 + 𝜆1
�𝐸Θ + 𝜆2𝐸Θ − 𝐵(Θ𝑑, �Θ𝑑) �Θ𝑑

(4.24)

Otherwise, the selected fixed-time SM algorithm is given by:

�𝑆Θ = −𝐿1sig𝛾1 (𝑆Θ) − 𝐿2sig𝛾2 (𝑆Θ) (4.25)

where 𝐿1 = 𝑑𝑖𝑎𝑔(𝐿11, 𝐿12, 𝐿13) and 𝐿2 = 𝑑𝑖𝑎𝑔(𝐿21, 𝐿22, 𝐿23) are diagonal positive matrices,

sig𝛾𝑖 (𝑆) =
[
|𝑆Θ1 |

𝛾𝑖1sign(𝑆Θ1), · · · , |𝐸Θ3 |
𝛾𝑖3sign(𝑆Θ3)

]𝑇
for 𝑖 = 1, 2 with 𝛾1 𝑗 and 𝛾2 𝑗 for 𝑗 =

1, 2, 3 are defined by:

𝛾1 𝑗 = 0.5(𝛾∗1 𝑗 + 1) + 0.5(𝛾∗1 𝑗 − 1)sign( |𝑆Θ 𝑗 | − 1) (4.26)

𝛾2 𝑗 = 0.5(1 + 𝛾∗2 𝑗 ) + 0.5(1 − 𝛾∗2 𝑗 )sign( |𝑆Θ 𝑗 | − 1) (4.27)

where 𝛾∗
1 𝑗 > 1 and 0.5 < 𝛾∗

2 𝑗 < 1. Finally, combining equations (4.24) and (4.25) gives:

𝜏Θ = 𝐽 (Θ) �Θ𝑑 + 𝐵(Θ𝑑 , �Θ𝑑) �Θ𝑑 − 𝜆1
�𝐸Θ − 𝜆2𝐸Θ − 𝐿1sig𝛾1 (𝑆Θ) − 𝐿2sig𝛾2 (𝑆Θ) (4.28)
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Theorem 2. Consider the attitude dynamic model of the quadrotor UAV system given in (4.3),

the proposed control law (4.28) ensures the convergence of the model-based sliding functions to

zero in a fixed-time given for 𝑗 = 1, 2, 3 by:

𝑇𝑅Θ, 𝑗 ≤
1

𝐿1 𝑗 (𝛾1 𝑗 − 1)
+

1

𝐿2 𝑗 (1 − 𝛾2 𝑗 )
(4.29)

Proof. The proof of this theorem is similar to the one of position control. Hence, consider the

following definite-positive Lyapunov function:

𝑉Θ = 0.5 𝑆𝑇Θ 𝑆Θ (4.30)

The derivative of the above function is computed as:

�𝑉Θ = 𝑆𝑇Θ �𝑆Θ

= 𝑆𝑇Θ

(
𝜏Θ − 𝐽 �Θ𝑑 + 𝜆1

�𝐸Θ + 𝜆2𝐸Θ − 𝐵(Θ𝑑, �Θ𝑑) �Θ𝑑
) (4.31)

Substituting 𝜏Θ by its expression (4.27) in the above equation gives:

�𝑉Θ = 𝑆𝑇Θ
(
− 𝐿1

𝛾1 (𝑆Θ) − 𝐿2sig𝛾2 (𝑆Θ)
)

=
3∑
𝑗=1

𝑆Θ 𝑗
(
− 𝐿1 𝑗 |𝑆Θ 𝑗 |

𝛾1 𝑗 sign(𝑆Θ 𝑗 ) − 𝐿2 𝑗 |𝑆Θ 𝑗 |
𝛾2 𝑗 sign(𝑆Θ 𝑗 )

)

=
3∑
𝑗=1

−𝐿1 𝑗 |𝑆Θ 𝑗 |
1+𝛾1 𝑗 − 𝐿2 𝑗 |𝑆Θ 𝑗 |

1+𝛾2 𝑗 ≤ 0

(4.32)

Hence, above equation clearly demonstrates the stability of closed-loop system. Finally, the

block diagram of the closed-loop system is represented in Figure 4.2.

4.5 Experimental Case Study

In this section, the performance of the developed fixed-time SM controller is experimentally

validated. The used quadrotor is the Parrot rolling spider minidrone that has the physical
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Figure 4.2 Closed-loop block diagram of the proposed flight control system

parameters given in Table 4.1 (Alqaisi et al., 2020) is equipped by an Inertial Measurement Unit

(IMU) with a three-axis gyroscope, three-axis accelerometer, a compass, an altitude sonar and

pressure sensors. The Parrot company and the Massachusetts Institute of Technology developed

the used Simulink support package for PARROT minidrone. The latter makes the task of building

and deploying flight control system easy following the implementation workflow depicted in

Figure 4.3. Further details can be found in (Alqaisi et al., 2020). Notice that the drag coefficients

𝐾𝑥 , 𝐾𝑦 and 𝐾𝑧 are not easily obtained in practical work. Hence, they form a bounded unknown

dynamics. The experimental setup including the Parrot rolling spider minidrone and its work

environement are depicted in Figure 4.4.

Table 4.1 Physical parameters of the studied quadcopter UAV

Parameter value
mass: 𝑀 0.068 Kg

gravity: 𝑔 9.81 m/s2

moment of inertia: 𝐼𝑥 0.068 10−3 Kg.m2

moment of inertia: 𝐼𝑦 0.092 10−3 Kg.m2

moment of inertia: 𝐼𝑧 0.136 10−3 Kg.m2
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Figure 4.3 Implementation workflow

The purpose of this case study is to validate that the position and the heading of the quadcopter

converge to the following setpoint references:

𝑥𝑑 = 0 m, 𝑦𝑑 = 0 m, 𝑧𝑑 = 1 m, 𝜓𝑑 = 0 rad (4.33)

while the initial positions and angles are respectively 𝑥(0) = 𝑦(0) = 𝑧(0) = 0 m and 𝜙(0) =

𝜃 (0) = 𝜓(0) = 0 rad. The above set-point references feature a typical hovering behavior at an

altitude of 1 meter, with no displacement on the (x,y) plane, and all while keeping the drone’s

heading constant. During this scenario, the controller gains are tuned manually based on trial

Table 4.2 Controller gains

Gain Selected value Gain Selected value
𝛽1 𝑑𝑖𝑎𝑔(3, 3, 5) 𝜆1 𝑑𝑖𝑎𝑔(.2, .2, .2)
𝛽2 0.8 𝜆2 𝑑𝑖𝑎𝑔(.01, .01, .01)

𝛼∗
1 𝑗 1.8 𝑓 𝑜𝑟 𝑗 = 1, 2, 3 𝛾∗

1 𝑗 3 𝑓 𝑜𝑟 𝑗 = 1, 2, 3

𝛼∗
2 𝑗 0.85 𝑓 𝑜𝑟 𝑗 = 1, 2, 3 𝛾∗

2 𝑗 0.85 𝑓 𝑜𝑟 𝑗 = 1, 2, 3

𝐾1 𝑑𝑖𝑎𝑔(1, 1, .1) 𝐿1 𝑑𝑖𝑎𝑔(.01, .01, .01)

𝐾2 𝑑𝑖𝑎𝑔(1, 1, .5) 𝐿2 𝑑𝑖𝑎𝑔(.1, .1, .6)
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Figure 4.4 Experimental Setup

and error method while ensuring the stability conditions and then fixed as in Table 4.2. Moreover,

the quadcopter feedback for the control system is managed as: the minidrone’s IMU which

ensures the measurement of the translational accelerations in the body frame �𝑃𝐵 = [ �𝑥𝐵, �𝑦𝐵, �𝑧𝐵]
𝑇 .

The translational acceleration �𝑃 = [ �𝑥, �𝑦, �𝑧]𝑇 , velocity �𝑃 = [ �𝑥, �𝑦, �𝑧]𝑇 and position 𝑃 = [𝑥, 𝑦, 𝑧]𝑇

defined in the inertial frame are computed as follows:

�𝑃 = 𝑅 �𝑃𝐵, �𝑃 = 𝑅

[∫ 𝑏

𝑎

1

𝑀
𝐹 + �𝑃𝐵 +Ω

]
, 𝑃 =

0.01𝜏

𝑧 − 1
�𝑃 (4.34)
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Figure 4.5 Spatial setpoint Position Tracking Performance

where 𝑅 is the matrix of rotation defined in (Castillo et al., 2004), 𝐹 represents the applied

forces in the quadrotor’s body, �𝑃𝐵 is the velocity in the body frame and Ω is the body-fixed

frame angular velocity vector.

