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ABSTRACT

This thesis addresses forward and inverse modeling of water infiltration and solute
transport in porous media by developing efficient physics-constrained computational
numerical models. For the mathematical description of water infiltration, two for-
mulations are considered: the standard Richards equation, which predicts stable and
monotonic wetting fronts, and the extended BCJ–R equation, which accounts for un-
stable infiltration phenomena such as saturation overshoot and gravity-driven fingered
flow. To model solute transport, the infiltration models are coupled with advec-
tion–dispersion–reaction equations that capture the dynamics of single- and multi-
species solute transport. The transport framework incorporates biogeochemical pro-
cesses including first-order decay of nitrogen compounds through nitrification and deni-
trification, reversible adsorption of solutes onto soil particles, and transformation path-
ways such as volatilization, mineralization, and microbial degradation.

In the first part of this thesis, a numerical model based on a semi-implicit second-
order mixed finite element method is developed to simulate coupled water flow and
solute transport in unsaturated porous media. Water infiltration is considered under
a stable front regime using the Richards equation, which is coupled with an advec-
tion–dispersion–reaction system to represent fertilizer transport. The developed nu-
merical model avoids nonlinear iterative solvers for the Richards equation, thereby
mitigating convergence issues associated with highly nonlinear soil capillary models.
Numerical experiments are conducted to solve the coupled system under scenarios in-
cluding single- and multi-species nitrogen transport, pore-water electrical conductivity,
and nitrate migration. Validation against analytical solutions, established numerical
codes, and experimental datasets confirms the model’s accuracy in reproducing water
infiltration dynamics and solute transport processes. This high-fidelity solver serves
both as a benchmark and as a data source for the physics-informed machine learning
models developed in subsequent chapters.

In the second part, a physics-informed neural network (PINN) is developed for forward
modeling of coupled water flow and solute transport. The model requires only the
initial and boundary conditions, while the governing equations are embedded directly
into the training process. The PINN’s performance is evaluated against the high-fidelity
finite element solver from the first part, showing good agreement and confirming the
potential of PINNs for forward modeling of water–solute transport in porous media.

In the third part, the objective is to identify the most effective PINN strategy for mod-
eling water infiltration and single- and multispecies solute transport in porous media.
A comprehensive comparative study of different PINN formulations is conducted, eval-
uating their performance in forward simulations of coupled flow–transport processes
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as well as in inverse problems for estimating unknown model parameters. Among the
approaches examined, the sequential PINN strategy, where the governing equations for
water flow and solute transport are trained separately, emerges as the most effective.
Its superiority is demonstrated through extensive validation against synthetic datasets
and experimental benchmarks, establishing its robustness for predictive simulations
and parameter identification in unsaturated porous media.

In the fourth part, the sequential PINN framework is extended with transfer learning
to address the complexity of multispecies solute transport in unsaturated soils. The
parameters learned during the training of the Richards equation are used to initialize
the solute transport PINNs, exploiting structural similarities between the governing
PDEs, both of which involve advection–diffusion-type operators. This strategy ac-
celerates convergence, enhances training stability, and improves predictive accuracy
compared to randomly initialized models, as demonstrated in forward and inverse sim-
ulations across one- and two-dimensional soil configurations.

In the fifth part, the sequential PINN paradigm is generalized to arbitrary one-way
coupled systems, where each equation depends on the outputs of preceding ones in a
fixed causal order. New training schemes are introduced to exploit these directional
dependencies, mitigating convergence issues that arise when equations are trained si-
multaneously. The framework shows clear advantages over standard PINNs, achieving
good accuracy and efficiency in modeling the coupled dynamics of water flow and
multispecies solute transport in porous media.

In the sixth part, the challenging problem of unstable infiltration in unsaturated soils is
addressed by numerically solving the fourth-order BCJ–R equation. It was found that
the PINN model for the Richards equation is not suitable for this case; therefore, a new
solver is developed with tailored training strategies and modified neural architectures
to manage the multiscale behavior and stiffness inherent to the BCJ–R equation. The
resulting PINN model accurately reproduces key features such as saturation overshoot,
shows good agreement with experimental data, and remains consistent with thermo-
dynamic principles, as verified through entropy dissipation analysis in closed systems.

Finally, the last part of this thesis investigates multitask learning for infiltration in
unsaturated flow through the development of a fast and accurate surrogate model. A
deep neural operator is introduced and trained in a meshless, data-free, and physics-
informed setting to learn the mapping from varying initial and boundary conditions
to the corresponding soil moisture distributions. To enhance extrapolation capability,
a fine-tuning stage is incorporated using either physical constraints or available soil
moisture data. The model is validated against the high-fidelity finite element solver,
achieving comparable accuracy at a fraction of the computational cost during inference.
This framework establishes the neural operator as an efficient and reliable real-time
surrogate for optimizing irrigation strategies.
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RÉSUMÉ

Cette thèse traite de la modélisation directe et inverse de l’infiltration d’eau et du trans-
port de solutés dans les milieux poreux par le développement de modèles numériques
computationnels efficaces, contraints par la physique. Pour la description mathéma-
tique de l’infiltration d’eau, deux formulations sont considérées : l’équation de Richards
standard, qui prédit des fronts d’humectation stables et monotones, et l’équation éten-
due BCJ–R, qui rend compte des phénomènes d’infiltration instable tels que le dépasse-
ment de saturation et les écoulements préférentiels à doigts gravitaires. Pour mod-
éliser le transport de solutés, les modèles d’infiltration sont couplés à des équations
d’advection–dispersion–réaction qui capturent la dynamique du transport de solutés
mono- et multi-espèces. Le cadre de transport intègre des processus biogéochimiques,
notamment la dégradation d’ordre un des composés azotés par nitrification et déni-
trification, l’adsorption réversible des solutés sur les particules du sol, ainsi que des
voies de transformation telles que la volatilisation, la minéralisation et la dégradation
microbienne.

Dans la première partie de cette thèse, un modèle numérique basé sur une méth-
ode des éléments finis mixtes semi-implicite d’ordre deux est développé pour simuler
l’écoulement de l’eau et le transport de solutés dans les milieux poreux non saturés.
L’infiltration de l’eau est considérée dans un régime de front stable à l’aide de l’équation
de Richards, couplée à un système d’advection–dispersion–réaction pour représenter le
transport des engrais. Le modèle numérique développé évite le recours à des solveurs
itératifs non linéaires pour l’équation de Richards, ce qui permet de limiter les prob-
lèmes de convergence liés aux modèles capillaires du sol fortement non linéaires. Des
expériences numériques sont menées pour résoudre le système couplé dans divers scé-
narios, incluant le transport mono- et multi-espèces de l’azote, la conductivité électrique
de l’eau interstitielle et la migration des nitrates. La validation par comparaison avec
des solutions analytiques, des codes numériques établis et des données expérimentales
confirme la précision du modèle dans la reproduction des dynamiques d’infiltration de
l’eau et des processus de transport des solutés. Ce solveur haute fidélité sert à la fois
de référence et de source de données pour les modèles d’apprentissage automatique
informés par la physique développés dans les chapitres suivants.

Dans la deuxième partie, un réseau de neurones informé par la physique (PINN) est
construit pour modéliser la dynamique couplée de l’écoulement de l’eau et du trans-
port de solutés. La méthode intègre directement les équations gouvernantes dans le
processus d’apprentissage et ne requiert que les conditions initiales et aux limites. Ses
performances sont évaluées par comparaison avec le solveur aux éléments finis haute
fidélité présenté précédemment, montrant un accord étroit et confirmant le potentiel des
PINNs pour la modélisation directe du transport eau–solutés dans les milieux poreux.
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Dans la troisième partie, l’objectif est d’identifier la stratégie PINN la plus efficace
pour la modélisation de l’infiltration de l’eau et du transport des solutés mono- et mul-
tispecies dans les milieux poreux. Une étude comparative approfondie de différentes
formulations de PINN est menée, évaluant leurs performances à la fois dans les sim-
ulations directes des processus couplés écoulement–transport et dans les problèmes
inverses visant l’estimation de paramètres inconnus. Parmi les approches examinées,
la stratégie séquentielle PINN, dans laquelle les équations gouvernantes de l’écoulement
et du transport sont entraînées séparément, s’avère la plus efficace. Sa supériorité est
démontrée par une validation approfondie sur des jeux de données synthétiques et des
bancs d’essai expérimentaux, confirmant sa robustesse pour les simulations prédictives
et l’identification de paramètres en milieux poreux non saturés.

Dans la quatrième partie, le cadre séquentiel PINN est enrichi par l’apprentissage par
transfert afin de traiter la complexité du transport multispecies dans les sols non sat-
urés. Les paramètres appris lors de l’entraînement de l’équation de Richards sont
utilisés pour initialiser les PINN de transport des solutés, en exploitant les similarités
structurelles entre les équations gouvernantes, qui comportent toutes deux des opéra-
teurs de type advection–diffusion. Cette stratégie accélère la convergence, améliore la
stabilité de l’entraînement et accroît la précision prédictive par rapport aux modèles
initialisés aléatoirement, comme démontré dans les simulations directes et inverses en
une et deux dimensions.

Dans la cinquième partie, le paradigme PINN séquentiel est généralisé à des systèmes
couplés unidirectionnels arbitraires, où chaque équation dépend des sorties des équa-
tions précédentes dans un ordre causal fixé. De nouveaux schémas d’entraînement
sont introduits pour exploiter ces dépendances directionnelles, atténuant les problèmes
de convergence rencontrés lorsque les équations sont entraînées simultanément. Le
cadre présente des avantages clairs par rapport aux PINN standards, atteignant une
bonne précision et efficacité pour la modélisation des dynamiques couplées écoule-
ment–transport multispecies dans les milieux poreux.

Dans la sixième partie, le problème difficile de l’infiltration instable dans les sols non
saturés est abordé en résolvant numériquement l’équation de BCJ–R d’ordre quatre.
Il a été constaté que le modèle PINN conçu pour l’équation de Richards n’est pas
adapté à ce cas ; par conséquent, un nouveau solveur est développé, intégrant des
stratégies d’entraînement adaptées et des architectures neuronales modifiées, afin de
gérer la nature multiscalaire et la raideur propres à l’équation de BCJ–R. Le modèle
obtenu reproduit avec précision des phénomènes clés tels que le dépassement de satura-
tion, montre un bon accord avec les données expérimentales et reste cohérent avec les
principes thermodynamiques, comme vérifié par une analyse de dissipation d’entropie
en systèmes fermés.

Enfin, la dernière partie de cette thèse étudie l’apprentissage multitâche pour l’infiltration
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en régime non saturé à travers le développement d’un modèle de substitution rapide
et précis. Un opérateur neuronal profond est proposé et entraîné dans un cadre sans
maillage, sans données et informé par la physique, afin d’apprendre la relation entre
des conditions initiales et aux limites variables et les distributions correspondantes
d’humidité du sol. Pour améliorer la capacité d’extrapolation, une étape d’ajustement
fin est intégrée en utilisant soit des contraintes physiques, soit des données disponibles
d’humidité du sol. Le modèle est validé par comparaison avec le solveur aux éléments
finis haute fidélité, atteignant une précision comparable tout en réduisant considérable-
ment le coût de calcul en phase d’inférence. Ce cadre établit l’opérateur neuronal
comme un substitut efficace et fiable en temps réel pour l’optimisation des stratégies
d’irrigation.
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CHAPTER 1 Introduction

1.1 Background and motivation

1.1.1 Water scarcity, fertilizer use, and environmental challenges

Agriculture is a fundamental sector on which human life depends, as it plays a cru-
cial role in ensuring sufficient food supply for the rapidly growing global population.
However, it is also the most water-dependent sector, relying heavily on freshwater re-
sources. This dependence makes agricultural sustainability particularly vulnerable to
water scarcity and climate variability. According to the Food and Agriculture Or-
ganization (FAO, 2021), nearly 70% of global freshwater withdrawals are dedicated
to agricultural activities, while only about 10% is allocated to domestic use and the
remainder to industry (Morianou et al., 2023). In the agricultural sector, water is
essential for a wide range of activities, including crop irrigation, livestock care, food
processing, and the maintenance of soil quality.
The increasing global demand for food has intensified the water requirements of modern
agricultural practices, exacerbating pressure on already scarce water resources. Water
scarcity is particularly severe in arid and semi-arid regions, where frequent droughts
and low rainfall lead to extremely limited water availability. Qadem et al. (2025)
reported that drought conditions in the semi-arid areas of Morocco have intensified in
the last few decades, with a clear increase in the frequency and severity of dry periods
and a statistically significant decrease in precipitation between 1979 and 2015. This
highlights the ongoing need to improve the efficiency and sustainability of water use,
especially in the agricultural sector.
To improve crop yields and meet the demands of a rapidly growing global population,
researchers and practitioners have increasingly focused on optimizing the combined use
of water and fertilizers in agriculture. For healthy growth and maximum productivity,
plants require adequate water and timely access to essential nutrients (Brendel, 2021).
Irrigation refers to the process of supplying water to crops in a controlled manner,
while fertigation denotes the application of fertilizers through irrigation systems to de-
liver nutrients directly to the root zone. Fertilizers, usually applied in liquid or powder
form, provide essential elements such as nitrogen, phosphorus, potassium, sulfur, and
other micronutrients. However, maximizing the efficiency of both water and fertilizer
use remains a major challenge, as significant losses occur through evaporation, surface
runoff, and deep percolation. These constraints highlight the urgent need for advanced
irrigation and fertigation strategies that deliver water and nutrients precisely where
and when crops require them. Without such control, excessive fertilizer applications
not only reduce resource efficiency but also pose serious environmental and health
risks, including soil ecosystem degradation and contamination of water resources. One
major challenge is the efficient delivery of fertilizers without harming the surrounding
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soil environment, including microbial communities such as bacteria and fungi, or con-
taminating groundwater. Among all nutrients, nitrate (NO−

3 ) is of particular concern
because it is a highly mobile anion that leaches easily beyond the root zone (Muham-
mad et al., 2022). Its low retention in soil allows it to travel with percolating water,
making it one of the most leachable and groundwater-sensitive nutrients. As a result,
nitrate often accumulates in groundwater, sometimes exceeding the safe concentration
limits for drinking water, which are set at 10 mg/L as nitrogen or 45 mg/L as NO−

3
(Zhou et al., 2015). This poses a serious concern, especially since groundwater supplies
nearly half of all drinking water worldwide (Zhou et al., 2015).

1.1.2 Mathematical modeling of irrigation and fertigation strategies

To enhance the efficiency of resource use, various irrigation and fertigation strategies
have been developed and evaluated. These include surface irrigation, flood irrigation,
subsurface irrigation, and micro-irrigation techniques such as drip and sprinkler sys-
tems. Such systems are designed to minimize water and fertilizer losses by delivering
inputs directly to the plant roots, thereby increasing water and nutrient use efficiency
and reducing leaching into deeper soil layers (Gärdenäs et al., 2005). Precision ir-
rigation methods are especially valuable in water-scarce regions, where sustainable
agricultural practices are crucial. In general, determining the optimal irrigation and
fertigation strategy for a specific crop and region requires extensive field and experimen-
tal studies. Many studies have been conducted to assess the effectiveness of different
irrigation and fertigation systems under varying soil, climate, and crop conditions (see
e.g., Gärdenäs et al. (2005); Liu et al. (2019); Poch-Massegú et al. (2014); Rajput
and Patel (2006); Russo and Kurtzman (2019)). However, a key limitation of these
approaches is the time, cost, and labor involved in conducting large-scale field exper-
iments. Testing every possible combination of irrigation schedule, nutrient dose, and
system layout is often impractical due to resource constraints and the urgent need to
implement irrigation systems during growing seasons.
Mathematical models provide an efficient and robust framework for analyzing water
and nutrient behavior in porous media. Unlike empirical approaches, these models are
grounded in physical laws and can represent the coupled processes of flow, transport,
and reactions within soils. They are capable of predicting the spatial distribution and
the temporal evolution of water saturation as well as solute concentrations throughout
the soil profile. This predictive ability allows researchers and practitioners to assess
how different irrigation and fertigation practices influence water availability, nutrient
uptake, and potential losses. By simulating different management scenarios, these
models can be used to identify efficient irrigation and fertigation strategies that improve
the use of water and nutrients while reducing environmental risks. Such simulations
reduce the reliance on costly and time-consuming field and laboratory experiments,
offering a more flexible framework for decision-making across diverse crops, soil types,
and climatic conditions.
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In this thesis project, we focus on continuum mathematical models that describe key
processes such as water infiltration and fertilizer transport in porous media. These pro-
cesses are typically governed by partial differential equations (PDEs) with well-defined
initial and boundary conditions, forming the foundation for predictive modeling. By
accurately representing the underlying physical and chemical dynamics in soil systems,
PDE-based models offer a robust framework for evaluating and optimizing irrigation
and fertigation strategies across diverse agricultural scenarios. In the forward modeling
setting, where initial/boundary conditions and physical parameters (e.g., soil properties
such as porosity, bulk density, hydraulic conductivity functions, and capillary pressure
models, as well as solute parameters such as diffusion coefficients and kinetic reaction
terms) are known, the models can directly predict quantities of interest, such as soil wa-
ter saturation, pressure head, and solute concentrations for different chemical species.
In inverse problems, limited and noisy observational data are used to infer a suitable
set of unknown parameters that yield model outputs consistent with the observations.
These calibrated models can then be validated and employed for other predictive tasks.

1.1.3 Modeling water and solute transport in porous media

Understanding how water and dissolved substances move through porous media is
essential for designing efficient irrigation and fertigation strategies. The subsurface zone
where water saturation is less than the soil porosity, located between the soil surface
and the groundwater table, includes the plant root zone and serves as the primary
domain of interest in agricultural water management. Accurately modeling the flow
of water and the transport of fertilizers within this zone is crucial for ensuring that
crops receive sufficient nutrients while minimizing resource losses and environmental
contamination.

1.1.3.1 Water flow models

Many mathematical models have been developed to describe water infiltration in porous
media. One of the most widely used is the Richards equation (Richards, 1931), which
accounts for water movement driven by both gravitational and capillary forces. This
equation captures the nonlinear relationship between soil moisture content and hy-
draulic conductivity, making it well-suited for modeling unsaturated flow conditions.
In soil hydrology and agro-environmental modeling, the Richards equation is often cou-
pled with the advection–dispersion–reaction (ADR) equations (Bear, 2013) to simulate
the transport of dissolved fertilizers and other solutes within the root zone. This cou-
pled Richards–ADR system is inherently complex and can be extended to incorporate
a wide range of physical and biochemical processes, including root water and nutri-
ent uptake, hysteresis effects, nutrient adsorption and degradation, preferential flow
pathways, and multiphase flow dynamics (Šimůnek et al., 2005).
To model water infiltration in unsaturated porous media, several continuum models
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have been developed in addition to the classical Richards equation to account for
preferential flow phenomena such as unstable infiltration, saturation overshoot, and
gravity-driven fingering. These processes have been extensively documented in exper-
imental studies (e.g., DiCarlo (2004); Glass et al. (1989)). To better capture these
complex flow patterns, several extensions and modifications of the Richards equation
have been proposed (see, e.g., DiCarlo (2013); Xiong (2014); Cueto-Felgueroso and
Juanes (2009); Eliassi and Glass (2002); Beljadid et al. (2020)). These continuum mod-
els aim to improve the representation of non-equilibrium effects, phase separation, and
dynamic capillary behavior in porous media. Beljadid, Cueto-Felgueroso, and Juanes
(Beljadid et al., 2020) introduced a continuum model to describe unstable infiltration
in porous media. They formulated a new PDE, referred to as the BCJ-R equation (see
Equation 18 in (Beljadid et al., 2020)), which extends the classical Richards equation
by incorporating an entropy function. This formulation is grounded in second gradient
theory and is derived from a free energy functional that symmetrically expands the
capillary energy density term present in the traditional Richards equation.

1.1.3.2 Solute transport models

For solute transport in porous media, various physical and chemical processes can be
explicitly modeled within the ADR framework. For instance, sorption of solutes to
soil particles is often described using nonlinear isotherms such as those of Langmuir
or Freundlich type (Wang et al., 2017), which are widely used to represent phosphorus
retention. Phosphorus immobilization can also be modeled through additional reaction
terms accounting for microbial uptake and precipitation with soil minerals. Moreover,
root water and nutrient uptake can be incorporated using sink terms based on plant
stress response models, such as the Feddes model (Feddes et al., 1976), which links
uptake rates to soil moisture conditions.
Several mathematical models have been developed to extend the standard equilib-
rium ADR equation in order to account for nonequilibrium physical and chemical
processes (Šimůnek et al., 2005; Šimůnek and van Genuchten, 2008). Nonequilibrium
physical models assume the existence of two distinct liquid regions: a mobile zone,
where water and solutes move, and an immobile zone, where water remains stagnant.
Solute exchange between these zones is modeled using formulations such as the mo-
bile–immobile model, dual-porosity model, or dual-permeability model. On the other
hand, nonequilibrium chemical models account for kinetically controlled reactions, such
as time-dependent sorption and desorption processes, rather than assuming instanta-
neous equilibrium. These models are particularly relevant for reactive solute transport
involving complex geochemical interactions. For a comprehensive overview of these
models and their implementation, we refer the reader to (Šimůnek and van Genuchten,
2008).
To design effective fertigation strategies, it is essential to simultaneously track mul-
tiple interacting solute species. For example, in the case of NPK fertilizers (e.g.,
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urea–nitrogen, phosphorus, and potassium), each solute is typically described by its
own ADR equation. Urea undergoes urease-catalyzed hydrolysis to ammonium, which
is further transformed through nitrification (CO(NH2)2 → NH+

4 → NO−
2 → NO−

3 ) and,
under anaerobic conditions, through denitrification into gaseous nitrogen products.
These transformations are commonly modeled using zero or first-order kinetics with
rate modifiers dependent on soil water content, temperature, and pH (Šimůnek et al.,
2005).

1.1.3.3 Modeling challenges and computational complexity

Modeling water infiltration and the transport of multiple solutes using mathematical
models remains a highly challenging task due to several factors. From a numerical
standpoint, one of the main difficulties arises from the infiltration process itself, which is
governed by a highly nonlinear and degenerate PDE. This often leads to the formation
of sharp saturation fronts, particularly in coarse-textured soils where gravitational
forces dominate over capillary forces. A further challenge lies in the multiphysics nature
of the problem: infiltration dynamics must be coupled with solute transport equations
to accurately predict fertilizer concentrations within the soil–plant continuum. The
complexity grows significantly when multiple interacting solutes are considered. In
addition, determining optimal irrigation and fertigation strategies requires running
a large number of simulations under varying soil properties, initial conditions, and
boundary conditions to capture their impact on water and nutrient dynamics. This
makes the process computationally intensive and time-consuming. As a result, the
development of efficient and practical algorithms for solving such models remains an
active and demanding area of research.

1.1.4 Thesis motivation

The primary motivation of this thesis is to develop efficient and accurate predictive al-
gorithms for modeling water infiltration and the transport of single- and multi-species
solutes in porous media. The problem is inherently challenging because infiltration
processes are governed by highly nonlinear PDEs. In particular, the Richards equation
captures unsaturated flow, while the more advanced BCJ–R model addresses unsta-
ble infiltration phenomena such as fingering and saturation overshoot. Beyond wa-
ter flow, realistic scenarios require the coupling of these infiltration models with ad-
vection–dispersion–reaction systems that describe the transport, transformation, and
degradation of multiple interacting solutes. Inverse modeling adds another layer of
complexity: algorithms must infer soil hydraulic and solute parameters from sparse
and noisy data while maintaining predictive reliability. Moreover, effective irrigation
and fertigation management requires repeated simulations under varying soil prop-
erties, boundary conditions, and application strategies, which makes computational
efficiency a critical requirement. Traditional numerical solvers become prohibitively
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expensive under such demands. The overarching goal of this thesis is to close these
gaps by integrating finite element methods with physics-informed machine learning
surrogates and operator learning techniques. The objective is to create scalable and
data-efficient algorithms capable of handling forward and inverse problems in water
flow and solute transport, enabling robust predictions across a wide range of soil, crop,
and environmental conditions.

Modeling challenges. The development of efficient predictive models for the studied
problem is challenged by the physical complexity of the governing equations and the
numerical difficulties involved in their solution. The main challenges include:

1. Richards equation. The Richards equation is a highly nonlinear PDE, and
its solution often develops steep gradients near the wetting front. In gravity-
dominated regimes, the problem becomes advection-dominated, leading to nu-
merical instability. Standard numerical schemes typically rely on iterative solvers,
which may suffer from convergence issues. In heterogeneous porous media, such
as layered soils, discontinuities in hydraulic properties result in sharp transitions
in water saturation at layer interfaces. Accurately capturing these transitions
requires specialized numerical treatments, as naive discretizations may produce
spurious oscillations or loss of accuracy.

2. BCJ-R model. The BCJ-R model introduces a high-order nonlinear PDE to
describe complex infiltration behaviors such as saturation overshoot and fingering
flow. Solving this equation requires high-order spatial and temporal discretization
schemes to accurately resolve both low- and high-frequency solution components.
This increases the computational burden and places strict requirements on solver
stability and resolution.

3. Multi-species solute transport: Coupled ADR equations for multi-species so-
lute transport often exhibit stiff behavior due to varying transport and reaction
timescales. Numerical errors in one equation can propagate through the coupled
system, compromising overall stability and accuracy. The multiphysics nature of
these systems introduces self-scaled transport regimes for each species, governed
by distinct diffusion, advection, and reaction dynamics. As a result, the pre-
dictive algorithm must be capable of handling disparate scales and interactions
simultaneously to ensure accurate and stable solutions.

4. Inverse problems. Estimating unknown parameters (e.g., soil hydraulic or
transport properties) from limited and noisy measurement data leads to ill-posed
inverse problems. Robust surrogate models must generalize well under data
scarcity while maintaining predictive accuracy and physical consistency.

5. Computational cost in multi-query settings. For tasks involving repeated
simulations under varying input conditions, such as optimal irrigation design or
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uncertainty quantification, traditional numerical solvers are often computation-
ally prohibitive. This motivates the development of efficient surrogate models
that can provide rapid, accurate predictions across a wide range of scenarios to
support real-time and multi-task decision-making.

1.2 Mathematical models

In the following, we present the mathematical models that govern water infiltration and
solute transport in porous media. Water flow in unsaturated soils is primarily described
by the Richards equation, which accounts for both capillary and gravitational forces.
To capture unstable infiltration phenomena, such as saturation overshoot or gravity-
driven fingering, we adopt the BCJ-R equation proposed by Beljadid et al. (2020),
which extends the classical Richards formulation. We refer to
For solute transport, we use the ADR equations (Bear, 2013), which describe the move-
ment and transformation of dissolved substances in the soil. All models are formulated
with appropriate initial and boundary conditions to reflect site-specific flow and trans-
port scenarios.
For these formulations, we denote by Ω the computational domain representing the
porous medium, t the time coordinate, and x = (x, z) the spatial coordinates, where
x is the horizontal direction and z is the vertical direction oriented upward. The
time horizon for infiltration and transport is denoted by I = (0, T ], where T is the final
simulation time. In forward modeling, initial and boundary conditions as well as model
parameters are assumed to be known, whereas in inverse settings certain parameters
or boundary conditions must be inferred from available observational data.

1.2.1 Water infiltration

1.2.1.1 Local model: Stable wetting front

The Richards equation (Richards, 1931) is a time-dependent nonlinear advection-
diffusion PDE that is used to model water infiltration into unsaturated porous media.
It is derived by combining the mass conservation principle and Darcy-Buckingham’s
law (Buckingham, 1907). The expression of the Richards equation is as follows:

∂θ

∂t
+ ∇ · q = 0,

q = −K∇(Ψ + z),
(1.1)

where Ψ is the matric head, q is the water flux, K = Kskr is the unsaturated hydraulic
conductivity, Ks is the saturated hydraulic conductivity, kr is the water relative per-
meability, and θ is the volumetric water content.
To fully define the Richards equation, it is necessary to specify the soil hydraulic
properties in closed form: the water retention curve, which relates the volumetric
water content θ to the pressure head Ψ, and the hydraulic conductivity function, which
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describes the dependence of unsaturated hydraulic conductivity on Ψ. Subsequent
chapters will provide a detailed discussion of the Richards equation.

1.2.1.2 Nonlocal model: Unstable wetting front

To simulate unstable infiltration phenomena in porous media, we adopt the BCJ-R
equation proposed by Beljadid, Cueto-Felgueroso, and Juanes (Beljadid et al., 2020).
This PDE is endowed with an entropy function to ensure thermodynamic consistency
and captures key instability-driven phenomena such as saturation overshoot in 1D and
fingered flow in higher dimensions. The governing equation is a high-order PDE given
by (Beljadid et al., 2020):

ϕ
∂S

∂t
+ ∇ ·

[
K(S)∇

(
z + ψ(S) +

√
κ(S)∇ ·

(√
κ(S)∇S

))]
= 0, (1.2)

where S is the water saturation, ϕ is the medium porosity, K represents the unsaturated
hydraulic conductivity, ψ is the water suction head, and κ represents the capillary
pinning function. More details on the BCJ-R equation will be presented in Chapter 7.

1.2.2 Solute transport

In unsaturated porous media, the coupled water flow and solute transport system is
generally represented by the ADR equation coupled with an infiltration model. The
governing ADR equation takes the following form (Bear, 2013; Šimůnek et al., 2005):

∂(θc)
∂t

+ ∂(ρs)
∂t

= ∇ · (θD∇c− cq) , (1.3)

where c is the solute concentration in the liquid phase, s is the concentration of solute
adsorbed to the solid matrix, ρ denotes the soil bulk density, and D is the dispersion
tensor, which accounts for both molecular diffusion and hydrodynamic dispersion. The
terms θ and q represent the volumetric water content and Darcy water flux, respec-
tively, as computed from the Richards equation (5.1).
More details on the solute transport model will be provided in subsequent chapters.

1.3 Numerical models

1.3.1 Standard numerical methods

Numerical methods are the most common approach for approximating the solution of
well-posed differential equations that arise in modeling physical systems. In the context
of subsurface hydrology, a wide range of numerical techniques have been developed to
simulate water infiltration and solute transport in porous media. In the following
sections, we present a literature review of the key numerical methods used to solve
these problems, with a focus on their application to modeling water infiltration and
fertilizer movement in the root zone as well as their limitations.
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1.3.1.1 Literature review

Numerical modeling of the Richards equation has been the subject of extensive research
for decades, primarily due to its inherent complexity and the fact that exact analytical
solutions are only available for simplified scenarios, not for realistic field conditions.
It is mathematically characterized as a degenerate, nonlinear, elliptic–parabolic PDE
of advection–diffusion type. It transitions between parabolic and degenerate elliptic
behavior, depending on soil moisture conditions. This dual nature arises because the
equation degenerates (loses its parabolic character) when the soil becomes fully sat-
urated (Farthing and Ogden, 2017). This complexity presents significant challenges
for numerical approximation, especially in soils where the relationships between ma-
tric potential, water saturation, and hydraulic conductivity exhibit strong nonlinearity.
Consequently, the development of accurate and stable numerical schemes is crucial for
accurately simulating water flow in porous media using the Richards equation.
Many numerical methods have been proposed to solve the Richards equation, with the
aim of developing efficient time-stepping schemes and accurate spatial discretizations
of the underlying PDE. Spatial approximations encompass a variety of techniques,
including finite difference methods (Chávez-Negrete et al., 2018; Celia et al., 1990a;
Fengnan et al., 2020), finite element methods (Celia et al., 1990a; Keita et al., 2021b;
Bergamaschi and Putti, 1999a; Kamil et al., 2024a; Fahs et al., 2009; Toutlini et al.,
2025a, 2024; List and Radu, 2016), finite volume methods (Manzini and Ferraris, 2004;
Casulli and Zanolli, 2010), meshless techniques (Boujoudar et al., 2021a,b; Stevens
and Power, 2011), and spectral methods (Difonzo and Pellegrino, 2024), among oth-
ers. Each approach offers specific advantages and faces certain limitations regarding
accuracy, stability, and computational efficiency, with performance often dependent
on the characteristics of the soil and the imposed boundary conditions. Regarding
temporal discretization, the most commonly used approach is the first-order implicit
(backward) Euler scheme, due to its stability and robustness for stiff, nonlinear prob-
lems. However, the use of higher-order time integration methods remains limited in
practice (Kamil et al., 2024b; Keita et al., 2021b; Toutlini et al., 2025a), despite their
potential to improve temporal accuracy and efficiency.
Several studies have addressed the challenge of solving the coupled system of equations
governing water flow and solute transport by adopting either deterministic approaches
(Antonopoulos, 1993; Chen et al., 2019a; Haruzi and Moreno, 2023c; Illiano et al., 2021;
Kaluarachchi and Parker, 1988; Kamil et al., 2024c; Selim and Iskandar, 1981; Srivas-
tava and Yeh, 1992; Kamil et al., 2024e) or stochastic formulations (Russo, 2012b; Russo
et al., 1998, 2001). To solve these coupled systems, implicit time-stepping schemes are
often preferred due to their stability and ability to handle stiff nonlinearities, especially
under saturated–unsaturated transitions. Various implicit schemes have been proposed
and analyzed in the literature (Diaw et al., 2001; Radu et al., 2008; Radu and Pop,
2010; Radu et al., 2010, 2006). For instance, Diaw et al. (2001) proposed a stan-
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dard finite element formulation with primary variable switching to solve the Richards
equation, along with operator splitting and a discontinuous finite element method for
modeling non-sorptive solute transport. Mitchell and Mayer (1998) addressed the cou-
pled problem using a standard finite element method for water flow, combined with
an Eulerian–Lagrangian scheme to solve the solute transport equation. The influential
work of Radu et al. (Radu et al., 2008; Radu and Pop, 2010; Radu et al., 2010, 2006)
further advanced this area by providing theoretical analysis and numerical schemes
based on the implicit mixed finite element method. Their work includes the use of
Newton linearization techniques and various numerical treatments for advection and
diffusion terms.
Many commercial and open-source software tools have been developed based on tradi-
tional numerical methods to simulate water flow and solute transport in unsaturated
soils. Among them, HYDRUS (Šimůnek et al., 2005) is one of the most widely used
and established modeling platforms. HYDRUS is open-source for one-dimensional sim-
ulations and commercially available for two- and three-dimensional cases. It is built
on the finite element method for spatial discretization and typically uses a first-order
implicit Euler scheme for time integration. HYDRUS is capable of modeling a broad
range of processes relevant to soil physics and vadose zone hydrology. These include
variably saturated water flow, heat transfer, and the transport of single or multiple
solute species. The software supports complex chemical reactions, such as sorption,
decay, and transformation of nitrogen species, making it suitable for agricultural and
environmental applications. In addition, HYDRUS includes modules for root water
uptake, plant–soil interactions, and colloid-facilitated transport, which make it highly
versatile for simulating realistic soil–plant–atmosphere systems. The application of
HYDRUS to real-world case studies has been widely explored by many researchers.
For recent developments and updates in HYDRUS, we refer the reader to Šimůnek
et al. (2016), and for a comprehensive overview of its applications in the field of vadose
zone modeling, we recommend the literature review by Morianou et al. (2023).

1.3.1.2 Limitations

For forward modeling of coupled water flow and solute transport in unsaturated soils,
traditional numerical methods remain the primary choice due to their maturity and
decades of development. However, these methods become increasingly intractable when
applied to inverse problems, such as the estimation of unknown soil parameters. In such
cases, parameters must be calibrated using in-situ measurements of the unsaturated
hydraulic properties of soil (Šimůnek and Van Genuchten, 1996). A common approach
involves coupling the numerical solver with an optimization algorithm in a feedback
loop to iteratively adjust model parameters until a good fit is achieved. However, this
process typically requires running the numerical solver many times, which becomes
computationally expensive, particularly when dealing with highly nonlinear soil capil-
lary pressure models and a large number of parameters to estimate in inverse problems.
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In such scenarios, convergence is often poor, and the method may even become unstable
or diverge entirely (Šimůnek and Van Genuchten, 1996). Moreover, traditional numer-
ical solvers are generally task-specific. Any modification to model parameters, such
as changes in initial or boundary conditions, soil types, requires rerunning the entire
solver. This lack of flexibility limits their applicability in multi-task learning settings,
where multiple scenarios (e.g., different irrigation or fertigation strategies) must be
evaluated rapidly. Another significant limitation is the computational cost associated
with running large-scale or high-resolution simulations, especially in higher-dimensional
problems. The so-called curse of dimensionality makes it increasingly difficult to scale
traditional methods efficiently, particularly when fast feedback is needed for real-time
decision-making in agricultural water management.
Traditional methods also face significant challenges related to scalability. As the dimen-
sionality of the problem increases due to finer spatial discretizations, longer simulation
periods, or the inclusion of additional coupled solute species, the computational cost
grows rapidly, and numerical stability may deteriorate, leading to reduced accuracy.
This curse of dimensionality makes it difficult to apply conventional solvers to large-
scale or high-resolution problems within reasonable computational limits. Furthermore,
traditional numerical solvers have limited capability to incorporate real-world data.
Integrating real-time sensor measurements or remote sensing observations typically re-
quires dedicated data assimilation frameworks, which are often complex to develop and
computationally expensive to execute.
These challenges highlight the urgent need for alternative surrogate models that are fast
and accurate, particularly for real-time decision-making in irrigation and fertigation
management.

1.3.2 Standard machine learning

The widespread adoption of deep learning (DL) algorithms for function approximation
stems from the fact that artificial neural networks are powerful parametric models ca-
pable of approximating any function to arbitrary accuracy under suitable assumptions
(Hornik, 1991; Llanas et al., 2008). These DL algorithms differ fundamentally from
traditional numerical methods in that they learn the solution through an optimization
process, rather than relying on predefined discretization rules. Neural networks act
as black-box learners that automatically adapt to a given task, making them highly
suitable for a wide range of engineering applications.
Standard machine learning (ML) methods aim to learn patterns from data without
incorporating prior knowledge of the underlying physical laws. ML models include
supervised learning techniques such as regression and classification, using algorithms
such as support vector machines, decision trees, ensemble methods, and neural net-
works. There is also unsupervised learning, which covers tasks such as dimensionality
reduction, clustering, and anomaly detection. In addition, reinforcement learning has
been explored in sequential decision-making problems, where an agent learns optimal
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strategies through interaction with the environment. In the context of hydrological
modeling, ML has been applied to tasks such as rainfall-runoff prediction, ground-
water level forecasting, and streamflow estimation. The main idea is to learn the
input–output relationship directly from observational data, which can be effective in
data-rich scenarios.

1.3.2.1 Literature review

Machine learning techniques have a long history in hydrological modeling and continue
to play an important role in advancing data-driven predictive modeling. One of the
first applications involves the development of data-driven pedotransfer functions to in-
fer soil hydraulic properties, such as water retention curves and hydraulic conductivity,
from measured soil attributes such as texture, bulk density, and organic matter con-
tent (Li et al., 2024b; Pham et al., 2023). Beyond soil property estimation, machine
learning models have also been used to capture the temporal dynamics of soil moisture
under varying water-stress conditions (Karandish and Šimůnek, 2016), to estimate vol-
umetric soil moisture content from field measurements or remote sensing data (Ahmad
et al., 2010; Moghadas and Badorreck, 2019; Aboutalebi et al., 2019), and to retrieve
combined water and salt contents directly from field-scale observations (Wan et al.,
2023). Additional studies have explored the simultaneous prediction of multiple soil
attributes, including nitrogen, and organic carbon, using multispectral imaging and
proximal sensing technologies (Morellos et al., 2016).
Smart agriculture refers to the integration of intelligent, self-learning systems into agri-
cultural practices to enable efficient crop management, optimized resource usage, and
the automation of processes such as irrigation. These technologies leverage real-time
data collected from various sensors, monitoring soil moisture, weather conditions, crop
health, and more, to support informed decision-making and adaptive control strate-
gies. The core objective of smart irrigation is to utilize sensor-derived intelligence to
optimize water usage, enhance crop yields, and minimize environmental impact. By
dynamically adjusting irrigation schedules based on actual field conditions rather than
static timetables, such systems contribute to sustainability and operational efficiency.
A comprehensive review by Vallejo-Gomez et al. (2023) highlights recent developments
in this area, covering the role of machine learning models in improving irrigation deci-
sions, system architectures, and deployment challenges.

1.3.2.2 Limitations

Standard machine learning (ML) models often fail to generalize beyond the training
domain and may produce physically inconsistent results, particularly in systems with
complex spatiotemporal dynamics. These models typically require large, diverse, and
high-quality datasets, which are rarely available in hydrological applications due to data
scarcity and measurement noise, especially in subsurface environments. Karandish and
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Šimůnek (2016) quantitatively compared a physics-based numerical model (the finite
element code HYDRUS) with various data-driven machine learning models (multiple
linear regression, adaptive neuro-fuzzy inference systems, and support vector machines)
for simulating time series of soil water content under water stress conditions. Their
results showed that HYDRUS outperformed the purely data-driven models, which also
performed poorly for soil water content forecasting.
This naturally raises the question: What if machine learning models were designed to be
physically consistent? Addressing this question motivates the use of scientific machine
learning methods, which embed physical knowledge into the learning process through
physics-based constraints, thereby enabling more robust and data-efficient modeling of
real-world systems.

1.3.3 Scientific machine learning

Scientific machine learning (SciML) is an emerging interdisciplinary field at the inter-
section of scientific computing and machine learning. The central objective of SciML
is to integrate physical laws with data-driven algorithms to construct accurate and
generalizable surrogate models. Related research areas include neural networks for dif-
ferential equations and AI for science (AI4Science). A comprehensive survey can be
found in (Huang et al., 2025).

1.3.3.1 Physics-informed neural networks

The concept of approximating the solutions of differential equations using neural net-
works dates back to the early 1990s (Lagaris et al., 1998). The fundamental idea is
to represent the solution with a neural network and train it to satisfy the governing
equations up to a prescribed tolerance. Different strategies have been proposed for this
purpose. One approach discretizes the differential equation and employs the neural
network to approximate the solution at selected spatial or temporal points. A more
flexible alternative directly incorporates the governing equations into the loss func-
tion, with automatic differentiation used to evaluate the required derivatives. Early
attempts were limited by weak computational resources, the difficulty of building deep
neural networks, and the inability to automatically compute partial derivatives of func-
tions. The arrival of GPU computing, pioneered by NVIDIA, together with modern
machine learning libraries, has made the training of deep networks a practical reality
(Huang et al., 2025). This development laid the foundation for physics-informed neural
networks (PINNs, Raissi et al. (2019)), which have since gained significant attention
across diverse scientific and engineering applications. PINNs leverage the power of
modern deep learning frameworks (e.g., TensorFlow, PyTorch, JAX), automatic dif-
ferentiation tools, and GPU acceleration to solve differential equations without relying
on traditional discretization techniques. One of the key advantages of PINNs is their
flexibility: they can be used in forward problems, where the solution is learned given



14

known initial and boundary conditions, even without labeled data inside the computa-
tional domain. At the same time, they can be seamlessly applied to inverse problems
by simply including a data mismatch term in the loss function to infer unknown equa-
tion parameters or functions. This dual capability allows a single PINN framework
to solve both types of problems using the same underlying architecture, making it an
efficient tool in scientific computing. PINNs are particularly well-suited for hydrologi-
cal modeling, primarily because observational data are often sparse, noisy, and limited
to the near-surface soil layers (Bandai and Ghezzehei, 2022). In such cases, purely
data-driven models struggle to generalize, while PINNs can leverage the underlying
physical laws to compensate for the lack of measurements. Moreover, PINNs have
demonstrated robustness to noisy data (Yang et al., 2021), making them effective in
scenarios where measurement errors are inevitable. This is especially relevant in field
applications, where sensor noise, environmental variability, and instrument limitations
introduce uncertainty into the data. By enforcing the governing PDEs as soft con-
straints, PINNs can filter out noise and produce physically consistent solutions even
when data quality is low.

1.3.3.2 Literature review

The application of PINNs in hydrological and transport modeling has gained significant
traction in recent years. PINNs have been successfully applied to both forward and
inverse problems in surface water flow modeling. For example, several studies have
used the shallow water equations as physical constraints to train PINN models for
simulating surface hydrodynamics under varying conditions (Nazari et al., 2022; Ohara
et al., 2024; Donnelly et al., 2024; Dazzi, 2024). In the vadose zone, PINNs have also
demonstrated strong potential. Haruzi and Moreno (2023c) applied a PINN to inverse
modeling of soil moisture and pore-water electrical conductivity in unsaturated soils.
Their model was trained using time-lapse geoelectrical data and matric head measure-
ments with unknown initial conditions. The predictions achieved by the PINN were
in close agreement with HYDRUS simulations, showcasing its capability as an efficient
inverse modeling solver. The work by Bandai and Ghezzehei (2021, 2022) explored for-
ward and inverse modeling of 1D water infiltration in homogeneous and layered soils.
They enhanced the standard PINN framework by incorporating adaptive activation
functions to improve learning efficiency in highly nonlinear regimes governed by the
Richards equation. Similarly, Wang et al. (2023b) developed a multiphysics PINN to
solve coupled water flow and heat transfer in unsaturated soils. Their model inte-
grated adaptive loss weighting and sequential training to improve convergence across
complex coupled processes. To address soil heterogeneity and boundary uncertainties
in the infiltration process, Gong and Zha (2025) employed PINNs combined with the
Karhunen–Loève expansion, demonstrating reliable predictive capability for modeling
stochastic unsaturated flow processes. Other applications of PINNs in hydrology in-
clude inverse estimation of soil parameters. For instance, Vemuri et al. (2024) used
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water potential measurements to estimate the van Genuchten soil parameters, while
Tartakovsky et al. (2020) demonstrated the use of PINNs for estimating spatially vary-
ing hydraulic conductivity under both saturated and unsaturated conditions. In a
similar vein, Chen et al. (2023b) introduced an adaptive loss weighting strategy to
improve the accuracy of PINNs in solving the Richards equation and validated its
performance across several benchmark problems. A hybrid approach was proposed by
Depina et al. (2022), who developed a two-loop framework where the PINN served as
the forward model, and an external optimization algorithm was used to estimate soil
parameters. Their method showed promising results in laboratory experiments. In Li
et al. (2024a), the authors propose a long short-term memory PINN to predict the
stress–strain responses and hydraulic properties of unsaturated soils by incorporating
the soil-water retention curve into training.
On the other hand, Almajid and Abu-Al-Saud (2022) investigated the use of PINNs
for modeling fluid flow in porous media using the Buckley–Leverett equation as a con-
straint, analyzing how the inclusion of observational data during training influenced
prediction accuracy and generalization. Faroughi et al. (2023) applied a PINN frame-
work with periodic activation functions to model solute transport in porous media,
demonstrating the effectiveness of spectral features in capturing complex transport be-
havior. In a related study, He et al. (2020) assessed the performance of a PINN model
for estimating hydraulic conductivity, hydraulic head, and solute concentration fields
from sparse observational data. Their results demonstrated that PINNs can effectively
solve inverse problems, achieving accurate reconstructions even under data-scarce con-
ditions. Modeling flow in heterogeneous porous media remains a significant challenge
for PINN models. To address this, Lehmann et al. (2023) proposed a PINN framework
in which the residual is formulated using the mixed formulation of the governing equa-
tions. This approach enables more effective handling of heterogeneity in simulating
fluid flow through complex porous structures. Similarly, Zhang et al. (2023) developed
a data-free physics-informed convolutional neural network for two-phase flow in hetero-
geneous reservoirs. Their method integrates a finite volume discretization of the PDE
residual into the loss function, leading to accurate predictions in both homogeneous
and heterogeneous settings. Further advancing this direction, Yan et al. (2024) pro-
posed a data-free PINN for predicting two-phase flow in 2D and 3D heterogeneous and
fractured porous media. Their model successfully simulates immiscible displacement
processes in fractured reservoirs and demonstrates robustness across complex scenar-
ios, including variable injection–production schemes and gravity-driven segregation.
These studies collectively underscore the growing capability of physics-informed ma-
chine learning models to address real-world porous media problems with high degrees
of heterogeneity and limited data availability.
Data discovery is another research direction related to PINNs, in which deep learning
algorithms are trained to identify the terms of the underlying differential equations and
to approximate their coefficients using only scarce and noisy data. Such approaches
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have been used to recover missing terms in PDEs or even reconstruct full governing
equations (Schaeffer, 2017; Chen et al., 2021b). Applications of this methodology to
hydrological and transport models remain limited. For instance, Zhan et al. (2024)
proposed a physics-guided neural network for discovering governing equations, em-
bedding conservation laws and dimensional analysis to ensure physical consistency,
and validated the method on Darcy’s law and the advection–diffusion equation under
noisy and incomplete data. Sahimi (2024) explored data-driven discovery of transport
equations in heterogeneous porous media. Xu et al. (2023b) applied sparse regression
and neural operators to identify reactive transport dynamics, while Suh et al. (2024)
demonstrated a symbolic regression approach for subsurface hydrology to derive an
interpretable water retention model from limited and noisy pore-scale data. Song et al.
(2023) developed a physics-regularized deep learning framework to reconstruct the un-
saturated flow equation from scarce and noisy soil moisture data.
Theoretical investigations of PINNs have emerged as an active area of research, aimed
at deepening our understanding of their approximation capabilities, convergence prop-
erties, and training dynamics. For instance, Mishra and Molinaro (2023) derive bounds
on the generalization error of PINNs in terms of the training error and the number of
collocation points, providing insights into how sample complexity affects performance.
Shin et al. (2020) establish rigorous convergence results for PINNs applied to linear
second-order elliptic and parabolic PDEs, offering theoretical guarantees under cer-
tain regularity assumptions. In the context of inverse problems, Mishra and Molinaro
(2020) analyze the stability and generalization properties of PINNs, showing how error
bounds depend on data noise and model complexity. Furthermore, Wang et al. (2022d)
study the training dynamics of PINNs through the lens of the Neural Tangent Kernel
(NTK) in the infinite-width limit. They show that the NTK of PINNs converges to
a deterministic kernel that remains fixed during training, providing a theoretical ex-
planation for the observed training behavior in practice. These studies highlight the
growing body of theoretical work aimed at closing the gap between empirical success
and mathematical understanding.

1.3.3.3 Limitations

In general, training PINNs to solve a differential equation is not as straightforward
as might be expected, since convergence is not guaranteed and several inherent chal-
lenges arise. PINNs often struggle with differential equations that involve multi-scale
dynamics, steep gradients, multiphysics interactions, chaotic behavior, or higher-order
derivatives. These issues have been widely documented in the literature (see e.g., Wang
et al. (2023a); Krishnapriyan et al. (2021)). As a result, specialized training strate-
gies are often required, depending on the structure and complexity of the underlying
PDE, to ensure accurate solutions and stable training. Another significant limitation
of PINNs is their computational cost. Training can be time-consuming, ranging from
several minutes to multiple hours or even days, depending on the scale and complexity
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of the problem. In contrast, traditional numerical methods can often solve the same
forward problem in a matter of seconds (Chuang and Barba, 2022). Consequently,
while PINNs may not yet be competitive with classical methods for forward simula-
tions, they are particularly powerful for inverse problems, where traditional approaches
often face severe limitations in parameter estimation and data assimilation.
The vanilla PINN (Raissi et al., 2019) faces several practical limitations that can sig-
nificantly hinder its performance across a wide range of applications. One well-known
issue is the spectral bias of neural networks, which refers to their inherent tendency
to learn low-frequency components of a function more easily than high-frequency ones
(Rahaman et al., 2019). This makes it particularly difficult for PINNs to accurately
capture sharp gradients or high-frequency oscillations, which are common in solutions
of PDEs. A simple yet effective remedy is to transform the input space using Fourier
feature mappings, i.e., by applying sinusoidal transformations to the inputs, so that
both low- and high-frequency components of the solution are represented on equal
footing from the beginning of training. Another major challenge is the multi-objective
nature of the PINN loss function. The network is simultaneously trained to satisfy ini-
tial and boundary conditions as well as minimize the PDE residual, which can lead to
gradient imbalance. When one component of the loss dominates the training, the model
may become biased toward that component and neglect others, resulting in suboptimal
or physically inconsistent solutions. To address this issue, several adaptive weighting
strategies have been proposed that dynamically adjust the relative contributions of dif-
ferent loss terms during training. For example, Wang et al. (2021a) proposed a method
based on gradient normalization that ensures all loss components contribute equally to
the optimization process. Beyond these issues, several other technical challenges have
been identified in the PINN literature. These include weight initialization pathologies
that impair convergence (Wang et al., 2024a), long-time integration errors that accu-
mulate over extended time horizons (Wang et al., 2023a; Krishnapriyan et al., 2021),
difficulties in solving higher-order PDEs due to the complexity of computing high-
order derivatives accurately and stably (Wight and Zhao, 2020; Mattey and Ghosh,
2022), and challenges associated with multiphysics coupling, where different physical
processes (e.g., water flow and solute transport) interact across varying temporal and
spatial scales (Kamil et al., 2024d).
Collectively, these limitations highlight the need for careful architectural choices, adap-
tive training strategies, and domain-specific enhancements to make PINNs truly effec-
tive for complex, real-world applications in scientific computing. However, it is essen-
tial to keep in mind that there is no universal PINN model that works for all types of
PDEs (Monaco and Apiletti, 2023), a reality aligned with the “no free lunch” theorem
in optimization and learning theory. Consequently, developing a robust and efficient
PINN model often requires extensive experimentation, sensitivity analysis, and rigor-
ous benchmarking to tailor the approach to the particular characteristics of the PDE
under study.
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1.3.3.4 Neural operators

Parametric differential equations, often referred to as multi-task learning in the context
of machine learning, arise when one aims to address multiple scenarios, such as varying
soil properties, boundary conditions, or source terms. In such cases, the governing equa-
tions must be solved for each parameter configuration. Traditional numerical solvers
require the model to be rerun for every new setting, which becomes computationally
expensive and inefficient. This challenge is particularly significant in applications in-
volving optimization, real-time control, or uncertainty quantification, where a large
number of forward model evaluations are necessary. As a result, traditional methods
are not well-suited for multi-task or many-query scenarios. To address this limitation,
operator learning has emerged as a promising approach. The core idea is rooted in
the theory that neural networks can approximate not just functions, but operators,
that is, mappings between infinite-dimensional function spaces. Under suitable as-
sumptions, neural networks can be trained to approximate the operator that maps
input functions, such as PDE parameters or boundary conditions, to output functions,
such as the corresponding PDE solution (Chen and Chen, 1993, 1995). Once trained,
the operator can be evaluated quickly, making it attractive for real-time or large-scale
applications. This idea has led to the development of several notable architectures.
Deep Operator Networks (DeepONet, Lu et al. (2021a)) learn the nonlinear opera-
tor using a branch-trunk neural network structure. Fourier Neural Operators (FNO,
Li et al. (2020)) leverage spectral convolution in Fourier space to capture global de-
pendencies efficiently. Other extensions include the Laplace Neural Operator (LNO,
Cao et al. (2024)), Convolutional Neural Operators (CNO, Raonic et al. (2023)), and
Spectral Neural Operators (SNO, Fanaskov and Oseledets (2023)), each offering dif-
ferent perspectives on how best to encode the operator structure. To further improve
performance in settings with limited data when physical constraints are available, re-
cent work has extended operator learning frameworks by incorporating physics-based
knowledge, similar to the PINNs approach. This includes Physics-Informed Neural
Operators (PINO, Wang et al. (2021b)), Variationally Mimetic Operator Networks
(VarMiON, Patel et al. (2024)), Mesh-Informed Neural Operators (MINO, Franco et al.
(2023)), Variational Physics-Informed Neural Operator (VINO, Eshaghi et al. (2025)),
and many others. These physics-aware models aim to combine the data efficiency and
flexibility of operator learning with the physical reliability offered by governing equa-
tions, making them well-suited for forward and inverse problems in complex systems.

1.3.3.5 Literature review

In recent years, operator learning has emerged as a promising direction for addressing
multi-task learning problems in hydrology, where traditional solvers become computa-
tionally expensive. For instance, Pang (2024) developed an FNO for efficient modeling
of river hydrodynamics. Taccari et al. (2024) proposed a DeepONet architecture to
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predict hydraulic head distributions in confined, heterogeneous aquifers. Nunez et al.
(2025) applied an FNO to simulate pressure and CO2 phase saturation distributions
in carbon storage reservoirs. Similarly, Choubineh et al. (2023) used an FNO to pre-
dict single-phase fluid flow in porous reservoirs, while Huang et al. (2024) proposed a
convolutional DeepONet for modeling reactive transport processes in porous media. In
another study, Haghighat et al. (2025) developed a data-driven, transform-based neu-
ral operator to efficiently model contaminant transport in micro-cracked porous media.
On the other hand, Diab et al. (2024) introduced a data-free DeepONet framework for
modeling multiphase transport in porous media, where the Buckley–Leverett equation
serves as the governing physical constraint. Their work highlights the promise of op-
erator learning for physics-based modeling in the absence of observational data. More
recently, Ye et al. (2025) introduced a hybrid data-driven and physics-informed Deep-
ONet framework that surpasses HYDRUS in modeling soil moisture dynamics within
one-dimensional soil columns.
Theoretical studies on neural operators have also emerged as an active and important
research direction, providing insights into their approximation capabilities, generaliza-
tion behavior, and convergence properties. For instance, Lanthaler et al. (2022) es-
tablish estimates on the approximation and generalization errors of DeepONets. They
further extend the universal approximation theorem to measurable mappings in non-
compact spaces, thereby broadening the theoretical foundation of operator learning.
Similarly, Kovachki et al. (2021) demonstrate that FNOs are universal approximators
for continuous operators between infinite-dimensional Banach spaces, providing strong
guarantees for their applicability to a wide range of PDE-based tasks. In another line
of work, Bhattacharya et al. (2020) analyze a class of neural operator architectures
inspired by model reduction techniques and prove their convergence under suitable
assumptions. These results collectively advance our theoretical understanding of neu-
ral operators and lay the groundwork for their application in high-dimensional and
parameterized PDE problems.

1.4 Methodology

In the following sections, we present the methodology adopted in this thesis. We first
describe the finite element method, which serves as a high-fidelity numerical simulator
for generating reference solutions used in the training and evaluation of PINN and neu-
ral operator models. We then introduce physics-informed neural networks and neural
operators for modeling water infiltration and single- or multi-species solute transport
in porous media.

1.4.1 Finite element method

The finite element method (FEM) is a powerful and widely used numerical technique
for solving differential equations, particularly in problems characterized by complex
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geometries, heterogeneous material properties, and non-trivial boundary conditions.
The FEM is based on reformulating the strong form of a PDE into its variational form,
typically defined over a suitable Sobolev space. This formulation ensures the existence
of a well-posed problem even for solutions with limited regularity. FEM then restricts
the infinite-dimensional solution space to a finite-dimensional subspace, spanned by
locally supported basis functions, often polynomials defined on a mesh partitioning the
domain. The solution is approximated as a linear combination of these basis functions,
and the resulting discrete problem is solved by enforcing the weak form to hold for all
test functions in the chosen subspace.
In this thesis, FEM is employed to generate high-fidelity solutions for water flow and
solute transport. These solutions serve both as benchmarks for validating the PINN
and neural operator models, and as data sources for their training and evaluation.
Further details of the developed FEM numerical model are provided in Chapter 2.

1.4.2 Physics-informed neural networks

In this section, we introduce the PINN framework for solving differential equations.
Consider the following initial-boundary value problem defined over a domain Ω:

R(u) = ut + N (u) = 0, (1.4)

subject to suitable initial and boundary conditions:

B(u) = 0, on ∂Ω, (1.5)

where Ω ⊂ Rn denotes an open, bounded domain with a sufficiently smooth boundary
∂Ω. The operator R represents the governing physical law, encoding the relationship
between the unknown solution u, its derivatives, and any source or sink terms within
Ω. Note that the domain Ω also includes the temporal dimension. The operator B
encompasses the initial and boundary conditions.
In forward modeling, the PDE (6.4), along with its initial and boundary conditions
(7.14), is assumed to be fully specified. In contrast, inverse problems involve one or
more unknown coefficients or source terms in the governing equations or conditions,
which must be inferred from observational data through an inversion process.
The core idea of the PINN approach is to approximate the solution of a given PDE by
restricting the solution space to functions represented by neural networks. The solution
u is approximated by a neural network u(x; Θ), where Θ denotes the neural parameters
and x ∈ Ω represents the spatial–temporal input variables. The parameters Θ are
optimized by solving a non-convex minimization problem that enforces the governing
PDE (6.4) and the associated initial and boundary conditions (7.14). This is achieved
through a composite physics-informed loss function that includes contributions from the
PDE residual, boundary constraints, and initial conditions. Automatic differentiation
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is used to compute the required spatial and temporal derivatives of the network output
with respect to its input, enabling efficient and accurate evaluation of the residuals
during training.
The total loss function used to train the network is formulated as:

L(Θ) = αrLr(Θ) + αbcLbc(Θ), (1.6)

where Lr and Lbc are the residual and boundary losses, respectively. The weights
αr and αbc control the relative contribution of each term to the total loss. These
components are typically approximated via Monte Carlo sampling over collocation
points:

Lr(Θ) = ∥R(u(x; Θ))∥2,Ω =
∫

Ω
R(u(x; Θ))2dΩ ≃ 1

Nr

Nr∑
i=1

|N (u(xr
i ; Θ))|2 , (1.7a)

Lbc(Θ) = ∥B(u(x; Θ))∥2,∂Ω =
∫

Ω
B(u(x; Θ))2dΩ ≃ 1

Nbc

Nbc∑
i=1

∣∣∣B(u(xb
i ; Θ))

∣∣∣2 , (1.7b)

where {xr
i }Nr

i=1 ⊂ Ω and {xb
i}

Nbc
i=1 ⊂ ∂Ω denote the sets of collocation points used

to evaluate the PDE residual and the initial/boundary conditions, respectively. The
residual and boundary terms are typically computed using the L2-norm, which is the
most commonly adopted choice. However, other norms or weighting strategies may
also be considered, depending on the problem characteristics and the desired training
behavior. A general schematic overview illustrating the main workflow of a PINN
solver is presented in Figure 1.1.
PINNs are mesh-free, semi-supervised solvers capable of addressing both forward and
inverse problems. Unlike traditional numerical methods, PINNs do not require ex-
plicit discretization of the spatial and temporal domains, nor do they rely on iterative
schemes to handle implicit nonlinear terms. This makes them particularly well-suited
for solving high-dimensional and parametric PDEs. PINNs are especially effective in
inverse problems, where unknown parameters or inputs must be inferred from sparse or
noisy observations. In such cases, a data-mismatch term can be naturally incorporated
into the overall loss function (7.15), enabling joint training of the solution and param-
eters without the need for a separate optimization loop. This seamless integration of
data and physical laws makes PINNs a powerful and flexible tool for model calibration,
uncertainty quantification, and inverse problem solving in scientific computing.
Solving a coupled system of equations using PINNs is straightforward. The total loss
function for a PINN solving N equations is defined as:

L(Θ) =
N∑

i=1
λiLi(θi), (1.8)

where Li denotes the loss associated with the i-th equation, and λi is its correspond-
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Figure 1.1 General workflow of a PINN solver. Collocation points for the PDE residual,
boundary and initial conditions, and optional data are supplied to a neural network
that represents the solution. Automatic differentiation provides spatial and temporal
derivatives to form residual and constraint terms. A composite physics-informed loss is
minimized with standard optimizers until convergence, yielding a trained surrogate for
forward prediction and, when applicable, estimated parameters for inverse problems.

ing weighting coefficient. The parameter vector Θ = (θ1, . . . , θN) includes the neural
network parameters used to approximate the solution of each equation in the system.

1.4.3 Neural operators

In this section, we introduce the mathematical framework and architectural principles
underlying neural operators, with a particular emphasis on Deep Operator Networks
(DeepONets, Lu et al. (2021a)) and its physics-informed version (PI-DeepONets, Wang
et al. (2021b)).
The goal of neural operators is to learn mappings between infinite-dimensional function
spaces:

G : P → S, p 7→ G(p) = s, (1.9)

where P and S are Banach spaces. For instance, P may represent a space of input
functions, such as source terms or initial and boundary conditions of a given PDE,
while S represents the corresponding solution space. The objective is to construct a
surrogate model GΘ that approximates the true operator G. Once trained, GΘ can
predict the solution s ∈ S for any new input p ∈ P within the training distribution,
eliminating the need to explicitly solve the underlying PDE. This enables fast and
scalable inference across a wide range of input conditions.
The feasibility of learning such an operator using neural networks is theoretically sup-
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ported by the universal approximation theorem for operators (Chen and Chen, 1995),
which states that neural networks can approximate nonlinear operators under certain
conditions. Building on this foundation, various neural operator architectures have
been proposed to make this idea practical and computationally efficient. In what fol-
lows, we focus on the structure and learning mechanism of one such approach: Deep-
ONets.