Table 4.3 Position setpoint error peak and RMS values

Position RMS Error (m) Peak Error (m)
𝑥 0.035 0.13

𝑦 0.047 0.16

𝑧 0.01 0.05
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Figure 4.6 Attitude setpoint Tracking Performance

Table 4.4 Attitude Setpoint Error Peak and RMS Values

Attitude RMS Error (rad) Peak Error (rad)
𝜙 0.02 0.03

𝜃 0.009 0.027

𝜓 0.034 0.058

Experimental results are shown in figures 4.5 to 4.7, as it can be seen that the stabilization of

the hovering setpoint of the quadcopter has been achieved with a good level of precision on the
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Figure 4.7 Torques Control Inputs for Thrust and Attitude Control

position and attitude as per figures 4.5 and 4.6. Notice that in this experimental case, the 𝑧𝐵 of

the reference is facing down, that is why the 𝑧𝑑 is −1 and the total thrust is negative. Tables 4.3
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and 4.4 display the setpoint peak and RMS errors for the position and attitude, respectively. This

shows that the setpoint tracking is achievable with a good level of precision and with minimal

control torque variation, especially for the inner-loop torques 𝜏𝜙, 𝜏𝜃 and 𝜏𝜓 . Indeed, as per

Figure 4.7, the variation of 𝜏𝜙 is between [−2 10−3, 2 10−3] Nm, 𝜏𝜃 is between [−1 10−3, 1 10−3]

Nm, and 𝜏𝜓 is between [−4 10−4, 4 10−4] Nm. This therefore experimentally validates the

model-based switching functions approach in terms of torques simplification while keeping the

required tracking performance of the attitude and position of the quadcopter.

4.6 Conclusion

In this paper, an experimental validation of a sliding mode controller using model-based

switching functions has been successfully achieved on a quadcopter UAV. The experimental

results have shown very good stabilization performance for a hovering position setpoint, while

maintaining low activity levels on the inner-loop torques inputs. Future work on the quadcopter

will include an experimental implementation of trajectory tracking sliding mode control with

the model-based switching functions and performance comparison with a conventional sliding

mode controller.
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5.1 Abstract

This paper features a novel sliding mode controller for robotic arms using nonlinear model-based

switching functions. The new controller is experimentally validated on a 7-DOF exoskeleton

arm used for upper-limb rehabilitation applications. The proposed approach features a novel

concept using model-based switching functions in the sliding mode controller, which leads

to considerable simplifications on the torque control inputs. Compared to conventional linear

switching functions, model-based switching functions show substantial control performance

improvements on the torque inputs, such as transient constraints reduction and enhanced

robustness, while maintaining a very good tracking performance. Moreover, model-based

switching functions design ensures a complete decoupling of chattering effect between joint

axes. Furthermore, this approach can be combined with existing chattering reduction techniques

to ensure proper control of chattering levels on the torque inputs. These advantages make the

practical implementation of the model-based switching functions approach particularly desirable

for wearable robotics, where smooth movements and high accuracy are important requirements

for patients’ comfort and security.

Sliding Mode Control, Exoskeleton, upper-limb, Robot, Model-Based Switching Functions,

Chattering, Robust Control.
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5.2 Introduction

The last decade has known a tremendous growth and diversification in robotics systems, which

has been mainly supported by recent advances, accessibility and affordability of robotics

technology. CPU computing power is increasing, sensors are getting smaller and cheaper, and

robotic applications programming is becoming easier and more accessible. By the end of 2025,

the global robotics market is expected to reach 87 billion US dollars (Wolfgang et al., 2017).

The commercial robotics market, including services and healthcare applications, will be valued

by then at approximately 23 billion dollars, in which biomedical robotics will take an important

part.

Within the biomedical robotics segment, the wearable robotics market, and more specifically

exoskeleton devices market, is expected to undergo a steady growth during the next decade. In

2019, the global exoskeleton market was valued at 626.3 million US dollars, in which healthcare

exoskeletons took the largest share (Grand View Research, 2020). This valuation had almost

quintupled from 2017 (BIS research, 2018). This is therefore triggering extensive research for

exoskeleton design optimization and control.

Upper-limb exoskeletons are a very popular type of exoskeletons that are widely studied in

literature. They are mainly used for upper-limb sports injuries or to treat patients that have

undergone stroke incidents resulting in upper-limb impairments. Scientific literature presents

various upper-limb exoskeleton structures, control strategies and technologies integration. The

authors in (Perry et al., 2007) have designed a cable-actuated exoskeleton arm. In (Tsagarakis

and Caldwell, 2003), pneumatic actuators are used for the upper-limb exoskeleton structure to

emulate the mechanical and dynamic structure of human upper-limb muscles. Recent advances

in virtual reality (VR) and augmented reality (AR) also allow for an effective integration of

these technologies for human-in-the-loop exoskeleton controllers (Frisoli et al., 2009). Haptic

feedback and dynamic admittance control (Li et al., 2018) are also control strategies that give

patients realistic interactions and contact sensations and need to follow specific mechanical

structures requirements (Gupta and O’Malley, 2006). Biological signals such as measured
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Electromyogram (EMG) signals can be used as well to control actuator movements of the

exoskeleton arm (Lucas et al., 2004).

Although simple linear control strategies such as PIDs can be used for upper limb exoskeleton con-

trol (Yu and Rosen, 2010), they lack overall robustness in practical implementations (Incremona

et al., 2017). This paper proposes a robust nonlinear control strategy study on an experimental

upper-limb 7-DOF exoskeleton prototype named Motion Assistive Robotic-Exoskeleton for

Superior Extremity (ETS-MARSE) (Rahman et al., 2012, 2014a,b; Ochoa Luna et al., 2015).

ETS-MARSE has been designed to provide effective rehabilitation therapy for patients that have

suffered upper-limb impairment and is currently being used for this purpose. ETS-MARSE

comprises a shoulder motion support part, an elbow and forearm motion support part, and a

wrist motion support part. All these parts are directly driven by electrical actuators and rigid

gearing systems.

The nonlinear control strategy of ETS-MARSE presented in this paper is based on the sliding

mode control approach, which has been widely used for controlling nonlinear systems. The

inherent robustness properties of sliding mode control remove the need of adding adaptive

algorithms to the control loop (Slotine and Li, 1991). Sliding mode control can be applied to a

wide range of dynamic SISO or MIMO systems and has been recently applied on numerous

robotic and mechatronic systems (Roy et al., 2019; Wang et al., 2019; Temporelli et al., 2019).

Sliding mode control can also be combined with other nonlinear control techniques for robotic

arms control (Incremona et al., 2017).

The main downside of conventional sliding mode control is the chattering phenomenon existing

on the control input signals. This chattering effect is due to a discontinuous term used in the

construction of the control law input. Numerous approaches have been proposed to address this

problem. the boundary layer approach (Slotine and Li, 1991) smoothens the discontinuous term

by replacing the signum function with a saturation function. Gao and Hung (1993); Camacho

et al. (1999) and more recently Fallaha et al. (2011) have explored nonlinear reaching laws that

reduce the discontinuous gain when the system approaches the sliding surface. Levant (1993)
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have used higher-order sliding mode (HOSM) to eliminate chattering. This approach requires

however the implementation of higher order observers in its traditional implementation. Several

authors (Hamerlain et al., 2007; Bartolini et al., 2000; Parra-Vega and Hirzinger, 2001) have

explored a particular case of HOSM, namely second-order sliding mode. Sivaramakrishnan

et al. (2015) proposed a third order sliding mode control. More recently, a variant of HOSM, the

super-twisting algorithm, has been proposed by Moreno and Osorio (2008) and studied further

by Floquet and Barbot (2007) and Gonzalez et al. (2012).

Conventional sliding mode control forces the system’s closed loop dynamics to vary on a linear

switching surface that guarantees the convergence of the tracking error to 0. Some developments

can be found in literature in which nonlinear switching functions such as Terminal Sliding Mode

(TSM) control (Tang, 1998) are used mainly to improve the dynamic performance of the tracking

error. This paper introduces therefore a novel concept in sliding mode control applied to robotic

systems, whereby traditional linear switching functions are replaced by nonlinear model-based

switching functions. Model-based switching functions substantially simplify the expression

of the torque control inputs, while ensuring trajectory tracking asymptotic convergence on

the switching surface. This leads to transient constraints reduction on the control input, as

well as a complete chattering decoupling on all joint axes. This improvement prevents against

premature failures of actuating components in the system, and avoids unaccounted for fast

dynamics behaviour in the closed-loop system. Experimental results on ETS-MARSE show that

the proposed approach leads to an improved tracking performance with lower torque control

inputs variance compared to conventional sliding mode approach. The proposed approach

can furthermore be combined with known chattering reduction techniques and optimal control

strategies such as Model Predictive Control (MPC) for practical implementation (Dai et al.,

2020; Incremona et al., 2017).