1.4.3.1 Deep Operator Networks: DeepONets

DeepONets (Lu et al., 2021a) are a neural network architecture specifically designed
for learning nonlinear operators, grounded in the universal approximation theorem
for operators (Chen and Chen, 1995). A DeepONet consists of two separate neural
networks:

1. Branch network: Takes as input the function p ∈ P , typically represented by
its evaluations at a finite set of sensor points {s1, s2, . . . , sm}. Given an input
function p, the branch network receives the vector [p(x1), · · · , p(xm)] and outputs
a feature vector [b1(p), · · · , bq(p)].

2. Trunk network: Takes as input a spatial or spatio-temporal coordinate x ∈
Ω ⊂ Rd, where the output of the operator is to be evaluated. The trunk network
processes the spatial-temporal coordinates x = (t, x) and outputs basis functions
[Ψ1(x), · · · ,Ψq(x)].

The final output is computed by taking the inner product of the outputs of the branch
and trunk networks, allowing the model to approximate the action of the operator at
any location x:

GΘ(p)(x) =
q∑

i=1
bi(p)Ψi(x) + c0, (1.10)

where Θ denotes the collective trainable parameters of both networks, and c0 is an
optional bias term.
A key advantage of DeepONets lies in their ability to generalize across function spaces:
once trained on a sufficiently diverse set of input-output function pairs (p,GΘ(p))p∈P ,
the model can predict the solution GΘ(p) for an unseen input function p ∈ P with
minimal additional computation. This makes DeepONets particularly well-suited for
parametric PDEs and scenarios involving multi-query evaluations, such as uncertainty
quantification, optimization, and real-time control.
To ensure good generalization performance, it is critical to sample a representative set
of input functions from P and solution evaluations over a dense grid in the output
domain Ω. This allows the network to capture the functional diversity and variability
inherent in the operator G.
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In the next subsection, we will explore how to incorporate physical constraints, such
as governing PDEs, into the DeepONet framework to enable training in data-scarce
regimes, leading to the development of physics-informed DeepONets.

1.4.3.2 Physics-informed DeepONets: PI-DeepONets

DeepONet, being a purely data-driven approach, becomes inefficient in scenarios where
high-fidelity real-world data are scarce, as its performance heavily relies on the availabil-
ity of large and diverse training datasets. This limitation has motivated researchers
(e.g., Wang et al. (2021b)) to integrate physical laws directly into the learning pro-
cess as used in the PINN framework (Raissi et al., 2019). This leads to the so-called
physics-informed DeepONet (PI-DeepONet). This approach offers a promising solver
to enhance model robustness and generalizability in scenarios where data availability
is constrained. The loss function L for training the PI-DeepONet can be defined as
follows:

L(Θ) = λdataLdata(Θ) + λphysicsLphysics(Θ), (1.11)

where Lphysics = Lpde + Lic + Lbc, λdata and λphysics are weighting factors associated
with the data and PDE losses, respectively.
Refer to Figure 1.2 for a schematic illustration of the standard DeepONet architecture
and its physics-informed extension.

1.5 Thesis outcome

1.5.1 Contributions

The primary objective of this thesis project is to develop efficient and accurate pre-
dictive algorithms for forward, inverse, and multi-task modeling of water infiltration
and single- or multi-species solute transport in porous media. The proposed methods
are designed to address the complex multiphysics coupling arising from water flow and
multispecies fertilizer transport, as well as the stiff, highly nonlinear behavior inherent
in the governing infiltration PDEs.
For forward modeling, we develop solvers capable of delivering physically consistent
and accurate predictions across infiltration regimes, ranging from stable flow governed
by the Richards equation to unstable infiltration described by the higher-order BCJ-R
model. The solvers also address the coupling of infiltration processes with multi-species
solute transport. For inverse problems, the algorithms are designed to operate effec-
tively in data-scarce and noisy environments. They enable the estimation of unknown
parameters in the PDE models, such as soil hydraulic properties or reaction coeffi-
cients, using limited field observations. In multi-query settings, such as the evaluation
and optimization of different irrigation or fertigation strategies, the goal is to construct
efficient surrogate models that can approximate water infiltration dynamics. These
surrogate models allow for rapid inference of soil moisture distributions and can also
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Figure 1.2 A schematic representation of the DeepONet framework. The architecture
consists of a branch network that processes the input function from the parameter space
P , and a trunk network that handles the coordinates of the computational domain Ω.
The outputs of the two networks are combined to approximate the target operator
G. DeepONet can be trained using a data-driven loss, a physics-informed loss, or a
combination of both, optimized using for example gradient-based optimizers.

be leveraged to solve inverse problems without repeatedly running computationally
expensive solvers.
In the first part of this thesis, we developed an efficient mixed FEM for the coupled
modeling of water flow and solute transport in unsaturated soils. The proposed nu-
merical model is semi-implicit, which avoids the need for iterative solvers and thus
mitigates convergence issues commonly encountered in solving the Richards equation.
The semi-implicit mixed FEM approach is extended to handle both single and multi-
species solute transport in two-dimensional flow domains. Its performance is validated
against reference solutions, including analytical benchmarks, other numerical methods,
and experimental datasets. These comparisons confirm the reliability and accuracy of
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the proposed FEM scheme, which will also serve as a reference solution and data gen-
erator for training PINNs in forward and inverse modeling, as well as for multi-task
learning scenarios for training a physics-informed DeepONet model.
In the second part, we shifted focus to the development of a PINN model for simulating
the coupled flow and transport processes in unsaturated porous media. This PINN
model is data-free and trained in a semi-supervised fashion, relying only on initial and
boundary condition data. Its accuracy is assessed by comparing predictions against
the FEM reference model. Numerical experiments demonstrate that the PINN yields
reliable results and can approximate the solution with good agreement across a range
of scenarios.
The third part of the thesis is dedicated to identifying the most effective PINN strate-
gies for handling water infiltration and multi-species solute transport in unsaturated
soils. This includes a systematic comparative study addressing both forward and in-
verse problems, with a focus on inferring unknown PDE parameters from sparse and
noisy measurements. Among the models evaluated, the sequential PINN, where each
PDE is trained independently, emerged as the most accurate and computationally
efficient approach. The reliability of its predictions was further validated using exper-
imental data.
In the fourth part, we extended the sequential PINN framework by incorporating a
transfer learning strategy to enhance training efficiency and generalization. The idea
is to progressively train the model across a sequence of PDEs, leveraging prior knowl-
edge gained from earlier training phases. This approach significantly reduces training
time and improves convergence. Extensive simulations demonstrate its effectiveness in
both forward and inverse modeling tasks for water and multi-species solute transport
problems.
In the fifth part of the thesis, the sequential training strategy is generalized to a broader
class of one-way PINN solvers. We propose specialized PINN architectures that exploit
the inherent structure of one-way coupled systems. The developed models demonstrate
good performance in simulating coupled water flow and solute transport involving up
to three interacting species. These architectures effectively capture the causality and
directional dependencies of the physical processes, ensuring both accuracy and physical
consistency.
In the sixth part, we addressed the challenging problem of modeling unstable infil-
tration using the high-order BCJ-R equation. Our objective is to develop an efficient
PINN model capable of capturing both the low- and high-frequency characteristics of
the BCJ-R dynamics, including saturation overshoot at the wetting front. We found
that standard PINN architectures previously applied to the Richards equation were in-
sufficient to capture key features of the BCJ-R equation. Therefore, we adopted several
improvements, including network architecture modifications and training strategies, to
accurately resolve phenomena such as saturation overshoot. The resulting PINN model
not only matches experimental observations but also satisfies thermodynamic princi-
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ples, such as entropy dissipation in closed systems.
Finally, in the seventh part, we developed a neural operator-based model tailored for
multi-task learning of water infiltration in porous media. This model is data-free,
mesh-independent, and trained in a self-supervised manner. It can solve the Richards
equation across a wide range of initial and boundary conditions and provide soil mois-
ture predictions at arbitrary spatial and temporal locations. The model successfully
learns the mapping from inputs (e.g., water fluxes, initial conditions) to soil moisture
distributions. To enhance its extrapolation capability beyond the training distribution,
we integrate physics-based regularization and fine-tune the model using small sets of
data measurements. This positions the operator-based model as an efficient real-time
surrogate for high-fidelity simulations in hydrological modeling, enabling rapid predic-
tions across varying inputs without the need to repeatedly solve the underlying PDEs.

1.5.2 Thesis outline

The rest of this thesis is organized as follows. We begin by presenting a semi-implicit
mixed finite element method for modeling coupled water flow and solute transport in
unsaturated soils in Chapter 2. We then introduce the use of PINNs for forward mod-
eling of these coupled processes and evaluate their accuracy against the finite element
method in Chapter 3. Next, we carry out an extensive comparative study to identify
the most effective PINN strategies for both forward and inverse problems involving
water infiltration and multispecies solute transport in Chapter 4. We further enhance
the sequential training of PINNs by incorporating transfer learning to improve training
efficiency and model accuracy in Chapter 5. Building on this, we extend the sequential
PINN framework to general one-way coupled systems and propose new architectures
that leverage their directional structure in Chapter ??. We then develop a PINN model
tailored for simulating unstable infiltration governed by the high-order BCJ-R equation
in Chapter 7, capturing key features such as saturation overshoot and ensuring consis-
tency with thermodynamic principles. Finally, we introduce a physics-informed neural
operator in Chapter 8 for multitask learning of water infiltration in porous media, en-
abling rapid predictions across a range of input conditions. We conclude in Chapter 9
with a summary of the main contributions and outline directions for future research.
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CHAPTER 2 Semi-implicit schemes for modeling water flow and solute
transport in unsaturated soils

Abstract
The coupled model of water flow and solute transport in unsaturated soils is addressed
in this study. Building upon previous research findings by Keita, Beljadid, and Bour-
gault, we investigate a class of second-order time-stepping techniques where two free
parameters are introduced, to identify the most stable and accurate scheme. The
spatial discretization of the Richards equation is accomplished using the mixed finite
element method. The proposed approach involves formulating noniterative schemes us-
ing an extrapolation formula and Taylor approximation in time to linearize nonlinear
terms. Additionally, a specialized regularization technique is applied to ensure the con-
vergence of the proposed numerical methods. Numerical simulations are conducted to
determine the optimal scheme for solving the Richards equation, which is subsequently
extended to the transport equation.
Numerical simulations of water flow reveal the good accuracy of three schemes, SBDF,
MSBDF, and Richards-M2 for homogeneous and heterogeneous soils. Notably, the
SBDF scheme stands out for its computational efficiency and stability, especially when
gravity forces dominate over capillary forces. Through numerical analysis of the cou-
pled semi-implicit schemes, our results affirm the SBDF scheme’s superior robustness,
establishing it as the optimal choice among the proposed numerical methods. There-
fore, the SBDF scheme is employed to solve the coupled model of water flow and solute
transport. We conducted various numerical experiments to solve the coupled model,
addressing scenarios including single and multispecies nitrogen transport, pore water
electrical conductivity, and nitrate transport. The SBDF scheme’s accuracy was rig-
orously verified through comparisons with reference solutions and experimental data.
This establishes the SBDF scheme as an efficient alternative to traditional implicit
methods for modeling water flow and solute transport in unsaturated soils.

2.1 Introduction

In multiple fields such as hydrology, soil physics, and agriculture, there has been a
growing emphasis on the infiltration of fluids through porous mediums, recognizing
its profound importance. The prediction of soil moisture and solute concentration in
soils remains a complex and challenging task. The utilization of an experimental-based
approach can be demanding in terms of resources and time. Mathematical modeling
offers an efficient approach for rapid prediction and visualization of the studied physical
parameters, making it an excellent choice in various applications. Various infiltration
models have been developed in the literature to describe water movement through soil.
The most used model to describe the infiltration process in unsaturated porous media
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is the Richards equation (Richards, 1931) which is derived based on a multiphase
flow extension of Darcy’s law and the principle of mass conservation. Many studies
were conducted to extend the Richards equation to account for gravity-driven fingers in
unsaturated porous media (Eliassi and Glass, 2002; Cueto-Felgueroso and Juanes, 2009;
Xiong, 2014; DiCarlo, 2013). In (Beljadid et al., 2020), Beljadid, Cueto-Felgueroso and
Juanes recently developed a continuum model of unstable infiltration in porous media,
endowed with an entropy function.
The Richards equation is often coupled with other advection-diffusion equations, such
as those governing solute transport or heat transfer. In terms of models, the Richards
equation and convection-dispersion equations can simulate physical phenomena in un-
saturated porous media. However, analytical solutions are generally unavailable when
confronted with more realistic boundary conditions, intricate geometries, or highly
nonlinear water retention curves. Consequently, numerical schemes represent a pow-
erful tool to approximate the solutions of the coupled model of water flow and solute
transport for a given problem, irrespective of its geometry or boundary conditions. A
variety of numerical methods are available in the literature to solve the Richards equa-
tion: they include the standard Galerkin finite element (Arbogast et al., 1993; Slodicka,
2002), mixed-hybrid finite element (Bergamaschi and Putti, 1999a), local discontinu-
ous Galerkin (Li et al., 2007) methods, finite volume (Eymard et al., 1999; Machado
et al., 2022), finite difference (Celia et al., 1990a; Fengnan et al., 2020), and meshless
(Boujoudar et al., 2021a,b, 2023a) techniques. We refer the reader to the literature
review (Zha et al., 2019) for more detailed information. For the transport equation,
various numerical methods are available, such as the upstream weighting finite element
(Kaluarachchi and Parker, 1988), the upwind mixed hybrid finite element (Younes
et al., 2022), and the finite difference (Chen et al., 2019a; Selim and Iskandar, 1981)
schemes. Several studies have addressed the challenge of solving the coupled equa-
tions governing water flow and solute transport by employing either a deterministic
approach (Antonopoulos, 1993; Chen et al., 2019a; Haruzi and Moreno, 2023c; Illiano
et al., 2021; Kaluarachchi and Parker, 1988; Kamil et al., 2024c; Selim and Iskandar,
1981; Srivastava and Yeh, 1992; Kamil et al., 2024e) or a stochastic one (Russo, 2012b;
Russo et al., 1998, 2001). For solving this coupled system, implicit schemes can be
used due to their stability and reasonable time step. Various implicit schemes have
been proposed (Diaw et al., 2001; Radu et al., 2008; Radu and Pop, 2010; Radu et al.,
2010, 2006). Diaw et al. (Diaw et al., 2001) proposed a standard finite element method
with primary variable switching to solve the Richards equation, along with operator
splitting and the discontinuous finite element method for the transport of non-sorptive
solute. They demonstrated the efficiency of their schemes in a one-dimensional hetero-
geneous soil. Mitchell et al. (Mitchell and Mayer, 1998) solved the coupled model of
water flow and solute transport by combining the standard finite element method with
an Eulerian-Lagrangian method for the transport equation. The pioneering works of
Radu et al. (Radu et al., 2008; Radu and Pop, 2010; Radu et al., 2010, 2006) have pro-
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vided theoretical analyses based on the implicit mixed finite element method, various
linearization techniques (e.g., Newton’s method), and different numerical treatments of
advection and diffusion terms. Most papers dealing with numerical schemes for solving
the coupled flow-transport system rely on implicit treatment of the Richards equa-
tion to compute variables of interest, such as water content and water flux. However,
implicit schemes require a linearization solver, which may lead to convergence issues
for certain capillary models and types of soil (Cote et al., 2003). The limitations of
fully implicit schemes highlight the need for further research to explore and develop
more powerful and robust numerical techniques capable of accurately and efficiently
modeling the coupled water flow and solute transport processes in unsaturated soils.
The aim of this study is to introduce and numerically investigate semi-implicit schemes
for solving the coupled flow-transport system in soils. The goal is to study the advan-
tages of these schemes and select the potential ones which can be the subject of more
theoritical analysis in future studies.
This study is a follow-up to the papers (Beljadid and Hanini, 2023; Keita et al.,
2021a,b,d), where semi-implicit time-stepping schemes were developed for solving non-
linear partial differential equations. Time-stepping schemes for the coupled Richards
equation and solute transport model have received less attention than spatial discretiza-
tion schemes. The implicit Euler temporal scheme is commonly employed due to its
ability to handle highly nonlinear functions and allow for reasonably sized time steps.
However, it is important to note that this method may face convergence challenges
in certain cases, particularly when applied to the Richards equation (Kavetski et al.,
2002; Lehmann and Ackerer, 1998). Therefore, noniterative time-stepping schemes
have been proposed for the Richards equation (e.g., Kavetski et al. (2001, 2002); Keita
et al. (2021b); Paniconi et al. (1991); Shahraiyni and Ataie-Ashtiani (2012)). These
schemes prove advantageous by providing stable and accurate results without encoun-
tering convergence issues, especially when dealing with the degeneracy associated with
certain constitutive relationships (Kavetski et al., 2002). In (Paniconi et al., 1991),
it was demonstrated that, when solving the Richards equation, second-order accurate
non-iterative schemes can achieve computational efficiency and accuracy comparable
to iterative methods such as Newton’s and Picard’s methods.
Keita, Beljadid, and Bourgault (Keita et al., 2021b) have developed time-stepping
schemes for the Richards equation, building upon their previous studies (Keita et al.,
2021a,d). They employed the second-order backward differentiation formula (BDF2)
for the time derivative approximation, known for its efficiency in computing solutions
for stiff problems with a reasonable time step (Beljadid et al., 2014; Boujoudar et al.,
2024; Dharmaraja, 2007; Keita et al., 2021b). Subsequently, the implicit nonlinear
functions were linearized using special approximation methods, eliminating the neces-
sity for an iterative process. This method holds the potential to enhance the accuracy
and efficiency of solving the Richards equation. In their study, they analyzed vari-
ous time-stepping schemes, including both fully implicit and semi-implicit approaches.
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Their findings indicated that the semi-implicit (S,Ψ)-scheme exhibited superior perfor-
mance compared to other schemes. Notably, the explicit treatment of the unsaturated
conductivity played a pivotal role in significantly reducing the required CPU time,
leading to a remarkable improvement in computational efficiency. This result empha-
sizes the potential of the developed semi-implicit (S,Ψ)-scheme for effectively modeling
unsaturated flow through soils. The foundation of their work relied on implicit-explicit
(IMEX) schemes, also known as semi-implicit schemes, which are extensively detailed
in (Ascher et al., 1995). IMEX schemes have proved to be versatile and effective in
various applications, and researchers have developed several IMEX schemes for dif-
ferent types of equations, including reaction-diffusion systems (Koto, 2008) and other
complex problems (DeCaria and Schneier, 2021; Ethier and Bourgault, 2008; Loy and
Bourgault, 2017). The fundamental concept behind IMEX schemes is to utilize an
explicit time treatment for handling nonlinear terms while employing an implicit ap-
proach for linear ones. This combination of explicit and implicit methods allows for an
efficient and accurate treatment of both terms. The solute transport equation can gen-
erally involve multiple phenomena, including advection, dispersion, and reaction. In
this context, IMEX schemes can allow the implementation of customized time-stepping
techniques for each specific phenomenon.
The primary objective of the present paper is to explore the extension of IMEX schemes
to solve the coupled model of water flow and solute transport in unsaturates soils, build-
ing upon the scheme developed in the previous study (Keita et al., 2021b). A mixed
finite element method is employed for the spatial discretization of the Richards equa-
tion, while the Galerkin finite element for the solute transport. Moreover, a specialized
regularization technique is integrated into the proposed schemes for the Richards equa-
tion to avoid singularities, ensuring stable and accurate solutions during the numerical
computations (Keita et al., 2021b). We aim to present a comprehensive and efficient
numerical framework for simulating the complex processes of unsaturated infiltration
and transport through soils.

The paper is organized as follows. In Section 2.2, we introduce the mathematical
equations governing the coupled model of water flow and solute transport. Section 2.3
presents the weak formulations of the studied problem. The time-stepping schemes
for the coupled model are outlined in Section 2.4. In Section 5.5, we conduct vari-
ous numerical tests to assess the proposed methods. Finally, in Section 4.6, we draw
conclusions and provide future perspectives.

2.2 Governing equations

2.2.1 Water flow

The Richards equation is a commonly employed mathematical model for simulating
the infiltration of water in unsaturated soils. It is derived by combining the mass
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conservation principle and Darcy-Buckingham’s law (Buckingham, 1907). There are
three primary versions of this equation (Celia et al., 1990a). In this study, the mixed
form is used to ensure mass conservation (Celia et al., 1990a). The equation can be
expressed as follows: 

∂θ

∂t
+ ∇ · q = f(Ψ) in Ω × I,

q = −K∇(Ψ + z),
(2.1)

where Ψ [L] is the pressure head, x = (x, z) denotes the spatial coordinates, and
the vertical coordinate z [L] is assumed to be directed upward, q is the water flux,
K = Kskr [LT−1] is the unsaturated hydraulic conductivity, and Ks is the saturated
hydraulic conductivity [LT−1], kr is the water relative permeability, θ [-] is the volu-
metric water content, f(Ψ) [T−1] is a source or sink term, Ω ⊂ Rd, d = 1, 2, 3, is a
connected bounded open domain representing the soil and having a smooth bound-
ary ∂Ω. I = (0, T ], where T > 0 is the final simulation time. In this paper, we set
f(Ψ) = 0.
To solve the Richards equation, explicit functions for K and θ in terms of Ψ need to
be provided. In the literature, commonly used models for these functions include the
ones proposed by Gardner (Gardner, 1958), Brooks-Corey (Brooks and Corey, 1966),
Haverkamp (Haverkamp et al., 1977), and van Genuchten-Mualem (Mualem, 1976;
Van Genuchten, 1980).
In this study, we used the mixed form of the Richards equation with the main variable
being the effective saturation:

S = θ − θr

θs − θr

, (2.2)

where θs and θr denote the saturated and residual volumetric water contents, respec-
tively, and are assumed to depend solely on space. The S-based form of the Richards
equation is given by:

ϕ
∂S

∂t
= ∇ ·

[
K∇(Ψ + z)

]
in Ω × I, (2.3)

where ϕ = θs − θr.
The relationship between the pressure head and saturation is described by Leverett’s
equation (Leverett, 1941):

Ψ(S) = hcap J(S), (2.4)

where hcap represents the capillary rise function, which is assumed to depend solely on
spatial coordinates, and J denotes the Leverett function. Figure 2.1 illustrates the ab-
solute value of the Leverett function for Gardner, Brooks-Corey, Haverkamp, and van
Genuchten capillary pressure models. The Leverett function exhibits degeneracy when
S = 1 for both the Haverkamp and van Genuchten models. To ensure convergence of
numerical schemes for saturation in the vicinity of one, regularization techniques for
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Figure 2.1 Examples of the absolute value of the Leverett function for various capillary
pressure models.

the derivatives of this function are employed (Keita et al., 2021b; Pop and Schweizer,
2011). These regularization methods aim to address the challenges associated with
the degenerate behavior, leading to improved accuracy and stability of numerical com-
putations, as demonstrated in (Keita et al., 2021b). It is noteworthy that capillary
pressure models, such as the Brooks-Corey and Gardner models, do not require the
use of regularization techniques. In our study, we employed the Gardner, Haverkamp,
and van Genuchten models.

2.2.2 Solute transport

The solute transport equation in unsaturated soil is intricately coupled with the Richards
equation, which takes the following form (Bear, 2013; Šimůnek et al., 2005):

∂θc

∂t
+ ∂ρs

∂t
= ∇ · (θD∇c− cq) , (2.5)

where c is the concentration of the solute in the liquid phase [ML−3], s is the concen-
tration of the solute in the solid phase [MM−1], ρ is the soil bulk density [ML−3], D
is the dispersion tensor [L2T−1], which incorporates the effect of molecular diffusion
and the hydrodynamic dispersion, θ and q are the water content and the water flux,
respectively, given by the Richards equation (2.1).
The interaction between the solute concentration c and the adsorbed concentration s
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can be expressed using the Freundlich equation (Šimůnek et al., 2005):

s = Kdc
p, (2.6)

where Kd is an empirical coefficient [L3M−1], which is equal to zero if no interaction
between soil particles and solute is considered, p is the Freundlich constant, which is
equal to 1 for linear models (2.6).
The solute transport equation (5.3) can be transformed to the following form:

∂Rθc

∂t
= ∇ · (θD∇c− cq) , (2.7)

where R is the retardation factor [-], which accounts for the interaction between the
solute and the solid phase of the soil. It is determined by the following formula:

R = 1 + ρKd
cp−1

θ
· (2.8)

The components of the dispersion tensor when neglecting the gaseous phase are calcu-
lated as follows (Bear, 2013):

θDij = (DT ∥q∥ + θDwτ) δij + (DL −DT )qiqj

∥q∥
, (2.9)

where Dw is the molecular diffusion constant [L2T−1], DL and DT are the longitudinal
and transversal dispersivities [L]. δij is the Kronecker symbol, τ is the tortuosity factor
in the liquid phase and ∥q∥ denotes the Euclidean norm of q given by (2.1). The
tortuosity factor is calculated by using the following formula (Bear, 2013; Millington
and Quirk, 1961):

τ = θ7/3

θ2
s

· (2.10)

The dispersion tensor D in one-dimensional problem is a single value that combines
the effects of molecular diffusion and hydrodynamic dispersion (Bear, 2013):

θD = DL|q| + θτDw. (2.11)

For two-dimensional problems, the coefficients of tensor D are (Bear, 2013):

θDxx = DL
q2

x

∥q∥
+DT

q2
z

∥q∥
+ θDwτ,

θDzz = DL
q2

z

∥q∥
+DT

q2
x

∥q∥
+ θDwτ, (2.12)

θDxz = θDzx = (DL −DT )qxqz

∥q∥
,
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where qx and qz are the components of the water flux in x and z directions respectively,
obtained from (2.1).
The equation (5.5) is classified as a linear advection-diffusion equation when p = 1.
We note that the water content θ may depend on the concentration c of the solute as
in the surfactant transport problems (Illiano et al., 2021). However, this aspect falls
outside the scope of the present paper.

2.2.3 Initial and boundary conditions

To close equations (2.3) and (5.5), appropriate initial and boundary conditions must
be specified. In this study, we employed the following initial and boundary conditions
for the Richards equation:

S(x, 0) = S0(x) in Ω,
S = SD in ΓD × I ⊂ ∂Ω × I,

q · n = qN in ΓN × I ⊂ ∂Ω × I,

(2.13)

where S0, SD, and qN represent the initial saturation, Dirichlet, and Neumann bound-
ary conditions, respectively. ∂Ω denotes the boundary of the domain Ω, while ΓD and
ΓN refer to the Dirichlet and Neumann boundaries, respectively. The outward unit
normal vector to the boundary ΓN is represented by n. It is worth noting that the
Neumann boundary condition may be imposed on the pressure head Ψ in situations
such as free drainage boundary conditions (refer to sections 2.5.2.4 and 2.5.2.5). Fur-
thermore, we emphasize that the initial condition can be specified as a function of the
water content θ, the saturation S, or the pressure head Ψ.
For the transport equation (5.5), the following initial and boundary conditions can be
used: 

c(x, 0) = c0(x) in Ω,
c = cD in ΓD × I ⊂ ∂Ω × I,

− (θD∇c− γcq) · n = c̄0qN in ΓN × I ⊂ ∂Ω × I,

(2.14)

where c0 and cD denote the initial and Dirichlet boundary conditions. The third
equation in (5.11) represents a second-type (Neumann) boundary condition when γ = 0
and a third-type (Cauchy) boundary condition when γ = 1, respectively. The notation
c0 denotes the applied solute concentration. If multiple solutes are considered, the
initial and boundary conditions for each solute must be specified.

2.3 Weak formulations

In this study, we utilized a mixed Galerkin finite element method for the Richards
equation and the standard Galerkin finite element method for the solute transport
equation with linear basis functions.
The notations employed in this study follow the standard conventions of functional
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analysis. The space L2(Ω) represents the set of real-valued functions that are square
integrable over the domain Ω and H1(Ω) its subspace of functions with first-order weak
derivatives that are also square integrable over Ω. Moreover, H1

D(Ω) denotes a specific
subset of H1(Ω), characterized by functions that have a trace of zero on the Dirichlet
boundary. Lastly, the Bochner space L2 (I,X) combines functions that are square
integrable over the time interval I and have values in the Banach space X.
We aim to solve the Richards equation (2.3) using a mixed weak formulation. This
formulation, as derived in (Keita et al., 2021b) to construct the semi-implicit (S,Ψ)-
scheme, involves a combination of equations (2.3) and (2.4). The resulting expression
for the mixed weak formulation is as follows.
Find (S,Ψ) ∈ L2 (I,H1(Ω)2) such that:



S − SD ∈ L2 (I,H1
D(Ω)) ,∫

Ω
ϕ
∂S

∂t
v1 dΩ +

∫
Ω

[
K∇(Ψ + z)

]
· ∇v1 dΩ +

∫
ΓN

qNv1 dΓN = 0,

∀v1 ∈ H1
D(Ω) and a.e. (almost everywhere) in I,∫

Ω
Ψv2 dΩ =

∫
Ω
hcapJ(S)v2 dΩ, ∀v2 ∈ H1

D(Ω) and a.e. in I.

(2.15)

In order to ensure the existence and uniqueness of the solution to problem (2.15), we
assume that all theoretical hypotheses are satisfied. For a detailed analysis of the
existence and uniqueness of weak solutions for the Richards equation (2.1), we refer in-
terested readers to (Alt and Luckhaus, 1983; Marinoschi, 2006; Van Duyn and Peletier,
1982). It is worth noting, as mentioned in (Keita et al., 2021b), that this formulation
differs from the standard mixed finite element approach, where the variables are typi-
cally the pressure head and the water flux. In our study, we seek to find both solutions
within the same space, leading to a smaller linear system that needs to be solved. The
(S, q)-scheme (Keita et al., 2021b) is more time-consuming and results in a larger linear
system, leading to overly expensive numerical solutions. Therefore, our work serves as
a continuation of the study in (Keita et al., 2021b), aiming to further investigate the
semi-implicit (S,Ψ)-scheme in a more general form.
A weak formulation for the solute transport equation (5.5) is as follows: Find c ∈
L2 (I,H1(Ω)) such that:


c− cD ∈ L2 (I,H1

D(Ω)) ,∫
Ω

∂Rθc

∂t
w dΩ +

∫
Ω

(θD∇c− cq) · ∇w dΩ +
∫

ΓN

qNc0w dΓN = 0,

∀w ∈ H1
D(Ω) and a.e. in I.

(2.16)

2.4 Numerical methods

To discretize the time interval I, we divide it into N subintervals with a time step ∆t.
Within this subdivision, we define time points as tn = n∆t, where n ranges from 0 to
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N . Here, N is a strictly positive integer. Additionally, we consider the partitioning
of the domain Ω into elements denoted by Ωe, where Th represents the set of all these
elements. The choice of Ωe depends on the dimensionality of the problem: for d = 1,
Ωe is a segment; for d = 2, Ωe can be a triangle; and for higher dimensions, Ωe can be
a closed d-simplex. The mesh size h of the partition Th is defined as follows:

h = max
Th

δ(Ωe), (2.17)

where δ(Ωe) is the diameter of the element Ωe.
It is assumed that Ω is a polygonal domain. The Galerkin finite element space Vh is
defined as follows:

Vh =
{
vh ∈ H1(Ω) ; vh↾Ωe ∈ Pk(Ωe), ∀Ωe ∈ Th

}
,

where Pk(Ωe) represents the space of polynomials of degree k on element Ωe. For this
study, a linear polynomial space (k = 1) was utilized. We approximate S(·, tn) by
Sn

h ∈ Vh, Ψ(·, tn) by Ψn
h ∈ Vh and c(·, tn) by cn

h ∈ Vh, for all n = 0, 1, · · · , N .

2.4.1 Time stepping schemes for the Richards equation

2.4.1.1 Semi-implicit (S,Ψ)-scheme

The semi-implicit (S,Ψ)-scheme was developed by combining the mixed weak formula-
tion (2.15) and incorporating specific numerical methods. For the time discretization, a
second-order backward differentiation formula (BDF2) was employed. The unsaturated
hydraulic conductivity K(Ψ,x) was approximated using a second-order extrapolation
formula, while the Leverett function J(S) was approximated using a Taylor expansion
with second-order truncation error. This reads as follows:K(Ψn+1

h ) ≃ 2K(Ψn
h) −K(Ψn−1

h ),
J(Sn+1

h ) ≃ J(Sn
h ) + J ′(Sn

h )(Sn+1
h − Sn

h ).
(2.18)

Here, we have omitted the spatial coordinates dependency in the function K for the
sake of notation simplicity.
This approach based on extrapolation and Taylor expansion allows to avoid the need
for iterative computations. The approximation of the J function in (2.18) requires the
computation of the derivative of J . To address the degeneracy of the Leverett function
mentioned before, we adopt the regularization technique used in (Keita et al., 2021b).
This regularization is defined as follows:

J ′
ε(Sh) =

J
′(Sh) in (0, 1 − ε),
J ′(1 − ε) in [1 − ε, 1],

(2.19)
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where 0 < ε << 1. For notation simplicity, we will also denote J ′
ε by J ′. The regulariza-

tion technique used in this context is designed to address the behavior of the derivative
of J when the saturation level reaches 1 − ε. Instead of allowing the derivative to
rapidly increase to infinity in the vicinity of the saturated condition, the regularization
approach limits the derivative to a maximal value of J ′(1 − ε) and keeps it constant
thereafter. It was exclusively applied to the van Genuchten model, with ε = 10−6.
The approximation (2.18) requires two initial data, namely S0

h and S1
h. S0

h represents
the initial data S0 given by (6.33), while S1

h can be determined using either an implicit
scheme with backward Euler in time or a semi-implicit scheme as used in (Keita et al.,
2021a). This reads as follows: Find (S1

h,Ψ1
h) ∈ V 2

h such that:

S0
h = ΠhS0, and, Ψ0

h = hcapJ(S0
h),∫

Ω
ϕh
S1

h − S0
h

∆t vh dΩ +
∫

Ω
K(Ψ0

h)∇(Ψ1
h + z) · ∇vh dΩ

= −
∫

ΓN

qNvh dΓN , ∀vh ∈ Vh and a.e. in I,∫
Ω

Ψ1
hwh dΩ =

∫
Ω
hcapJ(S0

h)wh dΩ, ∀wh ∈ Vh and a.e. in I,

(2.20)

where Πh is an interpolation or projection operator on Vh.
By incorporating (2.18) into (2.15), we obtain the semi-implicit (S,Ψ)-scheme:


Let n = 1, · · · , N, and Sn−1
h , Sn

h ,Ψn−1
h ,Ψn

h ∈ Vh be given. Find (Sn+1
h ,Ψn+1

h ) ∈ V 2
h such that:∫

Ω
ϕh

3Sn+1
h − 4Sn

h + Sn−1
h

2∆t vh dΩ +
∫

Ω

[ (
2K(Ψn

h) −K(Ψn−1
h )

)
∇(Ψn+1

h + z)
]

· ∇vh dΩ

= −
∫

ΓN

qNvh dΓN , ∀vh ∈ Vh and a.e. in I,∫
Ω

Ψn+1
h wh dΩ =

∫
Ω
hcap

[
J(Sn

h ) + J ′(Sn
h )(Sn+1

h − Sn
h )
]
wh dΩ, ∀wh ∈ Vh and a.e. in I.

(2.21)
The numerical scheme (2.21) leads to a linear system that does not necessitate any
iterative process. This simplicity makes it much easier to solve when compared to a
fully implicit approach.

Remark 1 The numerical results in (Keita et al., 2021b) demonstrate that the numer-
ical scheme (2.21) performs better in terms of accuracy and efficiency compared to the
scheme using only saturation as the sole unknown.

2.4.1.2 Second-order generalized semi-implicit (S,Ψ)-schemes

Inspired by second-order IMEX schemes (Ascher et al., 1995) and building upon the
semi-implicit (S,Ψ)-scheme (Keita et al., 2021b), a generalization approach involves
introducing free parameters in the extrapolation technique (2.18) applied to the un-
saturated hydraulic conductivity and the Leverett function. This can be written as
follows:
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
K(Ψn+α

h ) ≃ (α + 1)K (Ψn
h) − αK

(
Ψn−1

h

)
,

J(Sn+α
h ) ≃ (α + β

2 )J(Sn+1
h ) + (1 − α− β)J(Sn

h ) + β

2J(Sn−1
h ),

(2.22)

where α and β are free parameters in [0, 1]. Once again, we employ the Taylor ex-
pansion (2.18) to linearize the term J(Sn+1

h ). The detailed discussion of the numerical
treatments in (2.22) is provided in Appendix 2.6.
The approximations (2.22) will be applied across all proposed schemes, with differences
arising solely in the handling of the time derivative. The treatment of the time deriva-
tive is a crucial factor in obtaining accurate results for the Richards equation (Celia
et al., 1990a; Kavetski et al., 2001; Keita et al., 2021b). In the following sections, we
present two distinct approaches for approximating the time derivative of saturation.
First type of generalized semi-implicit (S,Ψ)-schemes. The first approximation
is obtained by centering around time tn+α to get:

(
∂Sh

∂t

)
n+α

≃

(
α + 1

2

)
Sn+1

h − 2αSn
h +

(
α− 1

2

)
Sn−1

h

∆t · (2.23)

Based on the time derivative approximation (2.23) and incorporating (2.22), the first
version of the proposed generalized two free parameters semi-implicit (S,Ψ)-scheme is
given as follows:

Let n = 1, · · · , N, and Sn−1
h , Sn

h ,Ψn−1
h ,Ψn

h ∈ Vh be given. Find (Sn+1
h ,Ψn+α

h ) ∈ V 2
h such that:

∫
Ω
ϕh

(
α + 1

2

)
Sn+1

h − 2αSn
h +

(
α− 1

2

)
Sn−1

h

∆t vh dΩ +
∫

Ω

[ (
(α + 1)K (Ψn

h) − αK
(
Ψn−1

h

))
× ∇

(
Ψn+α

h + z
) ]

· ∇vh dΩ = −
∫

ΓN

qNvh dΓN , ∀vh ∈ Vh and a.e. in I,∫
Ω

Ψn+α
h wh dΩ =

∫
Ω
hcap

[
(α + β

2 )J ′(Sn
h )(Sn+1

h − Sn
h ) + (1 − β

2 )J(Sn
h ) + β

2J(Sn−1
h )

]
wh dΩ,

∀wh ∈ Vh and a.e. in I.

(2.24)
where β is a free parameter in [0, 1]. We utilized equation (2.20) to calculate S1

h based
on S0

h. In the case of (α, β) = (1, 0), we obtained the original semi-implicit (S,Ψ)-
scheme proposed in (Keita et al., 2021b). Specifically, for certain values of α and β,
the following names were assigned to the schemes:

• SBDF (Semi-implicit BDF2) (α, β) = (1, 0):

ϕh

3Sn+1
h − 4Sn

h + Sn−1
h

2∆t = ∇ ·
[ (

2K (Ψn
h) −K

(
Ψn−1

h

))
∇
(
Ψn+1

h + z
) ]
,

Ψn+1
h = hcap

[
J(Sn

h ) + J ′(Sn
h )(Sn+1

h − Sn
h )
]
,

(2.25)
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which is the semi-implicit (S,Ψ)-scheme.

• MSBDF (Modified semi-implicit BDF2) (α, β) = (1, 1):
ϕh

3Sn+1
h − 4Sn

h + Sn−1
h

2∆t = ∇ ·
[ (

2K (Ψn
h) −K

(
Ψn−1

h

))
∇
(
Ψn+1

h + z
) ]
,

Ψn+1
h = hcap

[1
2
(
J(Sn

h ) + J(Sn−1
h )

)
+ 3

2J
′(Sn

h )(Sn+1
h − Sn

h )
]
.

(2.26)

• Richards-AB (α, β) =
(1

2 , 0
)

:


ϕh
Sn+1

h − Sn
h

∆t = ∇ ·
[ (3

2K (Ψn
h) − 1

2K
(
Ψn−1

h

))
∇
(
Ψn+1/2

h + z
) ]
,

Ψn+1/2
h = hcap

[
J(Sn

h ) + 1
2J

′(Sn
h )(Sn+1

h − Sn
h )
]
.

(2.27)

• Richards-MAB (α, β) =
(1

2 , 1
)

:


ϕh
Sn+1

h − Sn
h

∆t = ∇ ·
[ (3

2K (Ψn
h) − 1

2K
(
Ψn−1

h

))
∇
(
Ψn+1/2

h + z
) ]
,

Ψn+1/2
h = hcap

[1
2
(
J(Sn

h ) + J(Sn−1
h )

)
+ J ′(Sn

h )(Sn+1
h − Sn

h )
]
.

(2.28)

The incorporation of the variable Sn+1
h in the second equation of the above schemes

demonstrates their semi-implicit nature.

Remark 2 The “AB” in Richards-AB and Richards-MAB refers to Adams-Bashforth
with “M” for modified. This is because the K function extrapolation resembles the
Adams-Bashforth methods. However, the full-time discretization differs significantly
from the true Adams-Bashforth scheme.

Second type of generalized semi-implicit (S,Ψ)-schemes. For the second ap-
proximation, we used the following second-order trapezoid scheme, which was adopted
in (Diersch and Perrochet, 1999; Kavetski et al., 2001):

(
∂Sh

∂t

)
n+1

= Ṡh
n+1 ≃

2
(
Sn+1

h − Sn
h

)
− ∆tṠn

h

∆t , (2.29)

where Ṡn
h =

(
∂Sh

∂t

)
n

. Note that Ṡn
h is not approximated using formula (2.23). The ap-

proximation will be provided as follows. To determine the initialization for the sequence
(2.29), we initially adopt the same approach as employed in (Diersch and Perrochet,
1999; Kavetski et al., 2001). By incorporating the time derivative approximation (2.29)
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along with the approximations (2.18) in the Richards equation at time tn+1, we derive
the following numerical scheme, referred to as Richards-M1:


Let n = 1, · · · , N, and Sn
h , Ṡ

n
h ,Ψn−1

h ,Ψn
h ∈ Vh be given. Find (Sn+1

h ,Ψn+1
h ) ∈ V 2

h such that:∫
Ω
ϕh

2
(
Sn+1

h − Sn
h

)
− ∆tṠn

h

∆t vh dΩ +
∫

Ω

[ (
2K (Ψn

h) −K
(
Ψn−1

h

))
× ∇

(
Ψn+1

h + z
) ]

· ∇vh dΩ = −
∫

ΓN

qNvh dΓN , ∀vh ∈ Vh and a.e. in I,∫
Ω

Ψn+1
h wh dΩ =

∫
Ω
hcap

[
J(Sn) + J ′(Sn)(Sn+1 − Sn)

]
wh dΩ,

∀wh ∈ Vh and a.e. in I.

(2.30)
An alternative approach to handle the term Ṡn

h in (2.29) is to employ the following
Leap-frog formula:

Ṡn
h = 1

ϕh

C (Ψn
h) Ψ̇n

h ≃ 1
ϕh

C (Ψn
h) Ψn+1

h − Ψn−1
h

2∆t , (2.31)

where C = dθ
dΨ is the specific water capacity. The first equation in (2.31) is derived

using the chain rule as follows:

ϕh
∂Sh

∂t
= ∂θh

∂t
= Ch

∂Ψh

∂t
. (2.32)

Note that we utilized the second-order accurate approximation of Ψ̇n
h in (2.31) to main-

tain the overall second-order accuracy of the proposed scheme. However, the introduc-
tion of the nonlinear capacity term C may lead to mass balance errors (Celia et al.,
1990a).
Finally, substituting the approximation (2.31) into (2.29), we obtain the following
expression:

ϕh

(
∂Sh

∂t

)
n+1

≃
4ϕh

(
Sn+1

h − Sn
h

)
− C (Ψn

h)
(
Ψn+1

h − Ψn−1
h

)
2∆t · (2.33)

The Richards-M2 scheme is obtained by employing the time derivative approximation
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(2.33) along with the approximations (2.18) in the Richards equation at time n+ 1:


Let n = 1, · · · , N, and Sn−1
h , Sn

h ,Ψn−1
h ,Ψn

h ∈ Vh be given. Find (Sn+1
h ,Ψn+1

h ) ∈ V 2
h such that:∫

Ω

4ϕh

(
Sn+1

h − Sn
h

)
− C (Ψn

h)
(
Ψn+1

h − Ψn−1
h

)
2∆t vh dΩ +

∫
Ω

[ (
2K (Ψn

h) −K
(
Ψn−1

h

))
× ∇

(
Ψn+1

h + z
) ]

· ∇vh dΩ = −
∫

ΓN

qNvh dΓN , ∀vh ∈ Vh and a.e. in I,∫
Ω

Ψn+1
h wh dΩ =

∫
Ω
hcap

[
J(Sn) + J ′(Sn)(Sn+1 − Sn)

]
wh dΩ,

∀wh ∈ Vh and a.e. in I.

(2.34)

Remark 3 The free parameter β can be incorporated into the second equation in the
Richards-M1 and Richards-M2 schemes. In our analysis, we choose the value β = 0.

Remark 4 To mitigate the occurrence of oscillatory solutions, we employed a mass
lumping technique (Celia et al., 1990a). Specifically, we opted for the row-sum tech-
nique, which involves summing all the terms in each row of the mass matrix and placing
the result on the diagonal. This technique has the advantage of simplicity and effec-
tiveness in reducing oscillations.

A summary of the proposed numerical schemes for the Richards equation is presented
in Table 2.1.

2.4.2 Time stepping schemes for the solute transport equation

For the solute transport equation (5.5), we employed IMEX schemes (Ascher et al.,
1995). By employing the linear Galerkin finite element method, we obtain the following
semi-discrete system:

d(Mch)
dt + (K + L)ch = F. (2.35)

Table 2.1 A summary of the proposed semi-implicit schemes. The table provides a
reference to the numerical treatment of each term in the Richards equation.

Scheme ∂tSh K(Ψh) J(Ψh) α β Reference
First type of generalized semi-implicit schemes

SBDF (2.23) (2.22) (2.22) 1 0 (2.25)
MSBDF (2.23) (2.22) (2.22) 1 1 (2.26)

Richards-AB (2.23) (2.22) (2.22) 0.5 0 (2.27)
Richards-MAB (2.23) (2.22) (2.22) 0.5 1 (2.28)

Second type of generalized semi-implicit schemes
Richards-M1 (2.29) (2.22) (2.22) 1 0 (2.30)
Richards-M2 (2.33) (2.22) (2.22) 1 0 (2.34)
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The matrices involved in equation (2.35) are provided as follows:
Mij =

∫
Ω
Rhθhφiφj dΩ, Kij =

∫
Ω
θhDh∇φi · ∇φj dΩ,

Lij = −
∫

Ω
[qh · ∇φi]φj dΩ , Fi = −

∫
ΓN

qNc0 φi dΓN ,
(2.36)

where (φi)n
i=1 denotes a suitable basis function set for Vh, M is the mass matrix, the

matrix K represents the diffusive part, while the matrix L accounts for the advective
part. This decomposition enables the application of different time-stepping schemes
for these parts. To mitigate numerical oscillations, a row-sum mass lumping technique
is applied to the matrix M, resulting in the updated mass matrix:

Mij = δij

∫
Ω
Rhθhφi dΩ. (2.37)

The proposed temporal schemes are outlined as follows: A first-order IMEX scheme is
applied to equation (2.35):

(Mch)n+1 − (Mch)n

∆t + (Lch)n + α(Kch)n+1 + (1 − α) (Kch)n = Fn+1. (2.38)

A second-order IMEX scheme is applied to equation (2.35):(
α + 1

2

)
(Mch)n+1 − 2α(Mch)n +

(
α− 1

2

)
(Mch)n−1

∆t +
(
(α + 1)(Lch)n − α(Lch)n−1

)
+(

(α + β

2 )(Kch)n+1 + (1 − α− β)(Kch)n + β

2 (Kch)n−1
)

= αFn+1 + (1 − α)Fn.

(2.39)

The advective part, reflecting the hyperbolic nature of the solute transport equation,
is discretized explicitly. Meanwhile, the diffusive part, reflecting the parabolic nature
of the equation, is discretized using an implicit scheme (Ascher et al., 1995). The
same abbreviations utilized for the proposed schemes (2.25)-(2.28) are employed for
the IMEX schemes proposed for the transport equation. As previously mentioned, our
focus will be exclusively on second-order IMEX schemes. For the initialization of the
second-order time-stepping schemes (2.39), the first-order IMEX scheme (2.38) was
used. The solute transport equation can incorporate reaction terms, as demonstrated
in the numerical test in Section 2.5.2.3. In such cases, the treatment used for the
right-hand-side F in the scheme (2.39) will be applied.
The general algorithm of modeling water flow and solute transport in unsaturated soils
is illustrated in Figure 2.2.
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1. Formulate the weak formulation of the Richards equation and solute transport model.
2. Spatially discretize the operators using the mixed finite element method for the Richards equation

and the standard Galerkin finite element method for the transport equation.
3. Select a suitable semi-implicit generalized temporal scheme.
4. Resolve the resulting linear system using the sparse linear solver UMFPACK.

Solve solute transport
equation 1, 2, ...

1.  Water content
2. Pressure head
3. Water flux

Outputs 

Time step increment   Until the final time
of simulation

1.  Water content
2. Pressure head
3. Water flux
4. Solute concentrations
5. Total mass evolution 

First
outputs 

Inputs 

Solve the water flow
equation

1. Soil parameters
2. Capillary constitutive relationships
3. Domain geometry
4. Initial and boundary conditions
5. Solute parameters
6. Final time of simulation

Figure 2.2 Flow chart of the coupled numerical model of water flow and solute transport.

2.5 Numerical experiments

In this section, several numerical tests are conducted to evaluate the performance
of the proposed numerical schemes. Numerical experiments presented in this paper
were carried out using the supercomputer simlab-cluster, supported by University Mo-
hammed VI Polytechnic, and facilities of simlab-cluster HPC & IA platform. We
employed MATLAB for visualization, and the main program was implemented using
FreeFEM++ software (Hecht, 2012). The linear systems obtained by the proposed
schemes were solved using the sparse linear solver UMFPACK (Davis, 2004).
To compute the error between the numerical and reference solutions, we used the L2

and H1-errors at the final time of the simulation T :

∥u− uh∥2
L2(Ω) =

∫
Ω

|u− uh|2 dΩ, ∥u− uh∥2
H1(Ω) = ∥u− uh∥2

L2(Ω) + ∥∇(u− uh)∥2
L2(Ω),

(2.40)
where u represents the reference solution, and uh denotes the numerical approximation.
The order of convergence of a numerical method can be determined using the following
formula:

p = log
(

∥u− uτ1∥
∥u− uτ2∥

)/
log(τ1/τ2), (2.41)
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where τi represents a mesh size or a time step value, and ∥.∥ denotes either the L2 or
the H1-norms.
To numerically assess the total mass of water and solute at time t, we employed the
following formulas:

TwM(t) =
∫

Ω
θh(x, z, t) dΩ, (2.42)

TsM(t) =
∫

Ω
θh(x, z, t)ch(x, z, t) dΩ, (2.43)

where TwM(t) and TsM(t) represent the total water mass and total solute mass, re-
spectively at time t. These quantities will be compared to an exact or a reference
solution. The relative error in the mass ReM(t) can also be used to quantify mass
error, and it is defined as (Celia et al., 1990a):

ReM(t) =
∣∣∣∣∣∆Te − ∆Tn

∆Te

∣∣∣∣∣, (2.44)

where ∆Ti = TiM(t) − TiM(0), and i = n, e represent the numerical and exact total
quantities of mass in the computational domain, respectively.

2.5.1 Water infiltration

In the following subsections, we evaluate the effectiveness of the proposed numerical
schemes for simulating water infiltration. Two numerical tests are considered, with the
first one involving homogeneous soil, where we assess the accuracy, stability, and mass
conservation of the proposed schemes to select the most accurate one. The second,
presenting a more challenging scenario with heterogeneous soil, serves as confirma-
tion for the first test. For further analysis of the effective numerical method, time
order accuracy was numerically demonstrated for SBDF (Keita et al., 2021b) using a
manufactured solution.

2.5.1.1 2D homogeneous soil

In this section, our objective is to assess how the free parameters α and β impact the
accuracy, stability, and mass conservation of the proposed schemes for the Richards
equation. We conducted two numerical tests for a two-dimensional infiltration problem
within a rectangular domain [0, l] × [0, L], as illustrated in Figure 2.3. These tests pro-
vide the advantage of having available analytical solutions. The Gardner constitutive
model for the capillary pressure is employed in these two tests, where the respective
relationships are defined in Table 2.2. The α̃ parameter represents a soil parameter
related to the pore size, specifically governing the rate at which the unsaturated hy-
draulic conductivity K(Ψ) diminishes with changes in pressure head Ψ. In the first
test case, the soil domain is subject to the following initial and boundary conditions
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Table 2.2 Soil hydraulic functions for different models.

Model S(Ψ) K(Ψ) J(S)
Gardner exp(α̃Ψ) KsS(Ψ) log(S)
Haverkamp 1

1 + |α̃Ψ|β0
Ks

1
1 + |AΨ|γ

−
(
S−1 − 1

)1/β0

van Genuchten-Mualem* (1 + |α̃Ψ|nv )−mv KsS0.5
[
1 −

(
1 − S1/mv

)mv
]2

−
(
S−1/mv − 1

)1/nv

* van Genuchten-Mualem means that the water retention S(Ψ) is modeled using the van Genuchten
model; and the unsaturated hydraulic conductivity is modeled by the Mualem model, where
mv = 1 − 1

nv
, nv > 1.

(see Figure 2.4):


Ψ(x, z, 0) = Ψd for (x, z) ∈ [0, l] × [0, L],
Ψ(0, z, t) = Ψ(l, z, t) = Ψd for (t, z) ∈ (0, T ] × [0, L],
Ψ(x, 0, t) = Ψd for (t, x) ∈ (0, T ] × [0, l],

Ψ(x, L, t) = 1
α̃

ln
(
ξ + (1 − ξ) sin

(
πx

l

))
for (t, x) ∈ (0, T ] × [0, l],

(2.45)

where Ψd is the initial pressure head, ξ = exp (α̃Ψd). For the second test case, the soil

Rainfall 

Figure 2.3 2D homogeneous unsaturated soil [0, l] × [0, L].
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domain is subject to the following initial and boundary conditions (see Figure 2.4):


Ψ(x, z, 0) = Ψd for (x, z) ∈ [0, l] × [0, L],
Ψ(x, 0, t) = Ψd for (t, x) ∈ (0, T ] × [0, l],
qN(0, z, t) = qN(l, z, t) = 0 for (t, z) ∈ (0, T ] × [0, L],

Ψ(x, L, t) = 1
α̃

ln
[
ξ + (1 − ξ)

2

(
1 − cos

(2πx
l

)) ]
for (t, x) ∈ (0, T ] × [0, l],

(2.46)
The pressure head boundary conditions implemented at the upper surface of the soil
sample for the two test cases are represented in Figure 2.5. The analytical solution,
denoted as Ψi, is provided for test cases i = 1 and i = 2 by (Tracy, 2006):

Ψi = 1
α̃

ln(ξ + ψ̄i), where

ψ̄1(x, z, t) = (1 − ξ) sin
(
πx

l

)
exp

(
α̃

2 (L− z)
) sinh(β1z)

sinh(β1L) + 2
Ld

∞∑
j=1

(−1)j λj

γj

sin(λjz)e−γjt

 ,
ψ̄2(x, z, t) = (1 − ξ)

2 exp
(
α̃

2 (L− z)
) sinh

(
α̃z
2

)
sinh

(
α̃L
2

) − cos
(2πx

l

) sinh(β2z)
sinh(β2L) + 2

Ld
v(x, z, t)

 ,
β1 =

√
α̃2

4 +
(
π

l

)2
, d = α̃(θs − θr)

Ks

, λj = π

L
j, γj = 1

d
(β2

1 + λ2
j), β2 =

√
α̃2

4 +
(2π
l

)2
,

v(x, z, t) =
∞∑

j=1
(−1)jλj sin(λjz)

[
e−γ1jt

γ1j

− e−γ2jt

γ2j

cos
(2πx

l

)]
,

γ1j = 1
d

(
α̃2

4 + λ2
j

)
, γ2j = 1

d

(
α̃2

4 + λ2
j +

(2π
l

)2)
.

The parameters used in the simulations are as follows: l = L = 15.24 m, Ψd =

Test 1 Test 2

Prescribed
pressure head

No Flux

Figure 2.4 Boundary conditions employed in both two-dimensional infiltration test
cases.
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Figure 2.5 Pressure head function applied at the soil’s upper boundary in both test
cases.

−15.24 m, Ks = 0.1 m/day, α̃ = 0.164 m−1, θs = 0.45, θr = 0.15. The time step is
∆t = 10−2 day, and the domain is discretized into a 25 × 25 grid.
Figure 2.6 presents the contours of the saturation profile using four semi-implicit (S,Ψ)-
schemes at time T = 10 days. All four schemes demonstrate good agreement with
the exact solution. The Richards-M1 and Richards-M2 schemes also provide accurate
simulations for each test case (not shown here). To examine the impact of the free
parameters (α, β) on the accuracy, we calculate the L2-error between the numerical
and exact solutions, where the exact solution is computed using the first 200 terms of
the series. Figure 2.7 illustrates the results obtained for the first test case, revealing
that SBDF exhibits the lowest error. Notably, among the proposed schemes, those
with α = 1 exhibit the best accuracy. The error remains almost the same when α is
fixed and β is changed. However, for a fixed value of β, the error increases significantly
when α is decreased. As α approaches 0, the scheme becomes unstable, as it becomes
fully explicit when α = 0. Similar results were obtained for the second test case (not
shown here). Table 2.3 presents the L2-error of the pressure head and the effective
saturation for different semi-implicit (S,Ψ)-schemes, considering different time steps
and mesh sizes. The results show that SBDF and Richards-M2 have the lowest error
among the schemes, with Richards-M2 showing a particularly small error. Furthermore,
MSBDF shows a comparable error to SBDF and Richards-M1, whereas both Richards-
AB and Richards-MAB exhibit higher errors. As the mesh size decreases, Richards-M2
showcases higher accuracy compared to the other schemes.
Determining the temporal convergence rate of the proposed numerical schemes can be
challenging due to the influence of spatial error. To address this problem, we apply the
algorithm used in (Bona et al., 1995) based on a modified error as explained below.
A reference solution, denoted as uref, is computed using a mesh comprising 100 × 100
elements and a small time step ∆tref = 1×10−4 day. The reference time step is selected
to be sufficiently large to facilitate a comprehensive temporal convergence analysis while
maintaining numerical stability. The reference solution differs from the exact solution
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Figure 2.6 Contours of the saturation at time T = 10 days obtained from four semi-
implicit (S,Ψ)-schemes and the exact solution with ∆t = 10−2 day and 25×25 elements.

uexact primarily due to errors arising from spatial discretization. Additionally, for each
time step ∆t, we compute the associated numerical solution u∆t using the same mesh
size as used for uref (100 × 100 elements). Finally, the modified L2-error is expressed
as follows (Beljadid et al., 2013; Bona et al., 1995):

E∗
∆t =

∥uref − u∆t∥2
L2(Ω)

∥uexact∥2
L2(Ω)

· (2.47)

By considering the numerator of (2.47), the spatial discretization error becomes negli-
gible, as both the reference and numerical solutions u∆t are computed using the same
mesh, leaving the temporal discretization as the dominant source of error.
Figure 2.8 presents the temporal convergence rates of each numerical schemes, deter-
mined using formula (2.47) across different time steps: ∆t = 4 × 10−2, 2 × 10−2, 1 ×
10−2, 5 × 10−3. For both test cases, an approximate convergence order of 2 is observed
for all schemes at the larger time steps ∆t = 4 × 10−2 and 2 × 10−2. However, at
smaller time steps ∆t = 1 × 10−2 and 5 × 10−3, Richards-M2 shows an approximate
convergence order of 1.68 for both Ψh and Sh. SBDF, MSBDF, and Richards-M1 ex-
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hibit convergence orders of 1.63 for Ψh and 1.5 for Sh. In contrast, Richards-AB and
Richards-MAB display slightly lower convergence orders of around 1.3 for Ψh and 1.25
for Sh. The reduction in convergence order at smaller time steps can be attributed to
the increased influence of discretization errors in the computational domain. Finally,
we conclude that the proposed semi-implicit techniques do not impact the second-order
accuracy of the methods based on BDF2 and the trapezoid techniques.

Figure 2.7 Analysis of the pressure head and the saturation L2-error with respect to
the free parameters (α, β) with ∆t = 10−2 day and 25 × 25 elements in the first test
scenario.
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Figure 2.8 Evaluation of the modified L2-error in the log-log scale of the numerical
schemes as a function of the time step ∆t in the first test scenario.

To investigate the influence of the soil parameter α̃, Table 2.4 displays the L2-errors for
various semi-implicit (S,Ψ)-schemes. SBDF, MSBDF, Richards-AB, Richards-MAB,
and Richards-M1 remain stable as α̃ increases. Despite its accuracy, Richards-M2 re-
quires smaller time steps to maintain stability, especially when gravity forces dominate
over capillarity forces.
The examination of mass conservation of the proposed semi-implicit (S,Ψ)-schemes was
performed using both test cases. Figure 2.9 illustrates the evolution of the total mass
and the relative mass error in the computational domain for the numerical schemes
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Table 2.3 The computed pressure head and saturation L2-errors for the semi-implicit
(S,Ψ)-schemes at time T = 10 days.

Scheme h ∆t Test 1 Test 2

L2-error Ψh L2-error Sh L2-error Ψh L2-error Sh

SBDF 1.9 1e-2 2.47e-1 1.04e-2 2.96e-1 1.18e-2
0.8 5e-3 7.67e-2 3.09e-3 8.41e-2 3.42e-3
0.4 2.5e-3 2.34e-2 9.32e-4 2.67e-2 1.08e-3

MSBDF 1.9 1e-2 2.48e-1 1.04e-2 2.96e-1 1.18e-2
0.8 5e-3 7.72e-2 3.11e-3 8.47e-2 3.45e-3
0.4 2.5e-3 2.37e-2 9.44e-4 2.71e-2 1.10e-3

Richards-AB 1.9 1e-2 2.51e-1 1.05e-2 2.95e-1 1.20e-2
0.8 5e-3 8.28e-2 3.27e-3 9.37e-2 3.76e-3
0.4 2.5e-3 2.93e-2 1.11e-3 3.73e-2 1.41e-3

Richards-MAB 1.9 1e-2 2.52e-1 1.06e-2 2.95e-1 1.20e-2
0.8 5e-3 8.34e-2 3.29e-3 9.45e-2 3.79e-3
0.4 2.5e-3 2.95e-2 1.11e-3 3.78e-2 1.42e-3

Richards-M1 1.9 1e-2 2.48e-1 1.04e-2 2.96e-1 1.18e-2
0.8 5e-3 7.68e-2 3.09e-3 8.46e-2 3.44e-3
0.4 2.5e-3 2.36e-2 9.37e-4 2.71e-2 1.10e-3

Richards-M2 1.9 1e-2 2.46e-1 1.03e-2 2.95e-1 1.18e-2
0.8 5e-3 7.49e-2 3.01e-3 8.21e-2 3.32e-3
0.4 2.5e-3 2.18e-2 8.67e-4 2.41e-2 9.81e-4

and the exact solution. The results indicate that all numerical schemes yield accurate
results in terms of mass conservation.