To the best knowledge of the authors, the original contributions of this paper are summarized

into the following points:

1. A novel approach for designing nonlinear switching functions based on any robotic structure

model and focuses on the design of trajectory tracking switching functions. This ensures
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considerable simplifications on the torques control law, while providing asymptotic stability

of the state error. These simplifications lead to a linear relationship of the torque inputs with

regards to the joints errors and error rates. This approach reduces control inputs activity

while keeping excellent tracking performance and robustness, as shown in the experimental

results. Moreover, the proposed approach ensures a complete decoupling of the chattering

on all joint axes, which represents an important advantage compared to typical sliding mode

control.

2. A novel general expression of a relationship on the gravity term of the robot’s dynamic

model ( (5.12), (5.33)). This relationship leads to the formulation of a stability criterion on

the controller’s parameters. This relationship is also useful into extending the validation of

the robot’s dynamic model to the gravity term.

The paper is structured as follows: In section 5.3 the ETS-MARSE Exoskeleton structure,

kinematic and inertial parameters are presented. In section III, conventional sliding mode

control is applied on robotic systems and the problem statement is formulated. Section IV

details model-based switching functions design for both the set point and the trajectory tracking

problems and highlights the contributions of the proposed approach. Section V describes the

experimental setup of ETS-MARSE and presents real-time results of the proposed approach.

Section VI concludes the paper.

5.3 ETS-MARSE 7-DOF Exoskeleton Characterization

ETS-MARSE is a redundant 7-DOF robot prototype designed to ease upper-limb movement of

physically disabled individuals with impaired upper-limb function. ETS-MARSE could be used

for rehabilitation therapies of patients who have experienced sports injuries or stroke incidents

that left their upper-limbs impaired. Fig. 5.1 shows the 7 actuation joints with the joint axes

assignation following the modified Denavit-Hartenberg (DH) convention (Craig, 2005). The

correspondent modified DH parameters can be derived as shown in Table 5.1 below. The design

of ETS-MARSE emulates the anatomy of the human’s upper-limb with the known 7 degrees of
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Figure 5.1 ETS-MARSE Structure and Reference Frames Assignation

movement, with the objective of providing the user a representative and ergonomic experience

during therapy sessions.

Table 5.1 Modified DH Parameters of ETS-MARSE

Joint (𝑖) 𝛼i−1 (rad) ai−1 (m) di (m) 𝜃i (rad)

1 0 0 𝑑𝑠 𝜃1

2 -𝜋/2 0 0 𝜃2

3 𝜋/2 0 𝑑𝑒 𝜃3

4 -𝜋/2 0 0 𝜃4

5 𝜋/2 0 𝑑𝑤 𝜃5

6 -𝜋/2 0 0 𝜃6 − 𝜋/2
7 -𝜋/2 0 0 𝜃7

As depicted in Fig. 5.1, the shoulder motion consists of three joints, the elbow motion comprises

one joint, and finally the wrist motion consists of three joints.
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Table 5.2 characterizes the total workspace of ETS-MARSE by detailing the motion intervals of

each joint. ETS-MARSE has a relatively small footprint structure and a remarkably high-power

density with regards to weight, which considerably eases its installation, handling and operation.

The measured weight and inertial parameters of ETS-MARSE are displayed in Table 5.3.

ETS-MARSE can operate in passive motion mode (supports entirely the subject’s upper-limb

motion) and in active motion mode (uses force sensors (Rahman et al., 2014a; Ochoa Luna et al.,

2015), or EMG (Rahman et al., 2014b) feedback signals to accompany and assist the subject’s

upper-limb motion).

Table 5.2 Physical workspace limits of ETS-MARSE

Joint (𝑖) Motion Workspace
1 Shoulder joint horizontal flexion/extension 0𝑜/140𝑜

2 Shoulder joint vertical flexion/extension 140𝑜/0𝑜

3 Shoulder joint internal/external rotation −85𝑜/75𝑜

4 Elbow joint flexion/extension 120𝑜/0𝑜

5 Forearm joint pronation/supination −85𝑜/85𝑜

6 Wrist joint ulnar/radial deviation −30𝑜/20𝑜

7 Wrist joint flexion/extension −50𝑜/60𝑜

Table 5.3 Inertial parameters of ETS-MARSE

Joint (𝑖) Mass (𝑘𝑔) Center of mass (𝑚) Link length (𝑚)
1 3.475 0.0984 0.145

2 3.737 0.1959 0

3 0 0 0.25

4 2.066 0.163 0

5 0 0 0.267

6 0.779 0.121 0

7 0.496 0.0622 0

5.4 Nonlinear Control Design for ETS-MARSE

The control design for ETS-MARSE is based on the sliding mode control approach which forces

the dynamics of the closed-loop system to remain or "slide" on a linear surface 𝑆 = 0. Fig. 5.2

depicts the process in the phase plane for the case of a two-dimensional state vector system.
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The sliding mode control process includes two phases. The first phase, also referred to as the

reaching phase, is ensured by a discontinuous control term (𝑢𝑑𝑖𝑠𝑐) that allows the state error

to reach the sliding surface. The second phase, or sliding phase, is ensured by a continuous

equivalent term (𝑢𝑒𝑞) and keeps the error dynamics on the sliding surface and ultimately leads

the error vector towards to the zero-equilibrium point (Fallaha et al., 2011).

Figure 5.2 Asymptotic Convergence on a linear sliding surface depicted in the phase plane

5.4.1 Conventional Sliding Mode Control Applied to Robotic Systems

The general free dynamics of a multi-joint friction less robot without external constraints follows

the nonlinear second-order differential equation in the joint angle space of the robot (Craig,

2005):

𝜏 = 𝑀 (𝜃) �𝜃 +𝑉𝑚 (𝜃, �𝜃) �𝜃 + 𝐺 (𝜃) (5.1)

where 𝜏 ∈ 𝑅𝑛 is the torque control input vector, 𝜃 ∈ 𝑅𝑛 is the robot joint angles and/or

displacements vector, 𝑀 (𝜃) ∈ 𝑅𝑛×𝑛 is the inertia matrix, and is positive definite,𝑉𝑚 (𝜃, �𝜃) ∈ 𝑅
𝑛×𝑛

is the centrifugal and Coriolis matrix and 𝐺 (𝜃) ∈ 𝑅𝑛 is the gravity term vector.

With conventional sliding mode control associated with second-order MIMO systems, a typical

first order linear switching function vector is chosen in terms of the tracking error and its time

derivative:

𝑆 = Λ𝐸 + �𝐸, Λ = 𝑑𝑖𝑎𝑔(𝜆𝑖), 𝜆𝑖 > 0 (5.2)
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where 𝐸 = 𝜃−𝜃𝑅 is the state tracking error vector defined as the difference between the measured

joint angles/displacements and reference joint angles/displacements vector. The torque control

law is then designed to force the tracking error vector 𝐸 to reach and stay on the surface 𝑆 = 0.

As per (5.2), this leads the error vector to reach the zero-equilibrium point following first order

convergence dynamics. The convergence rate of each differential equation is controlled by the

values of 𝜆𝑖. To ensure 𝑆 = 0 is reached, the control law is designed to practically force the

following relationship, often referred to as reaching law:

�𝑆 = −𝐾𝑠𝑖𝑔𝑛(𝑆), 𝐾 = 𝑑𝑖𝑎𝑔(𝑘𝑖), 𝑘𝑖 > 0 (5.3)

where 𝑠𝑖𝑔𝑛(𝑆) = [𝑠𝑖𝑔𝑛(𝑆1), · · · , 𝑠𝑖𝑔𝑛(𝑆𝑛)]
𝑇 with 𝑠𝑖𝑔𝑛(𝑆𝑖) for 𝑖 = 1, · · · , 𝑛 is defined as follows:

𝑠𝑖𝑔𝑛(𝑆𝑖) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, 𝑖 𝑓 𝑆𝑖 > 0

−1, 𝑖 𝑓 𝑆𝑖 < 0

0, 𝑖 𝑓 𝑆𝑖 = 0

(5.4)

Equation (5.3) allows the error state vector to reach the surface 𝑆 = 0 in a finite time that is

dependent upon the values of 𝑘𝑖. Substituting (5.1) and the time derivative of (5.2) in (5.3) gives

the following torque vector control law:

𝜏 = 𝑉𝑚 (𝜃, �𝜃) �𝜃 + 𝐺 (𝜃) − 𝑀 (𝜃) (Λ �𝐸 − �𝜃𝑅)︸�������������������������������������������︷︷�������������������������������������������︸
𝑢𝑒𝑞

−𝑀 (𝜃)𝐾𝑠𝑖𝑔𝑛(𝑆)︸�������������︷︷�������������︸
𝑢𝑑𝑖𝑠𝑐

(5.5)

Control law (5.5) is composed of the two terms 𝑢𝑒𝑞 and 𝑢𝑑𝑖𝑠𝑐 depicted in Fig. 5.2.