2.5.1.2 Manufactured solution

In the previous test case, we assessed the accuracy and efficiency of the proposed
numerical schemes for the Gardner model. In this model, the soil-water diffusivity,
defined as the ratio of the hydraulic conductivity K to the specific moisture capacity C,
and the derivative of the unsaturated hydraulic conductivity with respect to saturation
are considered constant. Exact solutions for realistic dependence of these variables have
been previously established (e.g., Sander et al. (1988)). In this section, we extend our
analysis to more realistic soils using the method of manufactured solutions (Keita et al.,
2021b). We consider a two-dimensional soil domain of shape [0, l]× [0, L], and the final
time of simulation is set to T = 120 seconds. The manufactured solution for the
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α̃ = 0.164 α̃ = 0.328

Scheme L2-error Ψh L2-error Sh L2-error Ψh L2-error Sh

SBDF 7.67e-2 3.09e-3 1.08e+0 3.05e-2
MSBDF 7.72e-2 3.11e-3 1.08e+0 3.06e-2
Richards-AB 8.28e-2 3.27e-3 1.08e+0 3.06e-2
Richards-MAB 8.34e-2 3.29e-3 1.08e+0 3.06e-2
Richards-M1 7.68e-2 3.09e-3 1.08e+0 3.05e-2
Richards-M2 7.49e-2 3.01e-3 unstable

Table 2.4 The computed pressure head and effective saturation L2-errors for the semi-
implicit (S,Ψ)-schemes in function of the soil parameter α̃ at time T = 10 days with
∆t = 5 × 10−3 day and 50 × 50 elements in the first test scenario.
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Figure 2.9 Time-evolution and the relative error of the total mass in the computational
domain: Exact and numerical schemes with ∆t = 10−2 day and 25 × 25 elements.

pressure head Ψ is given by:

Ψ(x, z, t) = 20.4 tanh
(

0.5(z + t

12 − 15)
)

− 41.1. (2.48)
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The constitutive relationships are based on the Haverkamp model to account for the
nonlinear dependency of the diffusivity function on saturation. The complete expres-
sions for the Haverkamp model are provided in Table 2.2. The pressure head function
(2.48) is substituted into the Richards equation (2.1) to derive a source term, which
is then added to the equation. This derived source term is independent of the water
saturation, eliminating the need for additional numerical treatment. The parameters
for this numerical test are as follows:

l = 2 cm, L = 20 cm, Ks = 9.44 × 10−3 cm/seconds, α̃ = 0.0271 cm−1, (2.49)

θs = 0.287, θr = 0.075, β0 = 3.96, γ = 4.74, A = 0.0524 cm−1.

For numerical simulations, the Richards equation is supplemented with initial and
Dirichlet boundary conditions derived from the exact solution (2.48). We employ
the SBDF scheme with a spatial mesh size of h = 0.1 cm and a time step of ∆t =
0.01 s. It is worth noting that no regularization of the derivative of the Leverett
function is required in this numerical test, as the saturation levels remain well below full
saturation throughout the entire simulation period. The resulting profiles for pressure
head and saturation at various time snapshots are presented in Figure 2.10. The SBDF
scheme provides excellent agreement with the exact solution for both variables. To
perform a temporal convergence analysis, we fix a spatial mesh size of h = 0.1 cm and
use four different time steps ∆t = 4, 2, 1, 0.5 seconds. The modified L2-error defined
in (2.47) is used to compute the error between the numerical and exact solutions.
Figure 2.10 (left) presents the results obtained for the SBDF and Richards-M2 schemes,
with the convergence order reported for all time steps used. The Richards-M2 scheme
demonstrates an approximate convergence order of 1.85 for both Ψh and Sh across all
time steps. Similarly, the SBDF, MSBDF, and Richards-M1 schemes exhibit nearly
the same convergence order for both variables, approximately 1.83. In contrast, the
Richards-AB and Richards-MAB schemes show the lowest convergence order, around
1.56 for both variables. Additionally, the spatial convergence order is evaluated for the
proposed schemes. For this purpose, we use a fixed time step of ∆t = 0.01 second
and four different spatial mesh sizes h = 4, 2, 1, 0.5 cm. All schemes demonstrate a
convergence order of approximately 1.9 in the L2-norm and around 1 in the H1-norm.
The results are presented for both variables Ψh and Sh.
This numerical experiment, utilizing realistic capillary pressure models, validates the
effectiveness of the proposed methods for solving the Richards equation, particularly
the SBDF and Richards-M2 schemes. The results demonstrate that these techniques
can accurately and efficiently simulate water flow in unsaturated soils. We now turn our
attention to a more challenging problem involving a heterogeneous soil configuration.
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Figure 2.10 (Left) Evolution of saturation over time. (Middle) Evolution of pressure
head over time. (Right) Modified L2-error as a function of time step ∆t. Simulations
were performed using a time step of ∆t = 0.01 second and a mesh size of h = 0.1 cm.

2.5.1.3 2D heterogeneous soil

Here, we will perform a challenging test that involves a curvilinearly layered soil based
on the van Genuchten-Mualem water retention model (Manzini and Ferraris, 2004).
Our aim in this test is to investigate the capability of the generalized semi-implicit
(S, ψ)-schemes to handle more complicated geometries and heterogeneous conditions,
as was done in the case of the SBDF scheme (Keita et al., 2021b). The geometry of
the domain and the parameters used in this test are shown in Figure 2.11 and Table
2.5 respectively. The consecutive relationships in the van Genuchten-Mualem model
are presented in Table 2.2. The unsaturated hydraulic conductivity K(Ψ) is described
using Mualem’s model (Mualem, 1976). The two layers of the soil are separated by the
curve defined by the function:

ξ(x) = 100 (0.1(1 − cos(πx/100)) + 0.45) for x ∈ [0, 100 cm]. (2.50)

The initial and boundary conditions used for this heterogeneous test are illustrated
in Figure 2.11. We used the time step ∆t = 1

60 hour and h = 1 cm. All numerical
schemes perform well and show good agreements with those shown in (Keita et al.,
2021b; Manzini and Ferraris, 2004). For instance, Figure 2.12 presents the simulation
results using the SBDF scheme at different time snapshots.

To examine the order of convergence for the studied semi-implicit (S,Ψ)-schemes in

Ks( cm. h−1) θs θr α̃ ( cm−1) nv

z ≥ ξ(x) 0.25 0.50 0.12 0.028 3.00
z < ξ(x) 2 0.46 0.034 0.016 1.37

Table 2.5 Parameters for the soil textures in the curvilinearly layered soil test case.

this numerical solution test, a reference solution is computed using the SBDF scheme
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No flux

Figure 2.11 2D curvilinearly layered soil: [0, 100 cm]2 - initial and boundary conditions.

Scheme Ψh Sh

SBDF 1.77 1.8
MSBDF 1.75 1.79

Richards-M2 1.78 1.801

Table 2.6 Order of convergence for the semi-implicit (S,Ψ)-schemes in the curvilinearly
layered soil test case.

with a finer mesh size h = 0.25 cm, and ∆t = 1
240 day. The L2-errors for the semi-

implicit (S,Ψ)-schemes are depicted in Figure 2.13. The three numerical schemes
exhibit almost the same errors in both pressure head and saturation variables. The
order of convergence for the proposed schemes for both variables is presented in Table
2.6. The results suggest that the convergence order for both Ψh and Sh is approximately
2, based on the two smallest mesh sizes, h = 0.837 and h = 0.418. To assess the
CPU time efficiency of the semi-implicit (S,Ψ)-schemes, we conduct simulations for
this heterogeneous test infiltration up to a time T = 6 hours. We used the same
parameters as mentioned earlier, with a mesh size of h = 2.4 cm and a time step of
∆t = 1

60 hour. SBDF scheme stands out with the shortest CPU time at 136.37 seconds,
whereas Richards-M2 and MSBDF require 154.09 and 136.69 seconds, respectively, to
simulate the 6 hours of water infiltration into the heterogeneous layered soil.

2.5.2 Water flow and solute transport

In this section, our aim is to evaluate the proposed coupled semi-implicit schemes for
modeling water flow and solute transport in unsaturated soil using different bench-
marks. A convergence and stability analysis of the coupled semi-implicit schemes is
carried out in the following section to determine the most efficient and accurate scheme.
The selected scheme is then used in the remaining sections, which focus on numerical
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Figure 2.12 Saturation profile evolution using the SBDF scheme at various times.

4.3552.8861.5110.8370.418
h (cm)

100

101

102

L2 ­
er

ro
r

h

SBDF
MSBDF
Richards­M2

4.3552.8861.5110.8370.418
h (cm)

10 2

10 1

100

L2 ­
er

ro
r

Sh

SBDF
MSBDF
Richards­M2

Figure 2.13 Pressure head and saturation L2-errors in function of the mesh size h for
the studied semi-implicit (S,Ψ)-schemes in the curvilinearly layered soil test case.

tests to assess various scenarios, including the transport of single and multispecies in
one and two dimensions.

2.5.2.1 Convergence and stability analysis of the coupled semi-implicit
schemes

In this section, we aim to analyze the accuracy and stability of the proposed coupled
schemes for modeling water-solute transport in unsaturated soils. Analytical solutions
for the coupled water-solute system are scarce and assume simple boundary conditions,
and only for one-dimensional settings. Additionally, the majority of these solutions
suppose steady-state conditions where water flux and water content do not vary with
time. Thus, we require an exact solution with unsteady-state water flux as well as
nonlinear dependency between the saturation and soil-water diffusivity for realistic
soils. In this paper, we opt for the exact solution developed by Sander et al. (Sander
and Braddock, 2005) for the coupled model of water flow and solute transport. The
exact solution is derived by neglecting the gravity term, and thus water moves only by
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capillary forces. The Richards equation in terms of the water content-based form is
given as follows: 

∂θ

∂t
+ ∂q

∂x
= 0,

q = −D(θ)∂θ
∂x
,

(2.51)

where D(θ) is the soil-water diffusivity, which is given as:

D(θ) =
λw2

f

2 Sλ

(
1 − Sλ

1 + λ

)
. (2.52)

We recall that S is the saturation given by equation (2.2). In equation (2.52), λ is a
soil parameter that should be larger than 3, and wf is the water-wetting front position.
The Richards equation in its water-content form (2.51) is coupled to the following
solute transport equation: 

∂θc

∂t
+ ∂qc

∂x
= 0,

qc = −θDs
∂c

∂x
+ qc,

(2.53)

where qc is the solute flux, and Ds is the dispersion function for the solute which is
given by:

θDs = θDw + |q|DL, (2.54)

with Dw being the molecular diffusion constant, and DL is the dispersivity. The dis-
persivity is assumed to be a function of scale and time and parametrized as follows:

DL(x, t) = ε0ϕ
w

√
t, (2.55)

where ϕ = x/
√
t is a Boltzmann transformation, w and ε0 are parameterized constants.

This dispersivity function is different from the longitudinal dispersivity (2.11). This
one has an explicit dependency on both time and space.
The coupled water-solute system is subjected to the initial and boundary conditions
presented in Figure 2.14. Due to neglecting the gravity term ∂K

∂z
in the Richards

equation, the flow is horizontal in the x-axis direction. We assume an initial water
content and solute concentration equal to θr and cr, respectively. At the soil surface x =
0, the water and solute are imposed as Dirichlet boundary conditions with θ = θs and
c = cs. Both water and solute are assumed to equal their initial condition at the position
x = 1. The exact solution for the coupled model of water and solute subjected to the
previously mentioned initial and boundary conditions is given in reference (Sander and
Braddock, 2005).
To assess the order of convergence of the proposed coupled semi-implicit schemes, we
discretized the soil column into 101 elements and used different time steps ∆t. The
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Figure 2.14 Horizontal infiltration test domain.

critical parameter for this test is ε0, and as it tends to zero, the problem becomes an
advection-dominated transport phenomenon with a wave speed of q/θ. This is due to
the dispersion term Ds in equation (2.54) approaching zero. Thus, for small values of
ε0, the solute profile will be steeper. In our simulation, we fixed the value of ε0 at 0.1.
The other parameters were set as follows:

θr = 0.1, θs = 0.2, cr = 0, cs = 0.1, wf = 1, λ = 5, Dw = 0, w = 1. (2.56)

The results obtained from the SBDF scheme for both saturation and solute concen-
tration are given in Figure 2.15 at the final simulation time T = 1 for different time
steps. We can observe the convergence of the SBDF scheme as ∆t decreases. An order
of convergence of approximately 1.78 is obtained for this test case. The SBDF scheme
provides stable profiles even with larger time steps, but the profiles do not match the
exact solutions for both water and solute when using a larger time step. Good agree-
ment, with a relative L2-error of less than 1%, is obtained between the SBDF scheme
and the exact saturation profile when using ∆t = 10−3. However, we need ∆t = 10−4

to achieve an acceptable relative L2-error for the solute concentration solution. If the
time step is fixed at ∆t = 10−4, the SBDF scheme can achieve a relative L2-error of
less than 0.5% for saturation and 0.41% for solute concentration.
During the numerical simulations, it was observed that the SBDF scheme allows for
larger time steps if only water infiltration is considered. However, when coupled to the
solute transport equation, the SBDF scheme becomes more restrictive in terms of time
step which should be chosen to obtain stable solutions.
To assess the influence of the free parameters (α, β) on the accuracy and stability of
the proposed coupled semi-implicit schemes, we solve the same numerical test with the
same parameters provided in (2.56), and the results obtained are shown in Figure 2.16.
No significant difference is observed between the schemes for saturation. However,
the difference becomes clear for the solute concentration profiles, where the accuracy
decreases as α tends to 0. The family of schemes with α = 1 provides the best choice
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regarding the value of the free parameter β. This demonstrates the efficiency of the
SBDF and MSBDF schemes for modeling this coupled system. Regarding stability, the
simulation results show that when α = 0, the coupled scheme is unstable regardless
of the chosen value of β. This is expected due to the fact that the scheme becomes
fully explicit. As α approaches 1, the scheme becomes more efficient in terms of both
accuracy and stability, and the optimal choice is the SBDF scheme with α = 1.
In summary, this numerical test has shown that the choice of free parameters (α, β)
plays a crucial role in the accuracy and stability of the coupled semi-implicit schemes
for modeling water-solute transport in porous media. The SBDF scheme, with α = 1,
has proven to be the most efficient and accurate for modeling the coupled water-solute
transport system. Therefore, in the subsequent sections, we focus on the integrated
model of water flow and solute transport using the SBDF numerical scheme.

Figure 2.15 Saturation (left) and normalized concentration profiles (right) for different
time steps ∆t. The final simulation time is T = 1 and the mesh size is h = 0.01. The
normalized concentration is given by: c = (c− cr)/(cs − cr).
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Figure 2.16 Saturation and normalized concentration profiles for different α and β
values. The final simulation time is T = 1 and the mesh size is h = 0.01.
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2.5.2.2 1D single-species solute transport

In this section, we solve the coupled water and solute transport problem in a one-
dimensional scenario and then extend it to a two-dimensional configuration. To assess
our results, we used the HYDRUS-1D software, which is well-known in the field and
serves as our point of comparison (Šimůnek et al., 2005). The simulation domain
is a rectangle [0, L]2, and the coupled model is supplemented by specific initial and
boundary conditions, outlined as follows:

Water flow :


Ψ(x, z, 0) = −1 m for (x, z) ∈ [0, L]2,
Ψ(x, 0, t) = −1 m for (t, z) ∈ (0, T ] × [0, L],
Ψ(x, L, t) = −0.2 m for (t, x) ∈ (0, T ] × [0, L],

(2.57)

Solute transport :


c(x, z, 0) = 0 mmol/m3 for (x, z) ∈ [0, L]2,
c(x, 0, t) = 0 mmol/m3 for (t, x) ∈ (0, T ] × [0, L],
c(x, L, t) = 1 mmol/m3 for (t, x) ∈ (0, T ] × [0, L],

(2.58)

and no flux boundary condition is imposed on the other sides of the domain. The van
Genuchten-Mualem model for capillary pressure is used in this test, and the related
functions are given in Table 2.2 with the following data for clay soil:

L = 1 m, Ks = 0.048 m/day, α̃ = 0.8 m−1, θs = 0.38, θr = 0.068, (2.59)

DL = 0.1 m, Dw = 0 m2/day, ∆t = 5 × 10−4 day, h = 10−2 m, nv = 1.09.

In this test, we assume that no adsorption occurs between the solid phase of soil and the
solute (R = 1). The solute concentration and pressure head profiles, along with their
cross-sections, are depicted in Figure 2.17. The results from the proposed schemes and
HYDRUS-1D exhibit significant similarity. To evaluate mass conservation for water
and solute, we employed the formulas (2.42) and (2.43) to calculate the numerical
mass and compared it to the reference solution, which is determined using HYDRUS-
1D. Figure 2.18 presents the results, demonstrating a good agreement between the
numerical and reference solutions.
This numerical test confirms the accuracy of the proposed schemes for single-species
solute transport. In the following subsection, we investigate the performance of the
numerical schemes in the context of multiple solute transport.

2.5.2.3 1D multispecies nitrogen transport

In this 1D numerical test, a fully coupled system modeling a first-order decay chain of
nitrogen species is selected to examine the efficacy of the SBDF scheme in addressing
this scenario. This numerical test involves multiple solute concentrations, with chemi-
cal reactions in their governing partial differential equations for solute transport. The
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Figure 2.17 Concentration profiles for the SBDF scheme and HYDRUS-1D at T = 1 day
(top) and cross-section at x = 0.5 m for pressure head, water content, and solute
concentration at T = 10 days (down).
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Figure 2.18 Time-evolution of the total mass of water and solute obtained by the SBDF
scheme and HYDRUS-1D.

comparison is made using the HYDRUS-1D software. In the water flow equation, the
initial and bottom boundary pressure head values are set to −1000 cm, while the soil
surface pressure head value is set to −75 cm. The initial sources of nitrogen are assumed
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to be ammonium NH+
4 and nitrate NO−

3 . The ammonium is nitrified by autotrophic
bacteria to form nitrite NO−

2 and subsequently nitrate NO−
3 , which is denitrified to

produce dissolved nitrogen N2 and N2O (see Figure 2.19 left column). The partial dif-
ferential equations governing the concentrations of nitrogen multispecies (NH+

4 , NO
−
2

and NO−
3 ) are (Hanson et al., 2006; Kaluarachchi and Parker, 1988; Šimůnek et al.,

2005): 

∂Rθc1

∂t
= ∇ · (θD∇c1 − c1q) − µ1θc1,

∂θc2

∂t
= ∇ · (θD∇c2 − c2q) + µ1θc1 − µ2θc2,

∂θc3

∂t
= ∇ · (θD∇c3 − c3q) + µ2θc2 − µ3θc3,

(2.60)

where c1, c2, and c3 denote the concentrations of NH+
4 , NO

−
2 , and NO−

3 respectively,
and µ1, µ2, and µ3 represent the first-order rate coefficients for the nitrification of
NH+

4 , nitrification of NO−
2 , and denitrification of NO−

3 .
In this model, we exclusively considered first-order degradation reactions (nitrification,
denitrification, and adsorption). Only ammonium was assumed to be linearly adsorbed
to the solid phase of soil, which is represented by the retardation factor R. Certainly,
additional terms can be incorporated into the model as needed. The soil was assumed to
be initially free from any form of nitrogen species. The concentrations at the soil surface
were fixed at 50, 0, and 10 mmol/cm3 for ammonium, nitrite, and nitrate, respectively.
Zero-concentration gradients were assumed on the bottom boundary for all nitrogen
species. The van Genuchten-Mualem model for capillary pressure is employed in this
test with the following parameters:

L = 100 cm, Ks = 796.608 cm/day, α̃ = 0.0335 cm−1, θs = 0.381, θr = 0.102,

DL = 4 cm, Dw = 0.288 cm2/day, ∆t = 10−4 day, h = 1 cm, nv = 2, p = 1, (2.61)

ρ = 1.6×106 mg/l, Kd = 0.34×10−6 l/mg, µ1 = 0.12 day−1, µ2 = 0.048 day−1, µ3 = 0.012 day−1,

where L is the depth of the soil profile.
The nitrogen kinetics parameters µi were obtained from (Bailey et al., 2013), while
other parameters were sourced from (Berlin and Suresh Kumar, 2018). Figure 2.19
(right column) displays the simulated concentrations of nitrogen species after 1 day,
showing excellent agreement with HYDRUS-1D. The proposed schemes were tested us-
ing different model parameters. The numerical schemes demonstrated their capability
to capture the effects of the nitrogen kinetics parameters µi on the fate of each species
(results not shown).

2.5.2.4 2D water flow and pore-water electrical conductivity

In this section, we solve the coupled water flow and solute transport equations em-
ploying the SBDF scheme. This test scenario was previously employed in the study
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Figure 2.19 Diagram illustrating the first-order decay chain of nitrogen species (left)
and nitrogen species concentrations at time T = 1 day (right).

conducted by (Haruzi and Moreno, 2023c) to simulate two-dimensional water flow and
pore-water electrical conductivity (pore-water EC, denoted as σ) during infiltration
and redistribution processes. In their study (Haruzi and Moreno, 2023c), the authors
solved the coupled model through both physics-informed neural networks and numer-
ical simulation. We utilize the dataset (Haruzi and Moreno, 2023b), which includes
their obtained results, to conduct a comparative analysis with our findings. The do-
main’s geometry, along with the boundary conditions applied, is visualized in Figure
2.20 (left column). The water table is situated far below the domain of interest. Conse-
quently, a free drainage boundary condition was implemented at the bottom, expressed
as ∂Ψh

∂z
= 0. As a result, the Neumann boundary condition, qN , implicitly depends on

the pressure head solution Ψh through the following relationship:

qN(Ψn+1
h ) = K(Ψn+1

h ). (2.62)

To achieve the primary research goal of avoiding the need for an iterative procedure,
the extrapolation method (2.18) will also be applied to equation (2.62).
Water infiltrates the domain from a center-located section with a width of 10 cm at
a constant flow rate of qz = −0.1 m/day. In the same section, a third-type boundary
condition (5.11) is applied, with a constant solute feeding of σ0 = 1 S/m. A zero-flux
boundary condition was assumed for the remaining domain boundaries. No adsorption
is considered between the pore-water EC and the solid phase of soil (R = 1). The
infiltration occurred for a duration of 1 day. The parameters and initial conditions for
water flow and the transport of pore-water EC are as follows:

Ψ(x, z, 0) = −1.3 m, σ(x, z, 0) = 0.1 S/m, Ks = 0.25 m/day, α̃ = 3.6 m−1, (2.63)

θs = 0.43, θr = 0.078, nv = 1.56, DL = 0.5 m, DT = 0.1 m.
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The soil parameters characterize loamy soil, with the capillary pressure modeled using
the van Genuchten-Mualem model.
For the numerical schemes, we employed a time step ∆t = 10−3 days and a mesh with
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Figure 2.20 Water flow and solute transport 2D domain for pore-water EC test (left)
and for nitrate test (right).

4947 nodes and 9640 triangular elements with a small mesh size near the soil surface.
In the case of the numerical simulation for the reference solution used in (Haruzi and
Moreno, 2023c), the authors utilized 40401 nodes and 80000 triangular elements. Figure
2.21 illustrates the pressure head and pore-water EC at various times. These results
show good agreement with those presented in (Haruzi and Moreno, 2023c). At position
x = 0 m, cross-sections depicting both pressure head and pore-water EC as functions of
soil depth are illustrated in Figure 2.22, which corresponds to the same profiles as those
obtained in (Haruzi and Moreno, 2023c). Based on this numerical test, we conclude
that the SBDF scheme remains stable and demonstrates good accuracy in solving the
coupled processes of infiltration and transport within a two-dimensional geometry. The
subsequent numerical test focuses on a real experiment involving infiltration and nitrate
transport in 2D unsaturated soil.

2.5.2.5 Modeling 2D nitrate transport: Validation with experimental data

In this last numerical test, our aim is to evaluate the performance of the proposed
scheme in simulating an experimental infiltration and transport scenario. This test is
grounded in an experiment conducted in (Li et al., 2005), where the authors measured
water content and nitrate concentration in a laboratory experiment, comparing the
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Figure 2.21 (a) Pressure head and (b) Pore-water EC profiles at various times obtained
using the SBDF scheme.
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Figure 2.22 (a) Pressure head and (b) Pore-water EC vertical profiles (x = 0 m) as
functions of soil depth at various times: SBDF scheme results and comparison with
Haruzi and Moreno data (Haruzi and Moreno, 2023c).

results with a numerical simulation. The experiment was conducted on a cylindrical
domain with a radius Lx = 41 cm and depth Lz = 40 cm. Cylindrical coordinates
with axisymmetrical flow were used to model water flow and nitrate transport. Here,
the radial coordinate is denoted by the variable x. Water infiltrated with a constant
pressure head Ψ0 into the soil [0, Lx] × [0, Lz] through the left portion of the surface.
This section was considered time-independent and had a length of Rs. In their experi-
ment (Li et al., 2005), the authors considered two nitrogen species: ammonium (NH+

4 )
and nitrate (NO−

3 ), both sourced from an ammonium nitrate fertilizer. The authors
focused on the simulations and measurements of nitrate. The ammonium nitrate fer-
tilizer was applied in the same location where water was introduced. Figure 2.20 (right
column) depicts the 2D domain utilized in this experiment, along with the boundary
conditions. No adsorption between the solid phase of soil and nitrate is considered.
The van Genuchten-Mualem model was used for capillary pressure. In our numerical
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test, to solve this problem, an unstructured mesh is adopted, with finer mesh elements
near the region where water and solute were applied. The total number of triangles
used in this test was 3126, and there were 1639 nodes with a mesh size of 1.86 cm. We
employed a time step of ∆t = 10−4 hours, along with the following data:

θ(x, z, 0) = 0.13, θs = 0.41, θr = 0.047, nv = 1.48, α̃ = 0.015 cm−1,

Ks = 1.96 cm/h, DL = 0.32 cm, DT = DL/100 cm, Dw = 0.09 cm2/h, (2.64)

Lx = 41 cm, Lz = 40 cm, Rs = 5.6 cm, Ψ0 = 0.15 cm.

Figure 2.23 illustrates the cross-section of water content and nitrate concentration as
a function of depth, with x fixed at 2.5 cm and 12.5 cm. The simulation involves
continuous water and nitrate applications for 8 hours, starting with an initial nitrate
concentration of 247.5 mg/L. The proposed schemes exhibit a good correspondence
with the experimental data. Any observed deviations could potentially arise from
water loss during the soil sampling process, as the water content was measured using
the gravimetric method, as reported by the authors in (Li et al., 2005). To evaluate
nitrate transport, three water and fertilizer application strategies were employed in
their study (Li et al., 2005), as depicted in Figure 2.24. A Dirichlet boundary condition
is used with a constant nitrate concentration of c0 = 54 mg/L. The soil is supposed
to be free from nitrate, and the duration of nitrate fertigation is the same across the
three strategies, lasting 3 hours, with continuous water application for 6 hours. We
employ the SBDF scheme to perform numerical simulations, investigating the evolution
of nitrate under the different fertigation strategies. Figures 2.25 and 2.26 depict cross-
sections of nitrate distribution and snapshots of water and nitrate in the 2D domain.
As observed in (Li et al., 2005), strategy A results in a profound depth for the peak
of the nitrate profile, whereas strategy B retains more nitrate in the upper of the
soil, which proves to be the most efficient strategy. In the scenario where the loam
soil contains a non-negligible nitrate concentration, there is no noticeable distinction
among the three strategies, consistent with the observations made in (Li et al., 2005)
(results not presented here). These findings collectively demonstrate the efficiency of
the SBDF scheme for modeling water flow and nitrate transport in unsaturated soils.

2.6 Conclusion

This study presents several numerical time-stepping schemes for solving the coupled
model of water flow and solute transport. Building upon the findings in (Keita et al.,
2021b), we developed a family of second-order accurate schemes for solving the Richards
equation using a mixed finite element method for spatial discretization. Concurrently,
the time-stepping schemes were extended for the transport equation, using the Galerkin
finite element method in space. Numerical experiments for water flow reveal that
SBDF, MSBDF, and Richards-M2 persist as robust schemes for homogeneous and het-
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Figure 2.23 Cross-sections of water content (top) and nitrate concentration (down) at
x = 2.5 cm and x = 12.5 cm after 8 hours of application.

erogeneous soils. SBDF has the advantage of computational efficiency and stability
when gravity forces dominate over capillary forces. Through numerical analysis of the
coupled semi-implicit schemes, our results affirm the SBDF scheme’s superior robust-
ness, establishing it as the optimal choice among the proposed numerical methods.
Consequently, we used the SBDF scheme to solve the coupled water flow and solute
transport model. Through various numerical tests, we simulated diverse scenarios in
1D and 2D configurations, including single and multispecies nitrogen transport, pore
water electrical conductivity, and nitrate transport. The SBDF scheme demonstrated
good accuracy in simulating the coupled model, with good agreement observed in com-
parison to reference solutions and experimental data.
The primary advantage of the proposed schemes lies in their noniterative approach,
which generally converges for highly nonlinear constitutive soil relationships. Addi-
tionally, adaptive time and space techniques can be incorporated into the proposed
schemes to improve their efficiency.
Our investigation reveals that introducing nonzero values for the free parameter β
does not provide significant advantages in terms of stability or accuracy, while the
free parameter α has a large impact on the schemes. The family of schemes with
α = 1 and β ∈ [0, 1] yield approximately the same results, with the SBDF scheme
(α, β) = (1, 0) being the best choice. Our results invite future theoretical studies for
the SBDF scheme.
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Figure 2.26 Water content at various times (top) and nitrate concentration at 6 hours
for each fertigation strategy (down) using the SBDF scheme.

The future goal is to extend the SBDF scheme to model the complex interconnections
between water infiltration in soils, nutrient uptake by plant roots, nutrient dynamics,
and evapotranspiration. Furthermore, a three-dimensional extension of the proposed
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schemes will be a focus of future endeavors, enabling the simulation of water-solute
dynamics in more realistic configurations.
To summarize, this chapter introduced and validated an efficient second-order semi-
implicit numerical scheme for modeling coupled water flow and solute transport in
unsaturated soils. The proposed non-iterative mixed FEM showed satisfactory accu-
racy and stability, making it suitable for generating high-fidelity reference solutions
to be used as benchmarks for training and evaluation of machine learning models. In
the following chapters, we shift focus toward scientific machine learning-based predic-
tive algorithms. Specifically, the next chapter is dedicated to developing a data-free
PINN model and assessing its performance by comparing it against the FEM reference
solutions.

Appendix. Error Analysis

We present a proof of the order of accuracy for the proposed time-stepping schemes.
We used the following notations:

J∂tS
n+1
h Kα =

(
α + 1

2

)
Sh(tn+1) − 2αSh(tn) +

(
α− 1

2

)
Sh(tn−1)

∆t ,

JKn+1
h Kα = (α + 1)K (Ψh(tn)) − αK (Ψh(tn−1)) ,

JJn+1
h Kα,β = (α + β

2 )J ′(Sh(tn))(Sh(tn+1) − Sh(tn)) + (1 − β

2 )J(Sh(tn)) + β

2J(Sh(tn−1)),

∂n
t (∗) = ∂n(∗)

∂tn
.

(2.65)
For the sake of simplicity, we have omitted the inclusion of the spatial coordinate in
our analysis.
Under the assumption of sufficient smoothness, and by centering our scheme around the
time tn+α, we can employ Taylor series to provide a proof for the following equations:

J∂tS
n+1
h Kα = ∂tSh(tn+α) + ∆t2

6

(
(1 − α)3

(
α + 1

2

)
∂3

t Sh(t1) + 2α4∂3
t Sh(t2)

− (1 + α)3
(
α− 1

2

)
∂3

t Sh(t3)
)

= ∂3
t Sh(tn+α) +O(∆t2),

(2.66)
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where t1, t2, t3 ∈ [tn−1, tn+1].

JKn+1
h Kα = (α + 1)

[
K (Ψh(tn+α)) +

(
Ψh(tn) − Ψh(tn+α)

)
K ′ (Ψh(tn+α)) +

(Ψh(tn) − Ψh(tn+α))2

2 K ′′ (Ψh(c1))
]
−α

[
K (Ψh(tn+α)) +

(
Ψh(tn−1) − Ψh(tn+α)

)
×

K ′ (Ψh(tn+α)) + (Ψh(tn−1) − Ψh(tn+α))2

2 K ′′ (Ψh(c2))
]
,

(2.67)

where c1, c2 are between Ψh(tn−1) and Ψh(tn+α). We expand again Ψh(tn−1),Ψh(tn) in
(2.67) around the time level t = tn+α:

Ψh(tn) = Ψh(tn+α) − α∆t∂tΨh(tn+α) + (α∆t)2

2 ∂2
t Ψh(β1), (2.68)

we get:

JKn+1
h Kα = K (Ψh(tn+α)) + ∆t2

2

[
K ′ (Ψh(tn+α))

(
(α + 1)α2∂2

t Ψh(β1) − (1 + α)2α∂2
t Ψh(β2)

)
+

α2(1 + α)K ′′ (Ψh(c1)) (∂tΨh(γ1))2 − α(1 + α)2K ′′ (Ψh(c2)) (∂tΨh(γ2))2
]
,

(2.69)

where β1, β2, γ1, γ2 ∈ [tn−1, tn+α].

JJn+1
h Kα,β = (α + β

2 )
[
J(Sh(tn+α)) +

(
Sh(tn+1) − Sh(tn+α)

)
J ′ (Sh(tn+α)) +

(Sh(tn+1) − Sh(tn+α))2

2 J ′′ (Sh(g1))
]
+(1 − α− β)

[
J(Sh(tn+α))+(

Sh(tn) − Sh(tn+α)
)
J ′ (Sh(tn+α)) + (Sh(tn) − Sh(tn+α))2

2 J ′′ (Sh(g2))
]
+

β

2

[
J(Sh(tn+α)) +

(
Sh(tn−1) − Sh(tn+α)

)
J ′ (Sh(tn+α)) +

(Sh(tn−1) − Sh(tn+α))2

2 J ′′ (Sh(g3))
]
,

(2.70)
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where g1, g2, g3 ∈ [tn−1, tn+α].

JJn+1
h Kα,β = J(Sh(tn+α)) + ∆t2

2

[
J ′ (Sh(tn+α))

(
(α + β

2 )(1 − α)2∂2
t Sh(α1)+

(1 − α− β)α2∂2
t Sh(α2) + β

2 (1 + α)2∂tSh(α3)
)

+

(α + β

2 )(1 − α)2J ′′
(
Sh(d1)

)
(∂tSh(l1))2 + (1 − α− β)α2J ′′

(
Sh(d2)

)
(∂tSh(l2))2+

β

2 (1 + α)2J ′′
(
Sh(d1)

)
(∂tSh(l3))2)

)]
,

(2.71)

where α1, α2, l1, l2, l3 ∈ [tn−1, tn+α].
We conclude that all the time approximation schemes maintain second-order accuracy.
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CHAPTER 3 Physics-informed neural networks vs finite element
method for modeling coupled water and solute flow in unsaturated soils

Abstract
Accurate modeling of water infiltration and solute transport in unsaturated soils is crit-
ical for various applications. These include optimizing irrigation practices to conserve
water and minimize environmental impact, as well as predicting the fate of contam-
inants in soil and groundwater. This study explores the application of the vanilla
physics-informed neural network (PINN) approach for modeling the coupled system of
water flow and solute transport in unsaturated soils. We compare the performance of
PINN with the Galerkin finite element method (FEM) to evaluate their effectiveness.
Various techniques are implemented to improve the PINN solver, including adaptive
activation functions. Numerical tests were carried out to evaluate the efficiency of the
PINN solver in comparison to the FEM. The findings reveal that PINN can achieve ac-
curacy comparable to FEM, albeit at a significantly higher computational cost during
training, while maintaining fast inference times.

3.1 Introduction

Soil moisture and solute dynamics are fundamental to hydrological modeling, influ-
encing a wide range of environmental and engineering challenges. Precise knowledge
of water flow and solute behavior in soils is essential to tackle diverse environmental
problems. Understanding these dynamics is critical for developing efficient irrigation
systems (Dastorani et al., 2010), which ultimately leads to improved agricultural prod-
uct quality. Modeling water flow and solute transport in unsaturated soils traditionally
relies on a coupled system of the Richards equation (Richards, 1931) for water flow,
and advection-dispersion equations (Bear, 2013) to describe solute movement. This ap-
proach necessitates solving a complex system of partial differential equations (PDEs).
The highly nonlinear nature of the Richards equation, coupled with the intricate na-
ture of realistic boundary conditions, renders analytical solutions for the coupled water
flow and solute transport model highly challenging to obtain. Consequently, numer-
ical methods provide a powerful alternative approach to solving these PDEs. While
various numerical methods exist for solving the Richards equation alone (Keita et al.,
2021c), their application to the coupled model of water flow and solute transport re-
mains less explored (Kamil et al., 2024a; Toutlini et al., 2024). Standard numerical
solvers often face challenges due to their computational demands, particularly during
mesh generation within the domain. Additionally, these methods require adherence to
strict time step and mesh size limitations to ensure accurate solutions. Furthermore,
they typically assume precise knowledge of initial/boundary conditions and soil prop-
erties, which can be unrealistic in practical scenarios where uncertainty and incomplete
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information about these conditions are common.
Data-driven approaches offer an alternative surrogate to standard numerical methods.
A recent method, introduced as physics-informed neural networks (PINNs), aims to
enhance efficiency and alleviate the requirement for extensive training data (Raissi
et al., 2019). In the PINN approach, a deep learning solver is trained to solve a
desired PDE while adhering to the underlying physical laws encoded within it. This
methodology has demonstrated significant advancements in solving various engineering
problems (e.g., Roy et al. (2023)). Other variants of PINNs have been proposed to
enhance the approach’s efficiency in tackling complex PDEs with discontinuous and
sharp solutions (Kharazmi et al., 2021).
PINN solvers have emerged as powerful tools for simulating water flow and solute
transport, consistently achieving impressive results. For instance, Depina et al. (De-
pina et al., 2022) employed PINNs to estimate unknown soil parameters, while Bandai
et al. (Bandai and Ghezzehei, 2021) developed a PINN framework to estimate key
soil properties such as the water retention curve, hydraulic conductivity function, and
surface water flux. Furthermore, Haruzi et al. (Haruzi and Moreno, 2023a) addressed
the coupled model to predict pressure head and pore water electrical conductivity with
unknown initial conditions.
A critical gap persists in the literature concerning coupled models for water flow and
solute transport, particularly in scenarios where no data are available. Building upon
prior comparisons between the FEM and PINNs for various PDEs (Grossmann et al.,
2023), this study specifically concentrates on a comparative analysis of their efficacy,
with a focus on accuracy and efficiency, in solving the forward problem of the highly
nonlinear Richards equation coupled with the advection-dispersion equation. We in-
tegrate the adaptive activation function (Jagtap et al., 2020) to enhance the training
of the PINN solver. Two numerical tests, namely, 1D and 2D tests, are conducted to
provide a detailed comparison of the two approaches.

3.2 The physical models

3.2.1 Water flow

Modeling water flow in unsaturated soils is typically described using the Richards
equation (Richards, 1931), which is represented by the following equation:

∂θ

∂t
+ ∇ · q = 0,

q = −K∇(Ψ + z),
(3.1)

where Ψ is the pressure head, z is the vertical dimension, q is the water flux, K = Kskr

is the unsaturated hydraulic conductivity, Ks is the saturated hydraulic conductivity,
kr is the water relative permeability, and θ is the volumetric water content.
To solve the Richards equation, it is essential to provide explicit functions for K and
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θ as functions of Ψ. In this paper, we employed the Mualem-van Genuchten model
(Van Genuchten, 1980) expressed by the following equations:

θ =
{
θr + (θs − θr)

(
1 + (αv|Ψ|)nv

)−mv

, if Ψ ≤ 0θs, if Ψ > 0 (3.2a)

K =


Ks

[
1 − (αv|Ψ|)nv−1

(
1 + (αv|Ψ|)nv

)−mv
]2

(
1 + (αv|Ψ|)nv

)mv/2 , if Ψ ≤ 0

Ks, if Ψ > 0

(3.2b)

mv = 1 − 1
nv

; nv > 1, (3.2c)

where θs and θr represent the saturated and residual volumetric water contents, re-
spectively; nv, mv and αv are the van Genuchten empirical parameters.

3.2.2 Solute transport

To account for solute transport alongside water flow, the equilibrium advection-dispersion
equation is typically coupled with the Richards equation, resulting in the following gov-
erning model (Bear, 2013):

∂θc

∂t
= ∇ · (θD∇c− cq) , (3.3)

where c represents the concentration of the solute in the liquid phase, D represents
the dispersion tensor, θ and q represent the water content and water flux, respectively.
The components of the dispersion tensor are computed as follows (Bear, 2013):

θDij = (DT ∥q∥ + θDwτ) δij + (DL −DT )qiqj

∥q∥
. (3.4)

Here, Dw denotes the molecular diffusion constant, while DL and DT represent the
longitudinal and transversal dispersivities, respectively. The symbol δij denotes the
Kronecker symbol, while τ represents the tortuosity factor in the liquid phase. The
Euclidean norm of q is denoted by ∥q∥, where qi and qj represent the components of the
water flux in the corresponding spatial directions. The tortuosity factor is determined

using the formula (Bear, 2013): τ = θ7/3

θ2
s

.
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3.3 Methods

3.3.1 Finite element method: FEM

We adopt the mixed FEM model developed in Chapter 2 as the reference solution for
evaluation. For further details on the formulation and implementation, the reader is
referred to that chapter.

3.3.2 Physics-informed neural networks: PINNs

In this study, we utilize the vanilla PINN (Raissi et al., 2019) to address the coupled
model of water flow and solute transport in unsaturated soils. We approximate the
solutions of the PDEs given by equations (5.1)-(3.3), Ψ(t, x) and c(t, x), using a feed-
forward neural network (FNN). The outputs of the FNN are represented as Ψ̂(t, x,Θ)
and ĉ(t, x,Θ), where Θ denotes the trainable parameters of the neural network, and the
inputs consist of the time-space coordinates (t, x). We gather data comprising collo-
cation points distributed throughout the time-space domain I × Ω. These data points
are classified into residual collocation points (tr, xr) ∈ (0, T ] × Ω, initial collocation
points (0, xic) ∈ {0}×Ω, and boundary collocation points (tb, xb) ∈ (0, T ]×∂Ω. Subse-
quently, the following residual functions can be derived using automatic differentiation
techniques (Baydin et al., 2018):

f̂R(tr, xr) = ∂θ̂

∂t
− ∇ ·

[
K̂∇(Ψ̂ + z)

]
,

f̂C(tr, xr) = ∂θ̂ĉ

∂t
− ∇ ·

(
θ̂D̂∇ĉ− ĉq̂

)
.

(3.5)

The hat notation denotes predictions made by the FNN. The training of the PINN
solver involves minimizing the following loss function:

J(Θ) = αrJr(Θ) + αbJb(Θ) + αicJic(Θ), (3.6)

where

Jr(Θ) = 1
Nr

Nr∑
i=1

(
f̂R(tri , xr

i )
)2

+
(
f̂C(tri , xr

i )
)2
, (3.7a)

Jic(Θ) = 1
Nic

Nic∑
i=1

(
Ψ(0, xic

i ) − Ψ̂(0, xic
i )
)2

+
(
c(0, xic

i ) − ĉ(0, xic
i )
)2

. (3.7b)

Here, Jr, Jb, and Jic represent the residual, boundary, and initial condition losses,
respectively. Further, Nr and Nic denote the total number of residuals and initial
collocation points. The term Jb accounts for the disparities between the predicted
value of the FNN and the true boundary value. Its formulation depends on the specific
type of boundary condition utilized.
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In both the 1D and 2D numerical tests, we utilized a total of 10,000 residual collocation
points and 2,000 initial/boundary collocation points. The FNN architecture consists of
5 hidden layers, each containing 50 neurons. The output function − exp(x) is applied
to the neuron corresponding to the predicted pressure head to enforce its negativity,
while the identity function is employed for the neuron representing solute concentra-
tion. The activation function employed in the FNN is the hyperbolic tangent with an
adaptive activation technique (Jagtap et al., 2020), with the learning parameter initial-
ized to 0.05 and the scale factor set to 20. The weights of the FNN parameters were
initialized using the Xavier random initialization method (Glorot and Bengio, 2010a),
while the bias parameters b were set to zero initially. A two-step training technique
was implemented, employing two optimizers sequentially, starting with Adam (Kingma
and Ba, 2014) and followed by L-BFGS-B (Byrd et al., 1995). We employed the Adam
optimizer with exponential decay of the learning rate for optimization. The initial
learning rate was configured to 10−3, with a decay rate of 0.9, and the decay step was
set to 1000. Additionally, the maximum number of iterations was limited to 20000.
Other parameters were left at their default values. The parameters of the L-BFGS-B
optimizer were set as follows: ftol = 10−10, gtol = 10−8, maxcor = 50, maxls = 50,
maxiter = 50,000, and maxfun = 50,000, while the remaining parameters were kept at
their default values. To improve training, a mini-batching technique was applied for
the Adam optimizer, whereas a full-batch approach was employed for the L-BFGS-B
optimizer. The implementation of the PINN solver was performed using the Tensor-
Flow library (Abadi et al., 2016). Figure 3.1 presents a conceptual illustration of the
PINN solver for modeling water flow and solute transport in unsaturated soils.

FNN Constitutive relations Constraints

Van Genuchten model
Darcy Law
Dispersion Tensor

Automatic Differentiation

Loss
function

Training

Adam optimizerL-BFGS-B optimizer

Initial and boundary losses

Figure 3.1 Diagram illustrating the PINN solver for the coupled water flow and solute
transport model.

3.4 Numerical experiments

In this section, we present two numerical experiments to compare the performance of
PINN and FEM for solving the coupled model of water flow and solute transport. The
first experiment involves a one-dimensional soil column test, while the second numerical
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test is conducted on a 2D soil with different boundary conditions.
For both numerical experiments, we used the following loamy soil parameters: Ks =
0.2496 m/day, αv = 3.6 m−1, θs = 0.43, θr = 0.078, nv = 1.56. For the one-dimensional
experiment, the initial and boundary conditions are outlined as follows: For (t, z) ∈

(0, 1] × [−1, 0], Ψ(0, z) = −1 m, q(t, 0) = −0.05 m/day, ∂Ψ
∂z

(t,−1) = 0, c(0, z) =

0 mmol/m3, c0 = 50 mmol/m3,
∂c

∂z
(t,−1) = 0, where c0 indicates the concentration

of the applied solute at the soil surface. The following solute parameters were used:
DL = 0.1 m, Dw = 0.0 m2/day.
For the two-dimensional experiment, the initial and boundary conditions are outlined
as follows: For (t, x, z) ∈ (0, 1] × [−1, 0] × [−1, 1], Ψ(0, x, z) = −1.3 m, Ψ(t, x, 0) =
−0.2 m, ∂Ψ

∂z
(t, x, 0) = 0, c(0, x, z) = 0.1 g/m3, c(t, x, 0) = 1 g/m3,

∂c

∂z
(t, x,−1) = 0.

Additionally, a no-flux boundary condition was enforced along the lateral sides of the
domain. The following solute parameters were used: DL = 0.5 m, DT = 0.1 m, Dw =
0.0 m2/day.
To provide a benchmark for comparison with the PINN solution described in 3.3.2,
we computed a reference solution using the FEM model developed in Chapter 2. For
the 1D numerical test, the reference solution was obtained with ∆tref = 10−5 day
and ∆zref = 10−4 m. In the 2D numerical test, the reference time step used was
∆tref = 10−4 day, and the computational domain was discretized into a 100 × 100 grid.
The obtained results are depicted in Figure 3.2, and a summary of accuracy and com-
putational cost is illustrated in Table 3.1. Both FEM and PINN demonstrate good
accuracy for pressure head and solute concentrations, with errors lower than 1% for
both numerical tests. However, PINN exhibits significantly faster prediction times
compared to FEM. Therefore, combining these two techniques could show promise for
advancing subsurface modeling, particularly in terms of fast and accurate predictive
capabilities.

Table 3.1 The obtained results for both PINN and FEM in solving the one- and two-
dimensional infiltration-solute model.

1D numerical test
CPU of training

(seconds)
CPU of

prediction
(seconds)

relative
L2-error for Ψ

relative L2-error
for c

Total loss

FEM - 5.29 1.9e-3 2.2e-3 -
PINN 619.45 0.544 2.19e-3 3.42e-3 6.05e-3

2D numerical test
FEM - 58.75 1.5e-3 1.09e-3 -
PINN 1572.6 0.55 5.9e-3 3.06e-3 1.86e-05
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Figure 3.2 2D numerical test- Snapshots of the obtained results from PINN and cross-
sections at x = 0 of the pressure head and solute concentration obtained using PINN
and FEM solvers.

3.5 Conclusion

This study highlights the accuracy and effectiveness of utilizing a vanilla PINN ap-
proach to solve the coupled model of water flow and solute transport. It compares
the efficacy of this approach with the mixed Galerkin FEM. PINN is enhanced with
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techniques such as adaptive activation functions to better address the high nonlinearity
inherent in the Richards equation. The results indicate that PINN can attain accuracy
levels similar to FEM, despite requiring notably more computational resources dur-
ing training. However, PINN maintains quick inference times, suggesting its potential
as a viable alternative for modeling water-solute systems, albeit with a trade-off in
computational cost.
The next chapter focuses on identifying effective PINN strategies for modeling water
infiltration and single- or multi-species solute transport in unsaturated soils. A com-
parative study is conducted for both forward and inverse problems using sparse and
noisy data. One- and two-dimensional scenarios are considered, and the results are
evaluated against FEM reference solutions and experimental data.
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CHAPTER 4 A comparative study of physics-informed neural network
strategies for modeling water and nitrogen transport in unsaturated soils

Abstract
A deep understanding of subsurface flow dynamics, including water infiltration and
the transport of single or multiple solutes in unsaturated soils, is critical for a wide
range of engineering applications. Traditionally, these complex processes have been
modeled using standard numerical solvers, which remain conventional in many studies.
However, a recent and promising methodology gaining traction is physics-informed
neural networks (PINNs). This approach is based on training neural networks to solve
partial differential equations by combining available data with the physical principles
embedded in the equations. In this study, we analyse several PINN solvers to tackle the
coupled model of water flow and single or multispecies solute transport in unsaturated
soils. This model is governed by the highly nonlinear Richards equation and advection-
dispersion equations. To improve the training of the solvers, we integrate several
strategies aimed at capturing the system’s full complexity.
The numerical experiments cover one- and two-dimensional scenarios, tackling forward
and inverse problems. The results obtained from PINN are compared with reference
solutions and experimental data sourced from existing literature. Our analysis under-
scores the effectiveness of employing sequential training alongside an adaptive activa-
tion technique for modeling the coupled water-solute system. This methodology not
only improves accuracy and training efficiency but also enables an accurate estimation
of the unknown ammonium nitrification rate from sparse measurements.

4.1 Introduction

Modeling water flow and the transport of solutes in unsaturated soils is a critical task
with numerous applications. For instance, it helps determine the quality and quantity
of water recharging a saturated zone (Feyen et al., 1998). This information is vital for
designing efficient irrigation systems (Kandelous and Šimůnek, 2010) and managing
the impact of water and solutes on groundwater (Perrin et al., 2011). Modeling the
dynamics of nitrogen and other solute species, is essential for comprehending their
migration within the root zone. This understanding aids in making informed decisions
regarding their efficient application (Li et al., 2015).
The most widely adopted approach for modeling flow and transport phenomena relies
on applying the mass- and momentum-balance physical laws represented by partial
differential equations (PDEs). Within this framework, the Richards equation serves as
the fundamental basis for modeling water flow in the vadose zone. Different extensions
to the Richards equation have been proposed for modeling infiltration in porous media
(see, e.g, DiCarlo (2013); Xiong (2014); Cueto-Felgueroso and Juanes (2009); Eliassi
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and Glass (2002) for an overview). Beljadid, Cueto-Felgueroso, and Juanes (Beljadid
et al., 2020) proposed a continuum model of unstable infiltration through porous me-
dia. The authors developed a new PDE: the BCJ-R equation (Equation 18 in (Beljadid
et al., 2020)), which is endowed with an entropy function as an extension of the tra-
ditional Richards equation. The BCJ-R equation (Beljadid et al., 2020) is based on a
second gradient theory using a free energy functional as a symmetric expansion of the
capillary energy density in the Richards equation. Advection-dispersion models can be
incorporated to simulate the dynamic behavior of solutes. Despite their widespread
use, these mathematical models frequently lack analytical solutions, particularly when
confronted with complex geometries and boundary conditions. Conversely, numerical
methods offer a practical solution for coupled water flow and solute transport mod-
els, effectively handling complex geometries and different boundary conditions. In the
scientific literature, a variety of numerical techniques have been proposed for solv-
ing the coupled model of water flow and solute transport (Chen et al., 2019b; Kamil
et al., 2024b; Toutlini et al., 2025b). Despite their efficiency and versatility in han-
dling PDEs, these numerical methods come with certain limitations: (a) For complex
geometries, mesh generation can be computationally expensive and complex (Karni-
adakis et al., 2021); (b) Solving high-dimensional problems poses some challenges, such
as the curse of dimensionality (Hu et al., 2024); (c) Simulating physical phenomena be-
comes challenging when initial/boundary conditions are unknown or when the physics
is incomplete (Moreno and Paster, 2018); and (d) Stability criteria must be respected,
imposing restrictions on the time step and mesh size, particularly in the presence of
significant changes in the computational domain.
Deep learning methods (DLs) are an alternative approach for approximating any de-
sired linear or nonlinear function, as established by their universal approximation prop-
erty (Hornik et al., 1989). In DLs, neural networks are trained to capture the rela-
tionships between inputs and outputs. One notable advantage of DLs is their ability
to directly address nonlinear problems without the need for linearization techniques
or time-space discretizations. However, despite their universal approximation capabili-
ties, standard DL approaches may struggle to provide acceptable solutions when faced
with highly nonlinear problems, especially in the absence of constraints derived from
the physical laws encoded in the PDEs (Raissi et al., 2019).
Recently, a novel methodology that integrates physical constraints with available data
is to use physics-informed neural networks (PINNs) (Raissi et al., 2019). In this ap-
proach, a neural network is employed to approximate the solution of the desired PDEs
while adhering to their prescribed initial and boundary conditions. The fundamen-
tal difference between PINNs and conventional DLs lies in the definition of the loss
function that incorporates the physical constraints. PINNs have garnered considerable
attention within the scientific community, primarily owing to their meshfree nature
and ability to compute derivatives of the neural network inputs without relying on a
time and space stepping scheme. This latter attribute is possible mainly by using the
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chain rule for differentiating the compositions of functions and employing automatic
differentiation methods (Baydin et al., 2018). Another contributing factor is the signif-
icant advancements in CPUs (central processing units) and GPUs (graphics processing
units), which accelerate the training process of DL algorithms. The main advantage
of PINNs over other meshless methods is their ability to be trained on randomly gen-
erated points, with the flexibility to easily adapt and regenerate collocation points as
needed (Lu et al., 2021b).
Several studies have successfully employed the PINN approach to solve various en-
gineering problems (Bertels and Willems, 2023; Cai et al., 2021a; Guo et al., 2023).
PINNs have also been effectively used for modeling water flow (Bandai and Ghezzehei,
2021; Tartakovsky et al., 2020; Depina et al., 2022; Chen et al., 2023b; Lan et al., 2024a;
Vemuri et al., 2024; Zhang et al., 2023), as well as for modeling coupled water flow with
solute transport or heat transfer in unsaturated soils (Haruzi and Moreno, 2023a; Wang
et al., 2023b; Kamil et al., 2024e,c; Faroughi et al., 2023). For a comprehensive review
of the applications of PINNs in fluid and solid mechanics, as well as their limitations,
we refer readers to the literature review by (Faroughi et al., 2024).
In the studies mentioned above, when addressing ill-posed problems, PINN models
were trained on sparse data. These cases often involved uncertainties regarding initial
or boundary conditions, or the complex relationship between soil moisture and matric
head. Notably, all of these studies effectively tackled inverse problems, demonstrating
the robust efficacy of PINNs as powerful solvers in such complex scenarios.
The development of efficient PINN solvers for coupled water flow and solute transport
in unsaturated soils remains limited (Haruzi and Moreno, 2023a; Wang et al., 2023b;
Kamil et al., 2024c,e). Furthermore, a significant gap persists in the literature regarding
the modeling of multicomponent solute transport using PINNs. In particular, using a
standard PINN solver for solving systems involving multiple coupled PDEs has been
shown to be inefficient (Laubscher, 2021; Kamil et al., 2024c). This inefficiency can be
attributed to several fundamental challenges inherent to the problem. These include
the coupling between water flow and solute dynamics, the high nonlinearity of the
Richards equation, and the need to simultaneously predict multiple hydraulic and
transport variables. These difficulties are further compounded in multispecies transport
problems, where modeling the interactions among several solutes, such as nitrogen
species (nitrate, ammonium) and other ions (potassium, calcium), requires solving
complex systems of coupled PDEs. Therefore, the development of efficient PINN solvers
is essential for accurately capturing these processes and for supporting the design of
effective irrigation and fertigation management strategies.
In this study, we aim to investigate the effectiveness of PINNs in solving the cou-
pled model of water flow and single or multi-species solute transport in unsaturated
soils. We explore various one-dimensional (1D) and two-dimensional (2D) scenarios,
addressing both forward and inverse problems. The main contribution of this study
is the development of three distinct PINN solvers, which are evaluated across various
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benchmarks to determine the most effective approach. The first solver is the standard
PINN model, where a single neural network is utilized to predict all the desired vari-
ables simultaneously. The second solver employs a multi-neural network architecture
(MPINN), with separate neural networks dedicated to computing each variable of in-
terest. Finally, we introduce a sequential PINN solver (S-PINN), which decouples the
training of neural networks, allowing each PDE to be solved independently. To en-
hance the performance and computational efficiency of the proposed PINN solvers, we
incorporate advanced optimization techniques such as the adaptive activation function
(Jagtap et al., 2020), and sequential optimization using both the Adam and L-BFGS
algorithms. The selection of the standard PINN, MPINN, and S-PINN solvers was
motivated by the need to systematically evaluate different strategies for addressing the
challenges inherent to coupled flow and multispecies transport in unsaturated soils.
The standard PINN provides a baseline for simultaneous prediction, MPINN allows
for specialized networks for each variable, and S-PINN enables independent training
to better manage complex multiphysics interactions. These approaches were chosen to
investigate how variable coupling, network interaction, and training dynamics affect
the overall efficiency, accuracy, and robustness of PINN solvers for multicomponent
subsurface modeling.
Our primary focus in this study is on forward problems where no data is assumed to
be available for training the PINN solvers. Another objective of this study is to deter-
mine the most efficient PINN solver for modeling multiple solute species in unsaturated
soils, with a specific focus on the nitrogen first-order decay chain. In this context, we
solve a set of coupled advection-diffusion-reaction PDEs to derive the variables of in-
terest. In addition, we address the inverse problem of identifying the nitrification rate
of ammonium in a hypothetical scenario. This study aims to enhance the application
of PINNs to challenging scenarios in hydrological modeling, particularly within un-
saturated porous media, and to establish them as a viable and efficient alternative to
standard numerical solvers.
The rest of the paper is structured as follows. Section 7.2 outlines the governing equa-
tions for water flow and solute transport in unsaturated soil, including the initial and
boundary conditions. The methodology for the proposed PINN solvers is explained in
Section 5.4. The numerical results are presented and discussed in Section 5.5. Sections
4.5 and 4.6 offer a summary of the study, key conclusions, and outline some future
perspectives.

4.2 The mathematical model

4.2.1 Water flow model

In this study, we use the Richards equation to model water infiltration into unsat-
urated soils. It is derived by combining the mass conservation principle and Darcy-
Buckingham’s law (Buckingham, 1907). The expression of the Richards equation in
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the mixed form is as follows: 
∂θ

∂t
+ ∇ · q = 0,

q = −K∇(Ψ + z),
(4.1)

where Ψ is the matric head, z is the vertical dimension directed upward, q is the
water flux, K = Kskr is the unsaturated hydraulic conductivity, Ks is the saturated
hydraulic conductivity, kr is the water relative permeability, and θ is the volumetric
water content. The time coordinate is represented by t and x = (x, z) represents
the spatial coordinates, where x signifies the horizontal position in two-dimensional
scenarios.
The van Genuchten model (Van Genuchten, 1980) is employed to describe the water
content θ as a function of Ψ, while the unsaturated hydraulic conductivity K is given
according to Mualem’s model (Mualem, 1976). The full expressions are as follows:

θ =


θr + (θs − θr)

(
1 + (αv|Ψ|)nv

)−mv

if Ψ ≤ 0,

θs if Ψ > 0,
(4.2a)

K =


Ks

[
1 − (αv|Ψ|)nv−1

(
1 + (αv|Ψ|)nv

)−mv
]2

(
1 + (αv|Ψ|)nv

)mv/2 if Ψ ≤ 0,

Ks if Ψ > 0,

(4.2b)

mv = 1 − 1
nv

, nv > 1, (4.2c)

where θs and θr represent the saturated and residual volumetric water contents, re-
spectively, and nv, mv and αv are the van Genuchten empirical parameters.

4.2.2 Solute transport model

To model the coupled system of water flow and solute transport in unsaturated soils,
the advection-dispersion equation (ADE) is coupled to the Richards equation. This
ADE takes the following form (Bear, 2013; Šimůnek et al., 2005):

∂θc

∂t
+ ∂ρs

∂t
= ∇ · (θD∇c− cq) , (4.3)

where c represents the concentration of the solute in the liquid phase, s denotes the
concentration of the solute in the solid phase, ρ stands for the soil bulk density, and
D represents the dispersion tensor. The dispersion tensor encompasses the impact of
both molecular diffusion and hydrodynamic dispersion. Additionally, θ and q represent
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the water content and water flux, respectively, as governed by the Richards equation
(5.1).
The relationship between s and c can be expressed using the Freundlich equation
(Šimůnek et al., 2005):

s = Kdc
p, (4.4)

where p is the Freundlich constant, which in the case of a linear model equals 1, and
Kd is an empirical coefficient that is equal to zero when the interaction between the
solute and soil particles is ignored.
The solute transport equation (5.3) can be modified into the following compact form
by using the Freundlich equation (4.4):

∂Rθc

∂t
= ∇ · (θD∇c− cq) , (4.5)

where the retardation factor, R, is defined by the following formula and takes into
consideration the interaction between the solute and the solid phase of soil:

R = 1 + ρKd
cp−1

θ
· (4.6)

The components of the dispersion tensor are calculated as follows when the gaseous
phase is excluded (Bear, 2013):

θDij = (DT ∥q∥ + θDwτ) δij + (DL −DT )qiqj

∥q∥
, (4.7)

where Dw represents the molecular diffusion constant, while DL and DT denote the
longitudinal and transversal dispersivities, respectively. The coefficient δij stands for
the Kronecker symbol, and τ represents the tortuosity factor in the liquid phase. The
Euclidean norm of q is represented by ∥q∥, where qi and qj correspond to the com-
ponents of the water flux in the respective spatial directions. The tortuosity factor is
calculated using the formula provided in (Bear, 2013):

τ = θ7/3

θ2
s

· (4.8)

In situations where multiple solute transport equations are involved, considering in-
teractions between solutes is a standard practice. This is typically accomplished by
incorporating decay coefficients (Šimůnek et al., 2005). As explored in the test case
4.4.2, the dynamics of multiple solutes can be modeled using the following system
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(Šimůnek et al., 2005):

∂Rθc1

∂t
= ∇ · (θD∇c1 − c1q) − µ1θc1,

∂θc2

∂t
= ∇ · (θD∇c2 − c2q) + µ1θc1 − µ2θc2,

∂θc3

∂t
= ∇ · (θD∇c3 − c3q) + µ2θc2 − µ3θc3,

(4.9)

where the concentration and the first-order decay coefficient of solute k are indicated
by ck and µk. For additional details, especially in the context of multiple nitrogen
species, refer to the numerical test 4.4.2.

4.2.3 Initial and boundary conditions

To complete equations (5.1) and (5.5), it is necessary to define suitable initial and
boundary conditions. In this study, the following initial and boundary conditions are
utilized for the Richards equation:

Ψ(0,x) = Ψ0(x) in Ω,
Ψ = ΨD in I × ΓD ⊂ I × ∂Ω,
q · n = q0 in I × ΓN ⊂ I × ∂Ω,

(4.10)

where I × Ω represents the time-space domain, with I = (0, T ]. In addition, the terms
Ψ0, ΨD, and q0 correspond to the initial condition, Dirichlet, and Neumann boundary
conditions, respectively. The term ∂Ω denotes the boundary of Ω, and ΓD and ΓN

refer to the Dirichlet and Neumann boundaries, respectively. The outward unit normal
vector to the boundary ΓN is represented by n.
For the transport equation (5.5), the following initial and boundary conditions are
used: 

c(0,x) = c0(x) in Ω,
c = cD in I × ΓD ⊂ I × ∂Ω,
− (θD∇c− γcq) · n = c̄0q0 in I × ΓN ⊂ I × ∂Ω,

(4.11)

where c0 and cD denote the initial and Dirichlet boundary conditions. When γ = 0, the
third equation in (5.11) represents a second-type (Neumann) boundary condition, and
when γ = 1, that same equation represents a third-type (Cauchy) boundary condition.
In addition, c0 indicates the concentration of the applied solute and q0 is the specific
discharge. It is essential to specify the initial and boundary conditions for each solute
when dealing with more than one.
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4.3 Methods

4.3.1 Feedforward neural networks: FNNs

Here, we provide an overview of fully connected feedforward neural networks (FNNs).
An FNN predicts an output ŷ for an input x̃ through linear transformations followed
by a nonlinear activation function σ. It consists of an input layer, one or multiple
hidden layers with neurons applying transformations, and an output layer producing
ŷ. The forward pass of an FNN is expressed as:

y0 = x̃,

yl = σ(Wlyl−1 + bl), for l = 1, ..., L,
ŷ = o(yL),

(4.12)

where L is the number of hidden layers, Wl and bl are the weights and biases, σ is the
activation function, and o is the output activation.
In regression tasks, the network parameters Θ = (Wl, bl)l are optimized by minimizing
the empirical loss function:

Jd(Θ) = 1
Nd

Nd∑
i=1

(yi − ŷi)2 , (4.13)

where Nd is the number of labeled data points yi.
The activation function can be made adaptive during training to improve learning
(Jagtap et al., 2020). This is done by introducing a scale factor s and a learnable
parameter α, modifying the activation into the form σ(sαlyl), where αl is specific
to each layer. For example, in tanh(sαx), increasing sα reduces the width of the
linear region, allowing the network to capture more complex patterns (see Figure 4.1).
However, if sα becomes too large, it can cause exploding or vanishing gradients, making
the training unstable. To avoid this, careful initialization of sα is necessary. With
adaptive activation, the network parameters become Θ = (Wl, bl, αl)l. We refer to this
method as AA throughout the paper.

4.3.2 Physics-informed neural networks

In a PINN model (Raissi et al., 2019), the inputs are time-space collocation points
sampled from the domain I × Ω (see Figure 4.2), and the output corresponds to the
solution of the target PDEs. To effectively approximate the solution of the coupled
model of water flow and solute transport, the network is trained not only to capture
the data-driven aspects, but also to respect the physical principles encoded in the
equations, including their initial and boundary conditions. To achieve this, a set of
collocation points from the time-space domain I×Ω, must be sampled. If we randomly
select a set of points (tri ,xr

i ) ∈ (0, T ] × Ω̃, where Ω̃ = Ω\∂Ω, these points are referred
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Figure 4.1 Adaptive activation function. Hyperbolic tangent (a) and sigmoid (b) acti-
vation functions for various values of sα.

to as residual points. By feeding these points into the network, the output provides
predictions for the solution of the Richards equation and of the solute transport model
(Ψ̂, ĉ) at the specified points (tri ,xr

i ). To enforce satisfaction of the coupled model,
automatic differentiation is applied to derive the following residual functions:

f̂R(tri ,xr
i ) = ∂θ̂

∂t
− ∇ ·

[
K̂∇(Ψ̂ + z)

]
,

f̂C(tri ,xr
i ) = ∂R̂θ̂ĉ

∂t
− ∇ ·

(
θ̂D̂∇ĉ− ĉq̂

)
,

(4.14)

where the functions θ̂, K̂, q̂, and D̂ are computed according to the relations given in
equations (8.4a)–(8.4b).
On the other hand, to sample initial and boundary training points, we can also ran-
domly select points (0,xic

i ) ∈ {0} × Ω and (tbi ,xb
i) ∈ (0, T ] × ∂Ω. The values (tbi ,xb

i)
can belong to the Dirichlet boundary, denoted as (tDi ,xD

i ), or to the Neumann-Cauchy
boundaries, denoted as (tNi ,xN

i ).
After supplying the residual, initial, and boundary collocation points to the FNNs, the
following loss functions can be derived:

Jr(Θ) = 1
Nr

Nr∑
i=1

 f̂R(tri ,xr
i )

τfR

2

+
 f̂C(tri ,xr

i )
τfC

2

, (4.15a)

JD
b (Θ) = 1

ND
b

ND
b∑

i=1

Ψ(tDi ,xD
i ) − Ψ̂(tDi ,xD

i )
τΨ

2

+
(
c(tDi ,xD

i ) − ĉ(tDi ,xD
i )

τC

)2

, (4.15b)
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Figure 4.2 Example of 2D time-space collocation points (a) and 3D time-space collo-
cation points (b).

JN
b (Θ) = 1

NN
b

NN
b∑

i=1

(
NΨ(tNi ,xN

i ) − NΨ̂(tNi ,xN
i )

τNΨ

)2

+
(

Nc(tNi ,xN
i ) − Nĉ(tNi ,xN

i )
τNc

)2

,

(4.15c)
Jb(Θ) = JD

b (Θ) + JN
b (Θ), (4.15d)

Jic(Θ) = 1
Nic

Nic∑
i=1

Ψ(0,xic
i ) − Ψ̂(0,xic

i )
τΨ

2

+
(
c(0,xic

i ) − ĉ(0,xic
i )

τC

)2

, (4.15e)

where Jr, JD
b , JN

b , and Jic represent the residual, Dirichlet boundary, Neumann bound-
ary, and initial condition losses, respectively. Further, Nr, ND

b , NN
b , and Nic denote the

total number of residual, Dirichlet boundary, Neumann-Cauchy boundary, and initial
collocation points, while N denotes the boundary operator defined by the Neumann-
Cauchy boundary conditions. The terms τfR

, τfC
, τΨ, τC , τNΨ , and τNc are the char-

acteristic scaling factors introduced to ensure a non-dimensional form for all loss com-
ponents, preventing imbalance due to differing units. It is worth noting that other
techniques, such as the exact imposing with distance functions methodology devel-
oped in (Sukumar and Srivastava, 2022), can also be employed for enforcing initial and
boundary conditions. However, in this study, the approach of using a soft manner, as
described in equations (4.15b), (4.15c), and (4.15e), has been adopted.
The loss functions described above can be adapted for scenarios involving multiple
solute transport equations by aggregating the losses for each solute component.
Finally, the total loss of a PINN solver can be defined as follows:

J(Θ) = αdJd(Θ) + αrJr(Θ) + αbJb(Θ) + αicJic(Θ), (4.16)
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where αd, αr, αb, and αic are weights assigned to the measured data, residual, boundary
condition, and initial condition losses, respectively. Determining these weights can be
achieved through a manual process involving trial and error, or they can be updated
dynamically during training, as proposed in (Chen et al., 2023b) for the Richards
equation. Here, the selection of weight parameters was conducted through a trial-and-
error procedure and is dependent on the specific test. The impact of these weight
parameters on the accuracy of the proposed PINN solvers is discussed in Appendix
6.6. It is clear that the resulting solution fully satisfies the coupled equation and its
corresponding initial and boundary conditions as the loss function J approaches zero.
In this study, we propose and investigate three PINN formulations to address the
water flow and solute transport model in unsaturated soils, which will be discussed in
detail in the following subsections. We assume that there are ns solute species under
investigation.

4.3.3 Single PINN solver

To solve the coupled model of water flow and solute transport, our initial strategy
revolves around the training of a unified neural network N (Θ), where Θ denotes the
trainable parameters. The neural network N (Θ) takes time-space coordinates (t,x) as
its input and produces the matric head Ψ and solute concentrations ci for i = 1, · · · , ns,
as its output. Therefore, the output layer of N (Θ) has a dimension of 1 + ns and the
input dimension is either 2 (resp. 3) for 1D (resp. 2D) spatial problem. It should
be mentioned that a comparable methodology was utilized in (Raissi et al., 2019) to
address the Navier–Stokes equation.
The hyperbolic tangent function is used as the activation function for all neurons in
each layer. The output activation is set to − exp(x) specifically for the neuron corre-
sponding to the predicted matric head. This choice is made to enforce the negativity
of the matric head (Bandai and Ghezzehei, 2021). For the remaining output functions
representing concentrations, the identity function (σ(x) = x) is used. This approach is
referred to as (vanilla) PINNs. The total loss function for the PINN solver is defined by
equation (5.16). Refer to Algorithm 1 in Appendix 6.6 for a detailed description of the
PINN solver, and see Figure 4.3 for its conceptual representation. The architectures of
the PINN solver for each numerical test are shown in Table 4.2.

4.3.4 Multiphysics-informed neural networks: MPINN solver

A second strategy is the multiphysics-informed neural network (MPINN) approach
(Tartakovsky et al., 2020), where multiple coupled PINNs are trained simultaneously.
Each PINN is designed to approximate the solution to a specific governing PDE, such
as the Richards equation or solute transport models. Specifically, 1+ns neural networks
are required: N (ΘΨ) for the matric head and N (Θci

) for the solute concentration of
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solute i. The input to each neural network consists of time-space coordinates (t,x),
and the output layer of each PINN has a dimension of 1, corresponding to the solution
that this PINN approximates. Each PINN has its own residual, data, initial, and
boundary condition losses. The PINNs communicate through the total loss function
defined in (5.16), which is constructed by summing the losses for all the governing
PDEs. Previous studies have used this methodology to solve 2D coupled water flow and
pore water electrical conductivity (Haruzi and Moreno, 2023a), and estimate spatially
varying hydraulic conductivity, hydraulic head, and concentration fields from sparse
measurements (He et al., 2020).
We used the same activation functions as those employed in the PINN solver. Refer
to Algorithm 2 in Appendix 6.6 for a detailed description of the MPINN solver, and
see Figure 4.3 for its conceptual representation. The architecture of the MPINN solver
depends on the specific test case, and Table 4.2 provides details for each numerical
test.
It is important to note that the primary difference between PINN and MPINN lies in
the number of neural networks used. In the PINN approach, a single neural network is
employed to predict all the variables (matric head and species concentrations), whereas
in the MPINN approach, a distinct neural network is assigned to each variable. This
results in an increased computational cost for MPINN, as the number of trainable
parameters grows proportionally with the number of predicted variables.

4.3.5 Sequential physics-informed neural network: S-PINN solver

This solver is based on the principle that the solute transport equation does not affect
the solution of the Richards equation (Nielsen et al., 1986). It can also be applied
to cases where species in the upstream part of the transport chain do not depend on
species in the downstream part, allowing for the independent solution of each species
equation (e.g., the nitrogen chain, as demonstrated in test case B). Therefore, we aim to
solve the coupled system of water flow and solute transport sequentially. In sequential
training, the process is divided into multiple steps, with each step using a different loss
function to guide the corresponding PINN solver.
The first step is to solve the Richards equation using a PINN solver, denoted as N (ΘΨ).
After training this solver, the outputs consist of water content, matric head, and water
flux. These outputs are saved to be used later for all solute transport PDEs.
Next, the first solute transport PDE is solved using a PINN model N (Θci

). If a decay
chain is considered, such as the nitrogen chain, this solver will handle the first solute
species. The output from this solver is then used to derive the necessary reaction term
for the next solute species’ PDE. This process continues sequentially until the last
solute species in the decay chain is addressed.
Each solver uses a different set of trainable parameters, and there is no requirement
for the neural networks to have the same architecture. This approach is referred to as
the S-PINN solver. The same activation functions used in other solvers are adopted
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Figure 4.3 Schematic representation of the proposed PINN solvers for the coupled water
flow and solute transport model. For notations, refer to Section 5.4.

here. The details of this approach are provided in Algorithm 3 in Appendix 6.6 and
illustrated in Figure 4.3.
It is important to note that the S-PINN solver differs significantly from previously
proposed PINN approaches. The S-PINN solver tackles the system sequentially, while
other methods attempt to solve the entire system simultaneously. Consequently, this
sequential approach may incur a higher computational cost. This solver can also be
viewed as a variant of the MPINN solver, where at each step, only one PINN is trained
while the others have their parameters frozen and their losses set to zero. At each
subsequent step, the next PINN solver is activated to address the corresponding PDE,
utilizing the necessary outputs from the previously trained solvers.
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4.3.6 Algorithm implementation

The implementation of all PINN solvers was performed using the open-source software
library TensorFlow (Abadi et al., 2016). As previously indicated, the solver’s archi-
tecture is test case-dependent, and a trial-and-error procedure was used to determine
the best combination for each numerical test. The impact of the solver architecture on
its accuracy is outlined in Appendix 6.6. The Xavier algorithm (Glorot and Bengio,
2010a) was used for initializing the weights of the PINN solvers. At the start of the
training stage, this approach prevents the activation function from becoming saturated
(Glorot and Bengio, 2010a). Additionally, the bias parameters (b) were initialized to
zero. When employing an adaptive activation function, the learning parameter α was
initially set to 0.05 and the scale factor s to 20.
To solve the optimization problem posed by the objective function J , various opti-
mization algorithms can be employed. Notably, the Adam optimizer (Kingma and Ba,
2014), a stochastic gradient descent variant widely applied in deep learning algorithms,
and L-BFGS (Byrd et al., 1995), belong to the quasi-Newton methods family. In this
study, a two-step training technique was implemented, utilizing both these optimizers
sequentially, beginning with the Adam and followed by the L-BFGS. The impact of
this optimization scheme on the accuracy and training efficiency of the PINN solvers
is discussed in Appendix 6.6. We used the Adam optimizer with exponential decay
(initial learning rate 10−3, decay rate 0.9, decay step 1000). For L-BFGS, the settings
were: ftol = 10−10, gtol = 10−8, maxcor = 50, maxls = 50, maxiter = 50,000, and
maxfun = 50,000, with other parameters left at default. To enhance training, a mini-
batching technique was utilized for the Adam optimizer, whereas a full-batch approach
was adopted for the L-BFGS optimizer.
The numerical experiments in this study were conducted using an NVIDIA V100 GPU.
The source code is available on the GitHub repository:
https://github.com/Hamza-Kamil/PINN-MPINN-Water-Solute.

4.4 Numerical experiments

This Section presents several numerical tests conducted to evaluate the performance
of the proposed PINN solvers. In test case A, we address the coupled model of water
flow and solute transport in a 1D soil. Our evaluation focuses on assessing key prop-
erties of the three solvers, with a specific emphasis on accuracy and the preservation
of mass within the spatial domain. In the second numerical test, we consider a system
of PDEs describing the nitrogen species transport. This test case is bifurcated into
two problems: the forward problem and the inverse problem. The forward problem
involves studying the system’s behavior under well-defined parameters, including ini-
tial/boundary conditions and soil and solute parameters, while the inverse problem
revolves around deducing the model parameters based on observed data. In the final
two numerical tests, simulations are conducted in a 2D soil. The first of these involves

https://github.com/Hamza-Kamil/PINN-MPINN-Water-Solute
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a numerical simulation of uniform water and solute infiltration. In the last test, we
assess the accuracy of the accurate PINN solver by comparing it with real experimental
data. Refer to Table 4.1 for an overview of the numerical tests presented in this paper.

Table 4.1 Summary of numerical tests in this paper.

Test case Details
A Coupled model of water flow and solute transport in a 1D soil.

B System of PDEs governing the transport of nitrogen species, bifurcated into forward
and inverse problems.

C Numerical simulation in a 2D soil, involving simulation of uniform water and solute
infiltration.

D Accuracy assessment of the S-PINN solver by comparing it with real experimental
data in a 2D soil.

4.4.1 Test case A: 1D coupled water flow and solute transport

In this numerical test, we evaluate the performance of the proposed PINN solvers for
a 1D coupled water flow and solute transport model. HYDRUS-1D software (Šimůnek
et al., 2005) is used to provide a reference solution. To quantify the error between the
predicted and the reference solution, the following relative L2-error in the time-space
domain [0, T ] × [0, L] is employed:

τu =
∑

t∈[0,T ]
∑

z∈[0,L] (û(t, z) − u(t, z))2∑
t∈[0,T ]

∑
z∈[0,L] u(t, z)2 , (4.17)

where T and L are the final time of the simulation and the soil column depth, respec-
tively, û and u are the predicted and reference solutions, respectively.
We considered a loamy soil with the following parameters:

Ks = 0.2496 m/day, αv = 3.6 m−1, θs = 0.43, θr = 0.078, nv = 1.56, L = 1 m. (4.18)

In the water flow equation, the initial matric head value was set to −1 m, the soil
surface had a water flux of q = −0.05 m/day, and a free drainage boundary condition

was applied at the bottom of the soil
(
∂Ψ
∂z

∣∣∣∣∣
z=L

= 0
)

. For the solute transport equation,

the soil was assumed to be free from any solute species c(t = 0, z) = 0 mmol/m3. A
Cauchy boundary condition was applied at the soil surface, with a constant solute
feeding of c0 = 50 mmol/m3. A zero-gradient boundary condition was applied at

the bottom of the soil column
(
∂c

∂z

∣∣∣∣∣
z=L

= 0
)

. We assumed there was no interaction

between the solid and the liquid soil phases, and so the retardation factor was set to
R = 1. The molecular diffusion was neglected (Dw = 0 m2/day) and the longitudinal
dispersivity was set to DL = 0.1 m.
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We simulate the infiltration of water and solute transport up to the final time T = 1
day, using parameters for each solver as presented in Table 4.2. We set the weights
constant in the loss function (5.16) for the PINN and MPINN solvers as follows:
αd = 0, αr = 1, αb = 10, αic = 10, while for the S-PINN solver, we set αd = 0,
αr = 1, αb = 100, and αic = 1. In this selection, we assumed that no available
data is presented for training the three solvers (αd = 0). We forced the initial and
boundary conditions by using high weights to improve the training of the three solvers.
{The scaling factors are set as follows: τΨ = τfR

= τfC
= τNΨ = 1, τC = 50, τNc = 10.

Figure 4.4 depicts the profiles, absolute errors, and cross-sections of the matric head Ψ,
water flux q, and solute concentration c predictions obtained from the MPINN solver
with the adaptive activation technique. Good agreement was found for all the solutions
(Ψ,q, c) in comparison with the reference solution. Figure 4.4 shows that at the start
of the simulation, there are noticeable inaccuracies close to the soil surface, which are
caused by a high flux entering the domain. To effectively tackle this problem, it is
advised to exactly impose the boundary conditions via appropriate distance functions
to the boundaries (Sukumar and Srivastava, 2022). Additionally, we can observe high
errors along the sharp front propagated over time, particularly where the matric head
exhibits steep gradients.
To compare the accuracy of the three solvers, we computed the relative L2-error (5.20).
Table 4.3 presents the relative L2-error obtained for each solver and each predicted vari-
able, as well as the final total and residual losses after the training stage. These results
show that using the adaptive activation function technique improves the accuracy and
the training of all solvers. The S-PINN solver outperforms the other solvers in terms
of accuracy and training efficiency, achieving less than 1% error for matric head, 2.25%
for solute concentration, and 3% for water flux. By employing sequential training, the
S-PINN solver achieves significantly lower losses for water content, reaching below 10−7

when utilizing adaptive activation techniques. Compared to other solvers, the S-PINN
solver demonstrates much greater efficiency in modeling the coupled system of water
and solute.
The evolution of the loss functions for all solvers is illustrated in Figure 4.5. The
adaptive activation technique improves the training of all three solvers, with the lowest
loss observed for the S-PINN solver, confirming the results obtained in Table 4.3.
For further comparison of the three solvers in this numerical test, we plot cross-sections
of the matric head, solute concentration, and water flux in Figure 4.6. The results for
predicting solute concentration were identical for all solvers, indicating no influence of
employing an adaptive activation technique. The main differences were observed for
the matric head and the water flux variables. As shown in Figure 4.6, a significant
improvement was obtained when using an adaptive activation technique, especially
for the PINN solver. S-PINN and MPINN solvers appear to be less sensitive to the
adaptive activation technique. In contrast, the PINN solver without adaptive activa-
tion required more training epochs to accurately predict matric head and water flux
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profiles. Even though there may not be a visible difference when using the adaptive
activation technique for the S-PINN and MPINN solvers in Figure 4.6, Table 4.3 clearly
demonstrates its significant impact and essential improvement across all solvers.
Ensuring accurate mass balance without introducing any additional artificial masses,
whether in water or solute, is a fundamental assessment of the numerical solver’s relia-
bility. To calculate the total mass of water and solute at time t, we used the following
formulas:

TwM(t) =
∫

Ω
θ(t, z) dΩ, TsM(t) =

∫
Ω
θ(t, z)c(t, z) dΩ, (4.19)

where TwM(t) and TsM(t) represent the total water mass and total solute mass, re-
spectively, at time t. The integrals defined in equation (4.19) are approximated using
Simpson’s rule.
The evolution of water and solute masses is displayed in Figure 4.7. All solvers provided
good results, and the adaptive technique helped to speed up the training of the PINN
solver. Once again, the S-PINN solver outperforms others in terms of mass, resulting
in an error of less than 5%.
The current investigation aims to assess the generalization capacity of the S-PINN
solver. This entails monitoring the evolution of its total loss throughout each itera-
tion, encompassing evaluations at both the training points and new unseen test points.
We have generated 20,000 new residual collocation points, and 5,000 new initial and
boundary collocation points. A visual representation of the outcomes can be found in
Figure 4.8. The total loss continues to decrease during training for both the water and
solute solvers, whereas the test loss exhibits a comparatively larger discrepancy. To
effectively navigate the bias-variance trade-off, it’s recommended to conduct a com-
prehensive grid search across all hyperparameters in the S-PINN solver. This includes
crucial parameters like learning rate, batch size, and the number of collocation points.
Additionally, integrating a specialized regularization technique within the loss function
can further refine model performance and generalization capabilities. Although we did
not observe a U-shaped error curve commonly associated with deep learning solvers.
This test case reveals that the S-PINN solver is more efficient in solving the coupled
model of water and solute transport than the other architectures. Another advantage
of all solvers is their ability to ensure the positivity of solute concentrations after a
few epochs, although no theoretical guarantees exist. This criterion is essential for
adhering to physical laws, such as the negativity of matric head and the positivity of
concentration.
In the following numerical test, we aim to explore the PINN solvers in modeling the
dynamics of multiple nitrogen species in unsaturated soil.
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Test case A and B
Residual

points
IBC

points
Hidden
layers

Neurons Adam
epochs

L-BFGS max epochs

10000 1200 5 50 20000 50000
Test case C

10000 2000 6 50 20000 50000
Test case D

50000 12000 8 15 100000 50000

Table 4.2 Parameter configuration for training the PINN solvers across all examined
test cases. IBC stands for initial and boundary conditions.

Table 4.3 Test case A - Relative L2-error for the PINN solvers with and without adap-
tive activation (AA). For the S-PINN solver, ·/· represents the total loss of the PINN
water solver followed by the total loss of the PINN solute solver.

Solver AA τΨ τ c τ q J Jr

MPINN No 3.3e-2 2.32e-2 8.75e-2 3.35e-3 7.39e-4
MPINN Yes 2.41e-2 2.5e-2 8.58e-2 4.56e-4 7.9e-05
PINN No 2.63e-2 3.51e-2 9e-2 1.51e-4 2.71e-4
PINN Yes 2.19e-2 3.42e-2 7.67e-2 7.79e-4 1.41e-4

S-PINN No 1.6e-2 2.51e-2 3.58e-2 3.17e-7 / 7.7e-4 1.7e-7 /
5.9e-4

S-PINN Yes 1.02e-2 2.25e-2 3.13e-2 9.3e-8 / 5e-4 5.9e-8 /
3.1e-4

4.4.2 Test case B: Nitrogen species transport

4.4.2.1 Forward problem

In this numerical test, we employed the PINN solvers to predict the dynamics of ni-
trogen species in an unsaturated soil column. A fully coupled system that represented
the nitrogen species first-order decay chain was chosen. Equation (6.27) presents the
governing PDEs for the full coupled system. This numerical test involves various solute
concentrations and includes reaction terms. As with the previous test, HYDRUS-1D
software was employed for comparison. In this test case, the soil parameters remained
the same as those used in test 4.4.1. In addition, we retained the same initial and
bottom boundary conditions for the water flow equation, while the upper boundary
was adjusted to impose a constant head of −0.2 m. Ammonium NH+

4 and nitrate
NO−

3 were considered the initial nitrogen sources. Autotrophic bacteria nitrified the
ammonium by a factor of µ1 to produce nitrite NO−

2 . Subsequently, the same bacteria
further nitrified the ammonium by a factor of µ2 to produce nitrate NO−

3 . Finally,
denitrification of nitrate occurred by a factor of µ3 to produce dissolved nitrogen N2
and N2O (see Figure 5.1). To be consistent with equation (6.27), c1, c2, and c3 denote
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Figure 4.4 Test case A – Predictions of matric head Ψ and solute concentration c in
the time-space domain [0, 1] × [0, 1] using MPINN with adaptive activation, along with
the absolute error between the predicted and true profiles. Bottom: Predictions from
MPINN of Ψ, c, and q at T = 1 day.

the concentrations of NH+
4 , NO

−
2 , and NO−

3 , respectively, and µ1, µ2, and µ3 represent
the first-order rate coefficients for the nitrification of NH+

4 , the nitrification of NO−
2 ,

and the denitrification of NO−
3 , respectively. For simplicity, we omitted the nitrite

species, as it rapidly nitrifies to nitrate (Kim et al., 2008).
In this model, we focused solely on first-order degradation reactions, including nitri-
fication, denitrification, and adsorption. Specifically, only ammonium was assumed
to undergo linear adsorption to the soil solid phase, characterized by the retardation
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PINN MPINN S-PINN

Figure 4.5 Test case A- Evolution of loss functions for the PINN solvers during Adam
epochs.

PINN

MPINN

S-PINN

Figure 4.6 Test case A- The predicted matric head, solute concentration, and water
flux obtained from various PINN solvers at time T = 1 day. The results are compared
with those obtained from HYDRUS-1D.
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Figure 4.7 Test case A- Water and solute mass evolution as a function of time obtained
from different PINN solvers compared with HYDRUS-1D.

factor R (we set p = 1). Additional terms can be introduced into the model as nec-
essary. The initial state of the soil was considered free from any nitrogen species
(ci = 0 g/m3). Concentrations at the soil surface were fixed at 1 and 0.2 g/m3 for
ammonium and nitrate, respectively. Zero-concentration gradients were assumed on
the bottom boundary for all nitrogen species.
The following parameters were used:

DL = 0.04 m, Dw = 0.288 cm2/day, ρ = 1.6 × 10−6 mg/l,

Kd = 0.34 × 10−6 mg/l, µ1 = 0.12 day−1, µ3 = 0.048 day−1. (4.20)

All the parameters were obtained from (Bailey et al., 2013; Berlin and Suresh Kumar,
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Figure 4.8 Test case A- Evolution of the total loss function during training and testing
for the S-PINN solver with adaptive activation during Adam epochs.

Water and  nitrogen
based fertilizer

Soil surface
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zone

Nitrifying bacteria

Irrigation
system

Nitrification
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Figure 4.9 Test case B- Illustration of the nitrogen species first-order decay chain.

2018).
We solve this fully coupled system using the parameters for each solver as presented
in Table 4.2. The weights in the loss function (5.16) are set as follows: αd = 0, αr =
1, αb = 1, and αic = 10. Also in this numerical test, we suppose that no available
data is presented for training all solvers (αd = 0). The scaling factors are set as follows:
τΨ = τfR

= τfCi
= τNΨ = τNCi

= 1, τCi
= 50, for i = 1, 2, 3.

The predicted matric head and concentrations of nitrogen species after one day are
shown in Figure 5.8, which shows good agreement with HYDRUS-1D for all solvers.
We omitted the MPINN solver results as they are the same as those of the PINN solver.
It was observed that PINN and MPINN solvers initially focused on approximating
the solution of one equation at a time. Specifically, they first approximate the water
and the first concentration-governed equations within the first 500 Adam epochs (see
Figure 4.11 for the case of the MPINN solver). Subsequently, the solvers proceeded
to capture the other solute concentrations. This sequential approach is a common
characteristic of numerical schemes in situations where the Richards equation needs
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to be solved first to provide inputs (the water content and flux) for the other solute
transport equations. The first solute concentrations are then solved to provide inputs
for the subsequent equations, and so on. In general, the PINN and MPINN solvers
face challenges in predicting the matric head due to the high nonlinear nature of the
Richards equation, while they learn the linear transport equations more quickly. This
numerical test illustrated a unique property of PINN solvers: they can capture the
transport equation before fully realizing the Richards equation, which is the main source
of their input data. Other research has found comparable results (Jagtap et al., 2020).
This characteristic is referred to as the spectral bias of neural networks (Rahaman et al.,
2019). Thus, this justifies the efficiency of S-PINN, which focuses on each equation
individually, eliminating the need to tackle different types of PDEs simultaneously.
Based on these two numerical tests, we conclude that S-PINN is the most recommended
solver for modeling water flow and solute transport in unsaturated soils.
In the next section, we challenge the PINN solvers to solve an inverse problem where
we aim to predict the nitrification rate of ammonium.
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1.0 0.8 0.6 0.4 0.2

1.0

0.8

0.6

0.4

0.2

0.0

z [
m

]

 [m]
S-PINN without AA
S-PINN with AA
HYDRUS-1D

0.0 0.2 0.4 0.6 0.8 1.0

1.0

0.8

0.6

0.4

0.2

0.0

NH +
4  [g/m3]

S-PINN without AA
S-PINN with AA
HYDRUS-1D

0.00 0.05 0.10 0.15 0.20

1.0

0.8

0.6

0.4

0.2

0.0

NO3  [g/m3]

S-PINN without AA
S-PINN with AA
HYDRUS-1D

PINN

1.0 0.8 0.6 0.4 0.2

1.0

0.8

0.6

0.4

0.2

0.0

z [
m

]

 [m]

0.0 0.2 0.4 0.6 0.8 1.0

1.0

0.8

0.6

0.4

0.2

0.0

NH +
4  [g/m3]

PINNs without AA
PINNs with AA
HYDRUS-1D

0.00 0.05 0.10 0.15 0.20

1.0

0.8

0.6

0.4

0.2

0.0

NO3  [g/m3]

Figure 4.10 Test case B- Forward problem: Predicted matric head and nitrogen species
concentrations obtained from various PINN solvers at time T = 1 day.
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Figure 4.11 Test case B - Forward problem: Predicted matric head and nitrogen species
concentrations using the MPINN solver with adaptive activation at different Adam
epochs, at time T = 1 day.

4.4.2.2 Inverse problem: Ammonium nitrification rate estimation

In the second phase of the nitrogen species transport test, our goal is to identify
the nitrification rate µ1. Calibrating this rate, along with other kinetics parameters,
is a costly task. This inverse problem is more complex than the forward one. We
exclusively focus on the transport of ammonium NH+

4 and omit the other nitrogen
species. In addition to the initial and boundary conditions, we also require the mea-
sured NH+

4 data without the need for a measured matric head. To obtain this data,
we utilized HYDRUS-1D, and collected measurements at times 0.25, 0.5, 0.75, and 1
day, corresponding to spatial points z = −0.1,−0.2,−0.3, · · · ,−0.9 m. Consequently,
we have a total of 36 measured concentrations of ammonium. These data points are
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very sparse, as they do not sufficiently cover the computational time-space domain. It
is important to note that we can omit the initial and boundary conditions for NH+

4
transport if additional data is available. The weights in the loss function (5.16) are
set as follows: αd = αr = αb = 1, αic = 10. The scaling factors are set as follows:
τΨ = τfR

= τfC1
= τNΨ = τNC1

= 1, τC1 = 50.
The approach for identifying a PDE parameter using PINNs is straightforward. We
incorporate the data loss into the global loss function for each PINN solver. Initially,
the parameter µ1 is randomly initialized within a predefined range (µmin

1 , µmax
1 ). During

training, µ1 is treated as a trainable parameter and is updated at each epoch using the
Adam optimization algorithm. This allows PINNs to simultaneously learn both the
PDE parameters and the neural network weights by minimizing the constrained loss
function.
We used the same architecture and collocation point parameters as in the forward
problem (see Table 4.2). For the S-PINN solver, we set Adam epochs to 20,000 for the
PINN water solver and 80,000 epochs for the PINN ammonium solver. For the other
solvers, we set Adam epochs to 100,000. We justify using this number of epochs based
on: 1) the sparsity of the data, and 2) the highly nonlinear and ill-posed nature of the
problem. Our focus is on learning the parameter µ1 alongside the desired solutions Ψ
and c1 using different PINN solvers.
Figure 4.12 presents the results for the matric head and the ammonium profiles at
time T = 1 day using the S-PINN solver. The ammonium concentration is captured
by the S-PINN solver despite the unknown parameter µ1. We did not observe any
improvement in the predictions of S-PINN when using adaptive activation.
Table 4.4 shows the predicted value µ̂1 of the nitrification rate µ1 for each solver. The
S-PINN solver with an adaptive activation technique demonstrated a lower error (15%)
compared to the PINN and MPINN solvers. Once again, the S-PINN solver demon-
strated its efficiency in solving this inverse problem, even with limited measurement
data, confirming the results obtained in the forward problem.
In these 1D numerical tests, the S-PINN solver has demonstrated its superiority over
the other PINN solvers, indicating that sequential training is the most accurate strat-
egy. In the next sections, we utilize the S-PINN solver for 2D numerical tests to further
evaluate its accuracy.

Table 4.4 Test case B - Inverse problem: Predicted value of the nitrification rate µ1
in day−1 using three different PINN solvers with adaptive activation. Note that µ1 =
0.12 day−1.

Solver Predicted value Relative error (%)
PINN 0.079 34.16

MPINN 0.08 33.33
S-PINN 0.102 15
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Figure 4.12 Test case B- Inverse problem: Predicted matric head and ammonium
concentration obtained using the S-PINN solver at time T = 1 day.

4.4.3 Test case C: 2D water flow and solute transport under uniform
boundary conditions

In this 2D test, we evaluate the S-PINN solver on a coupled model involving both
x and y directions, which increases training complexity. We apply uniform Dirichlet
conditions at the soil surface, free drainage at the bottom, and no-flux conditions on the
lateral boundaries. Figure 4.13 presents a conceptual illustration. The soil parameters
(5.12) are utilized, and no interaction between the solid and liquid phases of the soil
was considered. The following solute parameters were used:

DL = 0.5 m, DT = 0.1 m, Dw = 0.0 m2/day. (4.21)

For this 2D problem, the parameters given in Table 4.2 were used. We set the following
weight constants: αd = 0, αr = 1, and, αb = αic = 10. All scaling factors are set to
unity.
In Figure 4.14, the results for the S-PINN solver with adaptive activation are depicted
for the times 0.25 day, 0.5 day, 0.75 day, and 1 day. We used the finite element method
(FEM) (Kamil et al., 2024b) to solve the same problem to evaluate the accuracy of the
S-PINN solver. The FEM was employed with a grid consisting of 100×100 elements
and a time step of ∆t = 10−3 days.
The cross-sections at x = 0 of the S-PINN and FEM solutions are depicted in Figure
4.14. This 2D numerical test demonstrates the ability of the S-PINN solver to capture
the 2D infiltration-transport problem. A major disadvantage of S-PINN is the CPU
time required for training this 2D problem, which is comparatively longer. The FEM
produced immediate results, in close to 30 seconds, while the S-PINN solver consumed
more time during the training phase (6 minutes on a GPU). Even though, after training,
the predictions are made in a fraction of a second. To address the limitation of long
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CPU time in training, various techniques could be explored, such as incorporating
specialized methods into the loss functions or relaxing the derivatives in the governing
PDEs.

Test case C Test case D

Loamy soil

No flux Free
drainageDirichlet BC

Loamy soil

Figure 4.13 Water flow and solute transport 2D domain for test case C (left), and for
test case D (right).

4.4.4 Test case D: 2D nitrate transport under nonuniform boundary con-
ditions

In the final numerical test, our objective is to address a practical problem involving
water infiltration coupled with the transport of nitrate species in a 2D loamy soil.
This experiment was previously conducted and documented in (Li et al., 2005), where
various strategies for water and nitrate application were explored. The experiment
took place within a cylindrical domain characterized by a radius of Lx = 41 cm and
a depth of Lz = 40 cm. Cylindrical coordinates were employed to model water flow
and chemical transport under axisymmetrical conditions. In this context, the radial
coordinate is represented by the variable x. We evaluate the performance of the S-PINN
solver with the adaptive activation technique at simulating this 2D experiment. For
this experiment, a loamy soil is considered, characterized by the following parameters:

Ks = 0.4704 m/day, αv = 1.5 m−1, θs = 0.41, θr = 0.047, nv = 1.48. (4.22)

It is assume that there is negligible interaction between the solid and liquid phases of
the soil, and the following nitrate parameters are adopted:

DL = 0.32 cm, DT = DL/100 cm, Dw = 0.09 cm2/h. (4.23)
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Figure 4.14 Test case C – Results obtained using the S-PINN solver with adaptive
activation and the FEM. The first and second rows show the 2D temporal evolution
of the matric head and solute concentration at snapshots taken at 0.25, 0.5, 0.75, and
1 day. The third row presents cross-sectional views of the matric head and solute
concentration at different time points.

The associated initial and boundary conditions for this numerical test are illustrated
in Figure 4.13. For the analytical form of the boundary conditions applied to the soil
domain in the coupled water flow and nitrate transport model, refer to (Li et al., 2005).
To accommodate the axisymmetrical nature of the flow phenomena, we transformed
the Richards equation to its cylindrical form, as employed by the authors in (Li et al.,
2005). In this experiment, water and nitrate were continuously applied from the left
portion of the soil surface for a duration of 8 hours.
The architecture of the S-PINN solver and the size of the collocation points are outlined
in Table 4.2. The weights in the loss function (5.16) are configured as follows: αr =
αb = αic = 1. Additionally, for this numerical test, we assume no available data is
provided for training the S-PINN solver, and thus, we set αd = 0. All scaling factors
are set to unity.
The 2D profiles of the water content and nitrate concentration are depicted in Fig-
ure 4.15, indicating realistic profiles. Since no analytical solution is available for this
particular test case, we validate the S-PINN solver results by comparing them with ex-
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perimental data provided in (Li et al., 2005). The cross-section of the water content at
fixed positions is presented in Figure 4.16. Our assessment indicates that the S-PINN
solver with adaptive activation yields good results, showcasing a favorable comparison
with measured data, as illustrated in Figure 4.16.
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Figure 4.15 Test case D - Predicted 2D profiles of water content (top) and nitrate con-
centration (bottom) at various time snapshots using the S-PINN solver with adaptive
activation

4.5 Limitations

This study explores the application of different PINN architectures for solving the cou-
pled model of water flow and solute transport in unsaturated soils. We assume a lack of
available data for the coupled model, except for the inverse problem, where scarce data
were utilized to determine the kinematic ammonium nitrification rate. Therefore, in
contrast to previous studies (Bandai and Ghezzehei, 2021; Chen et al., 2023b; Depina
et al., 2022; Haruzi and Moreno, 2023a), the objective of this study was to assess the
capability of the PINN approach in the forward problem of solving the highly non-
linear Richards equation coupled with the transport of single or multi-species solutes.
We demonstrated the efficiency and accuracy of the PINN approach, particularly when
employing sequential training with adaptive activation functions to solve the model (re-
ferred to as S-PINN). One of the primary drawbacks of the PINN technique is its high
computational cost during the training phase (Bandai and Ghezzehei, 2021), although
predictions can be made in less than one second. If we modify the initial or boundary
conditions, or any parameter defining the physical problem, it necessitates retraining
the PINN solver. This drawback of PINN is also shared with other standard numerical
methods, such as the finite element method. An alternative solution to this problem
is the neural operator learning approach (Lu et al., 2021a; Wang et al., 2021b). In
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Figure 4.16 Cross-sections of the water content at coordinates x = 2.5 cm, z = 2.5 cm
(left), and x = 12.5 cm, z = 12.5 cm (right), as predicted using the S-PINN solver
with adaptive activation. The predicted results are compared with experimental data
sourced from (Li et al., 2005).

the neural operator technique, the capability of a neural network to approximate any
nonlinear operator (Chen and Chen, 1993) is utilized to perform a regression between
two infinite spaces. In the case of the coupled model of water flow and solute transport
equations, one can learn the operator linking between initial/boundary conditions and
the solution of the full system, while incorporating the physics encoded in the PDEs.
Consequently, if we modify those conditions, the learned operator will promptly pre-
dict the desired solutions without requiring retraining. A comprehensive comparison
between a deep neural operator and the S-PINN solver is provided in Appendix 6.6.
The S-PINN solver has exhibited good accuracy in predicting the ammonium nitrifica-
tion rate with sparse measurements. Enhancing the capability of the S-PINN approach,
particularly when dealing with an inverse problem with unknown initial/boundary con-
ditions, can be made more convenient by employing a more efficient method to handle
the residual term in the loss function. Recent techniques proposed in (Anagnostopoulos
et al., 2024; McClenny and Braga-Neto, 2023) that locally adapt the weights associated
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with each residual collocation point have shown promise. This technique is expected
to be more effective for training the PINN solver in scenarios where there is no explicit
description of initial or boundary conditions. In this study, we fine-tuned the weights
for each loss term to balance accuracy and ensure stable convergence. For each test
case, the weights for the initial and boundary condition loss terms were adjusted, while
the residual loss weight was fixed at 1. Future work could automate this process by
exploring adaptive weight schemes, such as the principled loss function (Chen et al.,
2023b), to enhance the S-PINN robustness for modeling water flow and solute trans-
port in unsaturated soils. Moreover, enhancing the PINN framework using additional
techniques, such as adaptive collocation point strategies (Wu et al., 2023; Li et al.,
2023) and modified network architectures, could further improve the model’s accuracy
and training efficiency.
In all numerical tests presented, the focus was on homogeneous soils. However, ex-
tending the S-PINN approach to heterogeneous soils presents additional challenges.
While the XPINN framework (Jagtap and Karniadakis, 2020) offers a way to handle
discontinuities by assigning separate neural networks to each sub-layer with continuity
enforcement at interfaces, this approach has been applied mainly to 1D soils with a lim-
ited number of interfaces, as demonstrated in (Bandai and Ghezzehei, 2022). However,
in highly heterogeneous environments, the number of required DNNs can increase sig-
nificantly, making training more complex. In 2D and 3D domains, enforcing continuity
across multiple interfaces further amplifies the computational demands. An alternative
approach is the mixed-PINN formulation, which is based on the mixed form of gov-
erning equations. This method has been successfully applied to heterogeneous porous
media with fewer DNNs, as shown in (Kamil et al., 2024e; Lehmann et al., 2023).
The S-PINN approach is inherently suited for one-way PDE systems, such as the water
flow and nitrogen transport studied here, allowing separate training for each physical
process. However, in strongly coupled systems, a modified algorithm is required, as
the standard PINN framework struggles with multiple interacting processes. Further-
more, for inverse problems requiring simultaneous data from water content and multiple
species concentrations, sequential training may fail to converge to realistic profiles.
Finally, we want to emphasize that the current work focuses on modeling water and so-
lute dynamics in unsaturated conditions. A future extension of the PINN solvers would
incorporate saturated conditions to better capture the transition between unsaturated
and saturated zones.

4.6 Conclusion

This study investigates the efficacy of various architectures of physics-informed neural
networks (PINNs) in modeling the coupled dynamics of water flow and solute transport
in unsaturated soils. Three solvers, namely PINN, MPINN, and S-PINN, are proposed,
each incorporating special enhancements such as learning rate scheduling, mini-batch
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gradient descent, and an adaptive activation function. A series of 1D and 2D numerical
experiments were conducted to assess the solvers in terms of training efficiency and
accuracy. The introduction of the adaptive activation function notably improved the
accuracy and training performance of all solvers. The primary advantage of the S-
PINN solver over others is its sequential training approach. This method involves
training a single neural network to predict the desired solution of each PDE, starting
with the water flow equation and then moving on to other solute equations. This
approach has demonstrated high accuracy in both forward and inverse problems. While
prior studies have predominantly utilized the MPINN solver for coupled models (e.g.,
Haruzi and Moreno (2023a)), our main contribution is demonstrating the simplicity and
efficiency of the S-PINN solver when combined with an adaptive activation function.
Additionally, the transfer learning PINN approach proposed in (Kamil et al., 2024c)
can be adopted to further enhance the efficiency of the S-PINN solver.
The efficiency of the S-PINN solver was also evaluated for 2D problems, yielding sat-
isfactory results when compared to a finite element reference solution or experimental
data. It is worth noting that the methodology presented in this paper is adaptable for
use with other physics-based machine learning algorithms.
In our future study, we aim to enhance the performance of S-PINN solver by focusing on
realistic experiments. These experiments will encompass various scenarios, including
atmospheric boundary conditions such as precipitation and evaporation, transpiration,
plant absorption, different fertigation strategies and irrigation systems. The scien-
tific community is encouraged by this initiative to incorporate the use of PINNs as
an effective hybrid strategy that combines numerical and data-driven schemes. This
method performs well for problems involving infiltration and transport phenomena in
subsurface zones.
So far, different numerical models for water and solute transport in unsaturated soils
have been developed. A standard FEM-based model was presented in Chapter 2,
followed by the development of a PINN in Chapter 3, which was validated against the
FEM solver. In this chapter, we demonstrated that the sequential training approach,
referred to as S-PINN, is the most effective for both forward and inverse modeling.
In Chapter 5, we further improve the performance of S-PINN in terms of accuracy,
training stability, and inverse modeling by introducing a transfer learning strategy.
Code availability. The source code used in this study is publicly available from the
GitHub repository https://github.com/Hamza-Kamil/PINN-MPINN-Water-Solute.
Appendix A. Pseudocode algorithms for the PINN solvers
In the following, we summarize the algorithms for the proposed PINN solvers to model
water flow and single or multi-species solute transport in unsaturated soils.
Appendix B. Supplementary results
Hyperparameters vs. Accuracy. We investigated the impact of PINN solver

settings on accuracy for modeling water infiltration in unsaturated soils. Using Test
case A, we explored neural network architectures with widths of 10, 20, 30, and 50

https://github.com/Hamza-Kamil/PINN-MPINN-Water-Solute
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Algorithm 1 PINN solver for coupled water flow and solute transport
Require: Training dataset (collocation points, measured data), Number of solutes ns

Ensure: Predicted matric head, solute concentrations, water content, water flux, and
mass changes

1: Initialize network N (Θ):
2: Set input dimension to time-space domain, output dimension to 1 + ns

3: Define depth and width as per user specifications
4: Initialize weights (Xavier scheme) and biases (zero)
5: Set α = 0.05, s = 20 for adaptive activation (if used)
6: Apply tanh activation to hidden layers
7: Set output activations: − exp(x) for matric head, identity for solutes
8: Train:
9: Minimize objective function J (Eq. (5.16)) using optimization algorithm from

Section 8.3.1.5
10: Output:
11: Predict matric head and solute concentrations
12: Compute water content and flux using Eqs. (5.1)-(8.4a)
13: Calculate temporal changes in water and solute mass using Eq. (4.19)

neurons, and depths of 2, 4, and 5 layers. After identifying the optimal architecture,
we fine-tuned the weights for initial and upper boundary conditions, while keeping
residual and bottom boundary weights fixed at 1. We tested αic values of 1, 5, 10, and
50, and αup values of 1, 10, and 100. Accuracy was measured using the relative L2-
error of the matric head variable. Figure 4.17 shows results for the S-PINN solver with
adaptive activation, reporting mean and standard deviation from 10 runs of 10,000
iterations each using the Adam optimizer.
Figure 4.17 demonstrates that the architecture and weights for the loss terms signifi-
cantly affect the accuracy of the S-PINN when solving the Richards equation. Shallow
networks with a depth of 2 do not perform well, as the relative L2-error remains above
5%, even with increased layer width. For a fixed width, deeper networks produce lower
errors, with the 5-layer network yielding the best performance. Specifically, a network
with 50 neurons per layer and a depth of 5 achieved the minimum error of 0.9%. We
observed that using very deep architectures (more than 8 layers) does not improve the
accuracy of S-PINN. This may be due to the increased difficulty of training deeper
networks effectively, potentially leading to overfitting or gradient vanishing problems.
The influence of the weights in the loss function is more pronounced in this test case.
Small values of αup result in an incorrect matric head profile regardless of the chosen
value of αic, with the relative L2-error remaining above 60%. This occurs due to the
gradient pathology, where the solver becomes biased toward satisfying the residual loss,
leading to convergence to a poor local minimum. A large weight associated with the
soil surface boundary (αup) is necessary, with the optimal value being 100 in this test
case. For αup = 100, increasing αic reduces accuracy, and when αic = 50, the resulting
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Algorithm 2 MPINN solver for coupled water flow and solute transport
Require: Training dataset (collocation points, measured data), Number of solutes ns

Ensure: Predicted matric head, solute concentrations, water content, water flux, and
mass changes

1: Initialize networks:
2: for i = 0 to ns do
3: Define N (Θi): N (Θ0) = N (ΘΨ), N (Θi>0) = N (Θci

)
4: Set input dimension to time-space domain, output dimension to 1
5: Define depth and width as per user specifications
6: Initialize weights (Xavier scheme) and biases (zero)
7: Set α = 0.05, s = 20 for adaptive activation (if used)
8: Apply tanh activation to hidden layers
9: Set output activation: − exp(x) for i = 0, identity for i > 0

10: end for
11: Train:
12: for i = 0 to ns do
13: Compute individual loss Ji (residual, data, initial, boundary conditions)
14: end for
15: Compute total loss J = ∑ns

i=0 Ji

16: Minimize J using optimization algorithm from Section 8.3.1.5
17: Output:
18: Predict matric head and solute concentrations
19: Compute water content and flux using Eqs. (5.1)-(8.4a)
20: Calculate temporal changes in water and solute mass using Eq. (4.19)

profile is incorrect, with a relative L2-error close to 70%. The optimal values for the
loss weights were αic = 1 for the initial condition and αup = 100 for the upper boundary
condition, resulting in a relative L2-error of approximately 1%.
The number of collocation points within the time-space domain significantly affects S-
PINN accuracy for solving the Richards equation (results omitted). Insufficient points
(≤ 5, 000) lead to inaccurate matric head profiles, while excessive points (> 50, 000)
cause training instability. Approximately 10,000 points are required to achieve an
L2-error of around 1%. A mini-batch approach is recommended for handling large
collocation point sets.
Sequential optimization efficiency. In the following, we present additional results
on training the S-PINN solver using Adam and L-BFGS optimizers. The aim is to
assess if this sequential optimization improves the training efficiency and accuracy of
the S-PINN solver for modeling the coupled flow-transport system in unsaturated soils.
The other PINN solvers were excluded as they yielded similar conclusions.
Test case A is repeated using the S-PINN solver with the adaptive activation technique,
maintaining the same hyper-parameters. During training, the total loss is monitored for
each epoch using the Adam optimizer, followed by the L-BFGS optimizer. Additionally,
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Algorithm 3 S-PINN solver for coupled water flow and solute transport
Require: Training dataset (collocation points, measured data), Number of solutes ns

Ensure: Predicted matric head (Ψ) and solute concentrations (ci)
1: Initialize:
2: Define neural networks N (ΘΨ) for water flow and N (Θci

) for each solute i =
1, . . . , ns

3: Set network parameters:
4: Input: time-space domain dimension; Output: 1
5: Hidden layers: tanh activation
6: Output activation: − exp(x) for water flow; identity for solutes
7: Xavier weight initialization; zero biases
8: For adaptive activation: α = 0.05, s = 20
9: Train:

10: Train N (ΘΨ):
11: Minimize loss JΨ (residual, data, initial, boundary conditions)
12: for i = 1 to ns do
13: Train N (Θci

):
14: Minimize loss Jci

(residual, data, initial, boundary conditions)
15: Use N (ΘΨ) for water content and flux in solute PDE residual
16: If applicable, use N (Θci

) for concentration in solute PDE residual
17: end for
18: Output:
19: Predict matric head and solute concentrations
20: Compute water content and flux using Eqs. (5.1)-(8.4a)
21: Calculate temporal changes in water and solute mass using Eq. (4.19)

the individual loss components, residual, initial condition, and boundary condition
losses, are tracked. The S-PINN solver is trained for 2 × 104 epochs with Adam,
followed by L-BFGS until convergence. The results are presented in Figure 4.18.
The S-PINN solver begins by addressing the highly nonlinear Richards equation. The
Adam optimizer reduces the loss across all parts of the total loss function. The most
difficult component to minimize is the residual loss (green curve), derived from the
Richards equation operator. The oscillations observed in the loss curve in Figure 4.18
underscore the challenges of training a PINN loss function. This behavior reflects the
complexity of the loss landscape in this problem, where significant non-convexity causes
the Adam optimizer to face difficulties during training. A detailed theoretical analysis
of this challenge is provided in (Rathore et al., 2024), which demonstrates that the
PINN loss function often becomes ill-conditioned for various PDE benchmarks due to
the characteristics of the PDE operator. This issue is also evident in the case of the
Richards equation.
The oscillations observed with the Adam optimizer are not present with the L-BFGS
optimizer, which shows a smooth decrease in loss. The L-BFGS optimizer further
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Figure 4.17 Impact of hyperparameters on accuracy: Relative L2-error for
different hyperparameter settings. The left panel shows the analysis of neural
network architecture, while the right panel illustrates the influence of loss term weights
on accuracy. The parameter αup represents the weight for the soil surface boundary
condition, where water infiltrates the soil domain with an inflow q0 (see Test Case A).
Results are reported for the S-PINN solver with adaptive activation.

reduces the total loss achieved by the Adam optimizer in training the S-PINN solver.
In terms of relative L2-error of the matric head, the L-BFGS optimizer improves the
accuracy achieved by the Adam optimizer by 2.5%. Similar conclusions were reached
when applying the S-PINN solver to the solute transport equation. These results
suggest that the two-step optimization approach, utilizing the Adam and L-BFGS
optimizers, yields favorable outcomes when applied to the S-PINN solver for addressing
the coupled flow-transport system in unsaturated soils.
S-PINN vs Deep neural operators. In the following, we compare the performance
of the S-PINN solver with deep neural operators. The aim is to demonstrate that the
computational cost of the PINN approach can be reduced by leveraging deep opera-
tor learning-based methods, particularly for parameterized PDEs or multitask learning
problems. To this end, we employ the DeepONet architecture proposed in (Lu et al.,
2021a) to solve various scenarios of the Richards equation by varying the initial condi-
tions in terms of the matric head.
The core concept of DeepONets is to learn a mapping between two Banach spaces: the
space of PDE parameters, P , and the space of corresponding solutions, S. In our study,
P represents a set of initial conditions sampled uniformly over the spatial domain, and
S represents the corresponding solutions (Kamil et al., 2024b).
The DeepONet architecture consists of two parallel neural networks: the branch net-
work and the trunk network. The branch network encodes inputs from the parameter
space P , represented as vectors of function values measured at fixed sensor locations.
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Figure 4.18 (Left) Comparison of total loss for S-PINN solver: Adam optimizer (blue)
vs. L-BFGS (red). (Right) Breakdown of the residual, initial condition, and boundary
losses using the Adam optimizer. The upper loss refers to the loss at the soil surface,
while the lower loss corresponds to the loss at the soil bottom boundary.

The trunk network encodes inputs from the time-space domain I × Ω. The outputs
of these two networks are then combined element-wise through a product operation to
generate the final approximate solution to the PDE. For more details on the DeepONet
architecture and training procedures, we refer to (Lu et al., 2021a).
For the numerical experiment, we use the configuration from test case A. We generate
100 distinct initial conditions for the matric head, each defined at 100 spatial sensor
points, resulting in 100 different versions of the Richards equation. These initial condi-
tions are sampled uniformly within the spatial domain, corresponding to water content
values within the interval (θr, θs). For each initial condition, we use the FEM to solve
the Richards equation and generate training data for the DeepONet model, consist-
ing of matric head values at various time-space points. The DeepONet architecture
includes branch and trunk networks, each with 4 layers and 100 neurons per layer,
using tanh as the activation function in the hidden layers. The model is trained for 104

epochs using the Adam optimizer. In parallel, we solve the Richards equation using
the S-PINN model for each initial condition as a baseline for comparison. Figure 4.19
presents the evolution of the total training loss for DeepONet and the computational
costs of both DeepONet and the S-PINN solver.
Figure 4.19-(a) shows that the total training loss of DeepONet reaches an error on
the order of 10−5 after 104 epochs of training with the Adam optimizer, indicating
successful training convergence. Once trained, DeepONet can predict the solution for
any new initial matric head condition, sampled uniformly in space, without any fur-
ther training. In contrast, the S-PINN solver requires additional training for each new
initial condition.
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Figure 4.19-(b) shows the CPU time (in seconds) required for both DeepONet and
the S-PINN solver to predict a new initial matric head condition. For instance, with
five different initial conditions, we measure the prediction time for DeepONet and the
combined training and prediction time for S-PINN to solve the Richards equation for
all five cases. The results in Figure 4.19-(b) show that DeepONet is significantly more
computationally efficient, as it avoids the repeated training required by the S-PINN
solver.
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Figure 4.19 Comparison of S-PINN and DeepONet performance: (a) DeepONet loss
function evolution over Adam epochs; (b) Computational cost comparison (in seconds)
between S-PINN (including training and prediction) and DeepONet predictions, based
on the number of PDEs to be solved (number of initial conditions).

Computational cost analysis. In the following, we present the CPU time for each
PINN solver in the case of test A (see 4.4.1). Table 4.5 summarizes the training and
prediction times for the different approaches.

Table 4.5 Comparison of training and prediction CPU time for different solvers

Solver Training CPU time (s) Prediction CPU time (s)
PINN 30.14 0.61
MPINN 48.95 0.56
S-PINN 55.02 0.81

The results show that the standard PINN approach requires the least training time,
while the S-PINN approach is slightly more computationally intensive than PINN due
to its sequential training process. However, this CPU time is acceptable given its su-
perior accuracy. For prediction, all solvers exhibit similar performance, with negligible
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differences in CPU time.
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CHAPTER 5 A transfer learning physics-informed deep learning
framework for modeling multiple solute dynamics in unsaturated soils

Abstract
Modeling subsurface flow and transport phenomena is essential for addressing a wide
range of challenges in engineering, hydrology, and ecology. The Richards equation is
a cornerstone for simulating infiltration, and when coupled with advection-dispersion
equations, it provides insights into solute transport. However, the complexity of this
coupled model increases significantly when dealing with multiple solute transports.
Physics-informed neural networks (PINNs) offer a flexible technique that merges data-
driven approaches with the underlying physics principles, enabling the direct incorpo-
ration of physical laws or constraints into the neural network training process. Nev-
ertheless, employing PINNs for solving multi-physics problems can present challenges
during training, particularly in achieving convergence to realistic concentration profiles.
Our study introduces a transfer learning technique to tackle the challenge of modeling
multiple species transport in unsaturated soils. This approach aims to improve the
accuracy of the PINN framework by decoupling the training process and solving the
governing partial differential equations (PDEs) sequentially. We incorporate various
strategies to optimize and accelerate the training process. Specifically, we begin by
solving the Richards equation and then transfer the acquired knowledge to subsequent
solute PINN solvers. This strategy leverages the fact that these PDEs have some sim-
ilarities in their structure as advection-diffusion equations. To rigorously validate our
approach, we conduct 1D numerical experiments and extend our analysis to encom-
pass 2D problems, and inverse problems for homogeneous soils, as well as numerical
tests using layered soils. Our findings indicate that transferring learned features is
more advantageous than utilizing random features, highlighting the effectiveness of the
proposed strategy.

5.1 Introduction

Improving our understanding of the subsurface hydrological processes occurring in un-
saturated zones is crucial for the development of efficient irrigation systems (Kandelous
and Šimůnek, 2010; Kandelous et al., 2011), controlling the fate of organic contami-
nants (Essaid et al., 2015), and designing efficient drainage systems (Ritzema et al.,
1994; Stuyt and Dierickx, 2006). Soil moisture serves as a critical determinant, directly
influencing plant growth, soil microbial activities, and nutrient cycling (Dougill et al.,
1998; Porporato et al., 2003; Van Cleve and Yarie, 1986). In general, relying solely on
soil moisture information is insufficient; therefore, it is crucial to model other perti-
nent physical processes. For example, the formulation of effective fertigation strategies
relies on controlling the fate of applied water and fertilizers (Autovino et al., 2018;
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Provenzano, 2007).
Simulating physical, biological, or chemical phenomena often relies on established
physical laws, which can be expressed mathematically as partial differential equations
(PDEs). In the specific context of infiltration and transport in unsaturated soils, the
Richards equation (Richards, 1931) is a fundamental governing equation for water flow,
frequently coupled with advection-dispersion equations (Bear, 2013) to achieve a com-
prehensive modeling framework. The Richards equation presents a significant challenge
due to its highly nonlinear nature. This complexity arises from the dependence of both
the unsaturated hydraulic conductivity and the water content on the pressure head,
often requiring the use of efficient numerical solvers to obtain accurate solutions. In
addition, the advection-dispersion equations rely directly on the water content and
water flux derived from the Richards equation, which are involved in driven forces.
Consequently, inaccurate modeling of the water flow equation can significantly impact
the numerical solution of the advection-dispersion equations.
Researchers have developed various numerical schemes for solving the Richards equa-
tion alone (Bergamaschi and Putti, 1999b; Boujoudar et al., 2021a, 2023b; Keita et al.,
2021c), and the coupled model of water flow and solute transport (Chen et al., 2019b;
Illiano et al., 2021; Russo, 2012a). Practitioners frequently use commercial software
(Hanson et al., 2006; Shafeeq et al., 2020) developed based on these numerical schemes,
due to its user-friendliness and specialized features. Numerical methods for solving
PDEs typically involve mesh generation, dividing the computational domain into small
elements, and approximating solutions at their nodes or centers. Numerical methods
face challenges to deal with the issues of the instability associated with the sources of
stiffness in the numerical solutions.
Data-driven approaches, empowered by deep learning solvers, present great potential
as surrogate tools for solving diverse PDEs. These methods harness the capabilities
of neural networks, whether employed individually or collaboratively, to approximate
systems of PDEs, despite their linear or nonlinear characteristics (Hornik et al., 1989).
The primary limitation of utilizing a standard deep learning solver is its requirement of
large datasets for training, which can be impractical in scenarios where field measure-
ments are typically sparse and costly to obtain (Raissi et al., 2019). Recently, a more
powerful hybrid approach has emerged, transitioning from being purely data-driven to
incorporating physics-informed principles into surrogate modeling (Raissi et al., 2019).
This hybrid approach, known as Physics-Informed Neural Networks (PINNs), has gar-
nered widespread attention within the scientific community, leading to the successful
solution of various PDEs (Eivazi et al., 2022; Rasht-Behesht et al., 2022; Wight and
Zhao, 2020). For a deeper understanding of PINN applications in fluid mechanics, we
recommend the literature review in (Cai et al., 2021a). In a PINN solver, the loss func-
tion is redefined to encompass the physical constraints encoded in the associated PDEs.
Automatic differentiation techniques play a crucial role, facilitating the precise com-
putation of derivatives for the neural network with respect to its inputs (Baydin et al.,
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2018). Various other variants of the PINN approach have been introduced, including
variational formulations (Kharazmi et al., 2019), hp-PINNs (Kharazmi et al., 2021),
and Bayesian-PINNs (Yang et al., 2021). The main advantages of the PINN technique
include: (a) its mesh-free nature, eliminating the need for intricate mesh generation in
the computational domain. Instead, it uses random sampling points within the physi-
cal domain; (b) Unlike other purely data-driven approaches, sparse measurements are
only required in cases where the studied problem is ill-posed, i.e., involving unknown
parameters, initial, or boundary conditions (Bandai and Ghezzehei, 2022); and (c)
PINNs offer greater efficiency in solving the inverse problem compared to calibrat-
ing standard numerical methods, resulting in lower computational costs (Bandai and
Ghezzehei, 2021).
The application of PINNs in the realm of subsurface flows has proven successful. In
(Bandai and Ghezzehei, 2021, 2022), the authors developed a framework utilizing the
PINN approach to solve the Richards equation for both forward and inverse problems in
one-dimensional soil columns, addressing homogeneous and layered soils. Additionally,
in (Wang et al., 2023b), the PINN approach was employed to solve the coupled flow
of water and heat transfer in unsaturated soils. In (Haruzi and Moreno, 2023a), the
authors utilized the PINN approach to address a 2D problem involving water infiltra-
tion and pore water electrical conductivity transport, with unknown initial conditions.
Several other studies using this approach have also been conducted (Chen et al., 2023b;
Depina et al., 2022; Elmorsy et al., 2023; He et al., 2020; Tartakovsky et al., 2020).
When tackling the coupled model of water flow and solute transport, existing PINN
solvers are designed to simultaneously solve both equations. This poses a challenge
for PINNs, as they endeavor to approximate two distinct PDEs without leveraging
the interdependence inherent in the fact that the solute transport equation relies on
the outputs of the Richards equation. This challenge becomes more pronounced when
studying multiple solute transports concurrently. Directly implementing the PINN ap-
proach with multiple solutes in the coupled system tends to be unsuccessful (Laubscher,
2021).
To address the challenges associated with coupled modeling, we propose an efficient
PINN-based framework for the dynamic of water flow and the transport of multiple so-
lute species in unsaturated soils. This approach employs a decoupling strategy, initially
addressing the Richards equation with a specialized PINN water solver. This sequen-
tial training approach aligns with the strategy adopted in other studies (e.g., Amini
et al. (2022); Harandi et al. (2024); Wang et al. (2023b)). Additionally, we integrate
enhancements such as the adaptive activation technique proposed in (Jagtap et al.,
2020). Subsequently, we apply transfer learning techniques (Chen et al., 2015, 2021a;
Tarbiyati and Nemati Saray, 2023) to leverage insights gained from the PINN water
solver when addressing the first solute transport equation. Transfer learning strategies
with PINNs have been explored in prior studies (Chen et al., 2023a; Goswami et al.,
2020; Tang et al., 2022; Xu et al., 2023a). This approach ensures the retention and
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reuse of knowledge obtained from solving the Richards equation. We therefore imply
that the subsequent PINN solver is initiated using the parameters obtained in the
PINN water solver, avoiding random initialization. In this setup, the characteristics
learned by the PINN water solver are transferred to the other species’ transport solvers.
This transfer is justified by the commonality of all the PDEs in the class of advection-
diffusion equations. For species involving chemical reactions, such as nitrogen species,
after solving for the first species, the subsequent species utilize its features to initial-
ize the corresponding PINN solver. This sequential process continues until the entire
system of PDEs is addressed. In the proposed transfer learning approach, we adopt
a freezing technique to alleviate the computational cost. It is worth noting that our
methodology remains applicable even when substituting the PINN approach with any
other physics-informed deep-learning algorithm. The main advantage of the proposed
transfer learning PINN method is that it expends most of its optimization efforts on
minimizing the total loss function of the PINN solver applied to the Richards equation.
This, in turn, allows the PINN solute solvers that follow to achieve high accuracy with
just a few iterations. We will show that, compared with a PINN with random initial-
ization, a pre-trained PINN provides a better initialization, which makes the training
much faster.
The standard PINNs have limitations in handling soil heterogeneity, and several tech-
niques have been proposed to improve their efficiency (Alhubail et al., 2022; Fraces
and Tchelepi, 2021). To include some aspects of heterogeneity of the medium, we in-
vestigate how the proposed transfer learning PINN approach can be extended to take
into account sharp gradients and discontinuities of the physical properties of soils. The
proposed strategy is based on the mixed form of PDEs.
The rest of the paper is organized as follows: In Section 5.2, we outline the mathe-
matical models governing water flow, solute transport, and nitrogen multiple species
transport in unsaturated soils. Section 5.3 details the numerical experiment conducted
in this study. The methodology for the proposed PINN solvers is explained in Section
5.4. In Section 5.5, we present and discuss the numerical results. Finally, Section 5.7
summarizes the study, presents key conclusions, and outlines future perspectives.