5.4.2 Problem Statement

From (5.5), the expression of 𝑢𝑒𝑞 and 𝑢𝑑𝑖𝑠𝑐 is complex and highly nonlinear. This complexity

leads to transient and steady-state constraints on the torque control inputs. 𝑢𝑒𝑞 contains the

robot’s dynamic matrices for model compensation. For fast trajectory tracking applications,

this implies higher dynamic constraints on the global torque control law. Analog or digital
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noise from sensing systems are also amplified through these nonlinear matrices. On the other

hand, the discontinuous term 𝑢𝑑𝑖𝑠𝑐 includes the robot’s inertia matrix that multiplies the signum

term 𝑠𝑖𝑔𝑛(𝑆). In the general case, 𝑀 (𝜃) is a non-constant and non-diagonal positive definite

matrix that leads to a coupling effect between torque input signals when a chattering condition

exists on one or more axes. Moreover, the inertia matrix has a direct modulating impact on

the chattering amplitudes on the torque input signals. Control law (5.5) can be simplified by

transferring model-based terms from the equivalent torque model-compensation term 𝑢𝑒𝑞 into

the switching functions inside of the discontinuous term 𝑢𝑑𝑖𝑠𝑐. The resultant switching functions

become nonlinear, model-dependent and coupled differential functions. Fig. 5.3 depicts such

nonlinear switching functions in the phase plane.

Figure 5.3 Asymptotic convergence with model-based switching functions

in the phase plane

5.5 Model-Based Switching Functions Design Applied to Robotic Manipulators

This section details the design of model-based switching functions for any robot arm, and can

be generalized to any second order mechanical system which dynamic differential equations

can be formalized into relationship (5.1). The corresponding sliding surfaces are proved to be

asymptotically stable, and the torque control law is shown to have a much simpler structure

compared to (5.5). This approach is first introduced for a setpoint convergence problem, and its
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main results are summarily covered in sub-section 5.5.1 below. This sets the framework basis

for the generalized tracking error convergence problem covered in sub-section 5.5.2.

5.5.1 Model-Based Switching Functions Design for the Zero Setpoint Convergence
Problem

For zero setpoint convergence using sliding mode control, consider the following switching

function (Fallaha and Saad, 2018):

𝑆(𝜃, �𝜃) =𝑀 (𝜃) �𝜃 + Γ𝜃 + Ξ
∫ 𝑡

𝑡0

𝜃𝑑𝑡 +

∫ 𝑡

𝑡0

(𝐺 (𝜃) − 𝐺 (0)) 𝑑𝑡

−

∫ 𝑡

𝑡0

(
𝜎(𝜃, �𝜃) +𝑉𝑚 (𝜃, �𝜃)

)
�𝜃𝑑𝑡

(5.6)

where 𝜎(𝜃, �𝜃) is a skew-symmetric matrix binding matrix 𝑀 (𝜃) and 𝑉𝑚 (𝜃, �𝜃) into the following

well-known relationship (Spong et al., 2005):

𝜎(𝜃, �𝜃) = �𝑀 (𝜃) − 2𝑉𝑚 (𝜃, �𝜃) (5.7)

Γ and Ξ are symmetrical positive definite constant matrices chosen to achieve the required

dynamics performance when the system reaches the sliding surface 𝑆 = 0. Note from (5.6) that

𝑆(𝜃, �𝜃) has integral terms that can directly place the system on the sliding surface with adequate

choice of initial conditions of the integrators. The time derivative of 𝑆(𝜃, �𝜃) can be deduced

from (5.6):

�𝑆(𝜃, �𝜃) =𝑀 (𝜃) �𝜃 + �𝑀 (𝜃) �𝜃 + Γ �𝜃 + Ξ𝜃 + 𝐺 (𝜃) − 𝐺 (0)

−
(
𝜎(𝜃, �𝜃) +𝑉𝑚 (𝜃, �𝜃)

)
�𝜃

(5.8)

Using (5.7) in (5.8) gives the following:

�𝑆(𝜃, �𝜃) = 𝑀 (𝜃) �𝜃 +𝑉𝑚 (𝜃, �𝜃) �𝜃 + Γ �𝜃 + Ξ𝜃 + 𝐺 (𝜃) − 𝐺 (0) (5.9)

Using (5.1) in (5.9):

�𝑆(𝜃, �𝜃) = 𝜏 + Γ �𝜃 + Ξ𝜃 − 𝐺 (0) (5.10)
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Therefore from (5.10) the torque control law that ensures the reaching law (5.3) is:

𝜏 = −Γ �𝜃 − Ξ𝜃 + 𝐺 (0)︸����������������︷︷����������������︸
𝑢𝑒𝑞

−𝐾𝑠𝑖𝑔𝑛(𝑆(𝜃, �𝜃))︸�������������︷︷�������������︸
𝑢𝑑𝑖𝑠𝑐

(5.11)

Remark 1. Compared to the torque control law (5.5) given by conventional sliding mode control,

(5.11) shows a much simpler torque control input structure with simplified expressions 𝑢𝑒𝑞 and

𝑢𝑑𝑖𝑠𝑐. Control law (5.11) shows moreover the torque inputs are linear in terms of joint angles

and rates with a decoupling of the chattering effect on the axes, provided that 𝐾 is chosen to be a

diagonal matrix.

The next step is to prove that the sliding surface 𝑆(𝜃, �𝜃) = 0 ensures asymptotic convergence of

the joint angles towards the zero-equilibrium point. This is shown in proposition 1 below and

uses the following lemma (Fallaha and Saad, 2018).

Lemma 1. The difference 𝐺 (𝜃) − 𝐺 (0) can be written as:

𝐺 (𝜃) − 𝐺 (0) = −Ψ𝐺 (𝜃)𝜃 (5.12)

where Ψ𝐺 (𝜃) is a symmetric matrix defined as follows:

Ψ𝐺 (𝜃) = −

∫ 1

0

𝐽𝐺 (ℎ.𝜃)𝑑ℎ (5.13)

where 𝐽𝐺 is the square Jacobian of 𝐺 defined as follows:

𝐽𝐺 =

[
𝜕𝐺𝑖
𝜕𝜃 𝑗

]
(5.14)

Proof: Using the mean value theorem applied to differentiable vector functions, the following

holds (Comenetz, 2002):

𝐺 (𝜃) − 𝐺 (0) =

(∫ 1

0

𝐽𝐺 (ℎ.𝜃)𝑑ℎ

)
𝜃 (5.15)
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where 𝐽𝐺 is the square Jacobian of 𝐺 defined by (5.14).

Using the fact that 𝐺 is derived from a potential energy𝑈, namely:

𝐺𝑖 =
𝜕𝑈

𝜕𝜃𝑖
(5.16)

Then the Jacobian matrix can be written as:

𝐽𝐺 =

[
𝜕

𝜕𝜃 𝑗

𝜕

𝜕𝜃𝑖
𝑈

]
(5.17)

Under the assumption that the second partial derivatives of 𝑈 are continuous, then Schwarz’

theorem yields the following:
𝜕

𝜕𝜃 𝑗

𝜕

𝜕𝜃𝑖
𝑈 =

𝜕

𝜕𝜃𝑖

𝜕

𝜕𝜃 𝑗
𝑈 (5.18)

Therefore 𝐽𝐺 is symmetric.

Noting Ψ𝐺 (𝜃) = −
∫ 1

0
𝐽𝐺 (ℎ.𝜃)𝑑ℎ, Ψ𝐺 (𝜃) is also symmetric as it is the integral of a symmetric

matrix, which completes the proof of Lemma1. Note that since Ψ𝐺 (𝜃) is symmetric, it is

diagonalizable, and all its eigenvalues are real.