5.2 The mathematical models

5.2.1 Water flow model

In this study, the Richards equation is employed to simulate the infiltration of water
into unsaturated soils. The Darcy-Buckingham law and the mass conservation principle
can be combined to derive this equation (Buckingham, 1907). The equation is given
in its mixed form as follows (Celia et al., 1990b):

∂θ

∂t
+ ∇ · q = 0,

q = −K∇(Ψ + z),
(5.1)
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where θ is the volumetric water content, Ψ is the pressure head, q is the water flux,
K = Kskr is the unsaturated hydraulic conductivity, in which Ks is the saturated
hydraulic conductivity and kr is the water relative permeability. The time is denoted by
t, and the spatial coordinates are given by x = (x, z), where x represents the horizontal
dimension (in two-dimensional cases), and z represents the vertical dimension assumed
positive upward.
Several empirical models have been developed to provide explicit functions for K and θ
with respect to Ψ. Notably, models proposed by van Genuchten (Van Genuchten, 1980),
Brooks and Corey (Brooks and Corey, 1966), Gardner (Gardner, 1958), and Haverkamp
(Haverkamp et al., 1977) are commonly utilized in the literature. In this study, the
water content θ as a function of Ψ is described using the van Genuchten model, while
the unsaturated hydraulic conductivity K follows Mualem’s model (Mualem, 1976).
The complete expressions for both are as follows:

θ =


θr + (θs − θr)

(
1 + (αv|Ψ|)nv

)−mv

if Ψ ≤ 0,

θs if Ψ > 0,
(5.2a)

K =


Ks

[
1 − (αv|Ψ|)nv−1

(
1 + (αv|Ψ|)nv

)−mv
]2

(
1 + (αv|Ψ|)nv

)mv/2 if Ψ ≤ 0,

Ks if Ψ > 0,

(5.2b)

mv = 1 − 1
nv

, nv > 1, (5.2c)

where θs and θr represent the saturated and residual volumetric water contents, re-
spectively, and nv, mv and αv are the van Genuchten empirical parameters.

5.2.2 Solute transport model

In unsaturated soils, the coupling of the Richards equation with the advection-dispersion
equation is employed to model the interconnected subsurface infiltration-transport phe-
nomena. The model takes the following form (Bear, 2013; Šimůnek et al., 2005):

∂θc

∂t
+ ∂ρs

∂t
= ∇ · (θD∇c− cq) , (5.3)

where c is the concentration of the solute in the liquid phase, s is the concentration
of the solute in the solid phase, ρ is the soil bulk density, D is the dispersion tensor,
which incorporates effects of molecular diffusion and hydrodynamic dispersion, and as
already mentioned, θ and q are the water content and the water flux, respectively,
given by the Richards equation (5.1).
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The one-way coupled model (5.1)-(5.3) in rigid medium, used in this study, is exten-
sively utilized in various real-world applications ((Hanson et al., 2006; Khashaei et al.,
2024; Ebrahimian et al., 2013; Liu et al., 2021; Chen et al., 2014; Caiqiong and Jun,
2016; Nielsen et al., 1986)). The Freundlich equation can be used to represent the
interaction between the concentrations s and c (Šimůnek et al., 2005):

s = Kdc
p, (5.4)

where p is the Freundlich constant, which is equal to 1 when the model is assumed to
be linear, and Kd is an empirical coefficient, which is equal to zero if no interaction
between soil and solute is considered.
By substituting the Freundlich equation (5.4) into the solute transport equation (5.3),
we can derive the following compact form:

∂Rθc

∂t
= ∇ · (θD∇c− cq) , (5.5)

where the retardation factor R is determined by the following formula and accounts
for the interaction between the solute and the soil solid phase:

R = 1 + ρKd
cp−1

θ
· (5.6)

When the gaseous phase is neglected, the dispersion tensor’s components are computed
as follows (Bear, 2013):

θDij = (DT ∥q∥ + θDwτ) δij + (DL −DT )
qiqj

∥q∥
, (5.7)

where Dw is the molecular diffusion constant, DL and DT are the longitudinal and
transversal dispersivities, δij is the Kronecker symbol, τ is the tortuosity factor, and
∥q∥ denotes the Euclidean norm of the water flux vector, having the components qi

and qj in the respective spatial directions x and z. The tortuosity factor is calculated
by using the following formula (Bear, 2013; Millington and Quirk, 1961):

τ = θ7/3

θ2
s

· (5.8)

5.2.3 Nitrogen species transport model

For situations where we have multiple solute transport equations, which is the main
focus of this study, zero and first-order decay coefficients can be used to account for the
interactions between solutes (Šimůnek et al., 2005). The dynamics of multiple solutes
can be modeled using the following system of PDEs (Kaluarachchi and Parker, 1988;
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Šimůnek et al., 2005):

∂Rθc1

∂t
= ∇ · (θD∇c1 − c1q) − µ1θc1,

∂θc2

∂t
= ∇ · (θD∇c2 − c2q) + µ1θc1 − µ2θc2,

∂θc3

∂t
= ∇ · (θD∇c3 − c3q) + µ2θc2 − µ3θc3,

(5.9)

where the concentration and the first-order decay coefficient of solute k are indicated
respectively by ck and µk. The system of PDEs given by (6.27) is utilized for mod-
eling nitrogen species transport. Specifically, ammonium NH+

4 and nitrate NO−
3 are

considered the initial nitrogen sources. Autotrophic bacteria catalyze the nitrification
of ammonium, producing nitrite (NO−

2 ) at a rate of µ1. Subsequently, further nitrifi-
cation occurs, with nitrite transforming into nitrate (NO−

3 ) at a rate of µ2. Finally,
denitrification of nitrate takes place, leading to the production of dissolved nitrogen
(N2) and (N2O) at a rate of µ3 (refer to Figure 5.1).

Ammonium Nitrogen Nitrite Nitrogen Nitrate Nitrogen

Nitrification Nitrification

Denitrification

Input Nitrogen Dissolved Nitrogen

Adsorption

Figure 5.1 Representation of the first-order decay chain of nitrogen species.

For consistency with system (6.27), we use c1, c2, and c3 to represent the concentrations
of NH+

4 , NO−
2 , and NO−

3 , respectively. Additionally, µ1, µ2, and µ3 are employed to
denote the first-order rate coefficients for the nitrification of NH+

4 , the nitrification of
NO−

2 , and the denitrification of NO−
3 , respectively.

The model (6.27) incorporates exclusively first-order degradation processes, such as
nitrification, denitrification, and adsorption. Specifically, the assumption is that only
ammonium undergoes linear adsorption onto the solid phase of the soil, characterized
by the retardation factor R (p = 1). The nitrogen species transport model can consider
additional processes; for instance, extra species such as potassium or phosphorus could
be incorporated into the coupled system to represent their dynamics when using an
NPK fertilizer (Hanson et al., 2006). Importantly, it should be noted that the inclusion
of these additional species does not impact the nitrogen decay chain model. For a
comprehensive understanding of the nitrogen cycle, we recommend consulting the study
by Kim et al. (Kim et al., 2008).
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5.2.4 Initial and boundary conditions

Here, we outline the initial and boundary conditions added to equations (5.1) and
(6.27). The set of initial and boundary conditions employed for the Richards equation
are expressed as follows: 

Ψ(0, x) = Ψ0(x) in Ω,
Ψ = ΨD in I × ΓD ⊂ I × ∂Ω,
q · n = q0, ,

(5.10)

where I × Ω is the time-space domain (I = [0, T ]), Ψ0, ΨD, and q0 represent the initial
pressure head, Dirichlet and Neumann boundary conditions for the pressure head and
the water flux respectively, ∂Ω denotes the boundary of Ω, and ΓD and ΓN refer to
the Dirichlet and Neumann boundaries, respectively. The outward unit normal vector
to the boundary ΓN is represented by n. We note that the initial condition can be
specified either as a function of the water content θ, the effective saturation S, or the
pressure head Ψ.
For the nitrogen transport equations (6.27), the following initial and boundary condi-
tions can be used:

ci(0, x) = c0
i (x) in Ω,

ci = cD
i in I × ΓD ⊂ I × ∂Ω,

− (θD∇ci − γciq) · n = c̄i
0q0 in I × ΓN ⊂ I × ∂Ω,

(5.11)

where c0
i denotes the initial concentration of solute i, cD

i represents the specified value
of solute i at the Dirichlet boundary, and c̄i

0 is the applied inlet concentration of solute
i. The third equation in (5.11) corresponds to a second-type (Neumann) boundary
condition when γ = 0, and a third-type (Cauchy) boundary condition when γ = 1.

5.3 Studied cases

To simulate the complete coupled dynamics of water flow and nitrogen species transport
in unsaturated soils, we conducted the following 1D and 2D numerical experiments
based on loamy soil with the following parameters:

Ks = 0.2496 m/day, αv = 3.6 m−1, θs = 0.43, θr = 0.078, nv = 1.56, L = 1 m, (5.12)

where L represents the depth of the soil.
For the water flow equation, the initial pressure head is set to −1.0 m, the soil surface
boundary condition is considered as a flux boundary of specific discharge q0 = −0.05
m/day, and free drainage is assumed at the bottom of the soil column, which can be

expressed as ∂Ψ
∂z

∣∣∣∣∣
z=L

= 0.
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For the nitrogen species model, the following parameters are used:

DL = 0.04 m, Dw = 0.288 cm2/day, ρ = 1.6 × 10−6 mg/l,

Kd = 0.34×10−6 l/mg, µ1 = 0.12 day−1, µ2 = 0.048 day−1, µ3 = 0.012 day−1. (5.13)

The nitrogen kinetics parameters µi are obtained from (Bailey et al., 2013), while other
parameters are sourced from (Berlin and Suresh Kumar, 2018).
The initial state of the soil is considered free from any nitrogen species (ci = 0, i = 1, 2, 3).
The soil surface is treated as a flux boundary condition, characterized by a third-type
Cauchy boundary condition (5.11) with inlets of 50, 0, and 20 mg/l for ammonium,
nitrite, and nitrate, respectively. This implies that only ammonium and nitrate are
applied as sources, and no nitrite is introduced. Ammonium-nitrate fertilizer is suitable
for this scenario. Zero-concentration gradients are imposed on the bottom boundary

for all nitrogen species
(
∂ci

∂z

∣∣∣∣∣
z=L

= 0, i = 1, 2, 3
)

. In the 2D numerical test, we main-

tained the same initial and boundary conditions as in the 1D scenario, with no flux
boundary condition at the lateral boundaries within the spatial domain [0, L]2. For
the transversal dispersivity, we set DT = DL/100. Figure 5.2 depicts the studied cases
for the coupled water flow and nitrogen species transport model in homogeneous soil.
The studied cases for the layered soil will be given in detail in Section 5.5.8.

Soil surface

Soil bottom

1D experiment 2D experiment

Loamy soil

Free drainage 

Flux Boundary

No flux boundary 

Figure 5.2 Configuration of 1D and 2D numerical experiments for water flow and ni-
trogen species transport.



128

5.4 Methods

5.4.1 Physics-Informed Neural Network: PINN

In this section, we provide a summary of the vanilla PINN method initially introduced
in (Raissi et al., 2019). For more details, readers are encouraged to explore the lit-
erature review presented in (Cai et al., 2021a). PINNs represent a unique category
of feedforward neural networks (FNNs). In these networks, the input consists of spa-
tiotemporal data gathered from the domain I × Ω, where Ω = Ω ∪ ∂Ω. The output of
these networks is the solution to the PDE that needs to be solved. These points can
be sampled either uniformly or randomly, employing a specific probability distribution
function (Zhang et al., 2022). As an illustration, consider a random data point (t,x)
sampled from I × Ω. The FNN linearly transforms this data using weights W and a
bias b. Subsequently, the FNN applies a nonlinear activation function and a specific
output function. The final results for L layers are represented as follows:

y0 = (t,x)T ,

yl = σ(Wlyl−1 + bl), for l = 1, . . . , L
ŷ = o(yL).

(5.14)

Here, L denotes the number of layers in the FNN, and Wl and bl represent the linear
transformation parameters (weights and biases) of layer l. The function σ denotes the
activation function applied at each hidden layer, and o is the output function of the
FNN.
The primary distinction between FNNs and PINNs lies in their loss functions. In the
case of PINNs, the loss function integrates the physical laws along with the associated
initial and boundary conditions. This inclusion has demonstrated significant enhance-
ment compared to employing a conventional FNN for solving a PDE. The primary
advantage lies in the ability to train a PINN solver effectively with sparse data, elimi-
nating the requirement for an extensive dataset, which can be challenging to obtain for
real-world problems in engineering. For a clearer representation, the standard PINN
framework can be illustrated as follows:
Once the dataset (time-space collocation points) for the PINN solver is collected, it
is fed into the FNN to compute the corresponding solution. In this study, a separate
network is employed for each PDE solution (Ψ, ck, i = 1..., ns, where ns represents the
number of solutes under investigation). Therefore, we calculate the following residual
functions:

f̂R(tri ,xr
i ) = ∂θ̂

∂t
− ∇ ·

[
K̂∇(Ψ̂ + z)

]
,

f̂ck
(tri ,xr

i ) = ∂R̂θ̂ĉk

∂t
− ∇ ·

(
θ̂D̂∇ĉk − ĉkq̂

)
+ Φ̂k; k = 1, . . . , n,

(5.15)
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where the hat notation is employed to represent the predictions made by the PINNs
solvers, the first residual function corresponds to the residual loss in the Richards
equation, while the subsequent ones pertain to each solute transport equation. The
derivatives are computed using automatic differentiation. The points (tri ,xr

i ) represent
residual data within the time-space domain I × Ω.
The total loss function of a PINN solver for multiple species transport, which enforces
initial conditions, boundary conditions, and incorporate data measurements, can be
defined as follows:

J(Θ) = αdJd(Θ) + αrJr(Θ) + αbJb(Θ) + αicJic(Θ), (5.16)

where

Jr(Θ) = 1
Nr

Nr∑
i=1

 (f̂R(tri ,xr
i )
)2

+
ns∑

k=1

(
f̂ck

(tri ,xr
i )
)2
, (5.17a)

Jd(Θ) = 1
Nd

Nd∑
i=1

 (Ψ(tdi ,xd
i ) − Ψ̂(tdi ,xd

i )
)2

+
ns∑

k=1

(
ck(tdi ,xd

i ) − ĉk(tdi ,xd
i )
)2
, (5.17b)

JD
b (Θ) = 1

ND
b

ND
b∑

i=1

 (Ψ(tDi ,xD
i ) − Ψ̂(tDi ,xD

i )
)2

+
ns∑

k=1

(
ck(tDi ,xD

i ) − ĉk(tDi ,xD
i )
)2
,

(5.17c)

JN
b (Θ) = 1

NN
b

NN
b∑

i=1

 (NΨ(tNi ,xN
i ) − NΨ̂(tNi ,xN

i )
)2

+
ns∑

k=1

(
Nck

(tNi ,xN
i ) − Nĉk

(tNi ,xN
i )
)2
,

(5.17d)
Jb(Θ) = JD

b (Θ) + JN
b (Θ), (5.17e)

Jic(Θ) = 1
Nic

Nic∑
i=1

 (Ψ(0,xic
i ) − Ψ̂(0,xic

i )
)2

+
ns∑

i=k

(
ck(0,xic

i ) − ĉk(0,xic
i )
)2
. (5.17f)

In the expressions above, Θ = (W, b) represents the parameters of the FNN, and Jr, JD
b ,

JN
b , Jb, Jd, and Jic correspond to the residual, Dirichlet boundary, Neumann boundary,

measurement data, and initial condition losses, respectively. The terms Nr, ND
b , NN

b ,
Nd, and Nic denote the total number of residual, Dirichlet boundary, Neumann-Cauchy
boundary, data, and initial collocation points, respectively. The operator N signifies
the boundary operator defined by the Neumann-Cauchy boundary conditions. The
parameters αd, αr, αb, and αic are weights assigned to the training measurement data,
residual, boundary conditions, and initial conditions losses, respectively. We refer to
Figure 5.3 for an illustration of the standard PINN solver for each PDE in the coupled
system.
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Figure 5.3 Diagram illustrating a standard PINN solver for the coupled water flow and
nitrogen species transport model.

5.4.2 Improved Physics-Informed Neural Network

Applying the standard PINN method directly to solve highly nonlinear equations may
lead to training failures or difficulty in converging to the accurate profile. Therefore, in
this Section, we present several recent developments from the literature aimed at im-
proving the training of the PINN solvers. Our primary contribution will be introduced
in Section 5.4.3.

5.4.2.1 Adaptive activation function technique

Various studies have sought to speed up the training of PINN solvers. A recent tech-
nique, proposed in (Jagtap et al., 2020), and explored in the context of the Richards
equation in (Bandai and Ghezzehei, 2022), introduces an adaptive activation function.
This method enhances the PINN solver’s efficiency in capturing sharp fronts in the
solution compared to the PINN using a standard activation function.
The key concept involves adding a trainable parameter, denoted as α, to the activation
function of the FNN. For example, if the hyperbolic tangent function is selected, the
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modified function becomes tanh(sαx), with s as a scaling factor. The parameter α plays
a crucial role in adjusting the slope of the hyperbolic function, enabling it to effectively
capture sharp fronts and steep gradients of the solution. Figure 5.4 illustrates how
modifying the parameter sα influences the slope of hyperbolic tangent and sigmoid
functions.
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x
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sigmoid(s x)

Figure 5.4 Activation functions: Hyperbolic tangent (left) and sigmoid (right) with
varied sα values.

5.4.2.2 Mini-batch sizing technique

The most commonly used FNNs generally employ the entire dataset for calculating
the loss value at each iteration or epoch, introducing various drawbacks from an op-
timization standpoint. This method may encounter convergence challenges, such as
getting stuck in local minima. To address these issues, the deep learning community
has introduced the mini-batch sizing technique to improve the training of deep learning
solvers.
Mini-batch sizing involves dividing the entire dataset into smaller batches, and the loss
is computed based on each mini-batch during training. This approach mitigates the risk
of convergence issues and improves the optimization, especially in the PINN approach
when solving stiff PDEs (McClenny and Braga-Neto, 2023). One explanation for the
observed superiority of stochastic gradient descent (SGD) over large-batch training lies
in the loss surface landscape (McClenny and Braga-Neto, 2023). Large-batch training
can converge to sharp minima, which often leads to poorer network performance. Con-
versely, SGD calculations with small batches are more likely to find flat minima, which
tend to exhibit better generalization capabilities (McClenny and Braga-Neto, 2023).

5.4.2.3 Learning rate schedule

A robust optimization algorithm is crucial to optimize the highly nonlinear and non-
convex function J . Many PINN studies have employed the Adam optimizer (Kingma
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and Ba, 2014), a widely-used stochastic gradient descent variant in deep learning algo-
rithms, and L-BFGS-B (Byrd et al., 1995), which belongs to the quasi-Newton methods
family.
Employing a fixed learning rate in an optimization algorithm can lead to delayed con-
vergence, oscillations, and the risk of becoming trapped in undesirable local minima.
Therefore, an adaptive learning rate is recommended. Several adaptive learning rates
have been proposed in the literature, including step decay, exponential decay, inverse
decay, polynomial decay, and piecewise constant. In this study, we choose exponential
decay, defined as follows:

ηt = η0 exp(−dt), (5.18)

where ηt denotes the learning rate at iteration t, and d is the decay factor.

5.4.3 Transfer learning Physics-Informed Neural Network: TL-PINN

The main contribution of this study, as outlined in this section, is to introduce an ini-
tialization transfer learning technique to enhance the efficiency of the PINN method’s
training for solving multiple solute transport species in unsaturated soils. For a com-
prehensive understanding of the transfer learning technique, we recommend referring
to the recent survey by Zhuang et al. (Zhuang et al., 2020).
The transfer learning approach involves using knowledge from other deep learning
solvers and then applying it to address a new task. While a few studies have explored
this technique in the context of PINNs(e.g., Tarbiyati and Nemati Saray (2023)), our
approach takes advantage of the one-way coupling within the system. We propose to
decouple the studied PDEs in the following manner:

1. Initially, our attention is directed towards solving the first equation in the sys-
tem of PDEs, the Richards equation. This computation is crucial as it provides
essential outputs for the other equations, encompassing those for water content,
pressure head, and the water flux vector. magentaWe refer to the corresponding
model as the PINN water solver.

2. Next, we solve the PDE governing ammonium using the corresponding model,
referred to as the PINN ammonium solver. More broadly, if there are other
solutes independent of the nitrogen species, we address their respective PDEs as
well. In this step, we proceed to initialize the PINN ammonium solver by the
optimized parameters obtained from the PINN water solver. This procedure is
referred to as transfer learning, transitioning from the Richards equation to the
solute transport equations.

3. After completing the training of the PINN ammonium solver in step 2, we proceed
to initialize the parameters for the next solute concentration. This initialization is
performed using the parameters obtained from the previous PINN solver, specifi-
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cally corresponding to the decay chain. This iterative process continues until the
last solute in the decay chain is addressed.

The proposed methodology offers several key advantages:

1. It utilizes realistic water content, pressure head, and water flux profiles for train-
ing other solute concentrations.

2. This methodology transfers information from previous profiles to expedite the
training of subsequent desired PDEs. This is justified by the fact that all PDEs
in the studied system belong to the same class as advection-diffusion equations.

3. As demonstrated in the subsequent numerical tests, this approach dedicates the
majority of iterations to training the Richards equation and only a few iterations
for solving other solute concentrations. Additionally, while specifically developed
for this coupled system, this approach can be adapted to any directed decay chain
system of PDEs.

In cases where field or laboratory data are available, we suggest training an ordinary
FNN with a few iterations. The final weights of this FNN can then be used to initialize
the PINN water solver. Alternatively, in the absence of available data, the Xavier
initialization stochastic algorithm (Glorot and Bengio, 2010a) can be employed. It is
noteworthy that the initialization of a PINN solver with measured data or data from
a high-resolution solver (e.g., the finite element method) has been proposed in other
studies (Tarbiyati and Nemati Saray, 2023). Using this approach, one can gather data
from simulations based on numerical techniques or available software such as HYDRUS
(Šimůnek et al., 2005), and employ a portion of this data to train a standard FNN. We
refer to Algorithm (4) for a more comprehensive understanding of the transfer learning
PINN approach.
To optimize the computational efficiency of the transfer learning algorithm, a param-
eter freezing technique can be applied. Specifically, after resolving the Richards equa-
tion, the resulting parameter Θw can be utilized to initialize the parameters of the
PINN solver for each initial solute species in a decay process, as outlined in Algorithm
(4). The parameter freezing technique involves selectively freezing certain parameters
within Θci

while training others. Specifically, for a PINN solver for solute i, where
the parameters of layer l are denoted by Θl, freezing kci

layers implies that the only
trainable parameters are Θl for l = kci

, · · · , L, while Θl for l = 0, · · · , kci
− 1 remains

non-trainable. A comprehensive description of the freezing technique is provided in
Algorithm (5).
A key insight lies in the extensibility of the TL-PINN technique to diverse neural
network architectures. In particular, distinct PINN architectures may be applied to
address each PDE in the studied system, with transfer learning entailing a transition
from one neural network to a wider or deeper one. To facilitate this process, the
Net2Net technique, as proposed in (Chen et al., 2015), can be employed.
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Algorithm 4 Transfer Learning PINN for solving multiple solute species transport in
unsaturated soils
Procedure 1: Available water content data D

1. Train a standard FNN using data D to obtain its final parameters Θ1.

2. Initialize the parameters of the PINN water solver with Θ1.

3. Train the PINN water solver to obtain the final parameters Θw, along with cor-
responding solutions (θ,Ψ,q).

4. Initialize the parameters of each PINN solute solver, either corresponding to
the initial solute species in a decay chain or an independent solute, with the
parameters Θw.

5. Train the PINNs’ solute solvers to obtain the final parameters Θc for each solute.

6. Train the next solute in a decay chain, initializing its parameters with the last
PINN’s final parameters.

Procedure 2: No available water content data D
Replace step 1 in Procedure 1 by initializing the PINN water solver with a suitable
random initialization algorithm (e.g., the Xavier initialization).

Algorithm 5 Transfer Learning PINN for solving multiple solute species transport in
unsaturated soils with the parameter freezing technique
Require: 1. List containing the parameters in each layer of the PINN solver.

2. freeze-ci: Boolean variable indicating whether or not to freeze the parame-
ters of the PINN solver of solute ci (True for freeze, False for trainable).

1: Initialization Steps:
2: if freeze-ci is True then
3: for the first kci

layers do
4: Create non-trainable variables for parameters.
5: end for
6: for the remaining layers (starting from kci

or 0 if not frozen) do
7: Create trainable variables for parameters.
8: end for
9: end if

10: Perform the Transfer Learning PINN Algorithm (4).
Ensure: A list of variables representing the parameters for each layer.
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The overall flowchart of the transfer learning PINN solver for modeling water flow and
multiple species transport in unsaturated soils is illustrated in Figure 5.5.

Training
data

General
inputs

Soil geometry
Number of solutes

Soil and solute parameters
Initial and boundary

conditions
Final time of simulation

PINN water solver

Available data

Standard FNN

PINN ammonium solverNitrogen species

Other species

PINN nitrite solver PINN nitrate solver

YES NO

Pressure head
Water content
Water flux

Transfer Learning PINN for solving water flow and multiple solute species transport in
unsaturated soils

Time-space collocation
points

Available data

Pressure head profile
Water content profile

Water flux
Solute concentrations

Final
outputs

Figure 5.5 The overall flowchart of the transfer learning PINN solver for modeling water
flow and multiple species transport in unsaturated soils.

5.4.4 Transfer learning with Mixed-PINN

Here, we investigate how the proposed transfer learning PINN approach can be ex-
tended to take into account sharp gradients and discontinuities in the physical proper-
ties of soils. Developing efficient techniques for solving problems where the solutions of
PDEs exhibit shocks or discontinuities remains a significant challenge. The standard
PINNs have limitations in effectively handling these cases, and several techniques have
been proposed to improve their efficiency (Alhubail et al., 2022; Fraces and Tchelepi,
2021).
We note that we can use the XPINNs proposed in (Jagtap and Karniadakis, 2020) for
layered soils, where the time-space domain is decomposed into non-overlapping sub-
domains, each associated with a PINN solver. This approach was adopted in (Bandai
and Ghezzehei, 2022) to solve the Richards equation in a soil with two layers. In
our case, the PINN solvers for the Richards equation will interact with each other
by enforcing the continuity of the pressure head, water flux, and the residual of the
governing PDE. For the transfer learning PINN, after solving the Richards equation,
each PINN solute solver for each sub-layer will transfer its parameters to the next PINN
solver in the same layer, and the process continues until all PDEs for solute transport
are solved. In this study, we propose another method, as described below.
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To develop a transfer learning PINN approach for the coupled model of water flow and
multiple solute transport in the presence of discontinuities in the physical properties of
soils, we extend our techniques by using the mixed form of the PDEs. Similarly to the
homogeneous case, the governing PDEs for water flow and solute transport species are
solved sequentially. However, for each PDE, we employ two neural networks: Ns, used
to predict the desired solutions such as pressure head for the Richards equation and
concentration for each nitrogen species; and, Nq serve as the surrogate for the associated
flux. The networks communicate with each other to ensure the compatibility conditions
in terms of water and solutes fluxes. As an illustration, the compatibility conditions
for water flow are specified as follows:


Nqx(t,x) = −K(NΨ(t,x))∂NΨ(t,x)

∂x
,

Nqz(t,x) = −K(NΨ(t,x))
(
∂NΨ(t,x)

∂z
+ 1

)
,

(5.19)

where NΨ is the network associated to the pressure head, Nqx and Nqz denote the fluxes
in the x and z directions, respectively.
The training process for the mixed-PINN for each PDE follows the standard PINN
methodology, involving the enforcement of the PDE residual along with initial and
boundary conditions, as well as the compatibility conditions (5.19) for the fluxes.
Among the advantages of the proposed mixed-PINN formulation is that it reduces
the derivative computation of PDEs from second-order to first-order in space for each
network (Harandi et al., 2024; Lehmann et al., 2023; Rezaei et al., 2022).
In the TL-PINN method within the proposed mixed-PINN approach, the workflow is
as follows. After solving the Richards equation using the mixed-PINN, the parameters
of each neural network are transferred to the subsequent PINN solute solver. The
transfer includes the network solution for the pressure head and the network fluxes.
This iterative process continues until the last PDE for solute transport is solved. The
transfer learning approach within the mixed-PINN method is detailed in Algorithm
(6). We refer to Appendix 6.6 for more details about the training procedure of the
mixed-PINN.

5.4.5 Algorithm implementation

The implementation of both the standard and transfer learning PINN solvers utilized
the open-source software library TensorFlow (Abadi et al., 2016). The activation func-
tion tanh is chosen because the governing PDEs of the coupled model of water and
solute transport are second-order in space, and tanh is infinitely differentiable. The
negative exponential function (− exp) is used as the output activation for the PINN
water solver.
In procedure 2 of Algorithm (4), Xavier random initialization is applied, and the initial
value of the bias parameters b is set to zero. In the adaptive activation function
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Algorithm 6 Transfer Learning Mixed-PINN for solving multiple solute species trans-
port

1. Initialize the parameters (ΘΨ,Θq) of the PINN water solver. This includes two
networks, NΨ(Θs) for pressure head and Nq(Θq) for water flux. Initialization can
follow procedure 1 or 2 as shown in Algorithms (4) and (5).

2. Train the PINN water solver based on the PDE residual, initial and boundary con-
ditions, as well as the compatibility conditions (5.19) for the water flux. Obtain
the final parameters (ΘΨ,Θq), along with the corresponding solutions (θ,Ψ,q).

3. Initialize the parameters (Θc,Θqc) with (ΘΨ,Θq) of the PINN ammonium solver.
Two networks are employed: Nc(Θc) for solute concentration and Nqc(Θqc) for
solute flux.

4. Train the PINN ammonium solver based on the PDE residual, initial, and bound-
ary conditions, as well as the compatibility conditions (5.19) for the solute flux.
Obtain the final parameters (Θc,Θqc).

5. Train the next solute species in the decay chain, initializing its parameters with
the final parameters from the previous solute solver.

technique, the hyper-parameter α is initially set to 0.05, and the scale factor s is set
to 20.
To solve the optimization problem presented by the objective function J , a two-step
training technique is implemented, sequentially employing both the Adam optimizer
and the L-BFGS-B optimizer. The Adam optimizer utilized an exponential decay of
the learning rate, with the initial learning rate set to η0 = 10−3, a decay rate of d = 0.9,
a decay step of 1000 (adjusting the learning rate after every 1000 epochs), and other
parameters set to their default values. The parameters for the L-BFGS-B optimizer
are set as follows: ftol = 10−10, gtol = 10−8, maxcor = 50, maxls = 50, maxiter =
50,000, maxfun = 50,000, with default values for the remaining parameters. A mini-
batch of size 500 is used for the Adam optimizer, while a full batch is employed for the
L-BFGS-B optimizer.
A total number of 10,000 residual collocation points are randomly sampled from the
interior of the time-space domain, with an additional 3,000 collocation points dedicated
to initial and boundary conditions. The effectiveness of vanilla PINNs is known to be
intricately linked to the choice of sampling method for generating training points. A
robust sampling strategy is critical for PINN convergence (Chen et al., 2024). Figure 5.6
depicts four distinct sampling methods commonly employed in previous studies using
the PINN approach for the generation of training points. In this study, we employed a
uniform random sampling approach, where training points are selected randomly once
at the beginning, and remained fixed throughout the training process. In Section 5.5.3,
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we investigated the influence of different numbers of residual collocation points on the
accuracy and training behavior of the TL-PINN solver. For the weights in the loss
function (5.16), we used αr = αic = 1 and αb = 100. Additionally, we assume no
available data is provided for training the standard PINN and TL-PINN solvers (except
for the inverse problem), and thus we set αd = 0.
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Figure 5.6 Various sampling methods for residual collocation points within the time-
space domain [0, 1] × [−1, 0].

For the standard PINN solvers, we employed one network for each desired solution.
Therefore, we trained four FNNs: one for the pressure head and one for the concentra-
tion of each nitrogen species. The architecture for the FNNs used for both standard
PINNs and TL-PINNs is set as 5 hidden layers with 50 neurons in each layer. The
impact of the FNN architecture on the TL-PINN solver is examined in Section 5.5.3.
To minimize the objective function J in the standard PINN solver, we utilized 35,000
iterations with the Adam optimizer, followed by an additional 50,000 iterations using
the L-BFGS-B optimizer. In contrast, for the TL-PINN solver, we initially trained the
FNNs to solve the water flow equation with 20,000 Adam iterations. Subsequently,
TL-PINNs are employed to address nitrogen transport PDEs, with only 5,000 Adam
iterations for each solute transport equation.
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The numerical experiments in this study were conducted using an NVIDIA V100 GPU.
The source code is available on the GitHub repository:
https://github.com/Hamza-Kamil/Transfer-Learning-PINN-Nitrogen.

5.5 Results and discussions

5.5.1 A comparative analysis of transfer learning PINNs and standard
PINNs

Here, we compare the accuracy of the standard PINN and the TL-PINN approach
discussed in Section 5.4.3. We assess their performance in solving the numerical exper-
iment outlined in Section 5.3. All the techniques detailed in Section 5.4.2 are employed
for both standard PINNs and TL-PINNs to enhance the efficiency of their training.
We conducted the same numerical experiment, using HYDRUS-1D software (Šimůnek
et al., 2005) to compare the predictions made by the two solvers. In this simulation,
we did not employ the freezing technique outlined in Algorithm (5) for the TL-PINN
solver. We refer to Section 5.4.5 for the configuration details of both solvers.
Figure 5.7 presents the results obtained using the TL-PINN solver in the time-space
domain [0, 1] × [0, 1], where we show both the predicted profiles and the absolute error
associated with pressure head and nitrogen species concentrations. To compare the
TL-PINN with the standard PINN, we present cross-sections at the final simulation
time T = 1 day from both solvers, and the results are depicted in Figure 5.8. Our
predictions are in good agreement with the reference solution which confirm that the
TL-PINN solver accurately captures the profiles of pressure head, water flux, and
nitrogen species concentrations. In contrast, the standard PINN solver gets stuck at
the first PDE in the system, the Richards equation, and fails to approximate the other
profiles. Increasing the iterations of the Adam optimizer did not yield any improvement
in the results for the PINN solver. Figure 5.9 depicts the evolution of the total loss
function for the standard and TL-PINN solvers. The training process of the TL-PINN
solver appears to be significantly simpler than the standard PINN approach. This
simplicity arises from the fact that while the standard PINN solver needs to address
the loss associated with solving the entire system of PDEs, the TL-PINN solver focuses
solely on tackling the Richards equation. This supports our initial assertion that the
loss function of standard PINNs is highly non-convex, making the solution of a large
coupled system challenging. Handling such complexity with a standard PINN is not
straightforward.
Another noteworthy observation regarding TL-PINNs is their ability to rapidly cap-
ture nitrogen species concentration in just a few iterations following the solution of
the Richards equation. This demonstrates that the transfer learning approach, where
knowledge is transferred from a highly nonlinear advection-diffusion equation to a linear
one, significantly enhances the performance of the PINN solver compared to random
initialization. The decoupling strategy, where each equation is solved independently,

https://github.com/Hamza-Kamil/Transfer-Learning-PINN-Nitrogen
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serves as a cornerstone of the TL-PINN solver. In this strategy, solute transport equa-
tions utilize the final predicted results of water content and water flux to determine
concentrations. Subsequent solute concentrations are then trained based on the pre-
ceding solute concentration profile, predicted earlier with the water content and flux.
A central question arises: is this decoupling advantage unique to the TL-PINN solver,
rendering knowledge transfer from the Richards equation unnecessary? The following
section is dedicated to addressing this question.
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Figure 5.7 Profiles (top) and errors (down) of pressure head and nitrogen species con-
centrations obtained using TL-PINNs in the time-space domain [0, 1 day] × [0, 1 m].

5.5.2 Random initializer PINN vs transfer learning PINN

After establishing the superiority of the TL-PINN solver over the standard one, at-
tributed to the decoupling concept introduced in Section 5.4.3, we extend our analysis
to compare different sequential PINN solvers to assess whether transfer learning leads
to more accurate results. Our aim is to compare the following approaches:

1. RD-PINN: Randomly initializing each PINN solver for every PDE. Instead of
transferring parameters from the PINN water solver to the ammonium PINN
solver and repeating the process for the subsequent nitrogen species, we opt for
random initialization for each PINN solver.
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Transfer Learning PINN
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Figure 5.8 Pressure head, water flux and nitrogen species concentrations obtained using
TL-PINNs and standard PINNs at time T = 1 day.

2. RD1-PINN: In this approach, parameters from the PINN ammonium solver are
transferred to the PINN nitrite solver, while the solvers for ammonium and nitrate
are randomly initialized instead of employing the transfer learning approach.

While there are other potential approaches to explore, our study specifically focuses on
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Figure 5.9 Total loss function of the standard PINN and the TL-PINN solver during
Adam iterations.

the two methods mentioned above. It is important to note that the RD-PINN solver
deviates from the standard PINN solver. The RD-PINN solver uses sequential training,
whereas the standard PINN approach minimizes the loss of the coupled system of PDEs
simultaneously.
Throughout this investigation, we aim to highlight the primary advantage of TL-PINNs
in the context of decoupling the training of PINN solvers. The HYDRUS-1D software
is used to generate a reference solution for calculating the relative L2-error for the
solution predicted by the PINN solvers. The relative L2-error in the time-space domain
[0, T ] × [0, L] is defined as follows:

τu =
∑

t∈[0,T ]
∑

z∈[0,L] (û(t, z) − u(t, z))2∑
t∈[0,T ]

∑
z∈[0,L] u(t, z)2 , (5.20)

where û and u are the PINN and the HYDRUS-1D solutions, respectively.
In the simulations, the TL-PINN architecture and the number of iterations in the opti-
mizers, as utilized in the previous section, are maintained for the other two approaches.
The results in Figure 5.10 highlight the performance of TL-PINN, RD-PINN, and RD1-
PINN. As anticipated, the TL-PINN solver emerges as the most efficient among the
three. Randomly initializing all PINN solvers proves to be the least effective, resulting
in a significant error for nitrogen species concentrations. Notably, in the RD1-PINN
approach, random initialization of the PINN ammonium solver increases the error
compared to the TL-PINN, which benefit from prior knowledge from the PINN water
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solver. The RD1-PINN approach decreases the error of the PINN nitrite solver by
leveraging knowledge from the PINN ammonium solver. However, the error increases
again in the PINN nitrate solver due to its random initialization in the RD1-PINN
approach. Figure 5.11 displays the loss function last values for ammonium and nitrite
after training, illustrating the performance of TL-PINN and reinforcing the observa-
tions mentioned earlier. Once again, the TL-PINN approach demonstrates superior
efficiency, emphasizing that decoupling the PDEs has a limited impact on accuracy
unless previous knowledge from other solvers is utilized.
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Figure 5.10 Relative L2-error of TL-PINN, RD-PINN, and RD1-PINN for each nitrogen
species concentration.
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solvers.Ammonium and nitrite concentrations are denoted as c1 and c2 respectively.
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5.5.3 Investigating the influence of FNN architecture and residual points
number on TL-PINN solver performance

The performance of the TL-PINN solver is heavily influenced by the design of its FNN
architecture. In this section, we explore how the number of hidden layers and neurons
per layer in the FNN affect the solver’s accuracy. We also investigate the effects of
varying the number of residual points used to calculate the residual losses.
To investigate the influence of the number of residual collocation points Nr, we examine
its impact on the TL-PINN solver for 5 candidate values: 1000, 2000, 5000, 15000, and
20000. The TL-PINN solver architecture is set to 5 hidden layers and 50 neurons per
layer. The number of iterations aligns with the specifications outlined in Section 5.4.5.
Figure 5.12 displays the results for all desired solutions. Using fewer residual points led
to a higher error across all variables. However, increasing the number of points beyond a
certain threshold did not significantly improve the TL-PINN’s accuracy. This suggests
that a fixed, large number of residual points might not be optimal for all cases. As
proposed in (Lu et al., 2021b), a residual-based adaptive refinement technique could
potentially establish a more direct correlation between accuracy and the number of
time-space points used. Figure 5.13 shows how the total loss function for each nitrogen
species concentration in the TL-PINN solver evolves with different numbers of residual
collocation points. Lower training loss is evident with a smaller number of residual
collocation points, while higher numbers of residual collocation points can complicate
the training phase.
The influence of the FNN architecture on the TL-PINN solver’s performance is investi-
gated, exploring diverse configurations for the number of hidden layers (ranging from 1
to 5) and the number of neurons per layer (with options of 10, 20, and 50). Figure 5.14
displays the results for all the configurations evaluated. As expected, shallow FNNs
with few neurons lead to high errors for all TL-PINN solvers. Interestingly, increasing
the number of hidden layers beyond a certain point can negatively impact accuracy.
The configuration with 50 neurons per layer and 5 hidden layers yields the optimal
performance in this study.

5.5.4 Impact of the freezing technique on the transfer learning PINN

In this section, we investigate the impact of the freezing technique 5 on the accuracy
of the TL-PINN solver. The parameters used for this solver remain the same as those
employed previously. We recall that the hyperparameter kci

denotes the number of
freezing layers counted from the first hidden layer in the PINN solver for solute ci. To
evaluate the influence of kci

on the accuracy of TL-PINNs, we utilized the relative L2-
error (5.20), considering HYDRUS-1D as our reference solution. The results obtained
are illustrated in Figure 5.15. For the PINN ammonium solver, the optimal number
of hidden layers to freeze is kc1 = 3; exceeding this threshold results in an increase
in the error. Turning to the PINN nitrite solver, we observe the combined effect of
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Figure 5.12 The relative L2-error as a function of the number of residual collocation
points for each PDE solution (Ψ, ci).

parameters kc1 and kc2 on its accuracy. The optimal number of hidden layers to freeze
is (kc1 , kc2) = (3, 4). Similar to the first solver, freezing half of the architecture proves
to be the most suitable choice for training. Lastly, for the PINN nitrate solver, the
combined effect of parameters kc2 and kc3 influences its accuracy. The optimal number
of hidden layers to freeze is (kc2 , kc3) = (2, 3). As with the other solver, freezing half of
the number of hidden layers is the most suitable choice for training. It can be concluded
that, in the three solute PINNs solvers, freezing the first half of the hidden layers does
not significantly affect the accuracy of TL-PINN. This is because these layers capture
the general physical structure of the PDE. On the other hand, freezing the remaining
half of the layers is not advisable, as these layers are essential for handling the initial
and boundary conditions.
In conclusion, the freezing technique proves to be an efficient means of accelerating the
training of TL-PINN, especially when the number of frozen hidden layers is selected
based on a posterior error study, as demonstrated in this investigation. For our case,
it is optimal to freeze 3 hidden layers for the the PINN ammonium solver, 4 for the
the PINN nitrite solver, and 3 for the PINN nitrate solver.

5.5.5 Training stability in the transfer learning PINN

In this section, our objective is to monitor the loss of each PDE within the coupled
system and observe the impact of knowledge transfer from one solver to the next. We
employed the same configurations as in previous sections, training the PINN water
solver for 5000 iterations and each PINN solute solver for 1000 iterations, totaling
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Figure 5.13 The c1, c2, and c3 total loss function evolution as a function of the Adams
iterations for different numbers of residual collocation points.

8000 iterations. We logged the loss for each Adam iteration and present the results in
Figure 5.16, depicting the loss evolution for each PDE solver.
The training process begins with the Richards equation, incorporating its initial and
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Figure 5.14 The relative L2-error with varying hidden layers and neurons for each PDE
solution (Ψ, ci) in the TL-PINN solver.

boundary conditions with a specific PINN water solver. After 5000 iterations, the solver
achieves a training error of less than 10−4. Subsequently, the knowledge acquired by
the PINN water solver is transferred to the PINN ammonium solver. Initially, at
the first iteration, a training error larger than 10−1 is observed. This discrepancy
is expected since the parameters used in the Richards equation differ from those in
the ammonium transport equation across all terms (residuals, initial, and boundary
conditions). However, after 1000 iterations, the training error rapidly decreases to
10−3, indicating that the knowledge gained from solving the Richards equation has
significantly improved the training of the PINN ammonium solver. Similar observations
hold for the other solute solvers, where lower training errors are achieved rapidly. All
PDE losses achieved a training error of less than 10−4 within a total of 8000 iterations.
We repeated this process with 10 different seeds for initializing the PINN water solver
to account for stochasticity, and for all experiments, the training was stable, and no
oscillations were observed. In summary, our extensive numerical simulations confirmed
the stability of the proposed TL-PINN approach. The TL-PINN solver significantly
boosts the efficiency of the PINN approach in modeling this system of PDEs. These
findings are important and can be a subject of future theoretical analysis.
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Figure 5.15 Influence of freezing hyper-parameters kc1 , kc2 , and kc3 on L2-error for
ammonium (c1), nitrite (c2), and nitrate (c3).

5.5.6 2D simulations using the transfer learning PINN solver

Training a PINN solver in higher dimensions may hinder the training process, especially
for the coupled system examined in this study. To assess the reliability of the TL-PINN
solver in addressing the infiltration process and nitrogen species dynamics within a 2D
space geometry, we conducted a numerical experiment, illustrated in Figure 5.2. In
this simulation, we used the same architecture as before, with 5 hidden layers for each
solver. We trained the PINN water solver for 20,000 Adam iterations. Afterward, we
conducted training for the nitrogen PINN solvers over 10,000 Adam iterations while
keeping 3 hidden layers frozen. We also maintained consistency in the number of
collocation points for both solvers, aligning with those employed in the 1D scenario.
This approach allows us to evaluate the solvers’ performance under the condition of
sparse collocation points.
Figure 5.17 illustrates the final profiles of the pressure head (Ψ), ammonium (NH+

4 ),
nitrite (NO−

2 ), and nitrate (NO−
3 ) after 1 day. The application of the TL-PINN solver

with the freezing technique has demonstrated effectiveness in this 2D scenario. The
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Figure 5.16 Evolution of total loss across Adam iterations for each PINN solver.

solver successfully maintains the negativity of the pressure head and the positivity of
the other concentrations. This proves the reliability of the proposed transfer learning
technique for solving the 2D problem.

5.5.7 Inverse problem with unknown initial and boundary conditions

The PINN approach has showcased remarkable efficacy in addressing inverse problems,
as demonstrated in several studies (e.g., Bandai and Ghezzehei (2021)). In this section,
we assess the performance of the proposed TL-PINN solver by addressing an inverse
problem. Specifically, we aim to solve the coupled system of water flow and nitro-
gen species, where the initial and boundary conditions are unknown. This situation
reflects the challenges encountered in practical applications, where accurately deter-
mining these conditions is often difficult. Here, we demonstrate how TL-PINN can
efficiently address this inverse problem in a single training process, circumventing the
need for multiple forward solutions typically required by standard numerical solvers,
which can be impractical in real-world scenarios.
To guide the training of the TL-PINN solver in addressing this inverse problem, we in-
corporated limited measured data obtained using HYDRUS-1D software. In real-world
scenarios, measuring nitrite concentrations is challenging due to its rapid conversion
to nitrate (Kim et al., 2008). Therefore, we impose initial and boundary conditions for
nitrite, presuming these to be more manageable to enforce than directly using nitrite
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Figure 5.17 2D profiles of water content, ammonium, nitrite, and nitrate in the time-
space domain {T = 1} × [0, 1]2.

concentration data. Two scenarios are examined and illustrated in Figure 5.18. In
scenario 2, we decrease the number of measured data points utilized for training the
TL-PINN solver to assess the impact of the number of measured data on its accuracy.
We keep the parameters used in the forward problem for the nitrite PINN solver. For
the other solvers, we adjust the weight parameters in the total loss function as follows:
αr = αd = 1, and αic = αb = 0. Moreover, we utilized the frozen settings as outlined
in Section 5.5.4.
The profiles obtained for scenario 1 are depicted in Figure 5.19, along with the cor-
responding absolute error. The TL-PINN solver demonstrated promising results for
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solving the inverse problem.
We aim to investigate whether incorporating physical constraints into the loss func-
tion enhances the results in this inverse problem for the TL-PINN solver. Therefore,
we solve the same problem using a standard feed-forward neural network (FNN) and
compare its results to the TL-PINN solver. This comparison is limited to the Richards
equation, and the obtained results for both scenarios are illustrated in Figure 5.20. The
PINN solver demonstrates enhanced accuracy and offers reliable predictions for both
the pressure head and the water flux. In contrast, the FNN yields inaccurate predic-
tions, particularly noticeable for the water flux near the soil surface, where it’s already
unknown. Based on these results, we conclude that the PINN approach outperforms
the standard FNN solver in accuracy and reliability.
To evaluate the TL-PINN solver’s robustness in handling noisy measurement data, we
train it using modified outputs from HYDRUS-1D as follows:

utrain = u+ σN (0, 1), (5.21)

where utrain represents the training data, including pressure head and concentrations of
ammonium and nitrate, u denotes the corresponding HYDRUS-1D data, and N (0, 1)
denotes Gaussian noise with magnitude σ. Four magnitudes are utilized herein: σ ∈{
0, 0.005, 0.01, 0.1

}
.

The obtained results are presented in Table 5.1, showcasing the relative L2-error after
five different initializations of the solver. Remarkably, the TL-PINN solver demon-
strates good accuracy across varying magnitudes of noise (σ). Even in scenario 2,
where fewer measured points are utilized, the TL-PINN solver maintains good results.
It is evident that increasing the magnitude of noise leads to higher errors, which is ex-
pected since the TL-PINN solver lacks integration of techniques to handle highly noisy
data, such as dropout or a Bayesian approach. Nevertheless, despite this limitation,
the TL-PINN solver consistently delivers good accuracy for both scenarios and can
realistically be used for noisy data.

5.5.8 Simulations using the transfer learning mixed-PINN

Here, we aim to numerically investigate the mixed-PINN approach developed in Section
5.4.4 for heterogeneous soils within the transfer learning context. To validate our
approach, we used numerical tests that incorporate a discontinuity between the physical
parameters of two soil layers to include an aspect of heterogeneity. In the first test
scenario, the soil domain consists of two layers, where the first layer is loamy soil, and
the second layer is characterized by sandy loam with the following parameters (Bandai
and Ghezzehei, 2022):

Loamy layer: Ks = 0.2496 m/day, αv = 3.6 m−1, θs = 0.43, θr = 0.078, nv = 1.56,
(5.22)
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Figure 5.18 The two studied scenarios in the inverse problem.
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Figure 5.19 Inverse problem-scenario 1: Profiles (top), errors (down) of pressure head
and nitrogen species concentrations obtained using TL-PINN in the time-space domain
[0, 1] × [0, 1].

Sandy loam layer: Ks = 1.061 m/day, αv = 7.5 m−1, θs = 0.41, θr = 0.065, nv = 1.89.
(5.23)
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Figure 5.20 Inverse problem test: Profiles of pressure head and water flux obtained
using a PINN and a standard FNN at T = 1 Day after 2000 Adams epochs.

The loamy and sandy loam layers each have a thickness of 0.5 m. For the mixed-
PINN architecture, we utilized two neural networks, as described in Section 5.4.4, to
solve each PDE. The neural networks have an architecture consisting of five hidden
layers, each containing 50 neurons. This architecture is utilized for all PINN solute
solvers. The training parameters include 50,000 epochs using the Adam optimizer for
the PINN water solver and 20,000 epochs for the PINN solute solvers. The simulation
is performed using 20,000 collocation points in the time-space domain. The collocation
points are generated using the Halton sequence as the sampling strategy to improve
the accuracy and the training process (Song et al., 2023).
The obtained results are depicted in Figure 5.21-(a)-(b). We present the pressure
head, water content, water flux, and concentration profiles of the ammonium species
over the time-space domain [0, 2 days] × [−1, 0 m] as well as the reference solution
using HYDRUS. The proposed transfer learning mixed-PINN effectively captures the
solution for layered soils with large discontinuity in terms of the physical properties of
the medium. The water flux and solute concentrations are accurately predicted, with
errors less than 0.5% for water flux and 0.43% for solute concentrations. However, we



154

Table 5.1 Relative L2-error for the inverse problem with different magnitude of noisy
data used for the training.

Scenario 1
σ 0 0.005 0.01 0.1
Ψ 0.0051 ± 8.37 × 10−9 0.0055 ± 1.29 × 10−8 0.051 ± 4.83 × 10−8 0.18 ± 1.49 × 10−6

q 0.0093 ± 3.13 × 10−7 0.00987 ± 9.92 × 10−8 0.0703 ± 4.9 × 10−9 0.11 ± 5.16 × 10−6

c1 0.003 ± 9.45 × 10−6 0.0098 ± 2.55 × 10−9 0.098 ± 4.22 × 10−11 0.099 ± 3.06 × 10−10

c2 0.007 ± 9.0 × 10−10 0.0099 ± 2.024 × 10−9 0.0776 ± 1.44 × 10−8 0.101 ± 2.26 × 10−8

c3 0.008 ± 2.94 × 10−6 0.0097 ± 1.96 × 10−10 0.045 ± 2.25 × 10−10 0.0983 ± 1.6 × 10−9

Scenario 2
σ 0 0.005 0.01 0.1
Ψ 0.0055 ± 1.32 × 10−10 0.005515 ± 1.9 × 10−10 0.05125 ± 7.56 × 10−8 0.23 ± 2.30 × 10−7

q 0.00976 ± 1.44 × 10−8 0.01 ± 2.862 × 10−9 0.092 ± 2.024 × 10−7 0.104 ± 2.66 × 10−6

c1 0.0098 ± 2.25 × 10−10 0.009865 ± 2.1025 × 10−10 0.098 ± 1.225 × 10−9 0.186 ± 4.224 × 10−9

c2 0.0097 ± 5.953 × 10−8 0.0998 ± 1.40624 × 10−9 0.03 ± 8.0999 × 10−9 0.1 ± 4.224 × 10−9

c3 0.0096 ± 2.499 × 10−11 0.00974 ± 2.7225 × 10−10 0.09 ± 4.00 × 10−10 0.0972 ± 3.024 × 10−9

observe a slight difference at the final time T = 2 days at the wetting front for the
pressure head where the mixed-PINN deviates slightly from the HYDRUS reference
solution. The relative L2-errors for the pressure head and water content, which are
related by the van Genuchten formula (8.4a), are 2.5% and 1.7% respectively. This
slight deviation is mainly due to the large discontinuity between the saturated hydraulic
conductivities Ks of the two soil layers where a factor is around 4.4. In the second
numerical test, we perform simulations using an average amplitude discontinuity of
factor 2 where we consider the same soil properties of the two layers except for the
saturated hydraulic conductivity of the second layer, we set: Ks = 2 × 0.2496 m/day.
The results are depicted in Figure 5.21-(c). The mixed-PINN approach performs very
well, achieving good accuracy for the water content, pressure head, and all solute
concentrations. While increasing the number of collocation points can improve the
simulation results of the mixed-PINN method, additional efficient treatment of high
discontinuities of the physical properties of the medium can be adopted to improve
the method. Some ideas from shock-capturing techniques usually used in the finite
volume framework (Beljadid and LeFloch, 2017; Beljadid et al., 2019; Sonntag and
Munz, 2014), can be incorporated in the proposed approach in future studies.
Transfer learning played a crucial role in accelerating the training of the PINN solute
solver, achieving convergence in less than 5000 iterations while maintaining residuals
below 10−4. On the other hand, the standard PINN approach (Raissi et al., 2019), even
when initialized with transfer learning, failed to provide accurate results and exhibited
unstable training behavior under the same conditions (results not shown here). These
findings underscore the efficiency of the proposed mixed-PINN combined with the
transfer learning approach for modeling water flow and multiple solute transport in
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layered soils.

(a) Profiles of the obtained solutions for Scenario 1
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(b) Cross-sections of the obtained solutions for Scenario 1
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(c) Cross-sections of the obtained solutions for Scenario 2
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Figure 5.21 Layered soil test: Profiles (top) and cross-sections (bottom) of water con-
tent, water flux, and ammonium concentration obtained using the transfer learning
mixed-PINNs in the time-space domain [0, 2 days] × [−1, 0 m]. The results are com-
pared with HYDRUS, represented by red dashed lines. Panel (b) depicts scenario 1
using the soil parameters detailed in (5.23), while panel (c) presents the second scenario
in which the discontinuity between the two layers is reduced by adjusting the saturated
hydraulic conductivity as follows: K layer 2

s = 2 ×K layer 1
s .



156

5.6 Limitations and future objectives

Here, we comprehensively explore various aspects, encompassing advantages and lim-
itations, as well as proposed enhancements that could be integrated into the transfer
learning technique proposed in this study.
The TL-PINN approach excels by exploiting the sequential nature of the governing
equations. This enables the efficient solution of multiple solute transport equations,
avoiding the need for complex coupling terms in the training process compared to solv-
ing the entire system simultaneously. Given that the PINN constitutes the foundation
of the TL-PINN solver, enhancing efficiency can be realized through the integration
of various improvements into the PINN architecture or training methodology. For ex-
ample, one approach to enhance efficiency involves dynamically adapting the global
weights associated with each term in the loss function, as proposed in (Chen et al.,
2023b). Additionally, local adaptation of weights associated with individual colloca-
tion points can be achieved through methods such as the self-adaptive PINN (McClenny
and Braga-Neto, 2023) or the residual-based attention PINN (Anagnostopoulos et al.,
2024). These techniques will be valuable for obtaining more accurate solutions of the
Richards equation, especially in regions where the solution exhibits sharp fronts. By
directing the solver to focus more attention on these areas, higher spatial resolution
can be achieved, thereby improving overall accuracy.
A major drawback of PINNs for real-time applications is their long training time. This
becomes even more problematic when changing initial or boundary conditions, as it re-
quires restarting the entire training process. Consequently, this limits the practical use
of PINNs in situations where quick solution updates are essential. This disadvantage is
also common to standard numerical methods. Two efficient solutions can be adopted:
(1) utilize meta-learning techniques, where a PINN solver is trained on multiple tasks
in the offline stage to enable solving new tasks in the online stage, even if they do not
belong to the task distribution used in meta-training (Chen et al., 2021a); (2) Consider
the deep operator learning approach, which leverages the neural network’s capability
to approximate any operator between two infinite spaces (Jin et al., 2022; Lu et al.,
2021a). In the context of the coupled water flow and solute transport model, this
method allows learning the operator that connects the initial and boundary conditions
to the solutions.
It is important to note that our study focuses on a one-way coupling system, assuming
that solute transport does not influence soil water movement (Nielsen et al., 1986).
However, two-way coupling can be considered in some cases (Illiano et al., 2021), where
a modified model is used. The proposed transfer learning technique may be extended for
these cases where more challenging aspects should be addressed such as the convergence
and computational cost of the algorithm due to the fully coupled highly nonlinear
nature of the system of PDEs.
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5.7 Conclusion

This study introduces a transfer learning physics-informed neural network (TL-PINN)
approach for solving water infiltration and nitrogen species transport in unsaturated
soils. The approach involves decoupling the fully coupled system by initially solving
the Richards equation. The optimal parameters obtained by minimizing the associated
loss function are then transferred to initialize the next PINN solver. This process
is repeated until the last PINN solver for the corresponding transport equation is
reached. To enhance the training of the PINN solver, various strategies were employed,
encompassing the adaptive activation technique, mini-batch processing, and a learning
rate schedule. To optimize the computational cost of the TL-PINN solver, a freezing
technique was proposed. It is worth noting that alternative physics-informed machine
learning solvers can be considered to replace the PINN approach.
A 1D numerical experiment was conducted to assess the proposed methodology, and
was subsequently extended to a 2D case. The results indicate that a TL-PINN effec-
tively captures all the desired solutions, including pressure head, water flux, and nitro-
gen species concentrations. In contrast, the standard PINN solver struggled and failed
to converge to the exact solution due to the high nonlinearity of the loss functions as-
sociated with different PDEs and their respective initial and boundary conditions. The
success of the decoupling approach in the TL-PINN solver is apparent in its effective
training. Another test was performed, to evaluate the impact of transferring param-
eters from the highly nonlinear Richards equation to the linear advection-dispersion
equations. The results highlight the necessity of this technique, showcasing its superior
accuracy compared to randomly initialized PINN solvers. The freezing technique was
also evaluated, and the results indicate that freezing half of the architecture of the
PINN is the most suitable choice. The effectiveness of the TL-PINN solver was further
validated through its application in a 2D scenario, an inverse problem with unknown
initial and boundary conditions, as well as a layered soils. For efficient training of
the TL-PINN solver under discontinuities of the physical properties of the medium,
we proposed the mixed-PINN approach, which provides accurate results under these
conditions.
The proposed approach prioritizes accurate water flow modeling by dedicating the
majority of iterations to optimizing the total loss of the Richards equation. This
strategy enables us to capture crucial solute concentration profiles with fewer overall
iterations, making it particularly well-suited for complex scenarios involving multiple
solutes. Our future endeavors will include evaluating the TL-PINN solver in real-
world scenarios, encompassing field experiences to assess various irrigation systems
and fertigation strategies. Training a PINN solver may prove challenging in cases with
time-dependent boundary conditions. The objective is to advance the development
of more efficient PINN solvers to achieve efficiency comparable to standard numerical
solvers. Furthermore, considering additional factors such as soil deformation (Schrefler
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et al., 1994) is a promising avenue for future research, to enhance the transfer learning
PINN approach.
The next chapter is devoted to generalize the S-PINN and TL-PINN approaches by
developing a unified framework for one-way coupled systems of PDEs, with a particular
focus on water infiltration and multi-species solute transport problems.