Proposition 1. (Fallaha and Saad, 2018), the sliding surface 𝑆(𝜃, �𝜃) = 0, where 𝑆(𝜃, �𝜃) is given

by (5.6), ensures the asymptotic stability of 𝜃 to 0 provided that the eigenvalues of matrix Ξ

verify the following constraint:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Ξ) > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔𝑖Ψ𝐺 (𝜃)) (5.19)

Proof: Relationship (5.19) implies that the difference Ξ −Ψ𝐺 (𝜃) is positive definite. When the

sliding surface 𝑆(𝜃, �𝜃) = 0 is reached, (5.11) becomes:

𝜏 = −Γ �𝜃 − Ξ𝜃 + 𝐺 (0) (5.20)
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Consider now the following Lyapunov candidate function:

𝐿 (𝜃, �𝜃) =
1

2
�𝜃𝑇𝑀 (𝜃) �𝜃 + 𝑃(𝜃) − 𝑃(0) (5.21)

with 𝑃 a scalar function defined as (Tomei, 1991):

𝑃(𝜃) = 𝑈 (𝜃) +
1

2
𝜃𝑇Ξ𝜃 − 𝜃𝑇𝐺 (0) (5.22)

𝑈 is the potential energy term from which is derived 𝐺 (𝜃). Differentiating 𝑃(𝜃) with respect

to 𝜃 and noting that
𝜕𝑈 (𝜃)

𝜕𝜃
= 𝐺 (𝜃) (Spong et al., 2005), then using Lemma 1, the following

relation can be obtained:

𝜕𝑃(𝜃)

𝜕𝜃
= 𝐺 (𝜃) + Ξ𝜃 − 𝐺 (0) = (Ξ −Ψ𝐺 (𝜃)) 𝜃 (5.23)

Since Ξ − Ψ𝐺 (𝜃) is positive definite, then
𝜕𝑃(𝜃)

𝜕𝜃
= 0 only for 𝜃 = 0, and therefore 𝑃(𝜃) is

absolute minimum for 𝜃 = 0 (Tomei, 1991), which implies 𝑃(𝜃) − 𝑃(0) > 0 for 𝜃 ≠ 0. Thus,

from (5.21) it can be deduced that 𝐿 (𝜃, �𝜃) is a Lyapunov function. Differentiating 𝐿 (𝜃, �𝜃) with

respect to time gives:

�𝐿(𝜃, �𝜃) = �𝜃𝑇𝑀 (𝜃) �𝜃 +
1

2
�𝜃𝑇 �𝑀 (𝜃) �𝜃 + �𝜃𝑇𝐺 (𝜃) + �𝜃𝑇Ξ𝜃 − �𝜃𝑇𝐺 (0) (5.24)

The above equation can also be written as:

�𝐿(𝜃, �𝜃) = �𝜃𝑇𝜏 + �𝜃𝑇Ξ𝜃 − �𝜃𝑇𝐺 (0) (5.25)

Using relationship (5.20), (5.25) simplifies into:

�𝐿 (𝜃, �𝜃) = − �𝜃𝑇Γ �𝜃 (5.26)
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Therefore �𝐿 (𝜃, �𝜃) is negative semi-definite. Applying Barbalat’s lemma (Slotine and Li, 1991),

�𝜃 converges to 0. Using (5.1) and (5.20) it comes that:

Ξ𝜃 + (𝐺 (𝜃) − 𝐺 (0)) = (Ξ −Ψ𝐺 (𝜃)) 𝜃 −→
t

0 (5.27)

Since Ξ − Ψ𝐺 (𝜃) is positive definite, this implies that 𝜃 converges to 0, which completes the

proof of Proposition 1.

Remark 2. Note that one can choose to compensate the gravity term in the torque control law

rather than in the switching functions. In this case, constraint (5.19) is not necessary anymore,

and the switching function (5.6) becomes:

𝑆(𝜃, �𝜃) = 𝑀 (𝜃) �𝜃 + Γ𝜃 + Ξ
∫ 𝑡

𝑡0

𝜃𝑑𝑡 −

∫ 𝑡

𝑡0

(
𝜎(𝜃, �𝜃) +𝑉𝑚 (𝜃, �𝜃)

)
�𝜃𝑑𝑡 (5.28)

However, the torque control law becomes:

𝜏 = −Γ �𝜃 − Ξ𝜃 + 𝐺 (𝜃) − 𝐾𝑠𝑖𝑔𝑛(𝑆(𝜃, �𝜃)) (5.29)

5.5.2 Switching Functions Design for the Trajectory Tracking Problem

Trajectory tracking development in the robot’s joint space is a generalization of the above set

point development whereby model-based switching functions are designed such that the error

𝐸 = 𝜃 − 𝜃𝑅 asymptotically converges to 0. Consider the following model-based sliding function

for the trajectory tracking problem:

Σ = 𝑆(𝜃, �𝜃) − 𝑆(𝜃𝑅, �𝜃𝑅) (5.30)

Where 𝑆 is defined by (5.6).
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Remark 3. Note that the design of switching function Σ defined by (5.30) is not equivalent

to replacing 𝜃 with the tracking error 𝐸 in (5.6) and forming 𝑆(𝐸, �𝐸), since 𝑆 is a nonlinear

function. This specific choice of Σ ensures similar levels of simplifications of the torques control

inputs as for the set-point tracking problem, and therefore is completely novel and remains

different from the set-point convergence problem in (Fallaha and Saad, 2018).

It can be shown that the torque control law that allows the system to reach Σ = 0 is given by:

𝜏 = 𝜏𝑅 − Γ �𝐸 − Ξ𝐸︸������������︷︷������������︸
𝑢𝑒𝑞

−𝐾𝑠𝑖𝑔𝑛(Σ)︸�����︷︷�����︸
𝑢𝑑𝑖𝑠𝑐

(5.31)

where

𝜏𝑅 = 𝑀 (𝜃𝑅) �𝜃𝑅 +𝑉𝑚 (𝜃𝑅, �𝜃𝑅) �𝜃𝑅 + 𝐺 (𝜃𝑅) (5.32)

Note that 𝜏𝑅 is exclusively composed of constructed reference signals and doesn’t include any

measured or estimated signal. Fig. 5.4 below shows the block diagram of the proposed general

control algorithm with model-based switching functions design. This block diagram shows

that the control strategy simplifies essentially to a proportional and derivative controller for

the feedback loop, with a feedforward term 𝜏𝑅 solely dependent upon the reference, and the

robust switching signum term that ensures the reaching condition on the model-based switching

surfaces.

Remark 4. The torque control law (5.31) shows again that the torque inputs become linear in

terms of the error vector and its time derivative when using model-based switching functions.

Note again from (5.31) the discontinuity decoupling between joint axes. It remains to prove that

Σ = 0 ensures asymptotic convergence of the error vector 𝐸 towards 0. Similarly to the set point

approach, consider the following lemma.

Lemma 2. The difference 𝐺 (𝜃) − 𝐺 (𝜃𝑅) can be written as:

𝐺 (𝜃) − 𝐺 (𝜃𝑅) = −Ψ𝐺 (𝜃, 𝜃𝑅) (𝜃 − 𝜃𝑅) (5.33)
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Where Ψ𝐺 (𝜃, 𝜃𝑅) is a symmetric matrix defined as follows:

Ψ𝐺 (𝜃, 𝜃𝑅) = −

∫ 1

0

𝐽𝐺 (𝜃𝑅 + ℎ(𝜃 − 𝜃𝑅))𝑑ℎ (5.34)

where 𝐽𝐺 is the same square Jacobian of 𝐺 defined by (5.14). The proof of Lemma 2 is closely

based on that of Lemma 1.

Proposition 2. The sliding surface Σ = 0 where Σ is given by (5.30), ensures the asymptotic

convergence of 𝜃 to 𝜃𝑅 provided that the eigenvalues of matrix Ξ verify the following constraint:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Ξ) > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔𝑖Ψ𝐺 (𝜃, 𝜃𝑅)) (5.35)

Proof: Relationship (5.35) implies that the difference Ξ −Ψ𝐺 (𝜃, 𝜃𝑅) is positive definite. When

Σ = 0, (5.31) leads to the following:

𝜏 = 𝜏𝑅 − Γ �𝐸 − Ξ𝐸 (5.36)

Figure 5.4 Block Diagram of sliding mode control algorithm with

model-based switching functions
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Consider now the following Lyapunov-like candidate function:

𝐿 =
1

2
�𝜃𝑇𝑀 (𝜃) �𝜃 + 𝑃(𝜃) −

1

2
�𝜃𝑅
𝑇
𝑀 (𝜃𝑅) �𝜃𝑅 − 𝑃(𝜃𝑅) (5.37)

Where similarly to Proposition 1, 𝑃 is a scalar function defined as follows:

𝑃(𝜃) = 𝑈 (𝜃) +
1

2
𝜃𝑇Ξ𝜃 −

∫ 𝜃

0

(
𝜏𝑅 − Γ �𝜃𝑅 + Ξ𝜃𝑅

)𝑇
𝑑𝜃 (5.38)

Note that (5.22) becomes a particular case of (5.38) for 𝜃𝑅 = 0. Differentiating 𝑃(𝜃) in terms of

𝜃 gives:
𝜕𝑃(𝜃)

𝜕𝜃
= 𝐺 (𝜃) + Ξ𝜃 − 𝐺 (𝜃𝑅) + Ξ𝜃𝑅 − 𝐹𝑅

𝐹𝑅 = 𝑀 (𝜃𝑅) �𝜃𝑅 +𝑉𝑚 (𝜃𝑅, �𝜃𝑅) �𝜃𝑅 − Γ �𝜃𝑅

(5.39)

Therefore
𝜕𝑃(𝜃)

𝜕𝜃
= (Ξ −Ψ𝐺 (𝜃, 𝜃𝑅))𝐸 − 𝐹𝑅 (5.40)

Since Ξ − Ψ𝐺 (𝜃, 𝜃𝑅) is positive definite, it can be shown that 𝑃 has an absolute minimum

𝑃(𝜃𝑚𝑖𝑛𝑅), function of the reference trajectory and given by
𝜕𝑃(𝜃)

𝜕𝜃
= 0. 𝜃𝑚𝑖𝑛𝑅 verifies the

following:

𝜃𝑚𝑖𝑛𝑅 = 𝜃𝑅 + (Ξ −Ψ𝐺 (𝜃, 𝜃𝑅))
−1𝐹𝑅 (5.41)

Therefore 𝑃(𝜃) ≥ 𝑃(𝜃𝑚𝑖𝑛𝑅) ∀𝜃. Thus from (5.37), the Lyapunov-like function 𝐿 has a lower

bound (not necessarily positive) given by:

𝐿 ≥ 𝑃(𝜃𝑚𝑖𝑛𝑅) −
1

2
�𝜃𝑇𝑅𝑀 (𝜃𝑅) �𝜃𝑅 − 𝑃(𝜃𝑅) (5.42)

Differentiating 𝐿 with respect to time gives the following:

�𝐿 = �𝜃𝑇𝜏 − �𝜃𝑇𝑅𝜏𝑅 + 𝜃
𝑇Ξ �𝜃 − 𝜃𝑇𝑅Ξ �𝜃𝑅 −

(
𝜏𝑅 − Γ �𝜃𝑅 + Ξ𝜃𝑅

)𝑇 �𝐸 (5.43)
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Using equation (5.36) in (5.43) when the sliding surface is reached:

�𝐿 = �𝜃𝑇
(
𝜏𝑅 − Γ �𝐸 − Ξ𝐸

)
− �𝜃𝑇𝑅𝜏𝑅 + 𝜃

𝑇Ξ �𝜃 − 𝜃𝑇𝑅Ξ �𝜃𝑅

−
(
𝜏𝑅 − Γ �𝜃𝑅 + Ξ𝜃𝑅

)𝑇 �𝐸
(5.44)

Simplifying (5.44) gives finally:

�𝐿 = − �𝐸𝑇Γ �𝐸 (5.45)

�𝐿 is therefore negative semi-definite. Since 𝐿 has a lower bound, then as per Slotine and Li

(1991), applying Barbalat’s lemma implies that �𝐿 converges to 0, which then implies that �𝐸

converges to 0. Since Ξ −Ψ𝐺 (𝜃, 𝜃𝑅) is positive definite, it can be proved that 𝐸 converges to 0,

which completes the proof of Proposition 2.

Note that constraint (5.35) is dependent on the reference trajectory 𝜃𝑅. It is however possible to

formulate a constraint with an absolute lower bound for 𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔𝑖Ξ) that is independent of the

trajectory as per Proposition 3 below:

Proposition 3. The following holds:

𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔(Ψ𝐺 (𝜃, 𝜃𝑅))) ≤ 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔(−𝐽𝐺 (𝜃))) (5.46)

Proof: Note 𝜆𝑀𝑎𝑥 = 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔(−𝐽𝐺 (𝜃))). In other words, 𝜆𝑀𝑎𝑥 is a constant absolute

maximum of all varying eigenvalues of −𝐽𝐺 (𝜃). The following then holds:

𝜆𝑀𝑎𝑥 𝐼𝑛 −Ψ𝐺 (𝜃, 𝜃𝑅) =𝜆𝑀𝑎𝑥 𝐼𝑛

−

(
−

∫ 1

0

𝐽𝐺 (𝜃𝑅 + ℎ(𝜃 − 𝜃𝑅))𝑑ℎ

)

=
∫ 1

0

𝜆𝑀𝑎𝑥 𝐼𝑛 − (−𝐽𝐺 (𝜃𝑅 + ℎ(𝐸))) 𝑑ℎ

(5.47)

By construction, 𝜆𝑀𝑎𝑥 𝐼𝑛 − (−𝐽𝐺 (𝜃𝑅 + ℎ(𝐸))) is positive definite. Therefore
∫ 1

0
𝜆𝑀𝑎𝑥 𝐼𝑛 −

(−𝐽𝐺 (𝜃𝑅 + ℎ(𝐸))) 𝑑ℎ is positive definite, then (5.47) implies 𝜆𝑀𝑎𝑥 𝐼𝑛 − Ψ𝐺 (𝜃, 𝜃𝑅) is positive

definite, and thus (5.46) is straightforward.
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From Proposition 3, a sufficient condition to meet constraint (5.35) can therefore be formulated

as follows:

𝑀𝑖𝑛𝑖 (𝐸𝑖𝑔Ξ) > 𝑀𝑎𝑥𝑖 (𝐸𝑖𝑔(−𝐽𝐺 (𝜃))) (5.48)

Remark 5. Note that the new constraint (5.48) represents a sufficient absolute condition on

eigenvalues of Ξ for any trajectory tracking within the robot’s working space. The advantage of

constraint (5.48) is that it is independent of the reference trajectory and holds for any trajectory

within the robot’s work-space. The disadvantage however is that the choice of the eigenvalues of

matrix Ξ might be overdimensioned to ensure constraint (5.48) is met. Also, as per Remark 2,

one can choose as well in this case to compensate the gravity term in the torque control law

rather than in the switching functions, which then removes the need of constraint (5.35).

5.5.3 Robustness Against Uncertainties

In this section, model uncertainties are introduced with the model-based switching functions

design approach. It is shown that the proposed approach compensates for uncertainties with the

discontinuous gain in a similar way conventional sliding mode control does. The additional

advantage of using model-based switching functions is that only matched uncertainties are

required to be compensated. Consider uncertainties on all the matrix terms of the robot model

given by (5.1), and consider the following notations:

𝑀̂ (𝜃), 𝑀̂ (𝜃𝑅) (noted 𝑀̂ and 𝑀̂𝑅) are estimates of 𝑀 (𝜃) and 𝑀 (𝜃𝑅); 𝑉̂𝑚 (𝜃, �𝜃), 𝑉̂𝑚 (𝜃𝑅, �𝜃𝑅)

(noted 𝑉̂𝑚 and 𝑉̂𝑚𝑅) are estimates of 𝑉𝑚 (𝜃, �𝜃), 𝑉𝑚 (𝜃𝑅, �𝜃𝑅) ); 𝐺̂ (𝜃), 𝐺̂ (𝜃𝑅) (noted 𝐺̂ and 𝐺̂𝑅) are

estimates of 𝐺 (𝜃) and 𝐺 (𝜃𝑅).

The switching function Σ defined in (5.30) is then constructed by using the estimate matrices

above as follows:

Σ =𝑀̂ �𝜃 − 𝑀̂𝑅 �𝜃𝑅 + Γ𝐸 + Ξ
∫ 𝑡

𝑡0

𝐸𝑑𝑡 +

∫ 𝑡

𝑡0

(
𝐺̂ − 𝐺̂𝑅

)
𝑑𝑡

−

∫ 𝑡

𝑡0

( (
𝜎̂ + 𝑉̂𝑚

)
�𝜃 −

(
𝜎̂𝑅 + 𝑉̂𝑚𝑅

)
�𝜃𝑅
)
𝑑𝑡

(5.49)
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The time derivative of Σ gives:

�Σ = 𝑀̂ �𝜃 + 𝑉̂𝑚 �𝜃 + 𝐺̂ − 𝑀̂𝑅 �𝜃𝑅 − 𝑉̂𝑚𝑅 �𝜃𝑅 − 𝐺̂𝑅 + Γ �𝐸 + Ξ𝐸 (5.50)

Introducing the torque input in �Σ gives:

�Σ = 𝜏 + 𝑀̃ �𝜃 + 𝑉̃𝑚 �𝜃 + 𝐺̃ − 𝜏𝑅 + Γ �𝐸 + Ξ𝐸 (5.51)

with 𝜏𝑅 = 𝑀̂𝑅 �𝜃𝑅 + 𝑉̂𝑚𝑅 �𝜃𝑅 + 𝐺̂𝑅, 𝑀̃ = 𝑀̂ − 𝑀 (𝜃), 𝑉̃𝑚 = 𝑉̂𝑚 − 𝑉𝑚 (𝜃, �𝜃) and 𝐺̃ = 𝐺̂ − 𝐺 (𝜃).

Similarly to (5.31), choose the following control law:

𝜏 = 𝜏𝑅 − Γ �𝐸 − Ξ𝐸 − 𝐾𝑠𝑖𝑔𝑛(Σ) (5.52)

This leads to the following reaching law:

�Σ = 𝑀̃ �𝜃 + 𝑉̃𝑚 �𝜃 + 𝐺̃ − 𝐾𝑠𝑖𝑔𝑛(Σ) (5.53)

From (5.53), note that the term 𝑀̃ �𝜃 + 𝑉̃𝑚 �𝜃 + 𝐺̃ exists because of the introduced uncertainties.

Assuming this term is bounded, it is then possible to choose matrix 𝐾 elements larger than

the upper bound of that term in order to ensure reaching the sliding surface. This uncertainty

compensation is also a known procedure in conventional sliding mode control (Slotine and Li,

1991).