Code availability

The source code used in this study is publicly available from the GitHub repository
https://github.com/Hamza-Kamil/Transfer-Learning-PINN-Nitrogen.
Appendix. The mixed-PINN training procedure
Here, we provide a detailed description of the training procedure for the mixed-PINN
approach discussed in Section 5.4.4. The formulation is based on the Richards equation
and can be extended similarly to solute transport equations. Let the solution and flux
networks be denoted as NΨ, Nqx , and Nqz . Here, NΨ represents the surrogate for the
pressure head, while Nqx and Nqz represent the water flux in the x and z directions,
respectively.
After randomly sampling collocation points within the time-space domain, the following
loss functions are derived:
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(5.24)

where Jr(Θ) is the PDE residual loss and Jc(Θ) represents the compatibility loss. These
terms are defined as: 

f̂R = ∂θ(NΨ)
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Nqx

Nqz
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f̂x = Nqx +K(NΨ)∂NΨ

∂x
,

f̂z = Nqz +K(NΨ)
(
∂NΨ

∂z
+ 1

)
.

(5.25)

These formulations are for a two-dimensional spatial problem. For a one-dimensional
spatial setup, only one network for the flux (Nqz) is needed, while in a three-dimensional
setup, three networks would be required.
The total loss for the mixed-PINN is defined similarly to the total loss equation (5.16),
where the residual term is replaced by Jr(Θ) defined in equation (5.24), and the com-
patibility loss is added as well.

https://github.com/Hamza-Kamil/Transfer-Learning-PINN-Nitrogen
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CHAPTER 6 A comprehensive analysis of physics-informed neural
networks for solving one-way coupled problems

Abstract
Physics-informed neural networks (PINNs) offer efficient solvers for differential equa-
tions. However, their performance often degrades when applied to complex problems,
particularly in multiphysics modeling. In this study, we focus on one-way coupled
models, where each equation depends only on the outputs of preceding ones. Such
structures frequently arise in thermo-mechanics coupling, fluid–structure interaction,
electro-thermal processes, and multispecies transport.
We examine why standard PINNs struggle on one-way coupled systems. When all
equations are trained simultaneously, the network tends to ignore the inherent one-
way causal structure due to spectral bias, leading to biased learning and poor conver-
gence. We analyze these issues using the neural tangent kernel, the loss landscape,
the distribution of back-propagated gradients, gradient conflict, and the resulting ill-
conditioning. To address these challenges, we introduce PINN strategies that explicitly
preserve the one-way causal order, including sequential training, transfer learning, and
other causality-aware variants.
Numerical experiments on benchmark problems demonstrate that the proposed ap-
proaches preserve one-way causality and improve both accuracy and training efficiency
compared to standard PINNs.
Scientific machine learning (SciML) is an interdisciplinary field that integrates machine
learning with scientific computing to solve complex problems governed by ordinary
and partial differential equations (ODEs and PDEs), which represent the physical
laws underlying natural phenomena. Since closed-form solutions typically exist only
in idealized scenarios, researchers have long relied on numerical methods to obtain
approximate solutions. However, solving such problems remains challenging due to
factors such as ill-posedness, the curse of dimensionality, chaotic dynamics, and the
coupling of multiphysics and multiscale processes. Numerical methods are generally
classified into two main categories: mesh-based and mesh-free approaches.
Mesh-based solvers, such as the finite element method (FEM), finite volume method
(FVM), and finite difference method (FDM), rely on discretizing the computational
domain into small elements, where the solution is approximated at specific nodes.
These methods are effective in many scenarios but can become computationally ex-
pensive when applied to high-dimensional problems or parametric settings involving
uncertainty quantification and model calibration. In contrast, mesh-free solvers avoid
the need for mesh generation by selecting discrete points within the computational
domain and computing the solution at those points. Recently, physics-informed neural
networks (PINNs) (Raissi et al., 2019) have emerged as efficient mesh-free solvers that
approximate the solution of a given equation by formulating a multiobjective optimiza-
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tion problem. By leveraging the expressive power of deep neural networks, PINNs can
directly solve both linear and nonlinear PDEs without relying on iterative linearization
or traditional discretization schemes.
PINNs have demonstrated significant success in solving PDEs for single-physics prob-
lems (see, e.g., (Wang et al., 2023a; Mullins et al., 2025; Wang et al., 2024b)). However,
their use in multiphysics settings, where several coupled physical processes interact to
form a complete system, remains limited. Multiphysics problems are widespread in
real-world applications, especially in subsurface soil systems, where different mecha-
nisms occur simultaneously. For example, water infiltration in unsaturated soils can
be modeled using the classical Richards equation (Richards, 1931) or extended formu-
lations such as the BCJ-R equation (Equation 18 in (Beljadid et al., 2020)) developed
by Beljadid, Cueto-Felgueroso, and Juanes (Beljadid et al., 2020). In practice, water
infiltration interacts with additional processes, such as heat transfer or multispecies
solute transport, each governed by its own PDE. Capturing the complete behavior of
such systems therefore requires solving these equations in a coupled framework.
Exact solutions for multiphysics problems are generally limited to simplified scenarios,
making efficient numerical solvers essential for addressing more complex cases. Even
with established numerical methods, solving multiphysics problems is challenging due
to the nonlinear and potentially degenerate nature of the governing PDEs. Traditional
numerical solvers typically adopt one of two main strategies (Soulaïmani et al., 2005):
monolithic schemes that solve the coupled system simultaneously, and sequential (also
referred to as segregated or splitting) methods that decouple the system and solve
it iteratively, effectively treating it as a one-way coupled problem (Kim et al., 2011;
Soulaïmani et al., 2005). This sequential perspective motivates the design of special
PINN solvers: by adapting the one-way coupling strategy from classical numerical
methods, we can train neural networks in a manner that respects the inherent direc-
tional dependencies of the system, improving convergence and stability compared to
simultaneous training of all equations.
Building on this perspective, we propose a family of PINN models for one-way cou-
pled multiphysics systems. Building on existing sequential approaches, including the
sequential PINN (S-PINN) (Kamil et al., 2025; Wang et al., 2023b) and the transfer
learning PINN (TL-PINN) (Kamil et al., 2024d), we develop new training strategies:
the smooth sequential PINN (2S-PINN), the backward compatible PINN (BC-PINN),
its smooth variant, and the one-way causal PINN (OC-PINN). These models explicitly
enforce one-way causality within the loss function during training. Numerical results
show that preserving the one-way causal structure improves stability and computa-
tional efficiency for such systems.
The rest of the paper is structured as follows. In Section 6.1, we discuss coupled
systems, with a focus on one-way coupling. Section 6.2 presents the motivation and
key challenges of this study. Section 6.3 reviews related work in the context of physics-
informed learning. Section 6.4 describes the proposed PINN models tailored to one-way
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coupled systems. Section 6.5 presents numerical experiments to evaluate the proposed
approach. Finally, Section 8.6 concludes the paper and suggests directions for future
research.

6.1 Coupled systems

Differential equations form the foundation for expressing physical laws within a math-
ematical framework. They are essential for modeling a wide range of physical phe-
nomena in a continuous setting and can be solved using numerical techniques. In
many engineering applications, it is necessary to model the interactions of multiple
physical phenomena, which requires solving several interdependent equations. Typical
examples include fluid–structure interaction (Soulaïmani et al., 2005), heat and mass
transfer (Delgado and Sun, 2001), electromagnetic–thermal coupling (Ma et al., 2022),
and multisolute transport in unsaturated soils (Šimůnek et al., 2006), all of which
involve interdependent components governed by different physical processes.
Solving a system of coupled nonlinear PDEs is considerably more challenging than
solving a single equation. The complexity increases further when the system involves
complex geometries, high-dimensional domains, strong nonlinearities, steep front prop-
agation, or multiscale interactions. Therefore, it is essential to develop efficient numer-
ical methods, whether through traditional approaches such as FEM or modern deep
learning techniques such as PINNs, to address the challenges of simulating multiphysics
problems.
A system of equations can be either strongly or one-way coupled. In strongly cou-
pled systems, equations are interdependent and need to be solved simultaneously. A
typical example is fluid–structure interaction, where the fluid and structure mutually
influence each other, as in the case of nonlinear aeroelasticity. In contrast, one-way
coupled systems exhibit directional dependencies, allowing sequential solution once
the required inputs are known. Examples include solute transport in unsaturated soils
(Šimůnek et al., 2006), and degradation chains where one chemical species transforms
into another, such as pesticide breakdown or nitrogen transformation in groundwater
(McNab Jr and Narasimhan, 1993). Table 6.1 summarizes typical one-way coupled
systems from the literature.

6.2 Motivation

One-way systems inherently exhibit directional causality, requiring the equations to be
solved sequentially from the first phenomenon governed by its corresponding equation
to the last. This structure is analogous to temporal causality, where earlier time steps
must be resolved before advancing. In one-way coupled systems, the emphasis is on
solving the equations in a fixed order, ensuring that each phenomenon is learned only
after its dependencies have been fully computed.
Solving one-way coupled systems simultaneously with PINNs can be challenging and
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Mathematical model Description References
Water flow, heat transfer, and sin-
gle or multispecies solute transport
in the vadose zone.

A model for water flow in unsaturated soils, coupled with so-
lute transport and heat transfer. Water infiltration is typically
described by the Richards equation, while solute transport is
governed by advection-dispersion-reaction equations.

(Šimůnek et al.,
2006; Kamil et al.,
2024d,e,b; Wang
et al., 2023b)

Surface flow and pollutant trans-
port.

A system describing surface water flow coupled with pollutant
transport. Water flow is modeled by the Saint-Venant equa-
tions, with solute transport captured by advection-diffusion
equations.

(Karjoun et al.,
2022; Niu et al.,
2023)

Electro-thermal coupling in inte-
grated circuits.

Modelling of the interaction between electric and thermal
fields in integrated circuits. The electric potential is governed
by the Laplace equation, coupled with a heat equation that
includes a source term based on electric field and current den-
sity.

(Ma et al., 2022)

Multiple reactive species transport
in groundwater systems

A system of coupled transport equations describing the fate of
multiple reactive species in groundwater. Each species has dis-
tinct retardation factors and is connected through first-order
kinetic reactions. The transport equations include advection,
dispersion, and reaction terms, with the reaction network fol-
lowing a sequential chain.

(Quezada et al.,
2004)

Table 6.1 Some examples of one-way coupled systems from the literature.

can lead to failure, as we will show later. To address this challenge, we analyze a
family of PINN solvers specifically designed to respect the inherent causality of one-
way coupled systems. Some of these solvers have appeared in the PINN literature, while
others, to the best of our knowledge, are newly developed. Our goal is to construct a
general framework for this solver family and demonstrate that a simple modification
to the loss function can yield specific one-way PINN solvers. We empirically show that
enforcing the correct sequence of interactions during training improves both stability
and accuracy while preserving the directional structure of the one-way coupling.
In the following, we explain why training a standard PINN solver on a one-way coupled
system may be ineffective. Here, “standard” refers to PINN models in which all equa-
tions are learned simultaneously, without explicitly accounting for the directionality of
the coupling. We consider the coupled model of water infiltration and solute transport
in soils given by equation (6.26). This system exhibits unidirectional coupling: the first
PDE influences the second, but not vice versa. Specifically, the solute transport equa-
tion depends on inputs such as the water content θ and water flux q, which are outputs
of the first PDE, while the infiltration process is independent of solute concentration.
We use a standard PINN model to solve the infiltration-transport system. Details on
applying PINNs to multiple equations are provided in Section 6.4. We solve this test
case using two fully connected neural networks, each with 5 layers and 50 neurons,
to represent the solution of each PDE. The PINN solver is trained with the Adam
optimizer. The training data includes 10,000 residual points, 1,000 boundary points,
and 100 initial condition points.
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6.2.1 One-way causality violation

Figure 6.1(a) presents the predicted solution profiles obtained using the standard PINN
solver at various training iterations, compared against a finite element reference solution
for validation. Analysis of Figure 6.1(a) shows that the solution of the first PDE
exhibits higher complexity, characterized by a steep gradient near the water front,
whereas the solution of the second PDE is smoother and therefore easier to learn. The
standard PINN solver tends to preferentially learn the simpler second PDE solution,
thereby violating the system’s inherent one-way causality. This behavior is consistent
with the spectral bias phenomenon in deep learning, where neural networks prioritize
learning simpler patterns over more complex ones (Rahaman et al., 2019). One might
argue that this issue could be mitigated using Fourier feature embeddings. While such
embeddings enhance the network’s ability to capture high-frequency components, they
do not resolve the system’s inherent one-way causality.
To address this issue, we implement a sequential PINN strategy (details provided in
later) that explicitly respects the one-way causal structure of the system. As illustrated
in Figure 6.1(b), this approach preserves causality by constraining the training process
to first learn the solution of the initial PDE. Only after achieving sufficient accuracy for
the first equation does the model proceed to train the second PDE. This sequential en-
forcement ensures that the directional dependency of the system is properly maintained
during optimization.
It is important to note that this example involves a relatively small system consisting
of only two PDEs. In (Kamil et al., 2024d), we showed that for larger one-way cou-
pled systems, particularly those involving strong nonlinearities in some equations, the
standard PINN solver fails to converge to an accurate solution of the system. These
findings suggest the need to develop PINN solvers that inherently respect the one-way
causality in their training approach, allowing for more accurate and reliable solutions
for one-way coupled systems.

6.2.2 Neural tangent kernel analysis

In the following, we investigate the reasons behind the PINN’s violation of one-way
causality in the infiltration-transport system. Specifically, we examine the gradient
distribution and the neural tangent kernel (NTK) (Jacot et al., 2018; Wang et al.,
2022d) associated with the loss terms of both PDEs. The gradient distribution of a
loss term offers insights into potential imbalances during backpropagation, whereas the
NTK characterizes the behavior of network parameters throughout the training process
(Jacot et al., 2018). The role of NTK in the context of PINNs has been analyzed in
(Wang et al., 2022d). For a detailed mathematical formulation of NTK, the reader is
referred to Appendix 6.6.
In our example, we consider the NTK for the loss of each PDE, denoted as Ki, where
i = 1, 2. The eigenvalues of the NTK for each PDE are plotted in the left panel of
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(a) Standard PINN
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(b) Causal PINN
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Figure 6.1 Illustration of one-way causality violation. Comparison between a standard
PINN (a) and a one-way causal PINN (b) in predicting coupled water flow and solute
transport, using finite element solutions as reference. Each subplot shows the solution
profiles of PDE 1 (left) and PDE 2 (right) across Adam iterations. The standard PINN
(a) fails to respect the causal structure of the system, leading to incorrect learning due
to spectral bias. In contrast, the causal PINN (b) focuses training on PDE 1 first,
preserving the one-way dependency.

Figure 6.2. A rapid decay is observed for both PDEs, which can be attributed to
the spectral bias inherent in the standard PINN solver. Additionally, we compute the
distribution of the back-propagated gradients for each PDE total loss term, with the
results shown in the middle panel of Figure 6.2. An imbalance in the backpropagated
gradients is evident between the two loss terms: the gradients of the loss for the second
PDE dominate those of the first PDE. This imbalance explains why the PINN is biased
toward the second PDE, leading to faster convergence for its parameters and prioritizing
its solution over the first PDE. This phenomenon is referred to as gradient masking.
Moreover, the gradient distribution shows that the parameter gradients for the first
PDE are nearly zero during training, indicating little to no learning. In contrast, the
second network exhibits significantly larger gradients, enabling more effective training.
Moreover, we define the order of convergence of each PDE based on the eigenvalues
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of its NTK (see Appendix 6.6). The results, shown in the right panel of Figure 6.2,
indicate a higher order of convergence for PDE 2 compared to PDE 1. This dominance
accelerates the convergence of PDE 2 and ultimately leads to a violation of the one-way
causality inherent in the infiltration–transport system.
To identify when simultaneous training becomes inefficient, we introduce a practical
instability indicator based on gradient magnitudes. For two PDEs i and j with total
losses Li and Lj, we define the gradient masking ratio

Gij
m := |∇Li|

|∇Lj|
. (6.1)

If Gij
m ≫ 1, PDE i dominates the optimization. Empirically, when Gij

m exceeds two
orders of magnitude at initialization and persists early in training, simultaneous learn-
ing biases toward the dominant PDE. In a one-way system (i < j), Gij

m > 1 directly
violates the inherent causal order. In such case, switching to a one-way causal PINN
mitigates gradient masking and restores balanced learning across the coupled system.

Figure 6.2 Neural tangent kernel analysis. This figure illustrates the issues of spectral
bias, unbalanced back-propagated gradients, and differing convergence rates across
PDEs. (Left) Eigenvalue spectra of the NTK for each PDE. (Middle) Distribution of
back-propagated gradients associated with each PDE loss term. (Right) Convergence
rates for each PDE. For further explanation of these concepts, see Appendix 6.6.

6.2.3 Loss landscape analysis

To better understand the challenges of training PINNs on one-way coupled systems, we
examine the local geometric properties of the loss landscape. Specifically, we compare
two scenarios: one where the PINN is trained on the coupled water–solute transport
model, and another where it is trained solely on the water infiltration PDE.
Given the high dimensionality of neural network loss landscapes, direct visualization
is not feasible. Therefore, we adopt a two-dimensional projection technique (Im et al.,
2016), with the detailed methodology provided in Appendix 6.6. The corresponding
results are illustrated in Figure 6.3.



166

The Figure shows that the local 2D projection of the loss surface for the PINN trained
on the coupled system converges to a sharp local minimum, with steep variations in
some directions that make optimization unstable and lead to poorer generalization. In
contrast, the single-PDE case exhibits a much smoother landscape, allowing for more
stable convergence. As expected, the coupled model yields higher loss values due to
the additional contribution from the second PDE. Although 2D projections provide a
limited view of the full loss surface, they illustrate the increased optimization difficulty
of the coupled system and support decomposing the optimization into separate losses.
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Figure 6.3 Loss landscape analysis. This figure visualizes the local geometry of the
loss landscape when training a PINN on a coupled system of two PDEs versus a single
PDE, using a two-dimensional projection method around a local minimum (Im et al.,
2016). Left: Projected loss landscape for a PINN trained on the coupled water–solute
transport problem in unsaturated soils. Right: Projected loss landscape for a PINN
trained only on the water infiltration PDE.

Training a PINN model is already challenging for a single equation. As shown earlier,
these difficulties become even more pronounced in coupled systems. Below, we highlight
two additional key challenges.

6.2.4 Ill-conditioning problem

Recent studies have shown that the loss function of a PINN is often inherently ill-
conditioned, prompting more research attention on optimization strategies rather than
architectural innovations (Rathore et al., 2024; Cao and Zhang, 2025). Ill-conditioning
of PINNs is typically assessed through the condition number of the Hessian of the
loss function. When this Hessian matrix is ill-conditioned, the PINN is said to be
ill-conditioned. The Hessian provides a local estimate of the curvature of the loss land-
scape around a given set of network parameters. A large condition number indicates
that the curvature varies significantly across different directions, being flat in some
directions and steep in others, which makes it challenging for standard optimizers to
converge. The analysis in (Cao and Zhang, 2025; Rathore et al., 2024) demonstrates
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that ill-conditioning in single-physics PINNs primarily arises from the properties of
the underlying differential operators. Our analysis reveals that this severe spectral
ill-conditioning is intrinsic to the combined operators and is not significantly affected
by the training strategy itself. Specifically, for the four-PDE system, the condition
number κ remains consistently in the same order for both simultaneous and sequential
configurations. We do not observe a substantial increase in κ simply as additional
PDEs are added.
The performance disparity between simultaneous and sequential training lies not in
the magnitude of the global condition number, but in the distribution of gradient
contributions. In simultaneous training, the total loss and the resulting update step
are:

Ltotal =
n∑

i=1
Li, ∆θ = −η

n∑
i=1

∇θLi (6.2)

In coupled systems, simultaneous training involves multiple operators with disparate
sensitivities and scales. This creates a highly anisotropic loss landscape where gradient
imbalance leads to gradient masking: stiff operators align with high-curvature spectral
directions and overshadow foundational operators that align with low-curvature, flat
directions. Numerical results at initialization confirm a profound imbalance:

|∇θLPDE 1| ≈ 2.43 × 10−5, |∇θLPDE 4| ≈ 4.96 × 10−3 (6.3)

This 200× disparity causes the optimizer to follow the dominant signal, neglecting
the weaker but physically foundational components. Sequential training mitigates this
effective ill-conditioning by isolating the physical manifolds. By solving and freezing
each PDE in sequence, we remove competing sensitivities and prevent gradient mask-
ing, thereby avoiding the deterioration of the optimization landscape.

6.2.5 Gradient conflict problem

PINNs can be seen as a special case of multi-task learning, where several competing
objectives such as the residual loss, boundary loss, and initial condition loss are opti-
mized at the same time. Recent studies (see e.g., (Wang et al., 2025)) have shown that
the gradient of the total loss is not necessarily a descent direction for each individual
loss component. In other words, for a given loss term Li, the inner product between
its gradient ∇Li and the gradient of the total loss ∇L may become negative, i.e.,
∇Li · ∇L < 0. Empirical evidence indicates that this descent alignment condition is
frequently violated during training, resulting in conflicts between competing objectives.
This issue is known as the gradient conflict problem and creates a dilemma where im-
proving one objective may deteriorate another. This challenge has mainly been studied
in the context of single-physics problems.
In coupled systems, the number of loss terms increases with the number of equations,
which amplifies the risk of gradient conflict and makes optimization more challenging.
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In the case of one-way coupled systems, a sequential training strategy that respects the
causal order can reduce such conflicts by isolating the training of each equation. This
leads to more aligned gradient directions and smoother convergence. However, gradient
conflict may still occur during the training of each individual equation, particularly if
a conflict-aware training strategy is not used or if a second-order optimizer is not
employed to ensure a descent direction for all loss terms, as discussed in (Wang et al.,
2025).

6.3 Related works

Traditional numerical solvers for coupled multiphysics problems generally follow one
of two main strategies (Soulaïmani et al., 2005). The first is the monolithic approach,
in which all coupled equations are solved simultaneously as a single, large system.
This fully accounts for interactions between different physical phenomena at each iter-
ation, offering high accuracy and stability. However, monolithic schemes often result
in large, potentially stiff linear or nonlinear systems, requiring robust solvers and sig-
nificant computational resources, especially for high-dimensional or strongly nonlinear
problems.
The second strategy is the sequential or splitting approach (also called segregated meth-
ods) (Kim et al., 2011; Soulaïmani et al., 2005), where the coupled system is decom-
posed into individual subsystems solved iteratively in a predefined order. Each sub-
system uses the recent updates of the other subsystems as input, effectively treating
the coupling in a one-way fashion during each iteration. This reduces the size of the
systems solved at a time, lowers computational cost, and allows leveraging specialized
solvers tailored to each subsystem. Methods such as block Gauss–Seidel or successive
substitution are commonly used to implement this iterative decoupling (Soulaïmani
et al., 2005).
In this work, we extend the concept of one-way sequential coupling to the PINN frame-
work. Rather than training a single network to learn all coupled equations simultane-
ously, we enforce sequential training in which each neural network corresponding to a
specific PDE is trained only after its upstream dependencies have been optimized. This
preserves the inherent causal structure of one-way coupled systems, analogous to how
sequential solvers handle strongly directional interactions in classical numerical meth-
ods. This perspective naturally connects to advances in SciML, where training deep
learning models under physical constraints has shown strong potential. Many studies
have extended the methodology proposed by Raissi et al. (Raissi et al., 2019) to increas-
ingly complex problems. Our approach focuses on causal PINN solvers, which have
demonstrated advantages in challenging multiphysics settings (Wang et al., 2024b).
Causality in PINNs can take various forms. Temporal causality requires earlier time
steps to be learned before later ones. In (Wang et al., 2024b), soft temporal causality
was introduced, where a modified loss focuses the solver on previous times before ad-
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vancing. Time-marching schemes have been successful for complex phase field PDEs
(Mattey and Ghosh, 2022), either by training on sequential temporal windows or adap-
tively adding future points when prior errors meet a threshold.
Multiphysics causality is another form, as in one-way coupled systems. To address
this, in (Kamil et al., 2024d, 2025), we proposed a transfer learning PINN for water
flow and multispecies transport in unsaturated soils, enforcing sequential solution of
the system for improved accuracy in forward and inverse problems. Other sequential
strategies are reviewed in subsequent sections.
Causality can also be interpreted as an attention mechanism, guiding the solver to
focus on specific regions of the computational domain. Residual adaptation strategies,
such as dynamically adding collocation points in high-residual regions (Wu et al., 2023)
or assigning adaptive weights to points based on residual loss (Anagnostopoulos et al.,
2024), have improved PINN training performance. In this study, one-way causality is
enforced via carefully designed weight terms in the loss function that align with the
system’s directional structure. This enables stable and accurate solutions for large
one-way coupled systems, where standard PINNs often fail or produce biased results.
Finally, the framework can be seen as a form of continual learning adapted to SciML
problems. Continual learning updates a pre-trained model with new data while avoid-
ing catastrophic forgetting. This aligns with sequential PDE solving, where each equa-
tion is learned in order and prior solutions inform subsequent steps. Similar approaches
have been explored in SciML, including incremental PINNs (Dekhovich et al., 2025),
multifidelity continual learning PINNs (Howard et al., 2024), and multistage PINNs
(Khadijeh et al., 2025).

6.4 Physics-informed neural networks

PINNs have gained widespread attention in the field of SciML. However, the application
of standard PINNs for solving multiphysics problems characterized by high nonlinearity
and multiscaling has often yielded unsatisfactory results (Kamil et al., 2024d). Most
research on PINNs has focused on solving single-physics, with limited focus on modeling
complex multiphysics problems. In this study, we analyse a family of PINN solvers
specifically designed for one-way coupled systems and evaluate their performance on
various benchmark problems.

6.4.1 PINNs for single-physics problems

We present the standard PINN approach for solving a single PDE with initial and
boundary conditions. Consider the following boundary value problem (BVP):

N (u) = 0, in Ω, (6.4)
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subject to
B(u) = 0, on ∂Ω, (6.5)

where Ω ⊂ Rd is an open bounded domain with a smooth boundary ∂Ω ⊂ Rd−1. The
operator N defines the governing equation, including the relation between the solution
u, its derivatives, and possible source or sink terms within Ω. For time-dependent
problems, Ω also includes the temporal dimension. The operator B represents the
boundary conditions on ∂Ω, and for time-dependent problems, it also incorporates
initial conditions.
The PINN framework approximates the solution of the BVP (6.4)–(7.14) using a neu-
ral network u(x; Θ) parameterized by Θ ∈ Rp. This surrogate model maps spatial
coordinates x ∈ Rd to the state variable u, where Θ represents the trainable coeffi-
cients optimized during training. PINNs incorporate governing physics from operators
N and B through automatic differentiation to compute the residuals N (u(x; Θ)) and
B(u(x; Θ)) exactly. The optimization objective is given by

L(Θ) = αrLr(Θ) + αbcLbc(Θ), (6.6)

where Lr and Lbc denote the L2-norms of the PDE and boundary residuals over Ω
and ∂Ω. These integrals are approximated using discrete collocation points via Monte
Carlo sampling:

Lr(Θ) ≃ 1
Nr

Nr∑
i=1

|N (u(xr
i ; Θ))|2 , (6.7a)

Lbc(Θ) ≃ 1
Nbc

Nbc∑
i=1

∣∣∣B(u(xbc
i ; Θ))

∣∣∣2 . (6.7b)

The PINN framework is a numerical solver trained in a self-supervised manner to ad-
dress forward problems. As a mesh-free method, it effectively manages high-dimensional
settings and provides a computationally efficient alternative to traditional mesh-based
solvers. The approach is inherently suitable for inverse problems and uncertainty quan-
tification. In inverse settings, a data-driven term is integrated directly into the global
loss function (7.15), eliminating the need for exterior coupling or the additional opti-
mization loops characteristic of classical numerical methods.

6.4.2 PINNs for coupled systems

Solving a coupled system of equations using standard PINNs is straightforward. The
total loss function for a PINN solving N equations is defined as:

L(Θ) =
N∑

i=1
λiLi(θi), (6.8)
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where Li denotes the loss associated with the i-th equation, and λi is its corresponding
weighting coefficient, which we refer to as the PDE weight. The parameter vector
Θ = (θ1, . . . , θN) includes the neural network parameters used to approximate the
solution of each equation in the system.
We adopt N independent neural networks to solve the system of N equations defined
in (6.8), where the solution of the i-th equation is parameterized by θi. We utilize
decoupled architectures rather than multi-output networks to facilitate specialized ap-
proximation of distinct physical features and improve training convergence (Laubscher,
2021). This modularity allows us to employ heterogeneous architectures, where hyper-
parameters and network depths are tailored to the specific regularity and complexity
of each system component.
The choice of the PDE weights λi in equation (6.8) plays a crucial role in shaping
different PINN solvers. Building on this general framework, we introduce a unified
approach for solving systems of equations, with a particular emphasis on one-way
coupled systems.
Notations. In the following, we introduce notations to ensure a concise presentation
of the mathematical concepts. Consider a one-way coupled system consisting of N
equations, which we solve sequentially. Let Ni denote the number of training iterations
allocated to the PINN solver for equation i. Consequently, the training of the PINN for
the second equation begins at iteration N1 +1 and ends at N1 +N2. More generally, the

training for equation i starts with iteration
i−1∑
j=1

Nj + 1 and ends with
i∑

j=1
Nj. The total

number of iterations required to train the PINN solvers for the full system is therefore

given by
N∑

i=1
Ni. For brevity, we define the cumulative iteration count as Ni :=

i∑
j=1

Nj,

with N0 = 0. We refer to the interval [Ni−1 + 1, Ni] as the training interval for equation
i.

Remark 5 It is important to note that this notation is not limited to the sequential
PINN approach. The standard PINN can also be interpreted as a solver requiring NN

iterations, even though it solves all the equations simultaneously rather than one after
another.

Remark 6 The choice of training iterations Ni is problem-dependent, and a larger
number of iterations should be allocated to the more challenging equations in the system.

Remark 7 In practice, alternative stopping criteria may cause training to terminate
before reaching the prescribed Ni iterations. In such cases, the actual number of iter-
ations used to train equation i is denoted by N ′

i , where N ′
i ≤ Ni. This adjusted value

should be used in place of Ni when computing the cumulative count Ni.
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6.4.3 PINNs for one-way coupled systems

To provide a unified framework of PINN solvers for one-way coupled systems, we modify
equation (6.8) to include the iteration step t of the gradient descent optimizer:

L(Θ, t) =
N∑

i=1
λi(Θ, t)Li(θi). (6.9)

6.4.3.1 Standard PINN (PINN)

The standard PINN is a straightforward approach for solving systems of equations,
where the solution of each equation is represented by a neural network and all equations
are solved simultaneously. Consequently, the PDE weights λi are set to unity, and the
loss function reads:

L(Θ, t) =
N∑

i=1
Li(θi), for t ∈ [1,NN ]. (6.10)

The standard PINN has been applied to solve systems of equations across various fields.
For instance, it has been used to solve the Navier–Stokes equations (Raissi et al., 2019)
and to simulate multispecies flow and heat transfer (Laubscher, 2021), among other
applications.
The standard PINN has been shown to be inefficient for one-way coupled systems
(Kamil et al., 2024d; Laubscher, 2021; Kamil et al., 2025). This inefficiency arises from
the training process ignoring the sequential nature of such systems, as discussed in
Section 6.2. As the number of equations increases, the loss landscape becomes more
complex, making optimization increasingly challenging and unstable, thereby reducing
the effectiveness of standard PINNs. Therefore, the choice of the PDE weights should
reflect the inherent causality of one-way coupled systems, ensuring that each equation
is solved in the correct order. Refer to Figure 6.4 for a visualization of the proposed
PINN solvers for one-way coupled systems. A detailed explanation of each solver is
provided below.

6.4.3.2 Sequential PINN (S-PINN)

An alternative to the standard PINN for one-way coupled systems is the sequential
training approach (S-PINN). In this approach, equations are solved independently, one
after another, following the order defined by the one-way coupling. Once the PINN for
an equation is trained, its parameters are frozen, and the model is used to provide its
solution to subsequent equations that depend on it. This process continues until all
equations in the system are solved. The PDE weights in S-PINN are defined as follows:

λi(Θ, t) =
1, if t ∈ [Ni−1 + 1,Ni] ,

0, otherwise,
(6.11)
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which yields the following loss function:

L(Θ, t) = Li(θi), if t ∈ [Ni−1 + 1,Ni] . (6.12)

In S-PINN, λi(Θ, t) controls whether the loss of equation i contributes to the total
loss at iteration t. These weights act as a mask, enabling only the active equation to
affect training. The corresponding parameters θi are updated solely within the inter-
val [Ni−1 + 1,Ni] and remain fixed otherwise. This enforces a one-at-a-time training
scheme, preserving the sequential nature of one-way coupled systems.

Remark 8 The S-PINN framework can be generalized by introducing a periodicity
parameter n. In this n-cycle iteration, the system equations are solved sequentially,
and upon reaching the final equation, the cycle restarts from the first equation. This
process repeats for a fixed number of cycles or until updates of the network parameters
fall below a convergence threshold. The standard S-PINN corresponds to n = 1, which
suffices for one-way coupled systems. Extensions with n ≥ 2 address strongly coupled
systems by mitigating gradient conflicts between constituent loss terms (Chen et al.,
2025; Haghighat et al., 2022).

The S-PINN technique has been explored in a limited number of studies. It has been ap-
plied to model unsaturated flow phenomena, such as water infiltration and heat trans-
fer (Wang et al., 2023b), simulate multispecies solute transport (Kamil et al., 2024d,
2025), and predict mixed electroosmotic pressure-driven flow (Merdasi et al., 2023). In
(Kamil et al., 2024d, 2025), we demonstrated that S-PINN outperforms the standard
PINN, especially in systems with many equations exhibiting strong nonlinearities and
multiscale behavior, which can otherwise lead to convergence issues or training failure.
We also showed that combining S-PINN with transfer learning, referred to as Transfer
Learning PINN (TL-PINN), further improves accuracy and accelerates training. The
TL-PINN approach will be discussed later.

6.4.3.3 Smooth sequential PINN (2S-PINN)

The S-PINN solver uses PDE weights that change discretely across training iterations,
causing N − 1 abrupt transitions in the total loss function. These discontinuities can
hinder optimizer stability and slow convergence. To address this, a smooth variant of
the weights is introduced, leading to the smooth sequential PINN (2S-PINN). Figure 6.5
illustrates the difference between S-PINN and its smooth counterpart, 2S-PINN. The
smoothing function used is defined as follows:

f s
i (t) = 1(

exp(λs(t− λc − λw)) + 1
)(

exp(λs(−t+ λc − λw)) + 1
) , (6.13)
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Figure 6.4 PDE weights as a function of the training step for three PINN variants
applied to a one-way coupled system of three equations. Each equation is trained
for 100 iterations. The standard PINN uses constant (unity) weights, while S-PINN
and BC-PINN employ iteration-dependent weights. See the corresponding sections for
details on each solver.

where λc defines the center of the plateau, λw determines the width of the plateau,
creating a window of size 2λw centered at λc, and λs controls the sharpness of the
transition from 0 to 1.
The dependence of f s

i (t) on equation i is captured by the parameter λc, which corre-
sponds to the center of the training interval for equation i. This function is used only
for equations 2 to N−1. For the first and last equations, a different smooth function
is applied:

fi(t) = 1
1 + exp(λs(t− Ni − 1)) . (6.14)

Finally, the PDE weights in the 2S-PINN are defined as follows for t ∈ [1,NN ]:

λi(t,Θ) =


f1(t), if i = 1,
f s

i (t), if i = 2, · · · , N − 1,
1 − fN(t), if i = N.

(6.15)
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The 2S-PINN loss function is expressed as follows:

L(Θ, t) = f1(t)L1(θ1)+
N−1∑
i=2

f s
i (t)Li(θi)+(1−fN(t))LN(θN), for t ∈ [1,NN ] . (6.16)

6.4.3.4 Backward compatible PINN (BC-PINN) and smooth variant

Inspired by BC-PINN (Mattey and Ghosh, 2022), we propose an analogous approach
for one-way coupled systems. In this method, learning of equation i begins at iteration
Ni−1 + 1 and continues until the final iteration NN . The first equation remains active
throughout the entire training phase. The loss for equation i is activated at iteration
Ni−1 + 1 and continues to be updated until the end. Thus, the training interval for
equation i is [Ni−1 + 1,NN ], and the PDE weights read:

λi(Θ, t) =
0, if t ≤ Ni−1,

1, otherwise.
(6.17)

The BC-PINN loss function is expressed as follows:

L(Θ, t) =
Ni∑

j=1
Lj(θj), if t ≤ Ni. (6.18)

A smooth variant of BC-PINN, referred to as SBC-PINN, can also be employed. This
results in the following loss function:

L(Θ, t) = L1(θ1) +
N∑

i=2
(1 − fi(t))Li(θi), for t ∈ [1,NN ] . (6.19)

6.4.3.5 One-way causal PINN (OC-PINN)

Inspired by the time-causality PINN (Wang et al., 2024b), we propose a similar strat-
egy for one-way coupled systems, referred to as the one-way causal PINN (OC-PINN).
In this approach, the PDE weight λi remains close to zero if the losses of the previous
i− 1 equations have not been sufficiently minimized. This enforces a soft causal struc-
ture, activating λi only when preceding losses are reduced, ensuring a sequential and
prioritized learning process. Formally, λi is defined as:

λi(Θ, t) = f i
oc(θ1, . . . , θi−1). (6.20)
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Figure 6.5 Smooth vs. Discontinuous weights: Comparison of sequential PINN PDE
weights. The red dashed lines show the discontinuous weights in S-PINN, while the
smooth curves represent 2S-PINN. From left to right: weights for equation 1, a middle
equation (equation 2 to N − 1), and equation N .

where foc encodes the one-way causality in the system. Following (Wang et al., 2024b),
one possible choice is:

f i
oc(θ1, . . . , θi−1) = exp

−ε0

i−1∑
j=1

Lj(θj)
 , (6.21)

with ε0 as a tunable hyperparameter controlling sensitivity to earlier losses.

Alternative functions for f i
oc include 1−tanh(ε0xi) or 1/(1+ε0xi), where xi =

i−1∑
j=1

Lj(θj).

In general, any smooth function can be used that satisfies: foc(x) → 1 as x → 0,
foc(x) → 0 as x → ∞, and foc(x) ∈ [0, 1].
The loss function for OC-PINN is then obtained by substituting equation (6.21) into
the general PINN loss formulation:

L(Θ, t) =
N∑

i=1
exp

−ε0

i−1∑
j=1

Lj(θj)
Li(θi), for t ∈ [1,NN ] . (6.22)

To illustrate OC-PINN, consider a one-way coupled system with two PDEs. If the loss
of PDE 1 remains large, the weight λ2 stays near zero, delaying training on PDE 2.
This prioritizes solving earlier equations first, respecting the one-way causal structure
of the system.
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6.4.3.6 Transfer Learning PINN (TL-PINN)

Empirical studies have shown that S-PINN can be improved by initializing network
parameters from a pre-trained PINN, leading to faster convergence and higher accuracy
(Kamil et al., 2024d). This fine-tuning strategy can be further enhanced by freezing
certain layers during training, a technique known as transfer learning, resulting in
the TL-PINN approach. TL-PINN is a variant of S-PINN that aligns well with the
sequential structure of one-way coupled systems: after solving equation i, the learned
parameters θ∗

i are used to initialize the parameters for equation θi+1. This transfer
continues until the full system is solved. However, the benefit may be limited when
the equations differ significantly in structure.

6.4.3.7 Summary

A comparison of the discussed PINN solvers and their key characteristics is provided
in Table 6.2. Each method is characterized by whether it enforces one-way causality,
the type of causality (hard or soft), the smoothness of PDE weights across optimizer
iterations, the training interval for equation i, and the associated loss function. Notably,
OC-PINN is the only solver that applies soft causality through PDE weights explicitly
dependent on the network parameters Θ, whereas all other approaches enforce causality
in a hard-coded manner.
Figure 6.6 illustrates a one-way coupled system of three equations, with each neural
network parameterized by θi to approximate the solution of equation i. Different PINN
solvers are compared by highlighting whether the network parameters remain trainable
or are frozen during each training stage.

Scheme One-way causality Type Weight Training interval Loss
PINN No - Smooth [1,NN ] (6.10)
S-PINN Yes Hard Discontinuous [Ni−1 + 1,Ni] (6.12)
TL-PINN Yes Hard Discontinuous [Ni−1 + 1,Ni] (6.12)
2S-PINN Yes Hard Smooth [Ni−1 + 1,Ni] (6.16)
BC-PINN Yes Hard Discontinuous [Ni−1 + 1,NN ] (6.18)
SBC-PINN Yes Hard Smooth [Ni−1 + 1,NN ] (6.19)
OC-PINN Yes Soft Smooth [1,NN ] (6.22)

Table 6.2 Summary of PINN solver, showing causality, causality type, weight type,
training interval of equation i, and loss function.

6.5 Numerical examples

In this section, we evaluate the standard and the one-way PINN solvers on various
one-way coupled systems. For all simulations, we report the mean relative L2-error
along with the standard deviation, based on at least five runs of the PINN solvers to
account for stochasticity. The relative L2-error between a prediction û and a reference



178

Trainable
parameters 

Frozen
parameters 

S-PINN

PINN

End

Start

OC-PINN

2S-PINN TL-PINN

BC-PINN SBC-PINN

Figure 6.6 Illustration of a system of three one-way coupled PDEs, where each equation
is approximated by a neural network with parameters θi. The figure shows, for each
solver, whether the parameters are trainable or frozen during training.

solution u over a given domain Ω is defined as:

Relative L2-error =

∫
Ω

(
û(x) − u(x)

)2
dx∫

Ω
u(x)2 dx

. (6.23)

To ensure a fair comparison across all PINN solvers, we fix the total number of iterations
to NN and employ the Adam optimizer without early stopping. This configuration
ensures that every model is trained on the full system for an identical number of
iterations.

6.5.1 Thermo-mechanics coupling problem

We consider a 1D steady-state thermo-mechanical system where temperature and dis-
placement in a solid body are one-way coupled. This system is defined as follows:

d
dx

(
k(x)dT

dx

)
= 0,

d
dx

(
E(x)

(
du
dx − α(T − T0)

))
= 0.

(6.24)

The first ODE models heat transfer, a second-order diffusion equation, where T is the
temperature field and k is the thermal conductivity. The second ODE models linear
elastic deformation, where u is the displacement field, E is the elastic modulus, α is the
thermal expansion coefficient, and T0 is the reference temperature. Further problem
specifics, including constitutive relations, boundary conditions, and exact solutions,
are provided in Appendix 6.6.
In the thermo-mechanics coupling problem (6.24), the displacement u depends on the
temperature T , showing the one-way coupling in the problem. The authors in (Raj
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et al., 2021) used a standard PINN approach for this system. Here, we extend this
approach by using the one-way PINNs to explore possible improvements.
We use two feedforward neural networks with 3 hidden layers and 10 neurons per layer:
T (x; θ1) for ODE 1 and u(x; θ2) for ODE 2. Each network is trained for N1 = N2 = 1000
Adam iterations. The relative L2-error is monitored throughout training. Figure 6.7
presents the results over ten independent runs.
All PINN solvers perform well on this problem, with TL-PINN showing a slight advan-
tage, achieving errors on the order of 10−5. One-way PINNs attain similar accuracy to
the standard PINN, despite requiring fewer iterations per equation. In the standard
PINN, all network parameters are updated jointly over a total of N1 +N2 = 2000 iter-
ations. In contrast, one-way solvers like S-PINN and TL-PINN update each network
independently using only Ni iterations for the corresponding equation. This demon-
strates the efficiency gained by exploiting the system’s one-way causal structure.
Next, we consider the inverse version of the coupled thermo-mechanics problem. The
objective is to infer the thermal expansion coefficient α from limited observations of the
displacement field u. The parameter α is treated as a trainable variable and is updated
during training using the Adam optimizer. We compare three PINN solvers: the
standard PINN, the S-PINN, and the OC-PINN. To assess robustness, we perform five
independent experiments, each with different initializations of α and the neural network
parameters. A mean squared error data-misfit term is added to the loss function of the
second ODE using 10 displacement measurement points. The results are reported in
Table 6.3.

Table 6.3 Inverse parameter estimation of α using PINN solvers in a 1D thermo-
mechanical system. The statistics (mean ± std) are derived from five independent
trials. Ground truth is α = 1.

PINN S-PINN OC-PINN

α (mean ± std) 0.9883 ± 0.0108 0.9764 ± 0.0162 0.9941 ± 0.0140

All PINN solvers identify the thermal expansion coefficient with high accuracy, con-
verging to the exact value (α = 1) with a mean absolute error on the order of 10−2,
where OC-PINN provides the most precise results. Numerical experiments reveal that
convergence rates vary significantly: on average, the standard PINN requires 2,327
iterations, while S-PINN requires 4,577. In contrast, OC-PINN demonstrates superior
efficiency, reaching the target within 1,800 iterations. The slower convergence of S-
PINN is due to the fact that during the first training stage, the solver minimizes only
the heat transfer residual, where no signal from α appears. Because α is exclusive to
the mechanical residual, its identification is effectively delayed until the second stage of
training. Consequently, only a fraction of the total iterations contributes to the inverse
estimation. In contrast, OC-PINN achieves faster and more consistent convergence to
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the ground truth, regardless of the initialization of α.

Figure 6.7 Thermo-mechanics coupling problem. Evolution of relative L2-errors for
each PINN solver, bottom: Final relative L2-error values. The left panels display
results for ODE 1, while the right panels show results for ODE 2. For each PINN
solver, we report the minimum, maximum, and mean values across ten independent
runs.

6.5.2 Electro-thermal coupling problem

We consider a one-way coupled system governing a 2D steady-state electro-thermal
coupling problem, where the electrokinetic field is coupled to the thermal field. The
full system is described by the following coupled 2D elliptic PDEs:∇ · (σ∇u) = 0,

−∇ · (k∇T ) = Q(u),
(6.25)

where u is the electric potential, σ denotes the electric conductivity, T represents the
temperature, k is the thermal conductivity, and Q is the heat source. Additional
problem settings, including the boundary conditions, are detailed in Appendix 6.6.
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The system (6.25) is one-way coupled: the electric potential u is needed to derive the
heat source Q as specified in Appendix 6.6. In (Ma et al., 2022), the authors propose
an S-PINN solver for the system (6.25). Here, we further analyze the other one-way
PINNs alongside the standard PINN to explore potential improvements.
We use two neural networks with 5 hidden layers and 50 neurons per layer: u(x, y; θ1) for
PDE 1 and T (x, y; θ2) for PDE 2. Training involves N1 = 5000 and N2 = 10000 Adam
iterations, respectively. Relative L2-errors are computed against reference solutions,
and Figure 6.8 presents results from five independent runs.
All PINN variants demonstrate good performance on this coupled system, with S-PINN
exhibiting a slight advantage on the first equation and TL-PINN achieving the highest
accuracy on the second. Relative L2-error curves confirm that these one-way solvers
consistently outperform the standard PINN. Notably, S-PINN and TL-PINN achieve
superior results by training each equation for only Ni iterations, whereas the standard
PINN requires N1 + N2 iterations to reach a comparable state. As in the previous
numerical example, these models accelerate convergence by effectively exploiting the
system’s inherent one-way causality.

6.5.3 Infiltration-transport in unsaturated soils

We now consider the coupled problem of water infiltration and contaminant trans-
port in a soil column. Water infiltration is governed by the Richards equation, while
contaminant transport is modeled using a linear advection-dispersion equation. The
coupled system is formulated as:


∂θ

∂t
− ∇ · [K∇(Ψ + z)] = 0,

∂(θc)
∂t

− ∇ · (θD∇c− cq) = 0,
(6.26)

where Ψ is the pressure head, z represents the spatial coordinate, q = −K∇(Ψ + z)
is the water flux, K denotes the unsaturated hydraulic conductivity, and θ is the
volumetric water content. The variable c represents the solute concentration in the
liquid phase, and D is the dispersion tensor. Further details about the model setup,
including the initial and boundary conditions as well as the constitutive relationships
governing the coupled system, are provided in Appendix 6.6.
The system (6.26) is one-way coupled, meaning that the water infiltration process
influences solute transport, but the solute concentration does not affect the water flow.
A detailed description of this model, including the application of PINNs and finite
element methods, can be found in (Kamil et al., 2024e,d, 2025).
We employ two neural networks with 5 hidden layers and 50 neurons per layer: Ψ(t, z; θ1)
for PDE 1 and c(t, z; θ2) for PDE 2. Figure 6.9 presents the evolution of the loss for
each solver, together with the weighting parameters λ1 and λ2. All PINNs solvers
converge to a total loss on the order of 10−5, with some one-way PINNs achieving a
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Figure 6.8 Electro-thermal coupling problem. Top: Evolution of relative L2-errors
for each PINN solver, bottom: Final relative L2-error values. The left panels display
results for PDE 1, while the right panels show results for PDE 2. For each PINN solver,
we report the minimum, maximum, and mean values across five independent runs.

loss as low as 10−6 for PDE 1. In contrast, neither the standard PINN nor OC-PINN
reach this level of accuracy.
For S-PINN, the total loss curve (in black) shows a discontinuity in iteration N1,
marking the shift to the PDE 2 training. In contrast, 2S-PINN yields a smoother tran-
sition with reduced oscillations in the PDE 2 loss. A similar improvement is seen with
SBC-PINN over BC-PINN, with SBC-PINN showing even smaller oscillations. These
results highlight the advantage of smooth over discontinuous PDE weight adjustments
in enhancing training stability and solver performance.
A notable observation in SBC-PINN is the increase in the loss of PDE 1 once the PDE
2 objective is introduced. This supports the hypothesis that simultaneous training
of coupled PDEs poses a significant challenge for PINNs, as the optimization of one
equation can impede the progress of the other and potentially lead to catastrophic for-
getting. Specifically, terms governing PDE 2 may interfere with the learned dynamics
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of PDE 1, highlighting the difficulty of balancing multiple objectives within a single
framework. This interaction underscores the need for careful weighting strategies to
avoid degrading performance on one equation while optimizing another.
We further analyze one-way PINNs using the relative L2-error as a more informative
metric. Figure 6.10 presents the relative errors and final values for each solver across
both PDEs. Solvers primarily focused on the first PDE, such as TL-PINN, S-PINN,
and 2S-PINN, achieve higher accuracy than those training both equations simultane-
ously. BC-PINN performs well on the first PDE before iteration N1, but its accuracy
drops once the second PDE is introduced, losing earlier gains. Overall, all one-way
PINNs outperform the standard PINN, with smooth 2S-PINN consistently more ac-
curate than the discontinuous S-PINN. TL-PINN matches S-PINN on the first PDE
but significantly outperforms it on the second, demonstrating the benefit of transfer
learning from PDE 1 to PDE 2, as shown in (Kamil et al., 2024d).
We now shift our focus to a more complex numerical test, involving a system of four
coupled PDEs, to investigate whether the same conclusions drawn from the previous
two-PDE system hold in this more challenging scenario.

6.5.4 Infiltration and muli-species solute transport problem

We consider a system of four coupled one-way PDEs describing water infiltration gov-
erned by the Richards equation and coupled to the following multispecies solute trans-
port (??): 

∂θc1

∂t
= ∇ · (θD∇c1 − c1q) − µ1θc1,

∂θc2

∂t
= ∇ · (θD∇c2 − c2q) + µ1θc1 − µ2θc2,

∂θc3

∂t
= ∇ · (θD∇c3 − c3q) + µ2θc2 − µ3θc3,

(6.27)

where µi denote the first-order decay coefficients for each species. Further details on
system (6.27) are provided in Appendix 6.6.
System (6.27) is solved using the proposed PINN solvers with four neural networks,
each having five hidden layers and 50 neurons per layer: Ψ(t, z; θ1) for the first PDE,
and ci−1(t, z; θi) for the i-th PDE, where i = 2, · · · , 4.
For this four-equation infiltration and multispecies transport system, we observed nu-
merically that training the fully coupled standard PINN is unstable and requires several
stabilization mechanisms, in contrast to the one-way formulations. In particular, the
simultaneous optimization of all PDE residuals leads to imbalance among loss com-
ponents and erratic convergence behavior. To obtain stable training, we incorporated
a modified multilayer perceptron (MLP) architecture (Wang et al., 2021a) together
with adaptive residual sampling; this combined strategy is referred to in Figure 6.11 as
Modification. As shown in Figure 6.11, this modification reduces the relative L2-error
of the standard PINN by approximately 31% for PDE 1 and 33% for PDE 3, while
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Figure 6.9 Infiltration-transport in unsaturated soils. Loss and PDE weight evolution
for different PINN solvers. The results are presented by showing all five runs and the
mean values for the losses of PDE 1, PDE 2, and the total loss.
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Figure 6.10 Infiltration-transport in unsaturated soils. Top: Evolution of relative L2-
errors for each PINN solver, bottom: Final relative L2-error values. The left panels
display results for PDE 1, while the right panels show results for PDE 2. For each PINN
solver, we report the minimum, maximum, and mean values across five independent
runs.

only marginal changes are observed for PDEs 2 and 4. Despite these reductions, the
fully coupled formulation remains sensitive to hyperparameter selection and stabiliza-
tion parameters. In contrast, the S-PINN achieves substantially lower errors without
requiring architectural or sampling adjustments. Applying the same modification re-
sults in comparable error levels, indicating that the sequential formulation itself is the
primary source of robustness rather than architectural refinement.
We present in Figures 6.12–6.13 the evolution of the total loss and the relative L2-
error for each PDE using the one-way solvers. All one-way PINN variants achieve
stable convergence for every loss component, with residuals decreasing to the order
of O(10−6). The corresponding relative L2-errors remain consistent across the four
PDEs and across independent runs. These results confirm that enforcing the one-way
causal structure within the loss formulation leads to improved training stability for
multiphysics systems governed by one-way coupled PDEs.
Finally, we report the computational cost of each PINN solver in Figure 6.14. The
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standard PINN requires 394.361 s. In contrast, S-PINN, TL-PINN, and 2S-PINN sig-
nificantly reduce the computational time to 110.259 s, 114.157 s, and 103.103 s, re-
spectively. OC-PINN incurs the highest computational expense (488.225 s) due to its
soft-causality formulation and simultaneous optimization. BC-PINN and SBC-PINN
require 256.220 s and 262.408 s, respectively. In general, strictly sequential one-way
strategies (e.g., S-PINN) provide the best trade-off between accuracy and computa-
tional efficiency, whereas soft or partially coupled formulations introduce additional
overhead.
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Figure 6.11 Infiltration and multispecies solute transport problem. Left: Linear-scale
comparison of relative L2-errors for the standard PINN and S-PINN solvers, with and
without architectural and sampling enhancements. Right: Log-scale representation of
the same data highlighting relative performance differences across PDEs 1–4.

6.6 Conclusion

In this study, we analyzed a family of PINN solvers designed for one-way coupled sys-
tems. Unlike standard PINNs that optimize all governing equations simultaneously
within a single loss function, the proposed solvers explicitly incorporate the directional
coupling structure by enforcing one-way causality during training. Numerical experi-
ments were carried out on a variety of one-way coupled problems, including thermo-
mechanical systems, electro-thermal interactions, and infiltration–transport processes
in unsaturated soils.
Results show that for simple stationary problems with two equations, standard and
one-way PINNs perform similarly, with a slight improvement in efficiency for one-
way PINNs. For more complex systems with four PDEs and strong nonlinearities,
standard PINNs become inefficient, while one-way PINNs achieve better performance
with comparable accuracy.
For a new one-way coupled problem, S-PINN is recommended as a robust default
solver due to its strict enforcement of causality and consistent mitigation of gradient
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Figure 6.12 Infiltration and multispecies solute transport problem. Evolution of the
total loss and relative L2-error over five independent runs. The plot shows the mean
values for PDEs 1 to 4.

masking. If the coupled equations share similar mathematical structures (e.g., multiple
advection-type PDEs with comparable sensitivities), TL-PINN can improve computa-
tional efficiency. In inverse settings, where multiple solution fields or parameters must
be inferred simultaneously, OC-PINN is preferred because its soft-causality formulation
enables stable joint optimization. The practical selection guideline is summarized in
Table 6.4.
We note that the general hyperparameters for the proposed one-way PINN solvers,
including the stage-wise iteration counts Ni and the OC-PINN parameter ε0, are cur-
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Figure 6.13 Infiltration and muli-species solute transport problem. Comparison of
PINN solvers in terms of L2-error.

rently pre-determined based on the expected physical complexity of each sub-problem.
Although these values are fixed at the start of training based on domain knowledge,
adaptively tuning them during the optimization process represents a promising direc-
tion for future research. Utilizing real-time metrics such as residual decay or gradient
norm tracking to dynamically adjust the training schedule could further enhance the
robustness of these solvers.

Problem characteristics Recommended solver
Forward problem with one-way causality S-PINN (default choice)
Forward problem with similar PDE structures (e.g., advection-diffusion equations) TL-PINN (improved efficiency)
Inverse problem (joint field/parameter inference) OC-PINN (soft-causality formulation)
Mild coupling without significant gradient imbalance Simultaneous PINN may be sufficient

Table 6.4 Practical guideline for selecting a PINN solver based on problem character-
istics.

Although this paper focuses on one-way coupled PDEs, many multiphysics systems
involve strong two-way interactions. In such settings, the coupling is no longer hierar-
chical, and mutual feedback can intensify gradient interference and training instability.
These challenges suggest that the mechanisms identified in this study, specifically gra-
dient conflict and loss imbalance, are equally significant in strongly coupled problems.
Although the proposed one-way causality-aware strategies rely on a predefined order-
ing of equations, these approaches can be extended to fully bidirectional systems. One
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Figure 6.14 Computational efficiency comparison for the infiltration and multispecies
solute transport problem. The bar chart illustrates the CPU time (in seconds) required
for various PINN solvers.

possible extension to strongly coupled systems, which represents a key direction for
future research, is the periodic sequential PINN strategy discussed in Remark 8. This
approach adapts the Gauss-Seidel iterative algorithm to the training of PINN models
for strongly coupled systems. In this framework, the constituent equations are solved
sequentially in repeated cycles until global convergence is achieved.
This work highlights the challenges of training PINNs on large PDE systems and
emphasizes the need for deeper theoretical understanding. Future research should
aim to establish stronger theoretical foundations and develop more robust training
strategies for complex multiphysics problems.

Appendix A. Configurations for the studied test cases

Thermo-mechanics coupling problem. In the thermo-mechanical coupling prob-
lem (6.24), we consider a 1D bar extending from x = 0 to x = 1. The problem is
subjected to the following boundary conditions:u(x = 0) = T (x = 0) = 0,

u(x = 1) = T (x = 1) = 1.
(6.28)

The thermal conductivity k and elastic modulus E vary with position as follows:
E(x) = 1

1 + x
and k(x) = 10E(x). The exact solution for the coupled thermo-

mechanical problem (6.24) with the boundary conditions (6.28) is:
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T (x) = 2x+ x2

3 , u(x) = x3

9 + 14x2

27 + 10x
27 . (6.29)

For the PINN algorithms, we generate 103 residual collocation points, sampled using
the Sobol algorithm. The boundary conditions are exactly enforced by modifying the
network output as follows:

N (x; θ) = x+ x(1 − x)Ñ (x; θ), (6.30)

where N (x; θ) represents the modified output of the network Ñ (x; θ).
Electro-thermal coupling problem. In the electro-thermal coupling problem (6.25);
we consider a square domain [0, 1]2, with ΓN representing the lateral boundaries and
ΓD denoting the top and bottom interfaces. The coupled problem is subjected to the
following boundary conditions: 

∇u · n = 0, on ΓN ,

u = uD, on ΓD,

T = TD, on ΓD.

(6.31)

The heat source Q in the heat equation is defined as:

Q = JTE, (6.32)

where J = σE, with J is the electric current density and E = −∇u is the electric field.
We use the following parameters (Ma et al., 2022): k = 1 W/(m·K), σ = 1 S/m,
uD = 1 V on the top boundary and uD = 0 V on the bottom boundary, and TD = 273
K.
For the PINN algorithms, We generate 104 residual collocation points and 5 × 102

points for each lateral boundary. The points are sampled using the Latin Hypercube
algorithm.
Infiltration-transport problem. The coupled water flow and solute transport prob-
lem (6.26) is subjected to the following initial and boundary conditions:

Ψ(0, x) = −1, c(0, x) = 0,
q · n = q0, − (θD∇c− cq) · n = c̄0q0, on z = 0,
∂Ψ
∂z

= ∂c

∂z
= 0, on z = −1.

(6.33)

The following constitutive relationships describe the capillary pressure using the Mualem-
van Genuchten model:

θ =
θr + (θs − θr) (1 + (αv|Ψ|)nv)−mv if Ψ ≤ 0,
θs if Ψ > 0,

(6.34a)
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K =


Ks

[
1 − (αv|Ψ|)nv−1 (1 + (αv|Ψ|)nv)−mv

]2
(1 + (αv|Ψ|)nv)mv/2 if Ψ ≤ 0,

Ks if Ψ > 0,
(6.34b)

mv = 1 − 1
nv

, nv > 1. (6.34c)

θD = DL|q| + θτDw. (6.34d)

The following parameters were used: Ks = 0.2496 m/day, αv = 3.6 m−1, θs =
0.43, θr = 0.078, nv = 1.56, q0 = −0.05 m/day, Dw = 0 m2/day, DL = 0.1 m, c̄0 = 5.
The final simulation time is set to one day.
We generate 104 residual collocation points, 102 points for the initial condition and
surface bottom boundary, and 103 points for the soil surface boundary. .
Infiltration and multi-species solute transport problem. In system (6.27), we
consider three solute species with respective concentrations ci that are transported
with water flow in unsaturated soil. Water flow is governed by the Richards equation,
similar to the infiltration-transport test. In this system, each solute species i undergoes
transformation into solute i + 1 through a first-order decay reaction characterized by
the coefficient µi. This forms a sequential decay chain involving three solute species.
The initial and boundary conditions are the same as those in the infiltration-transport
test.

Appendix B. Neural tangent kernel analysis

Here, we provide the details of the NTK used in the analysis of Section 6.2. We adopt
the framework outlined in (Wang et al., 2022d) to define the NTK in the context of
PINNs for systems of multiple equations.
We consider minimizing the loss function (6.8) associated with a one-way coupled
system using gradient descent with an infinitesimally small learning rate. For a given
equation, we define the following components at any training iteration t:

R(t) =
(

N (u(xj; Θ(t)))
)Nr

j=1
, (6.35a)

B(t) =
(

B(u(xj; Θ(t)))
)Nb

j=1
, (6.35b)

where R(t) and B(t) denote the residual, and boundary loss terms. Their mapping
spaces are R : R+ → RNr and B : R+ → RNb .
We define the NTK for the residual and boundary loss terms, denoted by KR, and KB,
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respectively, as follows:

KR(t) = JR(t)JR(t)T , (6.36a)
KB(t) = JB(t)JB(t)T , (6.36b)

where JR, and JB, are the Jacobians of R and B, respectively, with respect to the
network parameters Θ.
We define also the following NTK matrix:

KRB(t) = JR(t)JB(t)T , (6.37)

The global NTK matrix K(t) is then expressed as:

K(t) =
[

KR(t) KRB(t)
KRB(t)T KB(t)

]
. (6.38)

The NTK matrix (6.38) is positive semi-definite, and we are particularly interested in
its eigenvalues to define the following notion.
Definition 1. The convergence rate of equation i at iteration t, denoted by Ci(t), is
defined as (Wang et al., 2022d):

Ci(t) =
∑d

j=1 λj

d
= Tr(Ki(t))

d
, (6.39)

where Ki(t) is the NTK matrix associated with equation i, as defined in (6.38), d is the
dimension of the matrix, λj are its eigenvalues, and Tr(·) denotes the trace operator.
Definition 2. Equation i is said to dominate equation j at iteration t if the convergence
rate of equation i is significantly higher than that of equation j, i.e., Ci(t) ≫ Cj(t).
In the analysis presented in Section 6.2.2, we adopt the above definitions to study a one-
way coupled system consisting of two equations. The convergence rate for each equation
is evaluated during the early stages of training to assess which equation dominates the
other.

Appendix C. Loss landscape analysis

Here, we present the methodology used to visualize the two-dimensional projection of
the PINN loss landscape discussed in Section 6.2. A projection technique is applied to
explore the landscape in the vicinity of a local minimum. Further details can be found
in (Im et al., 2016).
Let L(Θ) denote the loss function of a PINN solver, where Θ ∈ Rn represents the
trainable parameters. To obtain an informative 2D projection of this high-dimensional
loss landscape, we follow a three-step process:
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1. First, we obtain a set of parameters Θ∗ by solving:

Θ∗ = arg min
Θ

L(Θ)

using the Adam optimizer. It is important to note that due to the non-convex
nature of neural network optimization problems, Θ∗ represents a convergence
point that may be a local minimum or a saddle point, with no guarantee of
global optimality.

2. Next, we generate two orthogonal random directions d1, d2 ∈ Rn from a standard
Gaussian distribution and normalize them:

di = d̃i

∥d̃i∥
, d̃i ∼ N (0, In), i = 1, 2

.

3. Finally, we construct a 2D projection by evaluating:

f(α, β) = L(Θ∗ + αd1 + βd2)

where α, β ∈ [−1, 1] control the perturbation magnitude along each random di-
rection.

The resulting function f(α, β) is visualized over a uniform grid of (α, β) values using
both surface and contour plots, providing insights into the local geometry of the loss
landscape near the parameters Θ∗.

Appendix D. Gradient propagation in one-way PINNs

This section examines how neural network parameters are updated during training in
one-way PINNs. Each equation is approximated by a separate neural network trained
via gradient descent (GD):

θt+1
i = θt

i − ηt∇θt
i
L(Θ), (6.40)

where η is the learning rate, and Θ denotes all trainable parameters with θi associated
with equation i.
For the S-PINN solver, using the loss (6.12), gradients are computed as:

∇L(Θ, t) = ∇Li(θi), if t ∈ [Ni−1 + 1,Ni], (6.41)

meaning θi is updated only within its assigned interval, and remains fixed otherwise:
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θt
i =


θ0

i , t ≤ Ni−1,

updated by (6.40), t ∈ [Ni−1 + 1,Ni],
θNi

i , t > Ni.

(6.42)

A similar scheme applies to BC-PINN:

θt
i =

θ
0
i , t ≤ Ni−1,

updated by (6.40), otherwise.
(6.43)

For smooth variants, all parameters are updated throughout training, though some
may experience negligible updates at times.
Due to the complexity of the PINN loss landscape, GD is rarely used in practice,
as it often leads to training failure. More effective alternatives include the Adam
optimizer and L-BFGS. However, with Adam, the properties in (6.41)–(6.43) no longer
hold: momentum can cause parameter updates even outside active intervals, potentially
degrading previously learned solutions. To mitigate this, one can freeze θi when its
associated weight λi = 0, preserving learned information and avoiding unintended loss
increases.
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CHAPTER 7 Physics-informed neural networks for solving the BCJ-R
equation: Modeling saturation overshoot in porous media

Abstract
We propose a physics-informed neural network (PINN) for solving the BCJ-R equa-
tion to simulate saturation overshoot in porous media. The BCJ-R equation which is
endowed with an entropy function was developed by Beljadid, Cueto-Felgueroso and
Juanes to model unstable infiltration in porous media as an extension of the Richards
equation. To avoid the complexity associated with computing higher-order deriva-
tives in the BCJ-R equation, we reformulate the problem as a coupled system of two
second-order equations. The PINN architecture is based on a modified multilayer
perceptron and incorporates several training enhancements, including random Fourier
feature embedding to reduce spectral bias, weight factorization to improve conver-
gence, and temporal causality enforcement via windowed training with time masking.
To address multi-objective optimization challenges, we mitigate gradient imbalance
across loss terms using adaptive weighting based on gradient normalization. Gradi-
ent conflicts between loss terms are further alleviated by employing the second-order
SOAP optimizer. A data-parallel, multi-GPU implementation accelerates training,
with strong and weak scaling confirming good performance. We validate the predic-
tions of our approach against finite element simulations and experimental data. The
numerical model based on the BCJ-R equation and the proposed PINN’s approach
accurately captures key features of the saturation overshoot in porous media. Finally,
our numerical simulations validate that the proposed numerical approach preserves
the essential thermodynamic properties of the BCJ-R equation where we observe an
entropy-increasing process for an isolated system.

7.1 Introduction

Modeling water infiltration in unsaturated porous media plays a critical role in nu-
merous environmental and engineering applications, including irrigation management
(Saccon, 2018), contaminant transport (Essaid et al., 2015), groundwater recharge es-
timation (Singh et al., 2019), and many others. Mathematically, water infiltration is
typically described by a continuum model in the form of an initial-boundary value
problem governed by a partial differential equation (PDE). The most commonly used
model is the Richards equation (Richards, 1931), a highly nonlinear PDE that gener-
alizes the classical Darcy–Buckingham law to account for unsaturated flow conditions.
However, a key limitation of the Richards equation is its inability to reproduce satura-
tion overshoot and gravity-driven fingers, as documented in experimental studies (see,
e.g., DiCarlo (2004); Glass et al. (1989)).
Saturation overshoot is fundamentally a one-dimensional phenomenon that refers to
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the situation where the water saturation at the tip of the wetting front exceeds the
saturation level behind it. In higher dimensions, this phenomenon leads to the for-
mation of gravity-driven preferential flow paths known as fingers. In this study, we
focus on saturation overshoot, as it has been established as a necessary and sufficient
condition for the development of gravity-driven fingering (DiCarlo, 2004; Eliassi and
Glass, 2001).
Several extensions of the Richards equation have been proposed to capture saturation
overshoot and gravity-driven fingering during infiltration in dry porous media (see,
e.g., DiCarlo (2013); Xiong (2014); Cueto-Felgueroso and Juanes (2009); Eliassi and
Glass (2002)). Among these, Beljadid, Cueto-Felgueroso, and Juanes (Beljadid et al.,
2020) developed a new continuum model for unstable infiltration, in which the authors
proposed a new PDE (Equation 18 in (Beljadid et al., 2020)) endowed with an entropy
function. This equation, referred to as the BCJ-R equation, extends the classical
Richards formulation by incorporating an entropy function and is derived within the
framework of second-gradient theory, where the free-energy functional is constructed
as a symmetric expansion of the capillary energy density in the Richards equation.
The BCJ-R equation is a highly nonlinear, high-order in space, making it mathemat-
ically and computationally challenging. First, the presence of the high-order term
necessitates an additional boundary condition. Second, the strong coupling between
advection, diffusion, and dynamic capillarity results in sharp moving fronts and multi-
ple characteristic time scales, rendering explicit time integration schemes impractical
and fully implicit methods computationally expensive due to ill-conditioned Jacobian
matrices. Third, saturation overshoot is highly sensitive to the initial soil state and
the applied water flux.
Due to the complexity of the aforementioned difficulties, it is useful to develop different
classes of numerical methods for solving the BCJ-R equation. This is particularly
important for the scientific community, as it helps make this highly nonlinear PDE
more tractable for practical applications. The goal of this study is to develop an
efficient PINN framework for solving the BCJ-R equation and modeling saturation
overshoot phenomena.
PINNs have been successfully applied to a wide range of complex PDEs, including the
Richards equation (Bandai and Ghezzehei, 2022; Kamil et al., 2024d, 2025), and phase-
field models such as Allen–Cahn and Cahn–Hilliard equations (Mattey and Ghosh,
2022), the Kuramoto–Sivashinsky chaotic dynamics (Wang et al., 2023a), and thin-
film flow problems (Nakamura et al., 2022). A common feature among these models
and the BCJ-R equation is the need to accurately satisfy both initial and boundary
conditions to find the correct solution profile.
In this paper, we propose a new numerical framework for solving the BCJ-R equation
by developing a PINN model (Raissi et al., 2019). The PINN acts as a mesh-free solver,
and no linearization or discretization of the partial differential operators is required,
thanks to the use of automatic differentiation. PINNs act as self-supervised solvers that
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learn the solution of forward PDE problems by enforcing the equations at collocation
points, making them well-suited for high-dimensional and complex geometries. Their
flexibility also enables effective treatment of inverse problems and uncertainty quan-
tification. In inverse settings, a data loss term can be directly added to the global loss
function, eliminating the additional optimization steps typically required by traditional
numerical methods.
The rest of the paper is structured as follows. Section 7.2 outlines the setup for te BCJ-
R equation. The methodology for the proposed PINN solver is explained in Section
8.3. The numerical results are presented and discussed in Section 7.4. Section 8.6 offers
a summary of the study, key conclusions, and outline some future perspectives.

7.2 Mathematical model

7.2.1 Governing equations

In this study, we adopt the BCJ-R equation, developed by Beljadid, Cueto-Felgueroso,
and Juanes Beljadid et al. (2020), to simulate unstable infiltration in porous media.
The BCJ-R equation is endowed with an entropy function that ensures thermodynamic
consistency and captures key instability-driven phenomena, including saturation over-
shoot in one dimension and fingered flow in higher dimensions. The governing form of
the BCJ-R equation is given by Beljadid et al. (2020):

ϕ
∂S

∂t
+ ∇ ·

[
K(S)∇

(
z + ψ(S) +

√
κ(S)∇ ·

(√
κ(S)∇S

))]
= 0, in (0, T ] × Ω (7.1)

where S is the water saturation, ϕ is the medium porosity, K represents the unsaturated
hydraulic conductivity, ψ is the water suction head, and κ represents the capillary
pinning function, z represents the vertical dimension (gravity axis) directed downward
and t is time. The domain Ω ⊂ Rd, with d = 1, 2, 3, represents the porous media, and
the time interval is given by I = (0, T ], where T > 0 is the final simulation time.

7.2.2 Constitutive functions

In the following, we define each constitutive function used in the BCJ-R equation. The
unsaturated hydraulic conductivity K is given by:

K(S) = Kskr(S), (7.2)

where Ks represents the saturated hydraulic conductivity, and kr(S) denotes the water
relative permeability, which is defined using a power-law relation (Brooks and Corey,
1966):

kr(S) = Sa a > 1, (7.3)

where a is a parameter that depends on the properties of the porous medium.
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The relationship between the water suction head ψ and saturation S is described by
Leverett’s equation (Leverett, 1941):

ψ(S) = hcapJ(S), (7.4)

where hcap represents the capillary rise, and J(S) denotes the Leverett J-function,
given by:

J(S) = S−1/α
[
1 − exp

(
β(S − ve)

)(
1 + β

α

α− 1S
)]
, (7.5)

where α > 1, β > 0, and ve ≥ 1 are free parameters.
The capillary pinning function κ(S) is given by:

κ(S) = hcap δ
2 α

α− 1

[
1 − exp

(
β(S − ve)

)]
S(α−1)/α, (7.6)

where δ is the characteristic length scale of the diffuse interface.
Figure 7.1 illustrates the relative permeability kr(S), the Leverett J-function J(S), and
the capillary pinning function κ(S). The BCJ-R equation exhibits strong nonlinearity
with respect to saturation, particularly in the J-function near dry and full saturation,
where steep gradients arise.
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Figure 7.1 Constitutive functions of the BCJ-R equation (7.7). (a) relative permeability
kr(S), (b) Leverett J-function J(S), and (c) capillary pinning function κ(S). The
following parameter values are used to evaluate these functions: ϕ = 0.3, Ks = 0.4,
hcap = 0.02, a = 3.0, ve = 1.0, α = 10.0, β = 40.0, and δ = 0.01.

7.2.3 Initial and boundary conditions

The BCJ-R equation (7.7) is reformulated as a system of two coupled second-order
equations:
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ϕ
∂S

∂t
+ ∇ · [K(S)∇ (z + w)] = 0,

w = ψ(S) +
√
κ(S)∇ ·

(√
κ(S)∇S

)
.

(7.7)

where w is an auxiliary variable introduced to rewrite the original high-order equation
as a system of two second-order partial differential equations.
To ensure that the system is well-posed, it must be supplemented with appropriate
initial and boundary conditions. The following boundary conditions are considered:

S = SD on ΓD,

∇w · n = 0 on ∂Ω,
∇S · n = 0 on ΓN ,

(7.8)

along with the initial condition given in terms of saturation as:

S(t = 0,x) = S0(x). (7.9)

The boundary ∂Ω represents the soil domain boundary, while ΓD is the Dirichlet bound-
ary where water is applied, and ΓN is the Neumann boundary corresponding to the
remaining part of the domain. At ΓD, the two imposed conditions, S = SD and
∇w · n = 0, imply that water flux is given by RsKs, where the flux ratio is defined as
Rs = kr(SD).

7.2.4 Entropy function

The BCJ-R equation (Beljadid et al., 2020) is endowed with an entropy function that
serves as a mathematical mechanism to ensure the well-posedness and thermodynamic
consistency of the model, particularly in cases where weak solutions arise and unique-
ness is not guaranteed. Beljadid, Cueto-Felgueroso, and Juanes (Beljadid et al., 2020)
derived the entropy function of the BCJ-R equation and demonstrated that it satis-
fies an entropy-increasing property for isolated systems. In Section 7.4.2, we aim to
validate this physical constraint using our PINN model.
We consider the entropy function of the BCJ-R equation over a one-dimensional domain
[0, L] at a given time t ≥ 0, defined as (Beljadid et al., 2020):

E(t) = −
∫ L

0
U(S(t, z)), dz, (7.10)

where U(S) is a convex entropy function of the saturation that satisfies the following
relation Beljadid et al. (2020):

U ′′(S) =
Vc

√
κ(S)

f(S) , (7.11)
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with Vc > a constant, and f(S) = Ks, kr(S)
ϕ

is the flux function.
Integrating Eq. (7.11) twice yields the entropy function:

U(S) =
∫ 1

S
s

√
κ(s)
f(s) ds− s

∫ 1

S

√
κ(s)
f(s) ds (7.12)

up to an affine function.
We note that any affine function remains constant over time in a closed porous medium,
and can therefore be ignored when verifying the entropy-increasing property of U(S).
In Section 7.4.2, we compute the entropy difference E(t) − E(0) in a closed porous
medium using our PINN framework, in order to verify that it satisfies the entropy-
increasing property.

7.3 Methods

In the following sections, an overview of PINNs is presented, along with the enhanced
techniques adopted in this study for modeling unstable infiltration using the BCJ-R
equation.

7.3.1 Overeviw of physics-informed neural networks

PINNs (Raissi et al., 2019) are mesh-free, neural network-based solvers designed to
approximate solutions of differential equations. They are trained by minimizing a
multi-objective loss function that enforces the governing equations as soft constraints,
alongside the initial and boundary conditions. PINNs have garnered considerable at-
tention for their flexibility and ability to operate without requiring labeled data.
The core idea behind PINNs is straightforward. Consider a time-dependent PDE of
the form:

ut + N (u) = 0 in (0, T ] × Ω. (7.13)

subject to the following initial and boundary conditions:

B(u) = 0, on (0, T ] × ∂Ω, (7.14a)
u = u0, in {t = 0} × Ω. (7.14b)

The solution of the PDE (7.13), constrained by (7.14), can be approximated using a
physics-informed neural network u(·; Θ). This neural network takes time-space collo-
cation points xt = (t,x) sampled from the domain (0, T ] × Ω as input and outputs the
approximate PDE solution.
Training the network u(x; Θ) requires solving a nonconvex optimization problem by
minimizing a weighted loss function:

L(Θ) = αrLr(Θ) + αicLic(Θ) + αbcLbc(Θ), (7.15)
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where Lr, Lic, and Lbc represent the residual, initial, and boundary condition losses,
respectively, weighted by αr, αic, and αbc. Each term is defined as:

Lr(Θ) = 1
Nr

Nr∑
i=1

∣∣∣N (u(xi
t; Θ))

∣∣∣2 , (7.16a)

Lic(Θ) = 1
Nic

Nic∑
i=1

∣∣∣u(xi
t; Θ) − u0(xi

t)
∣∣∣2 , (7.16b)

Lbc(Θ) = 1
Nbc

Nbc∑
i=1

∣∣∣B(u(xi
t; Θ))

∣∣∣2 . (7.16c)

where Nr, Nic, and Nbc represent the number of collocation points used to evaluate
the residual, initial, and boundary conditions, respectively. Note that the operators N
and B are evaluated using automatic differentiation.

7.3.2 Enhancements in PINNs

The original PINN formulation (Raissi et al., 2019) often fails to converge when applied
to complex PDEs, particularly in cases involving stiffness, sharp gradients, or multiple
scales (Wang et al., 2022a). To address these challenges, various enhancements have
been proposed to improve the performance and robustness of PINNs. A comprehensive
overview of these advancements can be found in (Faroughi et al., 2024). In this section,
we present the specific techniques adopted in this study to enhance the performance
of the PINN model.

7.3.2.1 Forward pass

Architecture. Most PINN studies rely on the standard multi-layer perceptron (MLP)
architecture, which is generally effective for simple PDEs but tends to underperform
on more complex problems. To overcome these limitations, alternatives such as the
modified MLP (mMLP) (Wang et al., 2021a) and PirateNet (Wang et al., 2024a) have
been proposed. For our problem, we found that the mMLP offers a favorable trade-off
between accuracy and computational efficiency, and is therefore adopted. The forward
pass of the mMLP is described in Appendix 7.5.
Fourier embedding. To capture the complex spatial patterns present in the BCJ-R
solution, we found that incorporating Fourier features into our PINN model is highly
effective. The saturation profile exhibits a wide spectrum of spatial frequencies, in-
cluding sharp overshoots at the tip of the finger and fine-scale undershoots trailing the
wetting front. These localized and high-frequency features are particularly challenging
for standard neural networks to approximate accurately. This difficulty stems from
the well-known spectral bias of deep learning models, which tend to prioritize learning
low-frequency components and struggle to resolve high-frequency variations.
Fourier embeddings mitigate this issue by mapping the original input coordinates into a
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higher-dimensional feature space using sinusoidal random basis functions. This trans-
formation enhances the network’s capacity to represent high-frequency components
of the solution (Tancik et al., 2020), making training more efficient and significantly
improving accuracy in regions with sharp gradients or localized structures. Further
details about the Fourier embedding used in our model are provided in Appendix 7.5.
Random weight factorization. In deep neural networks, weights and biases can vary
in scale across layers, which may hinder effective training. To improve convergence, we
adopt the random weight factorization method proposed in (Wang et al., 2022c). This
technique has been shown to reduce spectral bias and help the optimizer avoid poor
local minima in complex loss landscapes. In this study, only the weights are factorized,
while the original biases are preserved.
The RWF method factorizes each weight matrix Wl as follows:

Wl = diag(exp(sl))Vl, (7.17)

where sl ∈ Rdl is a trainable scaling vector, and Vl ∈ Rdl×dl−1 is a trainable weight
matrix.
The scaling vectors for each hidden layer are initialized from a multivariate normal
distribution N (µ, σI), where µ and σ are hyperparameters, and I is the identity matrix.
The optimizer is applied directly to the parameters sl and Vl.
Locally adaptive activation function. In the BCJ-R equation, the saturation pro-
file exhibits a steep gradient near the wetting front. It has been shown that introducing
a trainable parameter in the activation function can improve network performance by
dynamically adjusting the loss landscape, leading to better convergence than fixed
activations (Jagtap et al., 2020). This approach has also proven to be effective for
infiltration problems governed by the Richards equation (Bandai and Ghezzehei, 2022;
Kamil et al., 2024d, 2025).
The locally adaptive activation is defined as:

σadaptive(x) = tanh(sαx), (7.18)

where s is a fixed scaling hyperparameter and α is a trainable parameter. Each hidden
layer has its own α, while s = 20 is used consistently across all layers.

7.3.2.2 Respecting temporal causality

PINNs are time–space methods that learn the full solution simultaneously, without
prioritizing earlier time steps. This lack of temporal causality can hinder convergence,
especially for complex PDEs. The BCJ-R equation is a high-order phase-field equation,
similar in structure to the Allen–Cahn and Cahn–Hilliard equations, which are known
to be challenging for PINNs due to spatiotemporal heterogeneity. Recent studies have
shown that enforcing temporal causality, either in a hard form (Mattey and Ghosh,
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2022) or a soft form (Wang et al., 2022a), can significantly improve the training and
predictive accuracy of PINNs for complex models. In this study, both approaches are
adopted for the BCJ-R equation and are presented in Appendix 7.5.

7.3.2.3 Adaptive loss weighting

Training PINNs is a multi-objective optimization problem involving the PDE residual,
initial condition, and boundary condition losses. These objectives can compete dur-
ing training, making it important to balance their contributions. Prior studies have
shown that adapting the weights of each objective improves convergence (Wang et al.,
2021a). In this work, we use the gradient normalization method (Wang et al., 2023a),
which adjusts each weight based on the relative gradient magnitude. This ensures that
all objectives contribute equally in terms of gradient scale. Details are provided in
Appendix 7.5.

7.3.2.4 Curriculum training

In the BCJ-R equation, the problem becomes increasingly difficult as the initial satu-
ration approaches zero. This leads to larger overshoots and steeper infiltration fronts,
making it challenging to model dry porous media accurately. Despite the enhancements
introduced earlier, the PINN model still struggles under such conditions. To address
this, we adopt a curriculum training strategy (Krishnapriyan et al., 2021), where the
model is first trained on simpler cases and then gradually adapted to harder ones by
transferring the learned parameters. Specifically, we start training with relatively wet
soils (initial saturation around 0.3) and progressively reduce the initial saturation until
reaching the target case.

7.3.2.5 Random collocation sampling

To train the PINN for the BCJ-R equation, we employ a random batch collocation
strategy based on uniform sampling. The initial and boundary condition points are
first sampled on a fixed grid and remain unchanged throughout training, whereas the
residual points are randomly re-sampled at each optimizer iteration. This approach
is designed to enhance training stability, mitigate overfitting to fixed collocation sets,
and facilitate efficient data-parallel training.

7.3.2.6 Optimiser

Training a PINN involves solving a highly nonconvex optimization problem, which
is generally ill-conditioned (Rathore et al., 2024). As a result, an efficient optimiza-
tion scheme is necessary to avoid poor local minima that lead to inaccurate solutions.
Another difficulty is that PINNs are inherently multi-task learning models, where mul-
tiple loss terms must be minimized simultaneously. This leads to competitive training
dynamics and gradient conflicts, making optimization particularly challenging.
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Recently, a new optimizer called SOAP (Vyas et al., 2024) was proposed and further
studied in the context of PINNs (Wang et al., 2025). SOAP belongs to the family
of Shampoo optimizers and is a quasi-Newton method that uses a Hessian-based pre-
conditioner to naturally balance conflicting gradients and accelerate convergence. In
our experiments, SOAP consistently outperformed commonly used first-order methods
such as Adam, in terms of accuracy and stability. Therefore, we use SOAP in all sim-
ulations presented in this study. Further details about SOAP optimizer can be found
in (Vyas et al., 2024).

7.3.2.7 Data parallelism

To accelerate the training of the PINN model, we use data parallelism across multiple
GPUs. The model is replicated on each device, and the residual collocation points
are split among them. During each training step, each GPU computes local gradients
independently. These gradients are then aggregated using an all-reduce operation to
update the model parameters synchronously. Weak and strong scaling results for this
parallel training strategy are presented in Appendix 7.5.

7.3.3 PINNs for the BCJ-R equation

In the following, we present the adopted PINN formulation specific to the BCJ-R
equation.
We use the coupled system (7.7) to reduce the computational cost of automatic dif-
ferentiation associated with the original high-order equation. The mMLP architecture
is then applied, with an output dimension of two: one for the predicted saturation
s(xt,Θ), and one for the auxiliary variable w(xt,Θ). To enforce the physical con-
straint that S ∈ (0, 1), a sigmoid activation is used in the output layer:

σ(z) = 1
1 + exp(−z) ∈ (0, 1), (7.19)

while a linear output activation is used for w.
The total loss function for the BCJ-R equation is defined as a weighted sum of seven
components:

L(Θ) = αicLic(Θ) +
2∑

i=1

(
αresi

Lresi
(Θ) + αupi

Lupi
(Θ) + αdwi

Ldwi
(Θ)

)
, (7.20)

where each loss component is described as follows:

Lic(Θ) = 1
Nic

Nic∑
i=1

|s(t = 0,xi; Θ) − s0(xi)|2 . (7.21)

The residual loss Lres1(Θ) corresponds to the mass conservation equation and is com-
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puted as

Lres1(Θ) = 1
Nr

Nr∑
i=1

∣∣∣∣∣ϕ∂s∂t (x(i)
t ,Θ) + ∇ ·

[
K(s(x(i)

t ,Θ))∇
(
z + w(x(i)

t ,Θ)
) ]∣∣∣∣∣

2

. (7.22)

The second residual loss Lres2(Θ) enforces the nonlinear relationship defining the aux-
iliary variable w:

Lres2(Θ) = 1
Nr

Nr∑
i=1

∣∣∣∣w(x(i)
t ,Θ) − ψ(s(x(i)

t ,Θ)) −
√
κ(s(x(i)

t ,Θ))∇ ·
(√

κ(s(x(i)
t ,Θ))∇s(x(i)

t ,Θ)
)∣∣∣∣2 .

(7.23)
We note that when incorporating temporal causality, the residual loss is reformulated
as in Equation (7.39).
The boundary condition losses enforce the constraints on ΓD, ΓN , and ∂Ω. Specifically,
the Dirichlet condition on saturation is imposed via Lup1(Θ):

Lup1(Θ) = 1
Nup1

Nup1∑
i=1

∣∣∣s(x(i)
t ,Θ) − SD(x(i)

t )
∣∣∣2 , (7.24)

while the Neumann condition on the auxiliary variable w is captured by Lup2(Θ):

Lup2(Θ) = 1
Nup2

Nup2∑
i=1

∣∣∣∇w(x(i)
t ,Θ) · n

∣∣∣2 . (7.25)

The two losses at the bottom boundary enforce homogeneous Neumann conditions.
The term Ldw1(Θ) corresponds to the flux condition on s:

Ldw1(Θ) = 1
Ndw1

Ndw1∑
i=1

∣∣∣∇s(x(i)
t ,Θ) · n

∣∣∣2 , (7.26)

and Ldw2(Θ) applies the zero-flux condition on w:

Ldw2(Θ) = 1
Ndw2

Ndw2∑
i=1

∣∣∣∇w(x(i)
t ,Θ) · n

∣∣∣2 . (7.27)

For all numerical experiments, the initial loss weights are set as follows:

αic = αup1 = 100, αres1 = αdw1 = αdw2 = αup2 = 1, αres2 = 5. (7.28)

A schematic design of the proposed PINN for modeling unstable infiltration in porous
media using the BCJ-R equation is illustrated in Figure 7.2.
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Figure 7.2 Schematic representation of the PINN framework for solving the BCJ-R
equation of unstable infiltration in porous media.

7.3.4 Implementation

The PINN algorithm was implemented using the JAX library, chosen for its efficiency
and scalability in training deep learning models. JAX provides powerful tools such as
just-in-time compilation (JIT), vectorized function mapping (vmap), and data-parallel
training through the pmap function, as well as XLA (Accelerated Linear Algebra).
Our implementation builds upon the open-source codebase jaxpi (Wang et al., 2023a),
which includes many of the features described earlier. For both the Adam and SOAP
optimizers, we use the following hyperparameters:

β1 = 0.9, β2 = 0.999, η = 10−3, decay rate = 0.9, decay steps = 5000.
(7.29)

We note that early stopping is applied, forcing the model to stop training if no reduction
in the total loss is observed after 103 iterations.
All numerical experiments were conducted on the Narval supercomputing cluster, part
of the Digital Research Alliance of Canada, using an NVIDIA A100 GPU.

7.4 Results

We use the PINN model to solve the BCJ-R equations. The results are evaluated
against either finite element simulations () or experimental data from the literature,
using the relative L2 error as a measure of accuracy.
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7.4.1 Saturation overshoot simulation

In this section, we use the proposed PINN model to solve the BCJ-R equation and
reproduce the saturation overshoot phenomenon observed at the wetting front. We aim
to verify that our PINN model reproduces the previously reported behavior showing
that saturation overshoot diminishes as the initial water saturation increases (Beljadid
et al., 2020; Cueto-Felgueroso and Juanes, 2009; DiCarlo, 2004).
We consider a sandy soil column with an initial uniform saturation S0, which is varied
to assess its influence on the height of the overshoot. The domain consists of a 0.6 m
soil column with a water inlet boundary condition of SD = 0.457 at the surface (z = 0
m) and free drainage at the bottom.
The BCJ-R equation parameters used in this simulation are set as follows:

ϕ = 0.3, Ks = 40 cm/min, hcap = 2 cm, a = 5, (7.30)

ve = 1.0, α = 10, β = 40, δ = 2 cm.

The selected PINN hyperparameters and training setup are summarized in Table 7.1.
We present results for three initial saturation values: S0 = 0.2, S0 = 0.1, and S0 = 0.01,
comparing the PINN predictions with the reference FEM solutions.
The results are presented in Figure 7.3. Overall, good agreement is observed between
the PINN predictions and the FEM reference solutions across all three test cases. How-
ever, larger prediction errors are noted in drier soils, particularly along the infiltration
front where steep saturation gradients occur. As the initial soil saturation S0 decreases,
the saturation overshoot becomes more pronounced, underscoring the strong depen-
dence of this phenomenon on initial moisture conditions. Therefore, we conclude that
simulations with higher initial water saturation lead to reduced saturation overshoot
profiles.
The results also show that the width of the saturation finger tip increases as S0 de-
creases from 0.2 to 0.01, indicating more severe overshoot in drier soils. As infiltration
progresses, the finger slowly increases in width with depth. This behavior is mainly
attributed to lateral capillary diffusion effects (Beljadid et al., 2020) and the absence
of considering hysteresis in the BCJ-R equation.
The PINN model successfully captures fine-scale saturation features, including small
fluctuations downstream of the wetting front, as well as the structure near the finger tip.
We have noticed that the PINN training process and the FEM simulation become more
challenging as S0 decreases. For the driest scenario (S0 = 0.01), a curriculum training
strategy was required to achieve satisfactory PINN performance (see Section 7.3.2.4
for more details). Moreover, the number of collocation points, temporal windows, and
total training time were increased to ensure convergence. These observations highlight
the increasing complexity of solving the BCJ-R equation under dry initial conditions.
On the other hand, increasing the flux ratio Rs produces a gravity-dominated regime
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with fast advection and strong nonlinear effects. For larger Rs values, the training of
PINN became unstable, and convergence could not be achieved even after increasing
the number of collocation points, temporal windows, and total training iterations. We
also note that, due to memory limitations, it was not possible to use a larger number of
collocation points. This limitation requires further investigation and the development
of improved training strategies to alleviate it.

7.4.2 Entropy test analysis

In the following numerical test, we validate the ability of the proposed PINN model
to respect the entropy dissipation property of the BCJ-R equations. Specifically, we
examine a water redistribution scenario in a closed soil domain, where the mathematical
entropy function is expected to decrease over time.
We consider a vertical soil column with no-flux boundary conditions at both ends.
The initial saturation distribution is shown in Figure 7.4, and the system is allowed to
evolve without external inflow or outflow. We monitor the total entropy of the system
over time to assess whether the PINN model correctly captures the dissipative nature
of the system.
The BCJ-R equation parameters used in this simulation are set as follows:

ϕ = 0.3, Ks = 40 cm/min, hcap = 2 cm, a = 3, (7.31)

ve = 1.0, α = 10, β = 40, δ = 1 cm.

The training configuration and hyperparameters of the PINN model are summarized
in Table 7.1. The results are shown in Figure 7.4, where we plot the evolution of
the difference entropy E(t) − E(0). We observe that the entropy predicted by the
PINN model decreases monotonically over time, in agreement with the theoretical
results reported in (Beljadid et al., 2020), confirming that the BCJ-R equation exhibits
dissipative behavior under closed conditions.

7.4.3 Comparison with experimental data

In this section, we validate the PINN model predictions against laboratory measure-
ments of saturation overshoot from the experiments conducted by DiCarlo (DiCarlo,
2004). The experimental setup consists of a sandy soil column with porosity ϕ = 0.35
and saturated hydraulic permeability Ks = 15 cm/min, initially maintained at a dry
saturation state S0 = 0.01. Different water inlet fluxes, characterized by various values
of dimensionless saturation SD, are applied to systematically investigate their influence
on the shape and temporal development of the saturation overshoot phenomenon. The
relative permeability function is modified following the form (Cueto-Felgueroso and
Juanes, 2009):

kr(S) = Sah(S) + Sb(1 − h(S)), (7.32)
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Figure 7.3 Saturation profiles for different initial conditions. Each panel shows the
FEM reference, PINN prediction, and absolute error in the time-space domain, along
with cross-sectional comparisons at selected times.
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Figure 7.4 Entropy test analysis. (a) Saturation profiles during water redistribution in
a closed 1D soil system. (b) Evolution of the difference entropy, E(t) − E(0), which
increases monotonically over time.

with parameters a = 11, b = 3, and the switching function defined as:

h(S) = 0.5 tanh (10(S − 0.22)) . (7.33)

In the DiCarlo experiment (DiCarlo, 2004), the van Genuchten model was used for
defining the capillary pressure model. To fit this model to match the generalized
Brooks-Corey model (7.4), we conduct a parameter optimization using mean squared
error minimization. The target van Genuchten model is characterized by parameters
nv = 6.23, mv = 1 − 1/nv, and αvg = 0.177 cm−1, which serves as the reference curve
for our fitting procedure. The optimization process targets three parameters: α, β, and
hcap, which are constrained within the following bounds: 1 ≤ α ≤ 10, 40 ≤ β ≤ 100,
and 1 ≤ hcap ≤ 10 cm. The optimization domain is restricted to the saturation range
10−3 ≤ S ≤ 0.99 to avoid potential negative values in the generalized Brooks-Corey
model at extreme saturation levels. The fitting procedure employs the Levenberg-
Marquardt algorithm, with an initial parameter guess based on the van Genuchten
model characteristics. We fix ve = 1.025 and set δ = 0.5hcap. The optimization
converges to the following parameter set:

hcap = 4.8 cm, α = 4.4, β = 100. (7.34)

A comparaiosn between the van Genuchten curve and the generalized Brooks-Corey is
given in Figure 7.5a.
The training configuration and hyperparameters of the PINN model are provided in
Table 7.1. The comparison between the PINN predictions and DiCarlo’s experimental
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data is illustrated in Figure 7.5b. The PINN model demonstrates good agreement
with the measurements across different water flux scenarios. Although our model
demonstrates the capability to match the observed data, parameter calibration was
not performed in this study. Our primary focus remains on validating the model in
a data-free regime, rather than optimizing parameters to perfectly fit experimental
profiles.
Notably, saturation overshoot is observed for moderate water fluxes. In the case of high
fluxes, the BCJ-R equation yields results similar to those obtained with the classical
Richards equation, where the overshoot diminishes. For intermediate flux values, the
overshoot finger becomes more pronounced, exhibiting a wider tip. The PINN model
successfully captures both the large- and small-scale features of the experimental data.
These results agree well with the analysis given in (DiCarlo, 2004).

7.5 Conclusion

In this study, we proposed a novel numerical framework based on PINNs to model
the water saturation overshoot phenomenon by solving the highly nonlinear high-order
BCJ-R equation. To address the inherent challenges in training PINNs for complex
systems, we integrated several techniques. The core architecture consists of a modi-
fied multilayer perceptron enhanced with random Fourier feature embeddings to miti-
gate spectral bias, and weight factorization to improve convergence. We also enforced
temporal causality through both hard and soft mechanisms: the hard constraint was
imposed by dividing the time domain into sub-windows and training separate PINNs
sequentially, while the soft constraint involved masking later time intervals to empha-
size earlier ones during training within each window.
To ensure balanced optimization across multiple loss components, we adopted an adap-
tive loss weighting strategy based on gradient normalization. Additionally, the SOAP
optimizer was employed, demonstrating superior performance compared to Adam.
A data-parallel training scheme was also implemented, enabling different collocation
points to be distributed across multiple GPUs. Both weak and strong scaling analyses
confirmed the good scalability of the proposed PINN algorithm.
Comparative numerical experiments against a finite element solution verified the ca-
pability of the proposed PINN model to capture key features of the BCJ-R dynamics,
including saturation overshoot and the downstream tail in the saturation profile. We
observed that training is particularly difficult for initially dry soils. To overcome this,
a curriculum learning strategy was applied by transferring knowledge from models
trained on initially wet soils. Furthermore, we validated the PINN’s ability to respect
the dissipative nature of closed soil systems, as evidenced by the increasing physical
entropy over time. Finally, comparison with laboratory data showed good agreement,
further confirming the model’s predictive capability.
A limitation of the PINN model is its inability to reproduce saturation overshoot for
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Figure 7.5 Model parameter fitting and validation: (a) Parameter optimization results
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large flux ratios Rs, which generate wider finger tips that are complex to capture even
with the FEM that require small time steps and fine spatial meshes. This issue could
not be resolved within the current computational constraints, as memory limitations
prevented the use of denser collocation points. Further work is needed to develop more
robust training strategies and adaptive formulations to alleviate this limitation.
This study focused on one-dimensional cases, and we plan to extend the framework to
two dimensions. Despite the proposed enhancements, our PINN models still struggle
to capture complex finger formation patterns in 2D flow. To address this, we plan
to combine PINNs with finite element methods using a variational PINN framework,
which is more effective for resolving sharp wetting fronts and fine-scale gradients. We
also aim to tackle inverse problems by calibrating soil parameters from experimental
data to enhance the model’s practical relevance and reliability.
All previous chapters of this thesis have focused on developing forward solvers or inver-
sion frameworks to estimate unknown PDE parameters or initial and boundary condi-
tions to model water-solute transport systems in unsaturated soils. In the next chapter,
we shift focus to a multi-query setting, where the parametric Richards equation must be
solved under varying initial and boundary conditions. The proposed approach is based
on a data-free, mesh-independent, physics-informed DeepONet, trained as a surrogate
model. The developed DeepONet is evaluated for its interpolation, extrapolation, and
inverse modeling capabilities.

Appendix A. PINN model details

Modified MLP forward pass.

The model input consists of time–space collocation points xt, which are mapped to a
higher-dimensional feature space of size NF using random Fourier embedding (Tancik
et al., 2020):

Φ(xt) =
[

cos(Bxt), sin(Bxt)
]T
, (7.35)

where Φ : R2 → RNF is the encoding funcion and B ∈ RNF ×2 is a random matrix
sampled from a Gaussian distribution N (0, ζ2).
The embedded coordinates Φ(xt) are fed into two dense layers to compute gating
functions:

G1 = tanh(W1Φ(xt) + b1), G2 = tanh(W2Φ(xt) + b2), (7.36)

These gates control the flow of information through each hidden layer l of the mMLP,
defined as:

zl = tanh(Wlhl−1 + bl), (Dense layer l)
hl = zl ⊙G1 + (1 − zl) ⊙G2, (Gating operation)

(7.37)

where ⊙ denotes the point-wise product and h0 = xt.
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The weights Wl are initialized using the Glorot scheme (Glorot and Bengio, 2010b),
and biases bl are set to zero.

Hard temporal constraint.

We adopt the time-marching scheme proposed in (Mattey and Ghosh, 2022; Wight and
Zhao, 2020; Krishnapriyan et al., 2021). Instead of solving the PDE over the entire
time domain (0, T ], we split it into N equal time intervals, and train the PINN model
one window at a time in sequence. Every time window Ti = [i∆t, (i + 1)∆t] has an
associated PINN with its own trainable parameters.
For the first window T0, the initial condition S0 is given. Once trained, the predicted
solution at t = ∆t is passed as the initial condition to the next window T1, and the
process continues until the final window.
This strategy enforces temporal causality in a hard manner by requiring the model to
learn earlier time steps before moving forward. However, local violations of causality
may still occur within each time slab, as the model does not prioritize earlier points
within a given window. To address this, we incorporate a soft form of temporal causality
that prioritizes earlier points within each time slab, as detailed below.

Soft temporal constraint.

The collocation-based PINN approach is a time–space method, which does not inher-
ently enforce temporal causality. Even with hard time-marching, each time slab still
treats time and space jointly, which can lead to local causality violations. To address
this, we adopt the soft temporal enforcement strategy proposed in (Wang et al., 2022a),
which reformulates the residual loss to prioritize earlier time steps.
Given a sequence of increasing time coordinates (t1 < · · · < tM), the residual loss at
time tj is defined as:

Lr(tj,Θ) = 1
Nx

Nx∑
i=1

|N (u(tj,xi; Θ))|2 , (7.38)

where (xi)Nx
i=1 ∈ Ω are collocation points in the spatial domain.

To guide the network to focus on earlier times first, the total residual loss is rewritten
as a weighted sum:

Lr(Θ) = 1
M

M∑
j=1

wjLr(tj,Θ), (7.39)

with weights

wj = exp
−ε

j−1∑
k=1

Lr(tk,Θ)
 , j = 1, . . . ,M, (7.40)

where ε > 0 is a causality parameter controlling how strongly earlier time errors influ-
ence the weights. By design, w1 = 1 and wj decreases if earlier losses are large.
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This soft enforcement encourages the PINN to learn earlier time steps before moving to
later ones, allowing the solution to evolve in a causally consistent way. This approach
has proven effective for phase field models such as Allen–Cahn (Wang et al., 2022a).
In our implementation, we set ε = 1.0, and M = 16.

Adaptive loss weighting.

The weight of each loss term i is comptute in a period manner as follows:

αi =
∑N

j=1 ||∇θLj(θ)||
||∇θLi(θ)||

, (7.41)

where || · || represents the L2 norm.
According to equation (7.41), we can deduce the folowing equation:

||αi∇θLi(θ)|| = ||αj∇θLj(θ)||, ∀i, j. (7.42)

Therefore, the gradients of all weighted loss terms have equal magnitudes, prevent-
ing the model from prioritizing the minimization of specific terms over others during
training.
The weights is updated using a moving average thats takle into the acount the previous
value of it, as follows:

αnew = ηαold + (1 − η)αnew, (7.43)

where η is a hyper-parameter.
In our implementation, we set the momentum coefficient to η = 0.9, and the frequency
of weight updates is fixed at every 1000 iterations.

Appendix B. PINN settings of each nuemrical test

For all tests we have used the mMLP with tanh and 4 GPUs.

Table 7.1 PINN configurations for the studied numerical tests (see Sections 7.4.1, 7.4.2,
and 7.4.3).

Parameter Entropy test S0 = 0.2 S0 = 0.1 S0 = 0.01 DiCarlo test

Collocation points 4096 4096 8192 16384 8192
IBC points 1026 1026 2064 2064 2064
Architecture 3×100 3×128 3×256 4×256 3×256
Max iterations 50k 100k 150k 200k 150k
Time windows 2 5 10 40 10
Fourier embedding ζ = 1, NF = 100 ζ = 1, NF = 128 ζ = 1, NF = 256 ζ = 1, NF = 256 ζ = 1, NF = 256

Appendix C. Ablation study

We present an ablation study to evaluate the impact of different features in the PINN
solver for the BCJ-R equation. The test case involves a one-dimensional problem with
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an initial saturation of S0 = 0.2 and a Dirichlet boundary condition SD = 0.6. The
training is performed on a single GPU using 4,096 collocation (residual) points and
1,000 initial/boundary condition points.
Each tested architecture consists of 4 hidden layers with 128 neurons per layer, using
tanh activation. For optimization, we apply a learning rate warm-up starting from
10−3, followed by an exponential decay every 2,000 steps with a decay rate of 0.9.
Impact of each feature. Tables 7.2 and 7.3 summarize the results obtained using the
Adam and SOAP optimizers, respectively. The best performance was observed when
all features were enabled, with SOAP yielding the lowest relative L2-error.

Table 7.2 Ablation study of design choices on model performance and runtime for the
MLP architecture over 50k iterations using Adam optimiser. Abbreviations: F.F. =
Fourier Features, W.F. = Weight Factorization, G.N. = Gradient Norm, T.C. = Time
Causality, T.M. = Time Marching, L2 = Relative Error, B.M. = Best Model (iteration).

F.F. W.F. G.N. T.C. T.M. L2 Loss CPU B.M.
(min)

✗ ✗ ✗ ✗ ✗ 9.35×10−2 1.77×10−3 3.6 20k
✓ ✓ ✗ ✗ ✗ 5.33×10−2 4.49×10−4 3.78 40k
✓ ✗ ✗ ✗ ✗ 5.06×10−2 7.88×10−4 4.3 25k
✗ ✗ ✗ ✓ ✗ 6.11×10−2 1.71×10−3 3.7 25k
✓ ✓ ✗ ✓ ✗ 8.94×10−2 1.24×10−2 4.9 25k
✗ ✗ ✓ ✗ ✗ 2.84×10−2 1.42×10−3 4.6 25k
✗ ✗ ✗ ✗ ✓ 3.25×10−2 1.44×10−4 15.7 45k
✓ ✓ ✓ ✓ ✓ 1.46×10−2 8.6×10−4 25.7 45k

Impact of the model architecture. Next, we analyze the impact of the network
architecture on the performance of the PINN model for the BCJ-R equation. We con-
sider three architectures: the standard MLP, the modified MLP (Wang et al., 2021a),
and the PirateNet model (Wang et al., 2024a). All features are enabled for each model,
and the SOAP optimizer is applied consistently across experiments. The same experi-
mental setup as in the previous ablation studies is applied. The results are illustrated
in Figure 7.6. Among the three architectures, the modified MLP yields the lowest
L2 error, indicating the highest accuracy. However, the standard MLP offers a better
balance between accuracy and computational cost. In this study, achieving higher ac-
curacy is prioritized in order to capture fine-scale details in the saturation profile of the
BCJ-R equation. The higher computational cost associated with the modified MLP
can be mitigated through appropriate parallel training strategies.
Parallel training. We analyze the data-parallel strategy adopted for training the
PINN model. In this parallel approach, as new devices (GPUs) are added, a copy of
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Table 7.3 Ablation study of design choices on model performance and runtime for the
MLP architecture over 50k iterations using SOAP optimiser.

F.F. W.F. G.N. T.C. T.M. L2 Loss CPU B.M.
(min)

✗ ✗ ✗ ✗ ✗ 5.81×10−2 2.28×10−4 5.6 45k
✓ ✓ ✗ ✗ ✗ 4.97×10−2 3.9×10−5 8.5 35k
✓ ✗ ✗ ✗ ✗ 5.35×10−2 2.2×10−4 8.12 45k
✗ ✗ ✗ ✓ ✗ 5.33×10−2 2.15×10−3 6.71 50k
✓ ✓ ✗ ✓ ✗ 4.77×10−2 7.79×10−4 8.71 35k
✗ ✗ ✓ ✗ ✗ 2.5×10−2 3.2×10−4 6.96 50k
✗ ✗ ✗ ✗ ✓ 1.96×10−2 7.71×10−4 20.1 25k
✓ ✓ ✓ ✓ ✓ 9.76×10−3 1.6×10−4 35.7 50k

MLP Modified MLP PirateNet

9.76e-03

1.60e-04

1.90e-02

1.60e-04

2.60e-05

9.80e-04

35.7

49.2

55.3

L2-error
Final total loss
CPU (min)

Figure 7.6 Comparison of PINN model performance using different architectures (MLP,
Modified MLP (Wang et al., 2021a), and PirateNet (Wang et al., 2024a)) for the BCJ-
R equation. Metrics shown include the L2-error, total loss, and CPU time, with all
features enabled and the SOAP optimizer used across all experiments.

the PINN model is placed on each device, each with its own set of collocation points.
During the forward pass, each device computes its local loss independently. Then,
during the backward pass, the gradients from all devices are averaged (synchronized),
and the resulting global gradient is used to update the shared model parameters. These
updated parameters are then broadcast back to all devices, continuing the training loop.
We evaluate the weak and strong scaling behavior of this parallel training strategy.
Weak scaling refers to increasing the number of GPUs while proportionally increasing
the total number of collocation points. In our case, we assign 4096 collocation points
per GPU. This helps evaluate how well the training time remains constant as the
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problem size and compute resources grow together. On the other hand, strong scaling
keeps the total number of collocation points fixed while increasing the number of GPUs,
assessing how efficiently the workload is distributed to reduce computation time. For
weak scaling, the problem size increases proportionally with the number of GPUs,
whereas for strong scaling, the problem size remains fixed.
The weak and strong scaling efficiencies are computed as follows:

en
weak = t1

tn
, and en

strong = t1
n tn

, (7.44)

where tn denotes the time required to complete the task using n GPUs.
The results are shown in Figure 7.7. Both weak and strong scaling behave well up
to four GPUs. Weak scaling efficiency stays close to ideal for up to three GPUs,
indicating that the increasing data size per GPU is handled effectively. A slight drop
at four GPUs suggests growing communication overhead or load imbalance. For strong
scaling, efficiency gradually declines as more GPUs are added, which is expected due to
fixed workload size and the increasing impact of synchronization and communication
costs.
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Figure 7.7 Weak and strong scaling efficiencies of the data-parallel training strategy.
We use an MLP architecture with all features enabled and measure the execution time
over 10,000 Adam iterations. For weak scaling, the number of residual points increases
proportionally with the number of GPUs (n× 4096), while for strong scaling, the total
number of residual points is fixed at 8192.
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CHAPTER 8 Physics-informed neural operators for efficient modeling
of infiltration in porous media

Abstract
The development of efficient irrigation systems relies on accurately solving the water
flow model described by the highly nonlinear Richards equation. Many forward sim-
ulations are required to evaluate various settings, such as irrigation duration, emitter
flux rate, initial soil moisture distribution, and the type of irrigation system employed.
This often leads to slow and cumbersome decision-making processes. In this study, we
propose an efficient and accurate deep learning solver for modeling water flow in unsat-
urated soils. The model is a physics-informed deep operator network (DeepONet) with
an improved architecture designed to accurately solve the highly nonlinear Richards
equation. The aim is to train the DeepONet model to learn the mapping between
different initial soil moisture conditions and emitter fluxes to the corresponding water
content profile in the time-space domain. By incorporating physical constraints, we
reduce the need for large amounts of labeled data while maintaining accuracy. Once
trained, the DeepONet model provides soil moisture predictions within fractions of a
second at any desired time or space location and with any desired resolution, given any
initial conditions and fluxes.
The reliability of the DeepONet model is evaluated through numerical experiments
on two-dimensional soil geometries with different soil types. The results highlight the
efficiency of DeepONet predictions, as they closely match reference solutions. Addition-
ally, the model’s extrapolation capability was evaluated, showing that fine-tuning with
physical constraints or available soil moisture data improved its prediction accuracy.
This study represents a step towards developing an efficient and rapid physics-informed
surrogate model for quick decision-making in irrigation strategies.

8.1 Introduction

The rapid increase in population growth worldwide necessitates continuing research for
more efficient use of natural resources. Water is the central element of life for all crea-
tures on Earth. Water scarcity, droughts, environmental pollution, and other factors
reinforce the need for careful attention to the efficient management of water resources,
especially in the era of climate change. In this study, we focus on the unsaturated zone,
which lies between the soil surface and the water table. Modeling water dynamics in
the unsaturated zone is the cornerstone for many applications. For instance, one can
analyze water distribution and root water uptake under different irrigation strategies
(Karandish and Šimůnek, 2019). In general, water infiltration in the unsaturated zone
is a complex phenomenon involving various processes. Water moves within soil either by
gravity forces or capillary action. Water may leave the soil domain through evaporation
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from the soil surface, uptake by plants, or infiltration into groundwater (deep percola-
tion). The primary approach for modeling water infiltration mechanisms involves using
physical laws encoded in partial differential equations (PDEs). Several mathematical
models have been proposed in the literature for modeling water infiltration through
soils. A commonly used model for describing water flow in unsaturated soils is the
Richards equation (Richards, 1931), which integrates Darcy’s law with the continuity
equation to account for capillary and gravity forces. Numerous studies have sought to
extend the Richards equation and develop continuum models for unsaturated flow that
better capture hydrodynamic instabilities and fingering patterns observed during soil
infiltration (for an overview, see, e.g, (Eliassi and Glass, 2002; Cueto-Felgueroso and
Juanes, 2009; Xiong, 2014; DiCarlo, 2013)). Recently, Beljadid, Cueto-Felgueroso, and
Juanes proposed a continuum model for unstable infiltration in porous media, endowed
with an entropy function (Beljadid et al., 2020). In this study, we adopt the Richards
equation as the governing model for water infiltration.
The Richards equation is a widely used PDE for modeling water flow in soils. This equa-
tion is particularly challenging due to the interdependence of various variables. The
main variable can be the pressure head, water content, or unsaturated hydraulic con-
ductivity, each of which depends nonlinearly on the others. The dependency is charac-
terized by water retention curves and hydraulic conductivity functions (Van Genuchten,
1980). These functions are highly nonlinear, leading to solutions with steep gradients
at infiltration fronts. Therefore, to solve the Richards equation efficiently, algorithms
designed to handle its nonlinear nature should be employed.
Various approaches have been proposed to solve the Richards equation. Numerical
techniques include the finite element methods (Celia et al., 1990b; Keita et al., 2021c;
Toutlini et al., 2025a; Kamil et al., 2024b), finite volume method (Manzini and Ferraris,
2004), finite difference method (Chávez-Negrete et al., 2018), and meshless techniques
(Boujoudar et al., 2023b). Numerical methods involve discretizing the computational
domain into small elements and approximating the solution at the vertices or the center
of these elements. The time is typically handled using finite difference methods with
specialized numerical schemes to approximate the spatial operator. To solve the nonlin-
ear problem arising from time and space discretizations, linearization techniques must
be employed. For comprehensive details on the numerical solutions of the Richards
equation, we refer to the literature review (Farthing and Ogden, 2017).
Another promising area is deep learning algorithms (DLs), where a neural network
serves as a parametric model to represent the solution of a given PDE. DLs can op-
erate either in a purely data-driven manner, be constrained by physics, or follow a
hybrid approach (Raissi et al., 2019). The purely data-driven approach is data-hungry,
generally requiring a vast amount of labeled data. However, obtaining such extensive
data on hydrological variables is often impractical due to its scarcity and the high costs
associated with laboratory data collection in terms of time, resources, and personnel.
In contrast, physics-constrained deep learning methods require only initial and bound-
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ary conditions at a limited number of points, making them well-suited for practical
applications. Soil moisture and/or pressure head data are required only when solving
inverse problems.
Physics-informed DLs, also known as physics-informed neural networks (PINNs), have
demonstrated significant applications in subsurface modeling. For instance, in studies
such as (Bandai and Ghezzehei, 2021, 2022), researchers have applied PINNs for inverse
modeling of water infiltration in both homogeneous and layered soils. The focus was
on identifying water retention curves, hydraulic conductivity functions, and unknown
soil surface fluxes, where PINNs have demonstrated efficiency in solving these inverse
problems. In (Haruzi and Moreno, 2023a; Wang et al., 2023b), researchers coupled the
Richards equation with solute or heat transport for multiphysics modeling within an
inverse scenario where PINNs again demonstrated effectiveness. In our previous study
(Kamil et al., 2024d), we proposed an improved PINN approach enhanced by transfer
learning to model coupled water flow and multiple solute dynamics in unsaturated soils.
This method yielded excellent results for this complex multiphysics problem. Other
studies have proposed different approaches for solving either inverse problems (Depina
et al., 2022; Lan et al., 2024b; Kamil et al., 2024e) or conducting forward simulations
using PINNs (Chen et al., 2023b). This makes PINNs a useful alternative to stan-
dard methods for solving the Richards equation in both forward and inverse problems.
PINNs offer several advantages over standard numerical solvers. One advantage is that
PINNs are meshless techniques, making them highly flexible for complex geometries
and high-dimensional problems when appropriate training scheme is implemented. An-
other advantage of PINNs over numerical techniques is their precise computation of
temporal and spatial derivatives using automatic differentiation techniques (Baydin
et al., 2018), which are implemented in all major deep learning libraries (e.g., JAX,
TensorFlow, PyTorch). This approach is more efficient than discretization methods,
which can introduce additional numerical artifacts within the soil domain (Celia et al.,
1990b). Additionally, PINNs can solve the inverse problem in the same manner as the
forward problem by adding a term to the loss function to incorporate available data.
Both numerical techniques and physics-informed DLs are computationally expensive
and task-specific. This means they are typically focused on a specific version of the
addressed PDE, requiring rerunning the numerical solver or retraining the deep learning
algorithm for each change in the PDE parameters, which is a common necessity due
to varying conditions in practical applications. In the context of designing efficient
irrigation systems, multiple simulations are essential to calibrate and optimize various
parameters such as soil hydraulic parameters, irrigation duration, emitter flux rate,
and others. Adjusting these parameters allows practitioners to evaluate their specific
impacts on soil water movement in the root zone. Therefore, there is a strong demand
for developing accurate and fast surrogate solvers capable of addressing the multi-task
problem of water flow in unsaturated soils.
To address the issue of task-specific solvers in DL algorithms and numerical methods,



222

deep operator learning (Lu et al., 2021a) and transfer learning (Chen et al., 2021a) have
emerged as efficient approaches. Our focus in this study is on the operator learning ap-
proach. The core concept involves establishing a mapping between the parameter space
of a PDE and its corresponding solutions. The offline stage comprises training the deep
operator model across various scenarios, which is subsequently leveraged in the online
stage to rapidly predict solutions for new scenarios in a fraction of a second. Various
architectures have been developed to implement this idea, including deep operator net-
works (DeepONets) (Lu et al., 2021a), Fourier neural operators (FNO) (Li et al., 2020),
multiple-input DeepONet (Jin et al., 2022), and other models (He et al., 2024; Patel
et al., 2024). Deep operator learning approaches have found successful applications in
many engineering problems (Cai et al., 2021b; Goswami et al., 2022b). However, in
the context of subsurface and groundwater flow modeling, applications are relatively
limited. For instance, in (Taccari et al., 2024), researchers proposed a data-driven
convolutional neural network based on DeepONet to map the hydraulic conductivity
field profile to the hydraulic head in confined, heterogeneous aquifers. This emulator
demonstrated high accuracy and achieved rapid predictions within fractions of a second
for various scenarios. Similarly, in (Diab et al., 2024), a physics-informed DeepONet
was introduced as a fast and accurate simulator for mapping the flux function to so-
lutions within the Buckley-Leverett PDE. More recently, Huang et al. (Huang et al.,
2024) proposed a CNN-based DeepONet for learning solution operators of parametric
reactive transport equations in porous media. As of the current writing, there has been
no development of a fast and multitask emulator, such as DeepONet, for the Richards
equation.
A key limitation of purely data-driven DeepONet is its need for large training datasets,
which are often impractical to obtain in subsurface hydrology due to the challenges in
measuring state variables. Similar motivations in PINNs have inspired the develop-
ment of a physics-informed variant of the DeepONet model (Wang et al., 2021b). In
this approach, the DeepONet is trained in a self-supervised manner, requiring only
initial and boundary conditions, thereby eliminating the need for extensive labeled
training data. Incorporating physical constraints into the loss function of the Deep-
ONet model enhances its generalization by restricting the solution space to functions
that satisfy the governing physical laws, while also mitigating overfitting. Therefore, in
this study, we employ a physics-informed DeepONet to address the data scarcity typi-
cally encountered in subsurface modeling. When the task involves inverse problems or
extrapolation, available soil moisture or matric head data can be integrated to further
improve convergence.
Another challenge for machine learning models is extrapolation, where the test data
may lie outside the distribution of the training data. To improve the predictive accuracy
of a pre-trained DeepONet in such scenarios, fine-tuning with physical constraints or
available observational data can be employed (Zhu et al., 2023). This approach allows
the model to adapt and enhance its performance beyond the original training domain.
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The main objective of the present study is to develop an efficient deep learning solver for
modeling water flow in unsaturated soils. The Richards equation serves as the PDE
for modeling water infiltration, and a physics-informed DeepONet with a modified
architecture (Wang et al., 2022b) is proposed to enhance the efficiency of solving this
highly nonlinear equation. Various scenarios were tested, including mapping from
initial soil moisture and emitter flux to corresponding pressure head profiles. These
scenarios are crucial for evaluating different irrigation strategies and understanding
the impact of initial soil moisture and emitter discharge on water distribution. The
accuracy of DeepONet is assessed against a finite element method (Celia et al., 1990b)
as a reference solution. We studied three soil types and two geometries to evaluate the
sensitivity and accuracy of the DeepONet model. The fine-tuning strategy is adopted
in cases involving extrapolation using either physics or available data. The primary
contributions of this study are as follows:

1. The development of an efficient deep learning solver for modeling water flow in
unsaturated soils based on physics-informed deep operators; and

2. Enhancement of the model’s extrapolation capabilities through fine-tuning with
physical constraints or available soil moisture data.

The paper is structured as follows: Section 8.2 presents the governing model of water
flow in unsaturated soils along with the constitutive relationships. In Section 8.3, the
proposed DeepONet is outlined. The main results are presented in Section 8.4. Finally,
the limitations and the main conclusions of the study are discussed in Sections 8.5 and
8.6.

8.2 The mathematical model

The modeling of water flow in unsaturated soils commonly employs the Richards equa-
tion (Richards, 1931), which results from integrating Darcy’s law with the continuity
equation. It is represented as:

∂θ

∂t
+ ∇ · q = 0 in (0, T ] × Ω,

q = −K∇(Ψ + z) in (0, T ] × Ω.
(8.1)

In system (8.1), θ indicates the volumetric water content, which we also refer to as soil
moisture, Ψ denotes the pressure head, z represents the vertical dimension (gravity
axis) directed upwards, q stands for the water flux, and K = Kskr represents the un-
saturated hydraulic conductivity, where Ks signifies the saturated hydraulic conductiv-
ity and kr denotes the water relative permeability. The time coordinate is represented
by t and spatial coordinates are denoted by x = (x, z), where x denotes the horizontal
position. Additionally, Ω ⊂ Rd, d = 1, 2, 3, represents the soil, and the time interval is
denoted by I = (0, T ], with T > 0 being the final simulation time.
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The Richards equation (8.1) is subjected to the following initial and boundary condi-
tions: 

θ = θ0 at t = 0,
θ = θD in I × ΓD ⊂ I × ∂Ω,
q · n = q0 in I × ΓN ⊂ I × ∂Ω,

(8.2)

where θ0, θD, and q0 denote the initial soil moisture, Dirichlet boundary condition,
and the water inlet as a Neumann boundary condition, respectively. Additionally,
∂Ω represents the boundary of Ω, which is partitioned into the Dirichlet boundary
denoted by ΓD, and the Neumann boundary denoted by ΓN . The outward unit normal
vector to the boundary ΓN is denoted by n. The water inlet q0 is prescribed to be
negative in scenarios of water infiltration due to rainfall or irrigation, strictly positive
in evaporation cases, and zero where no flux or evaporation occurs at the soil surface.
It should be noted that one can define the initial and Dirichlet conditions using the
pressure head Ψ as a state variable. In this study, the following terms will be used to
describe the following boundary conditions:No flux or no evaporation boundary condition: q0 = 0 in I × ΓN ,

Free drainage boundary condition: q0 = −K in I × ΓN .
(8.3)

The free drainage boundary condition describes water infiltration downward due to
gravitational forces, allowing water to exit the soil domain. It is typically applied at
the bottom boundary of the soil domain when there is no groundwater nearby.