5.6 Experimental Application on ETS-MARSE

This section describes the experimental setup of ETS-MARSE exoskeleton prototype shown

in the Fig. 5.7 (adapted from Rahman et al. (2014b)). The real-time controller using the

model-based switching functions algorithm was implemented on a National Instrument (NI)

processing platform as detailed in Fig. 5.5. The NI processing platform comprises a NI-PXI

8081 dual-core controller card and a NI-PXI 7813-R FPGA card. Both cards are enclosed in a

PXI-1031 chassis. As shown in Fig. 5.6, the NI-PXI 8081 controller executes at a time step of
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5 𝑚𝑠 the top-level sliding mode control algorithm with the model-based switching functions

along with the inverse kinematics logic. The NI PXI-7813R FPGA card executes, on the other

hand, the low-level current PI control loop at the faster sample time of 50 us. The NI PXI-7813R

processes as well the joints position feedback via Hall-effect sensors. Finally, user-defined

commands are sent to the robot through a host HMI PC using a LabView interface in which it is

possible to select the controller type and perform online controller gain adjustments. The joints

of ETS-MARSE are actuated by brushless DC motors Maxon EC-45 and EC-90 using harmonic

drives to ensure high gear ratios while maintaining very good accuracy positioning [gear ratio

for motor 1, 2 and 4: 120:1; gear ratio for motor 3, 5, 6 and 7: 100:1].

5.6.1 Experimental Real-Time Results

The experimental test cases that were executed on ETS-MARSE are divided into two sets. The

first set was executed without load and compares the model-based switching functions approach

to conventional sliding mode control. The second set was performed by subject 1 (weight:83

kg, height: 1.83 m) using the model-based switching functions approach, in order to test its

robustness under normal loading conditions. The reference trajectory of ETS-MARSE tool

tip in the Cartesian space for both sets was chosen to have a rectangle-like shape, which is

representative of an actual arm mobility exercise performed by patients. The reference trajectory

is depicted in dashed black in Fig. 5.8. The correspondent reference joint angles for the 7

Figure 5.5 Hardware Control Architecture Setup for ETS-MARSE
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axes in the joint space are shown in dashed black in Fig. 5.9. Numerical values of the sliding

mode controller gains using conventional and model-based switching functions are shown in

Table 5.4. For linear switching functions design, 𝐾 was tuned to ensure an acceptable level of

robustness against disturbances. The relatively high values of 𝐾 were obtained as a result of low

numerical values of 𝑀 , which orders of magnitude are bounded to 10−3. For the model-based

switching functions approach, since 𝑀 is eliminated in the discontinuous term of the torque

control inputs, the values of 𝐾 are expected to be three orders of magnitude lower to ensure a

similar level of robustness. For simplification purposes, the diagonal values of 𝐾 were therefore

set at 0.25. From the joint space reference trajectories, Ψ𝐺 (𝜃, 𝜃𝑅) was symbolically derived

for ETS-MARSE and its upper eigenvalue limit numerically computed offline for the duration

of the reference trajectory and showed to be inferior to 10 throughout this duration. Therefore

by choosing all the eigenvalues of matrix Ξ to be higher than 10 will guarantee as per (5.35)

asymptotic stability of the tracking error to 0 for this particular trajectory. However, as Table 5.4

shows, the diagonal elements numerical values of Ξ were chosen to be 25, which gives a good

margin compared to the maximum eigenvalue limit of −𝐽𝐺 (𝜃) (numerically computed to be

21.32). The purpose of this choice is to ensure asymptotic convergence within the global

work-space of ETS-MARSE regardless of the programmed reference trajectory, and to account

as well for parameter uncertainties on the gravity matrix. Finally, the diagonal elements of

Figure 5.6 Block Diagram of Control Algorithm Loops for ETS-MARSE
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Figure 5.7 ETS-MARSE Exoskeleton Prototype

matrix Γ were set to 12.2, which places a dominant pole in closed-loop varying between -2 and

-2.5, given the values of Ξ and the numerical variation of 𝑀 along the trajectory.

Table 5.4 Experimental Control Parameters of ETS-MARSE

Parameter Matrix Numerical Value
Model-Based Ξ Diag7(25)

switching functions Γ Diag7(12.2)
(proposed) 𝐾 Diag7(0.25)

Linear switching Λ Diag7(15)

functions 𝐾 10*diag(36, 30, 80, 55, 22, 30, 37)

Figures 5.10 and 5.11 display the results for the first set, and show the overlay of real-time

performance of both model-based and linear switching functions approaches on joint error

tracking performance and joint torque inputs. From Figure 5.10 it can be seen that the proposed

model-based switching functions approach features a better overall tracking accuracy on the

joint angles. Table 5.5 gives a quantitative overview of the Peak and RMS tracking errors in
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the joint space. The model-based switching functions yield an overall improvement of peak

and RMS error compared to linear switching functions. The RMS improvement is particularly

important for joints 2 and 4 (resp. 63.6% and 87.44%), which is visually supported by the

tracking superiority of the model-based switching functions approach over the conventional

linear functions in the Cartesian space displayed in Fig. 5.8 . Table 5.6 shows the measured

total variation computed as per Mondal and Mahanta (2014) on all torque control inputs. The

total torque inputs variation is reduced by 20% up to 80% for axes 1 to 6 with the model-

based switching functions approach, while staying comparable for wrist joint 7. The torque

inputs variation reduction is an important requirement for control design. Indeed, the practical

implementation of a controller requires constraints reduction on the control inputs to help against

premature failures of actuating components in the system, as well as avoiding non-modeled

fast dynamics behaviour in the closed-loop setup. Additionally, for the exoskeleton application,

having reduced transient activity on the torques control inputs reduces the vibration cues felt by

the patient, and therefore ensures improved comfort and ergonomic requirements.

Figure 5.8 Cartesian space reference trajectory (dashed black), no-load tracking

performance for proposed method (blue), no-load conventional SM (red), loaded tracking

performance for proposed method (green)

Figure 5.12 shows a zoomed-in time section of control torque input for axis 1. Although the

primary objective of the model-based switching functions approach is not to address the chattering
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Figure 5.9 Joint space reference trajectory (dashed black) and no-load tracking

performance for proposed method (blue) and no-load conventional SM (red)

problem, the zoomed-in square of Figure 5.12 shows at least 30% chattering level reduction

on the torque control inputs due mainly to the inertia matrix compensation by the switching

function, which leads to chattering decoupling on the control inputs. Transient dynamics with a

6 to 9 Hz frequency pattern also appears on the torque control input with conventional sliding

mode control. These frequencies are caused by non-compensated model-based terms in the

equivalent control input for the conventional approach.
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Figures 5.13, 5.14 and 5.15 present the experimental results performed by subject-1 and feature

the tracking performance and the torque inputs for the model-based switching functions approach

under normal loading conditions. The tracking performance in this case is very good and

remains within the boundaries of the no-load results, which demonstrates the robustness of

the proposed approach under uncertain/non-modeled loading conditions. The torques inputs

variations are also comparable to the no-load results, with levels slightly higher especially for

joints 1 to 4, reflecting the addition of the arm weight of subject-1.

Figure 5.10 No-load joint tracking errors for proposed method (blue) and no-load

conventional SM (red)
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Figure 5.11 No-load joint torque for proposed method (blue) and no-load

conventional SM (red)

5.7 Conclusion

In this paper, a novel sliding mode approach with model-based switching functions design was

developed and experimentally tested on a 7-DOF exoskeleton robotic arm for trajectory tracking

control. The main advantages of the model-based switching functions design were highlighted.

These advantages include a complete decoupling of chattering and transient constraints reduction

on the torque control inputs, as well as increased robustness compared to conventional linear
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Figure 5.12 Zoomed-in performance for axis 1 joint torque input, proposed method (blue)

and conventional SM (red)

Table 5.5 Improvements of proposed model-based switching

functions in tracking error peak and RMS values

Peak Error Value (degrees) RMS Error value (degrees)
Joint (𝑖) Conventional SMC Proposed Approach improvement (%) Conventional SMC Proposed Approach improvement (%)

1 2.46 2.29 6.98 1.2 0.92 23.53

2 5.73 4.92 14.01 3.02 1.10 63.60

3 1.32 1.49 -13.05 0.59 0.69 -16.98

4 3.21 1.09 66.06 2.01 0.25 87.44

5 1.49 0.57 61.54 0.85 0.20 76.59

6 1.72 2.12 -23.33 1.01 0.99 1.17

7 3.09 4.01 -29.64 1.77 1.40 20.98

sliding functions, while ensuring better tracking performance. Future work will combine the use

of model-based switching functions with existing chattering reduction techniques.
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Figure 5.13 Joint space reference trajectory (dashed black) and loaded tracking

performance for proposed method (green)

Table 5.6 Improvements of proposed model-based switching

functions in torque inputs total variation

Measured Torques Control Input Total Variance (Nm)
Joint (𝑖) Conventional SMC Proposed Approach improvement (%)

1 1572.0 334.5 78.72

2 2766.0 894.8 67.65

3 492.7 212.8 56.81

4 1315.0 566.6 56.91

5 152.6 121.1 20.64

6 233.6 113.1 51.58

7 80.24 84.19 -4.92
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Figure 5.14 Loaded joint tracking errors for proposed method
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Figure 5.15 Loaded joint torque for proposed method



CONCLUSION AND RECOMMENDATIONS

The research subject presented by this thesis covered the theoretical development and the

practical application of a new approach with regards to sliding mode control, by presenting the

design of sliding functions based on the dynamic model of robotic systems.

Through this research thesis, the following main contributions have been highlighted:

1. From a theoretical point of view, it has been shown that the design of model-based switching

functions makes it possible to compensate for the dynamic terms which appear in the control

law. This compensation leads to a significant simplification of the torque control law, which

leads to a reduction in the transient constraints, as well as a total decoupling of the chattering

effect on each of the joints torque inputs. It has also been shown that these functions ensure

overall asymptotic stability of the system when the sliding phase is reached.

2. A new formulation involving the gravity term has also been introduced to form a constraint

on the proportional gain matrix of the controller to ensure the overall asymptotic convergence

of the system with gravity compensation in the sliding functions. It has also been highlighted

that the mathematical properties of this new formulation may also be used to push further

the validation of the robot’s dynamic model by extending it to the gravity matrix of the

robot.

In terms of experimental validation, the proposed approach has been first implemented and

validated for trajectory tracking on a prototype of an exoskeleton robot with 7 degrees of

movement. The experimental results demonstrated that while maintaining very good trajectory

tracking performance, the model-based sliding function controller exhibits a marked improvement

in torque input signals over the conventional sliding mode controller, thereby reducing transient

stresses on the torque inputs. The new controller also demonstrated a reduction in the chattering

levels on the torque inputs, due to the elimination of the discontinuous term coupling effect of

the inertia matrix on the robot axes. In order to demonstrate the applicability of the approach
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to wider robotic systems, the proposed approach has been also applied to a quadcopter drone

system in which a sliding mode controller using model-based switching functions has also been

experimentally validated on the internal attitude loop of a quadcopter-type drone system for a

setpoint tracking problem. Thus, the generalization of the approach has demonstrated from an

experimental point of view.

As further research steps and continuation of this present work, the following recommendations

on key lead research points are proposed:

1. As a first step, consider the implementation and experimental validation of the model-based

switching functions approach for the trajectory tracking problem of the quadcopter-type

drone, which represents the logical continuation of the setpoint tracking problem already

validated experimentally.

2. As a second step, the combination of the model-based approach with chattering reduction

or elimination techniques such as the ERL and the STA can be explored. This could be

experimentally validated on the exoskeleton prototype and on the quadcopter-type drone

setup. An adaptive algorithm can also be considered to reduce the constraints on gain matrix

K.

3. As a third step, explore the combination of the use of model-based switching functions with

the TSM approach, which consists of designing nonlinear sliding functions to ensure the

convergence of the error towards 0 in a finite time. In this case, however, the combination

of these two approaches requires further analysis, and demonstrations of the stability of the

resulting sliding functions will therefore be necessary.

4. As a fourth step, extend the application of model-based switching functions to the dynamic

model of the robot expressed in the Cartesian space.

5. Finally, it would be interesting to explore the possibility of having time-varying positive

definite control matrices for the proportional and derivative terms of the error in the control

input, in order to adapt to the variation of the eigenvalues of matrix Ψ𝐺 along any trajectory
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in the robot’s work environment. This will avoid the over dimensioning of these matrices to

account for all possible trajectories in the cartesian workspace. This will however require

the theoretical development of stability proof with these varying matrices. From a practical

point of view, it will also require the real-time computation of the eigenvalues of matrix Ψ𝐺 ,

and this might also require increased CPU performance at execution time. Alternatively, a

discrete mapping of the workspace could be performed to compute offline the eigenvalues

of matrix Ψ𝐺 , however this might require on the other hand additional memory resources.





APPENDIX I

EXPLANATION OF THE COMPENSATION OF THE GRAVITY TERM THROUGH
A SIMPLE SISO EXAMPLE

The development in this appendix is intended to explain the theoretical development in section

2.3 of Chapter 2 through a simple SISO system example, and more precisely tackling the

explanation of the gravity vector relationship (2.36). Function 𝑓 (𝑥) in the following example

will be a simple scalar representation of the gravity vector for MIMO robot systems.

1. Application Example on a SISO Nonlinear Second-Order System

Consider the following second-order nonlinear differential equation

�𝑥 + 𝑘 �𝑥 + 𝑏𝑥 − 𝑓 (𝑥) = 0 (A I-1)

Where k and b are positive constants, and 𝑓 (𝑥) is a nonlinear function, and 𝑥 is assumed to vary

within a closed subset 𝜁 . For the sake of the example, consider that 𝑓 (𝑥) = 6𝑥2

Note that 𝑓 (𝑥) can be written as:

𝑓 (𝑥) = 𝑓 (0) +

(∫ 1

0

𝑓 ′(𝑥 · ℎ)𝑑ℎ

)
· 𝑥 (A I-2)

Where 𝑓 ′(𝑥) is the derivative of 𝑓 with respect to x. Therefore:

∫ 1

0

𝑓 ′(𝑥 · ℎ)𝑑ℎ =
∫ 1

0

12𝑥 · ℎ · 𝑑ℎ = 6𝑥 (A I-3)

(A I-2) can therefore be written as:
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𝑓 (𝑥) = 𝑓 (0) + (6𝑥) · 𝑥 (A I-4)

Where 𝑓 (0) = 0 in this case. Thus the term
∫ 1

0
𝑓 ′(𝑥 · ℎ)𝑑ℎ is the slope of the segment

(0,0):(x,f(x)) as shown in figure

Figure-A I-1 Depiction of 𝑓 (𝑥) and
∫ 1

0
𝑓 ′(𝑥 · ℎ)𝑑ℎ = 6𝑥 for

𝑥 = 4

Note that when x is in the neighborhood of 0, then the following approximation is valid

∫ 1

0

𝑓 ′(𝑥 · ℎ)𝑑ℎ ≈ 𝑓 ′(0) (A I-5)

And therefore (A I-2) becomes

𝑓 (𝑥) ≈ 𝑓 (0) + 𝑓 ′(0) · 𝑥 (A I-6)
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(A I-6) represents the first order Taylor approximation of f(x) in the neighborhood of 0.

Hence, (A I-6) is a particular case of (A I-2) whereby it is approximated by the first-order Taylor

development of function f(x). Note that (A I-1) can then be written as

�𝑥 + 𝑘 �𝑥 +

(
𝑏 −

∫ 1

0

𝑓 ′(𝑥 · ℎ)𝑑ℎ

)
𝑥 − 𝑓 (0) = 0 (A I-7)

Using 𝑓 (𝑥) = 6𝑥2, (A I-7) simplifies into:

�𝑥 + 𝑘 �𝑥 + (𝑏 − 6𝑥) 𝑥 = 0 (A I-8)

In order to ensure that (A I-8) implies the asymptotic convergence of x towards 0, then 𝑏 − 6𝑥

has to be strictly positive for x varying within 𝜁 . Indeed, consider the following Lyapunov

candidate:

𝐿(𝑥, �𝑥) =
1

2
�𝑥2 + 𝑃(𝑥) − 𝑃(0) (A I-9)

Where 𝑃(𝑥) = 1
2
𝑏𝑥2 −

∫
𝑓 (𝑥)𝑑𝑥

Differentiating P(x) with respect to x gives:

𝑑𝑃

𝑑𝑥
= 𝑏𝑥 − 𝑓 (𝑥) = (𝑏 − 6𝑥) 𝑥 (A I-10)

Since 𝑏 − 6𝑥 is chosen to be strictly positive, therefore 𝑑𝑃
𝑑𝑥 is of the same sign as x, and 𝑑𝑃

𝑑𝑥 = 0

only for x=0. Then this implies that P has a unique minimum at x=0, which then leads to

𝑃(𝑥) − 𝑃(0) ≥ 0, which finally implies that L is a valid Lyapunov candidate.

Differentiating L with respect to time gives:
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�𝐿 (𝑥, �𝑥) = �𝑥 �𝑥 + 𝑏𝑥 �𝑥 − 𝑓 (𝑥) �𝑥 (A I-11)

Using (A I-8) in (A I-11) finally gives �𝐿 = −𝑘 �𝑥2

Applying here Barbalat’s Lemma and reminding that 𝑏 − 6𝑥 > 0 finally implies the asymptotic

convergence of x towards 0.
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