Remark 9 In this study, the boundary ∂Ω consists solely of the Neumann boundary
ΓN , which comprises four distinct boundaries: the soil surface, the soil bottom, and
the two lateral boundaries. Further details regarding these boundary conditions will be
provided in the following sections.

To complete the description of the Richards equation (8.1), explicit functions relating
water content θ and unsaturated hydraulic conductivity K in terms of pressure head Ψ
must be provided. Various constitutive relationships can be employed for this purpose.
These functions are highly nonlinear for realistic soils and can be provided either by
a closed-form model or as tabular data. In this study, we utilize the van Genuchten
model (Van Genuchten, 1980) to characterize θ and the van Genuchten-Mualem model
(Mualem, 1976) to describe K. The function θ represents water retention curves,
while K denotes hydraulic conductivity functions. The complete model is presented as
follows:

θ =


θr + (θs − θr)

(
1 + (αv|Ψ|)nv

)−mv

if Ψ ≤ 0,

θs if Ψ > 0,
(8.4a)
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K =


Ks

[
1 − (αv|Ψ|)nv−1

(
1 + (αv|Ψ|)nv

)−mv
]2

(
1 + (αv|Ψ|)nv

)mv/2 if Ψ ≤ 0,

Ks if Ψ > 0,

(8.4b)

mv = 1 − 1
nv

, nv > 1, (8.4c)

where θs and θr represent the saturated and residual volumetric water contents, re-
spectively, and nv, mv and αv are the van Genuchten empirical parameters.
In this study, we investigate three soil types: loam, sandy loam, and sand. These
soils differ primarily in their texture, structure, and ability to retain water. Loam has
a balanced mix of sand, silt, and clay, offering good water retention and moderate
drainage. Sandy loam has a higher sand content, leading to faster drainage and lower
water-holding capacity. Sand, being coarser, exhibits the least water retention and
promotes rapid infiltration and drainage, often resulting in rapid water infiltration and
sharp wetting fronts.

Remark 10 The van Genuchten parameters for each soil type generally need to be
calibrated using experimental data, which is often a critical task. This calibration is
commonly addressed through inverse problems using available soil moisture data or
alternative techniques such as hierarchical pedotransfer functions (Schaap et al., 2001).
In our study, we utilized the HYDRUS database for the parameterization of these soil
types.

The complexity of the Richards equation increases notably for very coarse soils (e.g.,
sandy soils) compared to fine-textured soils. This complexity arises from the domi-
nance of gravitational forces over capillary forces, resulting in an advection-dominated
problem. The pore-size distribution parameter αv can be used to measure the dom-
inance of gravitational forces over capillary forces. Sandy soils have the highest αv

values compared to loam and sandy loam soils. The constitutive relationships for each
soil are plotted in Figure 8.1, where sharper constitutive relationships are observed for
sandy soil compared to other soils. The parameters used to generate Figure 8.1 are
defined in Table 8.1. The water retention curves depicted in Figure 8.1 highlight the
intricacy of the Richards equation. They exhibit highly nonlinear behavior, particu-
larly near the saturation regions, where minor adjustments in water saturation levels
can result in significant changes in corresponding pressure heads. These characteristics
contribute to the potential degeneracy of Richards equation solutions, complicating
accurate numerical simulations. For a more detailed theoretical discussion on the de-
generacy of the solution of the Richards equation with respect to soil parameters, we
refer to (Paniconi et al., 1991).
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Figure 8.1 Constitutive relationships for three soil types (loam, sandy loam, and sandy
soil) generated using the Mualem-van Genuchten model, displayed on a log-log scale.
The left panel shows the unsaturated hydraulic conductivity (K) as a function of
pressure head (Ψ), while the right panel presents the water content (θ) as a function
of pressure head (Ψ). Soil parameters used in the model are provided in Table 8.1.

Table 8.1 Parameters of three types of soil used for the Mualem-van Genuchten model.

Parameter Loam Sandy loam Sand

θr [m3 m−3] 0.078 0.065 0.045
θs [m3 m−3] 0.43 0.41 0.43
αv [cm−1] 0.036 0.075 0.145
nv [-] 1.56 1.89 2.68
Ks [cm day−1] 24.96 106.1 712.8

8.3 Methods

In this section, we introduce the proposed deep operator framework for the Richards
equation. A brief introduction to deep operator learning and the DeepONet architec-
ture is provided in Appendix 8.6.

8.3.1 DeepONet for the Richards equation

8.3.1.1 Methodology

In this study, we aim to develop an efficient DeepONet model for solving water flow
problems in unsaturated soils with different parameter settings. The parameter space
P will be varied to explore different scenarios relevant to real-world problems. We
consider two specific scenarios:

(a) Mapping initial soil moisture conditions to the corresponding pressure head pro-
files; and

(b) Mapping water inlet boundary conditions to the corresponding pressure head
profiles.
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These scenarios have significant implications for various real-world applications. For
instance, scenario (a) is crucial for assessing the impact of initial soil moisture on the
infiltration and redistribution of water and solutes in unsaturated soils. This assess-
ment is essential for understanding the dynamics of water and nutrient availability
for plant growth and environmental processes. On the other hand, scenario (b) is
particularly relevant for evaluating the effect of emitter discharge on the infiltration
and redistribution of water in irrigation systems. This evaluation plays a vital role in
designing efficient irrigation strategies, especially in semiarid and arid regions where
water scarcity is a major concern. By understanding the relationship between water
inlet boundary conditions and the resulting pressure head profiles, irrigation practition-
ers can optimize emitter placement, discharge rates, and scheduling to maximize water
use efficiency and minimize deep percolation losses. What makes DeepONet efficient
compared to standard numerical solvers is that once it is trained on a specific scenario,
it can be used to make various predictions in a fraction of a second for unseen initial
conditions or emitter fluxes. The only requirement is that the test data must lie within
the support of the training data, meaning it must fall within the range of scenarios
covered during training (i.e., interpolation). We will also test the extrapolation capa-
bilities of DeepONet, discussing scenarios in which the pre-trained DeepONet should
be retrained using a fine-tuning strategy (Zhu et al., 2023).
To assess the sensitivity of DeepONet, we use three soil types, as detailed in Table 8.1:
loam, sandy loam, and sandy soils. The complexity increases from loam to sand as
gravity forces become more dominant over capillary forces. Additionally, two geome-
tries are employed, as shown in Figure 8.2. In the first geometry, we model a scenario
with a long duration of rainfall, where water infiltrates the soil domain uniformly over
the entire surface. In the second geometry, the soil surface is divided into two portions:
the left portion for water irrigation and the right portion for atmospheric conditions
where we assume no evaporation. This scenario reflects a setting for surface drip irri-
gation where the dripper is located in a small portion of the soil surface. For both soil
geometries, the lateral boundaries are assumed to have no flux (q0 = 0), and the bot-
tom boundary is set to free drainage (q0 = −K). In the first scenario (a), we fixed the
water inlet q0 for the portion of water infiltration in both geometries to −5 cm/day. In
scenario (b), the water inlet q0 will vary, while the initial soil moisture will be fixed at
θ0 = 0.20. Detailed descriptions of the two studied scenarios is provided in the results
section.

Remark 11 For scenario (b), the soil surface flux refers to the value of q0 at the loca-
tion of the water inlet zone. This zone encompasses the entire soil surface for geometry
1, whereas for geometry 2, it only includes the left portion of length r0. Throughout all
the papers, we use the terms “water fluxes” and “water inlet conditions” interchangeably
to maintain consistency.



228

Soil parameters

Rainfall

Free drainage

Geometry 1

Soil parameters

No flux

No evaporation

Surface irrigation 

Water inlet

+++

+ + +

+++

+ + +

+ + +

+++

Sensors for measuring initial
soil moisture+

Geometry 2

Figure 8.2 Two-dimensional soil geometry configurations used in this study. The pa-
rameters are: Lx = Lz = 1 m for geometry 1, and Lx = Lz = 0.5 m, r0 = 5 cm
for geometry 2. The final simulation times are T = 24 hours for geometry 1 and
T = 6 hours for geometry 2. The soil geometries are represented as rectangular do-
mains, with boundary types indicated using specific colors.

8.3.1.2 DeepONet architecture

In the following, we explore the architecture of the adopted DeepONet used to model
water infiltration for both mapping scenarios: initial conditions and water inlet to the
corresponding pressure head solution.
Let the training data be the given of Nsamples in the space of parameters P : {u(i)}Nsamples

i=1 ,
each evaluated in a given set of m sensors (sj)m

j=1. In our case, u(i) represents either the
initial soil moisture θ(i)

0 or a water inlet q(i)
0 . The sensors for the initial soil moisture

θ
(i)
0 are the space coordinates sj = (xj, zj) ∈ Ω, and for the water inlet q(i)

0 are the time
coordinates sj = tj ∈ (0, T ]. We note that the sensors are not forced to be equi-spaced,
but they are the same for all samples u(i).
In addition, we need time-space collocation points as inputs for the trunk network
{y

(i)
j = (t(i)j , x

(i)
j , z

(i)
j )}P

j=1. Here we focus on notation, where it is important that the
data {y

(i)
j }P

j=1 are in general different across the samples {u(i)}Nsamples
i=1 ; in other words,

each u(i) has its own collocation points {y
(i)
j }P

j=1 for all i = 1, · · · , Nsamples.
The choice of architecture for both the branch and trunk networks is crucial and de-



229

pends upon the specific problem at hand. In the original DeepONet paper (Lu et al.,
2021a), the authors utilized a standard multilayer perceptron (MLP). In (Wang et al.,
2022b), a modified version of MLP was adopted to enhance training efficiency and
model accuracy, inspired by the attention mechanism adopted in transformers (Vaswani
et al., 2017). In this study, we use the modified DeepONet architecture proposed by
(Wang et al., 2022b). The modified version is explained as follows: The inputs of
the branch u and the trunk y are first encoded in a high-dimensional latent space by
employing two distinct encoders, UB and UT , given by:

UB = tanh
(
Wuu+ bu

)
, UT = tanh

(
Wyy + by

)
, (8.5)

where Θ0 = (Wu, bu,Wy, by) are the trainable parameters of the two encoders.
The outputs of the two encoders are then combined with each hidden layer of an MLP
using point-wise multiplication to compute the forward pass. Algorithm 7 provides the
forward pass of the DeepONet model.

Algorithm 7 Modified DeepONet architecture
Inputs: B0 = u, T0 = y, two encoders UB and UT defined by equation (8.5).
for each hidden layer l = 1, · · · , L do

First transformation:
B∗

l = tanh
(
W l

uBl−1 + bl
u

)
,

T ∗
l = tanh

(
W l

yTl−1 + bl
y

)
,

Hidden layer output:
Bl = tanh

(
(1 −B∗

l ) ⊙ UB +B∗
l ⊙ UT

)
,

Tl = tanh
(

(1 − T ∗
l ) ⊙ UB + T ∗

l ⊙ UT

)
,

end for
Final output: GΘ(u)(y) = σ(BL · TL + c0),
Note: Notation · denotes the inner product, and ⊙ denotes the point-wise product.

In Algorithm 7, the inputs to the branch and trunk networks are represented by B0
and T0, respectively. B∗

l and T ∗
l denote the l-th hidden layer of the branch and trunk

networks before combining with the output of the two encoders, and Bl and Tl denote
the l-th hidden layer of the branch and trunk networks, respectively, with L being the
total number of layers. The trainable parameters of the branch and the trunk networks
are ΘB = (W l

u, b
l
u)L

l=1 and ΘT = (W l
y, b

l
y)L

l=1, respectively. Thus, the overall trainable
parameters of the modified DeepONet model are collected in Θ = (Θ0,ΘB,ΘT , c0).
The flowchart of the DeepONet for modeling water flow in unsaturated soils is illus-
trated in Figure 8.3. This flowchart outlines various aspects of the model, which will
be explained in detail in the following sections.

Remark 12 We adopt tanh as the activation function for the hidden layers due to
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Figure 8.3 The flowchart of the DeepONet for modeling water flow in unsaturated soils.

its smoothness. This choice is motivated by the need to compute derivatives—up to
second order with respect to spatial coordinates and first order with respect to time, in
the Richards equation.

Remark 13 The modified MLP adopted in the DeepONet model allows the trunk and
branch networks to interact with each other during the training phase, unlike the stan-
dard MLP architecture where their outputs remain independent in the forward pass.
This architecture has shown excellent results in various studies of stiff PDEs (Diab
et al., 2024), helping them to accurately capture sharp gradients.

8.3.1.3 DeepONet training phase

Here we describe the training procedure of the DeepONet model. The pressure head
variable Ψ is chosen as the output of the DeepONet. Given that the pressure head
is negative in unsaturated zones, we adopt − exp as the output function σ to adhere
to this physical constraint. After each forward pass, the following loss function is
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computed:

L(Θ) = αdata Ldata(Θ) + αphysics Lphysics(Θ) + αIC LIC(Θ) + αBC LBC(Θ), (8.6)

where Ldata, Lphysics, LIC, and LBC represent the losses associated with available data,
physical constraints, initial and boundary conditions, respectively, and αdata, αphysics, αIC, αBC
are the corresponding weights. The above losses are defined as follows:

Ldata(Θ) = 1
NsamplesNdata

Nsamples∑
i=1

Ndata∑
j=1

∣∣∣∣∣θ(y(j)
data) − θ

(
GΘ(u(i))(y(j)

data)
)∣∣∣∣∣

2

, (8.7a)

Lphysics(Θ) = 1
NsamplesNphysics

Nsamples∑
i=1

Nphysics∑
j=1

∣∣∣∣∣R
(
GΘ(u(i))(y(j)

physics)
)∣∣∣∣∣

2

, (8.7b)

LIC(Θ) = 1
NsamplesNIC

Nsamples∑
i=1

NIC∑
j=1

∣∣∣∣∣f (i)(y(j)
IC ) − θ

(
GΘ(u(i))(y(j)

IC )
)∣∣∣∣∣

2

, (8.7c)

LBC(Θ) = 1
NsamplesNBC

Nsamples∑
i=1

NBC∑
j=1

∣∣∣∣∣g(i)(y(j)
BC) − B

(
GΘ(u(i))(y(j)

BC)
)∣∣∣∣∣

2

. (8.7d)

Here, the output of the DeepONet is transformed to the water content variable using the
van Genuchten model (8.4a) to compute the data loss function Ldata (8.7a). However,
we can also have data in terms of the pressure head, eliminating the need for an
output transformation. While several existing instruments can effectively measure
water content and pressure head, devices that measure water content are generally
more applicable (Robinson et al., 2008). This is due to the higher correlation of water
content with many easily measured signals, such as electrical conductivity, density, and
dielectric permittivity (Zha et al., 2013). Therefore, it is advisable to evaluate data
loss in terms of water content measurement.
The operator R in equation (8.7b) defines the Richards equation operator:

R
(

GΘ(u(i))(y(j)
physics)

)
=

∂θ
(

GΘ(u(i))(y(j)
physics)

)
∂t

−∇·
[
K
(

GΘ(u(i))(y(j)
physics)

)
∇
(

GΘ(u(i))(y(j)
physics)+z

)]
.

(8.8)
The function f (i) in equation (8.7c) can be either the sample u(i), which represents an

initial water content in scenario (a), or the fixed water content θ in scenario (b). On
the other hand, the definition of the boundary operator B in equation (8.7d) depends
on the type of boundary used. The function g(i) is either the corresponding imposed
condition in scenario (a), or the associated water inlet in scenario (b).
In general, the choice of weights in (8.6) is crucial for training the DeepONet model
where four different loss functions should be minimized simultaneously. In this study,
a trial-and-error procedure is used to find the best combination. When αdata = 0,
this is known as a data-free, physics-informed DeepONet, while when αphysics = αIC =
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αBC = 0, this represents a purely data-driven DeepONet. We used a data-free physics-
informed DeepONet with αphysics = 1, while other weights were test-dependent. In the
case of integrating available data into the loss function L, we set Ldata = 1.
The DeepONet algorithm for modeling water flow in unsaturated soils is presented in
Algorithm 8.

Remark 14 The proposed modified DeepONet model adopts an MLP as its base ar-
chitecture for two primary reasons (Azizzadenesheli et al., 2024):

1. Mesh-independent property: After training, the model can predict pressure
head and soil moisture profiles at any desired resolution and at arbitrary points
in the time-space domain;

2. Differentiability: The MLP architecture allows for straightforward computa-
tion of the derivative of the output with respect to the input. This capability is
crucial for enforcing physical constraints in the learning process using automatic
differentiation techniques.

These characteristics make the MLP-based DeepONet particularly suitable for appli-
cations where physical constraints and flexible resolution in predictions are important
considerations.

Remark 15 The loss function of the DeepONet, as defined in (8.6), follows a soft-
constraint approach. In this framework, the Monte Carlo method is used to approximate
the integrals of the PDE, as well as the initial, data, and boundary terms, by projecting
them onto a set of sampled points. While this is the primary approach, it is worth
noting that other formulations, such as the variational loss function (Goswami et al.,
2022b) can also be adopted. When it comes to implementing initial and boundary con-
ditions, a soft implementation is typically used in the DeepONet framework. However,
it is important to note that these conditions can also be imposed exactly (Sukumar and
Srivastava, 2022). The choice between soft and hard implementation often depends on
the specific requirements of the problem. In general, Neumann boundary conditions
are used to impose water flux at the soil boundaries. It is worth mentioning that the
hard imposition of these kinds of conditions is not as straightforward as implement-
ing Dirichlet boundary terms. For cases where stronger enforcement of constraints is
desired, alternative approaches can be considered. One such method is the augmented
Lagrangian approach (Basir and Senocak, 2022). This method, as demonstrated in the
case of the Richards equation in (Lan et al., 2024a), adds stronger penalties for the ini-
tial and boundary conditions, potentially leading to more accurate adherence to these
physical constraints during the training process.
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Algorithm 8 DeepONet for mapping from the initial soil moisture/water inlet to the
pressure head solution of the Richards equation.

1. Inputs:

(a) Soil parameters (Ks, nv,mv, αv, θr, θs).
(b) The boundary conditions, the final time of simulation T , and available water

content or pressure head data.
(c) Nsamples initial soil moisture samples (scenario (a)) or water inlet samples

(scenario (b)) {u(i)}Nsamples
i=1 .

(d) P collocation points {y
(i)
j }P

j=1 for each sample u(i).

2. Initialization:

(a) Randomly initialize the parameters of the DeepONet (branch, trunk, and
the two encoders) using the Xavier algorithm.

(b) Apply the hyperbolic tangent activation function for hidden layers.
(c) Set the output activation to − exp(x).

3. Training: Train the DeepONet model using the Adam optimizer algorithm.

4. Output:

(a) Predicted pressure head, water content, and water flux.

8.3.1.4 Extrapolation of the DeepONet model

In real-world applications, one may encounter initial soil moisture profiles or water inlet
conditions that fall outside the range of values used during the training phase of the
DeepONet model. For example, in scenario (a), we trained the DeepONet on initial
soil moisture conditions that are spatially uniform and evaluated its generalization
by feeding it initial soil moisture conditions that vary with space. This situation
is known as extrapolation, where the data lies outside the support of the training
data. Consequently, the predictions of the DeepONet may not adhere to the physical
laws or the initial/boundary conditions. Several studies have tried to propose efficient
approaches capable of handling extrapolation scenarios (e.g., Bhatt et al. (2023); Zhu
et al. (2023)). In this study, to address the extrapolation scenario, we opted for fine-
tuning the pre-trained DeepONet model using available knowledge, which could include
physical laws or some labeled field data. This approach was proposed in (Zhu et al.,
2023), where various strategies were also analyzed.
The fine-tuning process works as follows: for each new dataset unew, we fix the input
of the branch network to unew, resample collocation points for the trunk network, and
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retrain the pre-trained DeepONet using the same loss function defined in (8.6). In
this case, the DeepONet functions as a PINN solver, specifically aimed at solving the
Richards equation for one particular parameter unew. It is important to keep in mind
that the training of the DeepONet does not start from scratch; instead, the knowledge
gained from previous training scenarios is used to initialize the parameters of the new
model. Additionally, it is not trivial to measure the extrapolation complexity for each
new dataset to determine the necessary fine-tuning time needed to achieve the desired
accuracy. This remains an open challenge, as the measures proposed in (Zhu et al.,
2023) are not straightforward enough to extend to subsurface hydrological modeling
problems. The extrapolation algorithm of the pretrained DeepONet model is illustrated
in 9. For a comprehensive overview of the DeepONet surrogate solver’s application in
modeling water infiltration in unsaturated soils, we again refer to Figure 8.3.

Remark 16 We note that there are various approaches to fine-tuning a pre-trained
DeepONet model. In (Zhu et al., 2023), the authors explored several strategies, includ-
ing fine-tuning the entire model or selectively tuning the branch or trunk parameters
while keeping the other parameters frozen. Moreover, the fine-tuning process can incor-
porate available physical knowledge or utilize data from various sources. The fine-tuning
approach can be broadly categorized into two main types:

1. Physics-based fine-tuning: This involves imposing physical constraints, such as
the Richards equation residual along initial and boundary conditions; and

2. Data-driven fine-tuning: This approach incorporates new soil moisture data to
refine the model’s predictions.

In our study, we opted to fine-tune all parameters of the DeepONet model. To ensure
physical consistency during extrapolation, we enforce the Richards equation residual
alongside initial and boundary conditions. In cases of inverse problems, we also inte-
grate available soil moisture data to further enhance the model’s predictive accuracy.

Remark 17 Fine-tuning is a concept related to transfer learning (Pan and Yang,
2009), aimed at enhancing the generalizability of a machine learning algorithm with-
out starting the training process from scratch. However, transfer learning methods
are generally developed to handle covariate shift, label shift, and conditional shift, not
specifically tailored for extrapolation tasks (Zhu et al., 2023).

8.3.1.5 Algorithm implementation

The implementation of the DeepONet was performed using JAX (Bradbury et al.,
2018), a modern Python toolkit developed by Google for high-performance machine
learning research. JAX offers powerful features such as advanced automatic differ-
entiation and just-in-time compilation (JIT). The parameters of the DeepONet were
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Algorithm 9 Extrapolation of the DeepONet model for predicting pressure head and
soil moisture 2D profiles.

1. Inputs:

(a) A pre-trained DeepONet model GΘ.
(b) Soil parameters (Ks, nv,mv, αv, θr, θs).
(c) Initial/boundary conditions, and the final simulation time T .
(e) Nsamples extrapolation samples of initial soil moisture or water flux

{u(i)}Nsamples
i=1 .

(f) P collocation points {y
(i)
j }P

j=1 for each sample u(i).
(g) Number of epochs for fine-tuning.

2. Fine-Tuning:

(a) Physics-based fine-tuning:
i. Incorporate the Richards equation residual as a loss term.
ii. Apply initial and boundary conditions.

(b) Data-driven fine-tuning (if applicable):
i. Integrate available soil moisture data into the loss function.
ii. Adjust the DeepONet model parameters using the Adam optimizer to

minimize the combined loss (Richards equation residual + data loss +
initial and boundary conditions).

3. Extrapolation:

For each extrapolation sample u(i), where i = 1, 2, . . . , Nsamples:
(a) Fix the branch network input to u(i).
(b) Fine-tune GΘ with physical constraints and any available soil moisture

data.
(c) Predict the corresponding pressure head and soil moisture profiles.
(d) Store the predicted pressure head and soil moisture profiles for the sam-

ple u(i).

4. Output: Predicted pressure head and soil moisture profiles for each extrapola-
tion sample.

initialized using the Xavier algorithm (Glorot and Bengio, 2010a), a technique that pre-
vents the activation function from becoming saturated at the beginning of the training
phase. This initialization was applied to the weights, while the biases were initialized
to 0. The Adam optimizer (Kingma and Ba, 2014) was employed to minimize the total
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loss function L (8.6). It was configured with an exponential decay starting at 10−3,
a decay rate of 0.95, and a decay step of 1000, while all other parameters were set
to their default values. This setup was chosen to improve the stability of DeepONet
training. Additionally, a mini-batching technique was implemented due to its proven
efficiency in handling stiff PDEs in the context of PINNs (McClenny and Braga-Neto,
2023). The training process stopped upon reaching a predefined maximum number of
epochs.
The collocation points were uniformly generated within the time-space domain, as
illustrated schematically in Figure 8.4. Different colors represent various types of col-
location points. Blue points denote residual collocation points generated inside the
time-space domain, which are used to enforce the Richards residual term. The other
collocation points are dedicated to the initial and boundary conditions. Figure 8.4
also depicts a mesh used for the reference solution in Geometry 2, based on the linear
Galerkin finite element method (FEM). This method was chosen for its widespread
application in solving the Richards equation. For more details about the implementa-
tion and convergence analysis of the FEM scheme for the Richards equation, refer to
Chapter 2. The following error measurement was adopted to quantify the discrepancy
between the DeepONet prediction and the FEM reference solution:

Relative-L2 error :


∑

y

(
Ψ̂(y) − Ψ(y)

)2

∑
y Ψ(y)2 × 100

%, (8.9)

where Ψ̂ and Ψ denote the predicted and the reference solutions, respectively. The
sums are over all the collocation points in the time-space domain I × Ω. This is for
one sample, and it is calculated over all samples u(i), and the average and standard
deviation across all samples are reported.
All settings, including the architecture of DeepONet (number of hidden layers and
neurons per layer), the number of collocation points P , and the number of samples
Nsamples, depend on each specific test case and will be clarified accordingly.

Remark 18 After training, we evaluate the DeepONet predictions on test points that
are equally spaced in the time-space domain, which are different from the randomly
uniform sampled points used during training.

8.4 Results

In this section, we discuss the performance of the proposed DeepONet model in solving
the two scenarios. Numerical experiments were conducted using a single NVIDIA
A100 GPU and an NVIDIA V100 Volta GPU. These experiments were hosted on the
Graham and Narval clusters, which are part of the Compute Canada clusters. The
source code is available on the GitHub repository: https://github.com/Hamza-Kamil/
DeepONet-WaterFlow-Soils.

https://github.com/Hamza-Kamil/DeepONet-WaterFlow-Soils
https://github.com/Hamza-Kamil/DeepONet-WaterFlow-Soils
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(a) Collocation points (b) FEM mesh

Figure 8.4 (a) Visualization of collocation points for DeepONet. (b) Unstructured mesh
employed in the FEM reference solution. Both correspond to Geometry 2.

The structure of the results section is as follows: For each scenario, we first detail the setup of
the DeepONet model, including its architectures and the size of the training data. Following
this, we delve into the interpolation and extrapolation results, along with additional findings
from scenarios involving inverse problems.

8.4.1 Scenario (a): Mapping initial soil moisture to the corresponding
pressure head profile

In scenario (a), the objective is to map various initial soil moisture profiles to their corre-
sponding pressure head solutions. Parametrizing this problem is challenging, as generating
representative scenarios is complex. Therefore, we explore two types of parametrization. The
first type is a non-parametric approach, where we generate the same initial condition in terms
of soil moisture repeated Nsamples times. This means that the input to the Branch network is
only one initial condition. In this scenario, we aim to evaluate whether DeepONet can effec-
tively capture the non-parametric situation. In this context, DeepONet is equivalent to the
PINN approach. For each soil type, the initial condition is chosen within the interval (θr, θs)
and uniform in space. This numerical test is referred to as scenario (a)-non-parametric initial
conditions.
The second parametrization involves generating Nsamples different initial soil moisture values
within the interval (θr, θs) for each soil type. In this approach, the samples are assumed to
be uniform over space, reflecting common practical scenarios when the soil is supposed to be
homogeneous. This numerical test is referred to as scenario (a)-parametric initial conditions.
In all these parametrizations, we have set the water inlet to q0 = −5 cm/day. A visualization
of both parametrizations is presented in Appendix 8.6.
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8.4.1.1 Scenario (a)-non-parametric initial conditions
Settings. The configuration and architecture used in this scenario are summarized in Ta-
ble 8.5. Table 8.2 presents the initial soil moisture values for each soil type and geometry.
Different initial conditions were chosen for each geometry to evaluate the model’s performance
under varying moisture conditions. Notably, DeepONet requires only sparse measurements
of initial soil moisture for training, in contrast to the dense data typically needed by standard
numerical solvers.
Interpolation results. Snapshots of the results obtained from the DeepONet and the FEM
reference solution are depicted in Figures 8.5 and 8.6. The DeepONet model demonstrates
good agreement with the reference solution obtained from FEM for the three soils and the
two geometries. It can be observed that the infiltration front in sandy soil is much steeper
compared to the other two soils. For sandy soil and geometry 2, we observe a poor prediction
of the sharp front by DeepONet, whereas it produces accurate results for other soil types. For
more details, we report the average relative error in Table 8.3. The lowest error is observed
for loamy soil, followed by sandy loam and sandy soils. This reinforces the conclusion that
complexity increases when the scenario involves coarser-textured soils and a more complex
boundary condition (geometry 2). Despite the higher average error for sandy soils, DeepONet
has an error lower than 4.5% in all cases, demonstrating its reliability in this scenario. We
also note that with the FEM scheme, both a small mesh size and a small time step are needed
to ensure stable and accurate results, especially for sandy soils and geometry 2.
The reduced performance of the DeepONet model for sandy soil and complex boundary
conditions was expected, as DeepONet is essentially a generalization of the vanilla PINN
(Raissi et al., 2019), inheriting their limitations. Accurately capturing advection-dominated
problems and discontinuous solutions remains a significant challenge for these architectures
(Fuks and Tchelepi, 2020). To address this, we implemented a different methodology to
improve the accuracy of the DeepONet model, aiming for a relative L2 error of less than 1%.
We first trained the model on loamy soil, then applied a transfer learning strategy by using
the learned parameters from the DeepONet solver for loamy soil to initialize the model for
sandy soil. This approach increased the accuracy of the DeepONet by 42% (results not shown
here), demonstrating the effectiveness of transfer learning, where a simpler task is tackled
first, followed by a more difficult one. This is also called curriculum training. A similar
methodology was adopted in (Wang et al., 2023a) to solve incompressible Navier–Stokes
equations with high Reynolds numbers.
In terms of CPU time, DeepONet’s inference time is 50 times faster than that of the FEM

Table 8.2 Scenario (a) – The initial soil moisture θ0 [m3/m3] for each type of soil
and geometry. For scenario (a) – parametric initial conditions, we specify the range
(min–max) within which we randomly generate the soil moisture values.

Soil type Non-parametric initial conditions Parametric initial conditions
Geometry 1 Geometry 2 Geometry 1 Geometry 2

Loam 0.25 0.24 θmin
0 = 0.18, θmax

0 = 0.35 θmin
0 = 0.18, θmax

0 = 0.25
Sandy loam 0.23 0.12 θmin

0 = 0.1, θmax
0 = 0.25 θmin

0 = 0.1, θmax
0 = 0.25

Sand 0.05 0.05 θmin
0 = 0.05, θmax

0 = 0.1 θmin
0 = 0.05, θmax

0 = 0.1
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Figure 8.5 Scenario (a)-non-parametric /geometry 1. Top: 2D snapshots from Deep-
ONet and FEM at different times for sandy and sandy loam soils. Bottom: Cross-
sections at x = 0.5 m at different times for loam, sandy loam, and sandy soils.

simulation for a single sample of initial soil moisture. As we introduce more initial conditions,
the time required for the FEM simulation will exponentially increase, while DeepONet’s
inference time remains relatively small. This indicates that DeepONet serves as an efficient
surrogate model for rapid predictions, which is suitable for optimization and uncertainty
quantification tasks.
Extrapolation results. We evaluate DeepONet’s ability to generalize by introducing new
unseen soil moisture data as initial conditions. This test data is generated as slight variations
of the training data, defined as θtest

0 = θtrain
0 ± ε0, where ε0 takes values of 0.001, 0.01,

and 0.1. This scenario involves extrapolation, prompting us to fine-tune the pre-trained
DeepONet with physics to assess whether additional training can yield more accurate results
compared to using the DeepONet without fine-tuning. The results are depicted in Figure
8.7 for all cases. The accuracy of the DeepONet remains satisfactory when the perturbation
is small, even without any additional fine-tuning. However, as the perturbation increases,
the accuracy decreases, and fine-tuning the pre-trained DeepONet can lead to more accurate
results. We note that the fine-tuning phase took around 60 seconds on a single Nvidia A100
GPU.
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Figure 8.6 Scenario (a)-non-parametric /geometry 2. Top: 2D snapshots from Deep-
ONet and FEM at different times for sandy soil and sandy loam soil. Bottom: Cross-
sections at x = 0.5 m at different times for loam, sandy loam, and sandy soils.

Inverse problem results. Now, we aim to test an inverse problem scenario where the soil
parameters and the initial soil moisture θ0 for each soil are perturbed with Gaussian random
noise, as follows:

pnoisy = porigin + N (0, σ), (8.10)

where porigin represents a soil parameter or initial soil moisture, i.e., porigin ∈ {θr, θs, αv, nv, mv, Ks, θ0}.
Here, σ = 2% indicates the magnitude of the noise added.
This scenario is an ill-posed problem and, at the same time, an extrapolation scenario as we
change the data used in the training phase, including soil hydraulic parameters and initial
soil moisture profile. Thus, in this situation, we need to guide the training of DeepONet in
the fine-tuning stage by adding available soil moisture data. For this purpose, we place four
sensors in the soil domain at the following depths: z = 3 cm, 10 cm, 17 cm, 25 cm, 40 cm. We
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Table 8.3 Scenario (a)-Average and standard deviation of the relative L2-error. ·|·
indicates training | test errors.

Soil type Non-parametric initial conditions Parametric initial conditions
Geometry 1 Geometry 2 Geometry 1 Geometry 2

Loam 0.21 ± 2% 0.56 ± 1.5% 1.32± 0.85%
∣∣∣ 2.52 ± 0.7% 1.45 ± 1.46%

∣∣∣ 3.15 ± 2.16%

Sandy loam 0.63± 1.2% 1.65 ± 3.5% 2.98 ± 0.55%
∣∣∣ 4.2 ± 1.2% 4.18 ± 4.55%

∣∣∣ 6.38 ± 1.2%

Sand 2.87 ± 5.5% 4.28± 4.3% 8.09 ± 0.36%
∣∣∣ 10.2 ± 2.16% 9.43 ± 5.76%

∣∣∣ 9.56 ± 2.26%

(a) Geometry 1
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Figure 8.7 Scenario (a)-non-parametric : The relative L2-error of DeepONet for each
soil type and geometry. We plot both the accuracy before and after fine-tuning the
pre-trained DeepONet with physics.

choose the sensors close to the soil surface due to the high change in soil moisture near the
surface. We record soil moisture data each hour.
The results obtained from DeepONet before and after fine-tuning, along with the FEM ref-
erence solution, are depicted in Figure 8.8. We note that DeepONet predictions without
fine-tuning may be erroneous due to the ill-posed nature of the problem. The DeepONet
was trained on specific soil parameters and initial conditions, while the test data represents a
different setting, highlighting the necessity for additional data to refine its predictions. The
fine-tuning with physics and available data improved the accuracy of DeepONet and helped
the pre-trained model to capture the real soil moisture profile for loamy and sandy loam soils.
Unfortunately, sandy soil remains challenging for DeepONet; however, the accuracy was im-
proved by 23% for both geometries compared to the pre-trained DeepONet prediction. An
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important observation from Figure 8.8 is that the DeepONet’s predictions deviate more from
the true profile as soil texture becomes coarser (e.g., in sandy soils). This demonstrates the
complexity of modeling coarse-textured soils and suggests that more sophisticated architec-
tures should be integrated into the DeepONet model to improve its extrapolation capabilities.

Figure 8.8 Scenario (a)-non-parametric : Comparison of soil moisture cross-sections
from DeepONet (with and without fine-tuning) and the FEM reference solution. The
cross-section is taken from Geometry 1 at position x = 0.5 m, observed at the final
simulation time of 1 day.

8.4.1.2 Scenario (a)-parametric initial conditions
Settings. The configuration and architecture used in this scenario are summarized in Ta-
ble 8.5. The dry and wet soil moisture values (minimum and maximum values) for each soil
type are listed in Table 8.2.
Interpolation results. The results obtained for different initial soil moisture conditions
from the DeepONet and the FEM reference solution are depicted in Figure 8.9. For each
soil type and geometry, we plot two samples from the training data set and two samples
from a test data set containing 50 additional initial soil moisture conditions. The DeepONet
2D profiles agree well with those obtained from the FEM solution. The average relative
L2-error is reported in Table 8.3. The DeepONet produces accurate results for loamy and
sandy loam soils, while the error is significantly greater for sandy soil. This discrepancy is
due to the gravity-dominated nature of coarse soils and the reliance on collocation points
in the DeepONet approach. A variational formulation of the physical loss function L may
enhance the accuracy of DeepONet for solving gravity-dominant infiltration problems. In
our case, which involves irrigation systems, the water velocity is generally low, and the most
challenging aspect is capturing the sharp front of the solution.
Another important observation from this numerical test is that accuracy decreases when the
initial soil moisture is either too close to saturation θs or too close to the residual moisture
θr. This challenge is also observed with the FEM scheme (Celia et al., 1990b). The main
reason is that infiltration into dry soils generates highly nonlinear wetting fronts, leading to
rapid changes in spatial gradients of soil hydraulic properties (Farthing and Ogden, 2017).
It is important to note that the accuracy of DeepONet decreases for geometry 2 due to the
complexity of boundary conditions, which are imposed only in a small portion of the soil
surface. These infiltration boundary conditions lead to varying soil moisture profiles in both
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the x and z-directions. However, for geometry 1, the soil moisture profile is simpler due to
the one-dimensional nature of the problem, where DeepONet achieves better accuracy.
Figure 8.17 presents a visual comparison of CPU times between FEM and DeepONet, high-
lighting the substantial difference between the two solvers. DeepONet consistently outper-
forms FEM in terms of CPU time while maintaining reasonable accuracy.

Geometry 1

Geometry 2

Figure 8.9 Scenario (a)-parametric: 2D snapshots from DeepONet and FEM at the
final simulation time for loam, sandy loam, and sandy soils. The figures include two
samples from the training data and two samples from the test data. Each panel shows
the initial condition at the bottom, followed by the predictions from the FEM and
DeepONet models.

Extrapolation results. In this parametrization scenario, we trained the DeepONet on
uniform initial soil moisture conditions in space. To test its efficacy in extrapolation, we
consider a scenario where the initial soil moisture depends on space, which varies linearly with
depth from a predefined value at the soil surface to the bottom, while remaining uniform in
the x-direction. We limit the analysis to loamy soil and geometry 1. The initial soil moisture
profile is defined as (refer to Figure 8.10) θ0(z) = (θsurface − θbottom) z + θbottom, where the
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soil surface is located at z = 1. Here, θsurface = 0.18 and θbottom = 0.22. This results in
dry soil moisture at the soil surface with increasing water content as depth in the soil profile
increases. Such a profile is typical when the water table is near the domain of interest, making
a hydrostatic initial condition a suitable choice. We ensured that θ0(z) ∈ (θr, θs) for all z.
The results obtained are shown in Figure 8.10, comparing DeepONet with and without fine-
tuning against the FEM reference solution. As expected, the pre-trained DeepONet failed
to provide accurate results for this extrapolation scenario with a relative L2-error of 50%.
Fine-tuning with physics improves the accuracy of the pre-trained model and predicts the
sharp front well (∼ 3.5%). However, despite the importance of the fine-tuning phase, we
observed unstable training when increasing the gap (θsurface − θbottom), which makes the
extrapolation more complex. This underscores the necessity for more robust metrics to
measure the complexity of extrapolation tasks related to subsurface hydrology problems.

Figure 8.10 Scenario (a)-parametric: Results from DeepONet in an extrapolation sce-
nario for loam soil in geometry 1, with and without fine-tuning. The initial soil moisture
varies linearly from the surface to the bottom (left). Soil moisture profiles from FEM
at T = 1 day (middle). Cross-sections from FEM and DeepONet with and without
fine-tuning (right).

8.4.2 Scenario (b): Mapping water inlet boundary conditions to the cor-
responding pressure head profiles

For scenario (b), we aim to map different surface water fluxes to the corresponding pressure
head profiles. Three types of parameterization are discussed. In the first, we generate Nsamples
time-independent water fluxes, assuming that water will infiltrate the soil continuously until
the final simulation time is reached. This parameterization is referred to as time-independent
water flux. In the second parameterization, we consider that the infiltration or irrigation
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time (the water pulse duration) is less than the total simulation time:

q
(i)
0 (t) =

q0, if t ≤ ti < T,

0, else.
(8.11)

Here, Nsamples points ti are uniformly generated from the simulation interval I to produce
different pulse durations. In this scenario, water infiltrates the soil domain for a duration ti,
after which the boundary condition switches immediately to a no flux condition, leading to
redistribution of water within the soil domain. This parameterization is referred to as pulse
duration.
The final parameterization represents a more general and realistic scenario involving a drying-
wetting cycle, simulating an infiltration-evaporation situation. The fluxes are generated as
follows:

q
(i)
0 (t) =

qj
0, if t ∈ [tj , tj+1), for j = 0, 1, 2, 3,

with t0 = 0, t1 = 0.25T, t2 = 0.5T, t3 = 0.75T, t4 = T,
(8.12)

In the parameterization (8.12), the simulation domain I is divided into four subintervals, each
corresponding to a water inlet qj

0. The values of these fluxes are randomly generated from the
range [−0.75Ks, 0) for each soil texture. In this scenario, we have four water irrigation events,
each with a specific water inlet. This parameterization is referred to as a drying-wetting cycle
with different fluxes.
In all these parametrizations, we have set the initial soil moisture to θ0 = 0.20, and we
exclude sandy soil from the analysis. All these parametrizations are illustrated in Appendix
8.6. Table 8.6 summarizes the configuration and architectural details used in each scenario.

8.4.2.1 Scenario (b)-Time independent water flux
Results. The results are depicted in Figure 8.11, where we plot two samples: one from
the training data and one from the test data for each geometry for loamy soil. The Deep-
ONet provides a good prediction of water movement, and the cross-sections show that the
sharp front is well predicted. The average relative L2-error obtained for both training and
test datasets is reported in Table 8.4. In this parameterization scenario, the accuracy of
DeepONet matches that of the first scenario, although it decreases for sandy loam soil due
to the dominance of gravity forces. The FEM solution also necessitates a finer mesh near
the water infiltration region for numerical stability. The DeepONet model generalizes well
in the interpolation context across both soils and geometries, exhibiting no signs of overfit-
ting. Notably, DeepONet outperforms FEM in terms of computational efficiency, being 60
times faster at predicting 50 new unseen surface water fluxes. The main advantage is that
DeepONet predicts all the water fluxes simultaneously.
This parameterization is simplistic and not realistic due to the duration of the infiltration
pulse time. To better reflect actual field scenarios, subsequent parameterizations will incor-
porate abrupt changes in the water flux at the boundary, enabling a more precise simulation
of the dynamic nature of infiltration events.
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(a) Train samples (b) Test samples

Figure 8.11 Scenario (b)-time-independent water flux: 2D snapshots from DeepONet
and the FEM reference solution at the final simulation time for loamy soil. Each
snapshot includes one surface water flux from the training data and one from the test
data for each geometry. The solid line represents DeepONet, while the red circles
represent the FEM solution in the cross-sections.

Table 8.4 Scenario (b)-Average and standard deviation of the relative L2-error for
scenario (b). ·|· indicates train | test errors.

Soil type Time-independent water flux Pulse duration
Geometry 1 Geometry 2 Geometry 1 Geometry 2

Loam 0.93 ± 1.09%
∣∣∣1.28 ± 1.89%5.43 ± 1.00%

∣∣∣6.98 ± 2.15%3.96 ± 4.24%
∣∣∣4.57 ± 3.75% 5.31 ± 2.22%

∣∣∣6.2 ± 1.22%

Sandy loam 5.25 ± 4.85
∣∣∣6.32 ± 8.44% 8.30 ± 2.30%

∣∣∣9.36 ± 1.31%5.64 ± 1.00%
∣∣∣7.64 ± 2.12%8.23 ± 3.00%

∣∣∣9.83 ± 3.00%

Soil type Drying-wetting cycle with different fluxes
Geometry 1 Geometry 2

Loam 1.63 ± 0.5%
∣∣∣3.94 ± 1.53% 4.22 ± 0.20%

∣∣∣5.7 ± 2.0%%

Sandy loam 8.45 ± 1.00%
∣∣∣9.83 ± 3.00% 12.45 ± 1.00%

∣∣∣13.2 ± 1.05%

8.4.2.2 Scenario (b)-Pulse duration
Results. Figure 8.12 presents the results obtained from the DeepONet model and the FEM
reference solution for three samples. The figure includes 2D profiles, cross-sections, and
the soil surface water flux for geometry 1 and the loamy soil. DeepONet performs well in
this parametric scenario. One significant challenge of this problem is the discontinuity in
the surface flux boundary condition, which standard neural networks struggle to accurately
capture due to the utilization of continuous activation functions (tanh). The surface water flux
predicted by DeepONet closely approximates the exact imposed flux. However, accurately
imposing discontinuous boundary conditions in DeepONet, which is based on a collocation
method, presents challenges. Nonetheless, accuracy can be enhanced by adapting DeepONet’s
output to directly enforce boundary conditions using appropriate distance functions to the
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boundaries, as proposed in (Sukumar and Srivastava, 2022). However, the time-dependent
Neumann boundary condition for water flux poses challenges for exact enforcement using the
hard constraint approach.
We report the average relative L2-error in Table 8.4. The results demonstrate the good
performance of DeepONet, with errors less than 10% for all cases, albeit slightly larger for
sandy loam soil. Again, in terms of computational cost during the inference phase, DeepONet
outperforms the FEM solver. In this test scenario, when providing a new pulse duration,
DeepONet produces results in 50 ms, whereas the FEM solver requires 54 seconds. This
performance advantage becomes more significant for long-duration simulations.

(a) Train sample

(b) Test samples

Figure 8.12 Scenario (b)-pulse duration: 2D snapshots along with cross-sections from
DeepONet and FEM at the final simulation times for geometry 1 for the loamy soil.
The plots include one sample from the training data and two samples of test data.

8.4.2.3 Scenario (b)-drying-wetting cycle with different fluxes
Results. Figure 8.13 illustrates the results obtained from DeepONet and FEM for four
samples. This scenario is more complex due to the inclusion of various discontinuities within
the time-dependent surface water flux. Despite this additional complexity, DeepONet can
capture the discontinuities without any additional training effort. The average relative L2-
error is reported in Table 8.4. DeepONet achieves good accuracy (∼ 5%) for loamy soil, while
larger errors (∼ 10%) occur for sandy loam soil in both geometries. The error is larger for
geometry 2 due to the complexity of boundary conditions, especially the discontinuities in
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the time-dependent surface water flux located in the left portion of the soil surface.
We extend our analysis of this drying-wetting parameterization by fixing two observation
points x1 and x2, with x1 is located at the soil surface, and x2 is at a depth of 5 cm
below the surface. Observing these points is a common strategy to track changes in soil
moisture and water flux near the emitter over time. Such analysis aids in developing efficient
irrigation systems that maintain optimal water content near the root zone while mitigating
deep percolation issues.
The results obtained from DeepONet and the FEM solution for loamy soil in geometry 1 are
depicted in Figure 8.14. The figure illustrates the variations in soil moisture and water flux
at the two fixed observation points. We plot three soil surface water fluxes: one from the
training data, one from the test data, and the third from an extrapolation scenario. In the
extrapolation scenario, we force the surface water flux to have two values: either an irrigation
event (q0 = −5 cm/day) or no infiltration (q0 = 0).
For both the training and test samples, DeepONet shows good performance at both observa-
tion points, effectively capturing soil moisture dynamics and water flux, even during abrupt
changes in surface water flux. The relative L2-error is less than 1.5%.
For the extrapolation scenario, we present the results before and after fine-tuning the pre-
trained DeepONet model (see Figure 8.14-c). In the fine-tuning process, we gathered some
scarce data from two sensors placed below the soil surface at depths of 10 cm and 20 cm,
recording data every hour. To simulate real-world measurement errors, the data were per-
turbed with Gaussian noise of magnitude 1% and zero mean. As expected, fine-tuning im-
proved the accuracy of DeepONet by 53%. The fine-tuning process took less than one minute
on a single Nvidia A100 GPU card. Even with noisy data, the DeepONet training benefited
from the additional information to improve its prediction accuracy while respecting the phys-
ical constraints. A significant advantage of this approach is the straightforward inclusion of
data into the DeepONet model, making it an attractive solver. Unlike standard solvers that
require repeated forward simulations coupled with optimizers during the calibration stage,
DeepONet can efficiently integrate new data for improved performance.

8.5 Discussion

Here, we comprehensively examine various aspects, covering both advantages and limitations,
and propose enhancements that could be integrated into the DeepONet for modeling water
flow in unsaturated soils.
The development of an efficient simulator for subsurface water modeling is a key step, and it is
very demanding. In this study, we propose a physics-informed DeepONet for fast and accurate
prediction of soil moisture distribution within unsaturated 2D soils for different parametric
scenarios. We obtained promising results, although several limitations need to be addressed
in future research. Specifically, we focused on homogeneous soils where soil parameters are
assumed to be spatially independent, which is unrealistic for many real-world soil conditions.
It is well known that PINNs struggle with solving PDEs that involve discontinuities, which
are common in heterogeneous soils where water saturation gradients can be very steep and
discontinuities occur at interfaces between soil layers. To address this, specialized architec-
tures are required. For instance, approaches like the extended PINN developed in (Jagtap
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(a) Train samples

(b) Test samples

Figure 8.13 Scenario (b)-drying-wetting cycle with different fluxes: 2D snapshots from
DeepONet and FEM at the final time of simulation for loamy soil and geometry 1,
including two surface water fluxes from training data and two surface water fluxes
from test data.

and Karniadakis, 2020) could be adapted or extended to suit the DeepONet model. Alterna-
tively, encoding the governing PDE using its weak formulation (Goswami et al., 2022a) could
enhance DeepONet’s ability to accurately capture heterogeneous soils and discontinuities in
soil surface flux. In our previous study (Kamil et al., 2024e), we proposed a mixed-PINN
approach for modeling the coupled dynamics of water and multiple solutes in layered soils.
The technique was based on solving each PDE with its mixed formulation by deriving both
the solution and the corresponding flux. Accurate results were obtained, and this approach
can be extended to the DeepONet model in future studies.
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(a) Train sample

(b) Test sample

(c) Extrapolation sample

Figure 8.14 Scenario (b)-drying-wetting cycle with varying fluxes: Temporal variation
of soil moisture and water flux at observation depths of z = 0 cm (observation points
x1) and z = 5 cm (observation points x2) for training, test, and extrapolation surface
water flux scenarios.

In this study, we have demonstrated that for very coarse soils (e.g., sand), training could be
unstable due to the dominance of gravity, which leads to rapid changes within the soil domain.
Collocation methods are generally unsuited for advection-dominated problems, necessitating
reformulation of the loss function in the DeepONet model to ensure accurate predictions.
This challenge becomes more complex for long-term simulations and heterogeneous soils. To
address this issue, we propose a transfer learning methodology that leverages the knowledge
gained from solving a related problem. Initially, we train a DeepONet model on a loamy soil
as the source task, which allows the model to learn the underlying patterns and relationships
in soil moisture dynamics. Subsequently, we tackle the sandy soil problem as the target task
by initializing the model’s parameters with those obtained from the pre-trained loamy soil
DeepONet solver. This approach enables the model to adapt and fine-tune its knowledge to
the specific characteristics of sandy soil, thereby improving the efficiency and accuracy of the
simulation.
In the final parametrization scenario, we analyzed the simulation of wetting-drying cycles
for different soil surface fluxes, highlighting the efficiency of the DeepONet model in such
scenarios. However, incorporating additional terms into the Richards equation, such as root
water uptake, may introduce further challenges. The inclusion of root water uptake leads
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directly to the need for atmospheric boundary conditions, which are not given a priori and
should be determined based on the equilibrium between the soil surface and atmospheric con-
ditions (Feddes et al., 1976). This coupling between soil moisture dynamics and atmospheric
conditions introduces further complexity to the modeling process, as it requires the accurate
representation of the interactions between the soil, plant, and atmosphere. To address this
challenge, future research could explore the integration of root water uptake and atmospheric
boundary conditions into the DeepONet framework, potentially leveraging transfer learning
techniques to build upon the knowledge gained from simpler scenarios. By incorporating these
additional factors, the DeepONet model could provide a more comprehensive and realistic
simulation of soil moisture dynamics in complex, real-world environments.
In general, relying solely on the soil moisture profile is inadequate for efficient fertigation
systems. It is essential to incorporate additional PDEs to simulate the transport of fertilizers
(such as urea, ammonium, nitrate, phosphorus, · · · ) and contaminants. This necessitates
addressing multiphysics simulation problems, where adapting the DeepONet model to infer
multiple solutions simultaneously can be quite challenging. Proposed architectures for mul-
tiphysics, like DeepM&Mnet (Cai et al., 2021b), need to be extended to subsurface modeling
to efficiently handle water flow and multiple solute transport species in the unsaturated zone.
This approach would be valuable for using a well-trained DeepONet model to rapidly predict
soil moisture profiles and solute concentrations for any new irrigation and fertigation strat-
egy. The transfer learning PINN approach proposed in (Kamil et al., 2024e) can be used to
develop a DeepONet for solving multiphysics problems.
Extrapolation and inverse modeling pose significant challenges in scientific modeling. We
address this issue by fine-tuning a pre-trained DeepONet to predict the output of test data
beyond the support of the training data. This is particularly relevant in cases where initial
conditions vary spatially, while the pre-trained model was trained under uniform conditions
and other scenarios. Fine-tuning with physics or available data can enhance prediction accu-
racy. However, assessing the complexity of the extrapolation task requires a suitable metric.
Existing metrics proposed in (Zhu et al., 2023) may not directly apply to subsurface problems.
It is important to note that fine-tuning does not always ensure convergence or stable training,
especially for complex extrapolation tasks. Therefore, theoretical research is crucial to de-
velop more reliable strategies for addressing extrapolation challenges. A recent notable effort
within the PINNs framework addressed time extrapolation in (Kim et al., 2021), proposing a
new regularization strategy to ensure effective minimization of the PDE residual term. How-
ever, extrapolation is multidimensional, extending beyond time, where any deviation from
the PDE parameters outside the training support constitutes an extrapolation task.
In this study, we focus solely on a single-input DeepONet, where the operator maps from a
single input function, such as the initial condition or surface water flux to the correspond-
ing solution. In reality, multiple parameters can be changed simultaneously, including soil
hydraulic parameters, initial/boundary conditions, and others. An efficient surrogate model
for such conditions is the use of multiple-input DeepONet (Jin et al., 2022). This approach
allows for the analysis of different settings, although it requires efficient training of the model,
as the number of trainable parameters will significantly increase.
In each numerical test, we have provided details on the number of trainable parameters and
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the training time on a GPU device. While the number of trainable parameters is significantly
smaller compared to large language models (the GPT-3 model has 175 billion parameters
(Floridi and Chiriatti, 2020)), efficient training and acceleration can still be achieved. For
DeepONet, a single GPU card suffices, but for optimal performance, exploring parallel train-
ing techniques such as model parallelism or data parallelism is advisable. These methods
can lead to rapid training, which is particularly beneficial when dealing with multi-input
DeepONet models.
The architecture of the proposed DeepONet model is based on a modified MLP with two en-
coders. Using architectures suitable for time-dependent data, such as long-short-term mem-
ory (LSTM) networks, and gated recurrent units (GRUs), could yield very accurate results,
but the challenge is how to efficiently calculate the physical constraints. Several attempts
have already been made in this direction (Zhang et al., 2020), although more research should
be conducted. Another important architecture is the convolutional neural network (CNN),
which is better suited for handling 2D spatially varying inputs. For example, when using ran-
dom initial soil moisture profiles as input data, a standard MLP may fail to capture fine-scale
features accurately, whereas a CNN can better preserve and extract spatial patterns.
In this study, we have demonstrated the efficiency of the DeepONet model for accurate and
rapid prediction of soil moisture profiles within a fraction of a second. While the accuracy of
DeepONet cannot yet be compared to numerical methods (e.g., FEM), which have benefited
from at least 60 years of development, scientific machine learning is in its infancy and rapidly
improving due to advancements in CPUs, GPUs, and efficient programming languages (e.g.,
Julia). Finding an intermediate solution that combines the speed of deep operator learning
with the high accuracy of numerical methods is a promising direction for future research.

8.6 Conclusion

In this study, we propose an accurate and rapid deep learning solver for modeling water
flow in unsaturated soils. The water flow is modeled using the highly nonlinear Richards
equation along with the corresponding initial and boundary conditions. The deep learning
model is a physics-informed DeepONet designed to learn the mapping between various initial
soil moisture conditions and surface water fluxes to the corresponding pressure head profile
across the entire time-space domain. To enhance the accuracy of the DeepONet model, we
incorporate a modified architecture that includes a multilayer perceptron network along with
two encoders (Wang et al., 2022b).
Several numerical tests were conducted to assess the reliability of the proposed model, all of
which demonstrated its good agreement with a finite element reference solution. For fine and
medium-fine textured soils, DeepONet provided efficient predictions, although it struggled
with coarse soils due to the gravity-dominated nature of the problem. Inverse modeling and
extrapolation tasks were also analyzed, showing that fine-tuning a pre-trained DeepONet
model with either physics constraints or available soil moisture data improves the model’s
efficiency.
Our next objective is to extend the DeepONet model to include various aspects such as soil
heterogeneity, root water uptake, and multiple solute dynamics under field boundary con-
ditions (e.g., atmospheric boundary conditions). This extension will enable a more realistic
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assessment of the DeepONet model and allow us to compare its accuracy with available field
or laboratory data, ultimately aiding in the development of efficient fertigation strategies for
sustainable agriculture.

Code availability
The source code used in this study is publicly available from the GitHub repository https:
//github.com/Hamza-Kamil/DeepONet-WaterFlow-Soils.

Appendix A. Deep operator learning

Here we provide a brief description of deep operator learning, focusing on the architectures
proposed in (Lu et al., 2021a; Wang et al., 2021b), which are employed in this study.
The main idea behind deep operator learning is to learn the mapping between two functional
spaces using a surrogate model, such as a neural network (NN). More precisely, consider the
following operator:

G : P → S
u 7→ G(u),

(8.13)

where P and S are two Banach spaces. For example, P could denote the space of parameters
for a specific PDE, while S might represent the space of corresponding solutions to that
PDE. The goal is to train a surrogate model GΘ that can map input data u ∈ P (source
terms, initial/boundary conditions, etc.) to the corresponding solution GΘ(u) ∈ S, aiming
to approximate the operator G. Here, Θ represents the trainable parameters of the surrogate
model, which are learned using an optimization algorithm (e.g., Adam). Such a mapping is
not trivial to learn, especially if the operator G is highly nonlinear, which is often the case.
According to the theoretical results presented in (Chen and Chen, 1995), which refer to the
universal approximation theorem for operators, it is proven that a NN with a single hidden
layer of sufficient width can accurately approximate any nonlinear continuous operator. This
result underscores the potential of deep neural networks in learning continuous and complex
operators.
DeepONets. Lu et al. (Lu et al., 2021a) introduced deep operator networks (DeepONets)
as an efficient method to implement the theoretical insights from the universal approximation
theorem described in Chen et al. (Chen and Chen, 1995). A DeepONet GΘ consists of two
NNs, namely, the branch and the trunk networks aimed at approximating the operator G

(8.13). The branch network is responsible for encoding the input functions u from the param-
eter space P, at predetermined sensor points {si}m

i=0, while the trunk network encodes the
domain geometry (the time-space coordinates), {yi}P

i=0, which are used to evaluate the re-
sulting solution GΘ(u)(y). Specifically, the branch network takes as input the function u ∈ P,
represented in a discrete form as [u(s1), u(s2), · · · , u(sm)], and outputs a latent representation
[b1, b2, · · · , bq]. In parallel, the trunk network takes a time-space coordinate y ∈ I × Ω and
generates a latent representation [c1, c2, · · · , cq]. The final output of a DeepONet model is
given by:

GΘ(u)(y) = σ

( q∑
i=1

bici + c0

)
. (8.14)

https://github.com/Hamza-Kamil/DeepONet-WaterFlow-Soils
https://github.com/Hamza-Kamil/DeepONet-WaterFlow-Soils
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where σ represents an output activation function chosen based on the specific problem, with
the identity function being a common choice. Additionally, c0 is a bias term added at the
output layer to improve the generalization of the DeepONet model.

Remark 19 The notation GΘ(u)(y) denotes the evaluation of the surrogate model GΘ at an
input function u ∈ P, assessed at the time-space coordinate y ∈ I × Ω.

The trunk network can be seen as a network responsible for constructing basis functions to
represent the solution. The branch network can be regarded as a network tasked to compute
the coefficients for these basis functions (Patel et al., 2024). To evaluate the dot product
between the latent representations from the branch and trunk networks, they both must be
of the same output dimension q.
The training of a DeepONet model can be conducted either through a purely data-driven
approach (Lu et al., 2021a) or by incorporating physical constraints, resulting in what is
known as a physics-informed DeepONet (Wang et al., 2021b). The type of NN used for both
the branch and the trunk depends on the situation at hand. In this study, we adopted a
modified multilayer perceptron.

Appendix B. DeepONet settings for each numerical test

Table 8.5 DeepONet training setup for scenario (a).

Parameter Non-parametric case Parametric case

Number of samples Nsamples = 100 Nsamples = 100
Sensors m = 20 × 20 m = 20 × 20
Collocation points P = 11,500 P = 11,500
Branch/Trunk architecture 4 layers × 50 neurons 5 layers × 100 neurons
Trainable parameters 60,900 152,000
Loss weights αIC = αBC = 10 αIC = αBC = 100
Optimizer Adam Adam
Epochs 50,000 200,000
Batch size 10,000 10,000
Training time (A100) 0.26 h 2.95 h
Training time (V100) 0.39 h 3.43 h

Table 8.6 DeepONet training setup for Scenario (b). Architecture, optimizer, and
training settings are identical across all scenarios: a 6-layer × 100-neuron network,
172,200 trainable parameters, Adam optimizer, 200,000 epochs, batch size 10,000, and
loss weights αIC = 1, αBC = 10.

Parameter Scenario 1 Scenario 2 Scenario 3

Training samples 100 500 500
Testing samples 50 100 100
Input type Constant flux q0 Pulse time ti ∈ (0, T ) Time-dependent q

(i)
0

Sensors 100 1000 1000
Collocation points 10,500 10,500 20,000
Training time 3.18 h 4.37 h 5.08 h
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Appendix C. Overview of the two studied scenarios

Here we present a visualization of the training data employed in each scenario. For com-
prehensive details on the results, refer to the corresponding sections. Figure 8.15 showcases
selected samples from each scenario.

(a) Mapping initial soil moisture to the corresponding pressure head profile.

(b) Mapping soil surface flux to the corresponding pressure head profile.

Figure 8.15 The two scenarios explored in this study: four snapshots for scenario (a)
and three snapshots for scenario (b) used for training the DeepONet model.

Appendix D. Supplementary results

This section presents additional results. First, we plot the total loss of the DeepONet after
training for each scenario. The results are depicted in Figure 8.16.
In the following discussion, we compare the computational costs of the FEM and DeepONet
models. To ensure a fair comparison, both solvers were run on a local machine using only the
CPU environment. We focus exclusively on the prediction phase for both FEM and Deep-
ONet. For DeepONet, this corresponds to the stage after training is completed. For FEM,
it corresponds to the point after selecting the time step, mesh size, and mesh structure, and
after performing a time-space convergence analysis to ensure stable and converged solutions.
Since these preparation steps belong to the offline stage, they are excluded from the runtime
comparison. This approach allows for a fair assessment of the speed and efficiency of each
method when making predictions.
We present results for scenario (a)-parametric parametric initial conditions-geometry 1 and
loamy soil. The FEM solution was computed using a time step of ∆t = 10−2 and a 50 × 50
mesh grid. The predictions of the DeepONet are made on a uniform grid consisting of
100 × 100 × 100 time-space coordinates. The results are depicted in Figure 8.17.
For each initial soil moisture condition, we solve the corresponding Richards equation using
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the FEM solver and simultaneously predict the solution with the trained DeepONet model.
Thus, if there are n initial soil moisture conditions, the Richards equation is solved n times
with the FEM solver, while n forward passes are required for the DeepONet model. It is
important to note that to ensure fairness, parallel prediction is not employed during the
forward passes with DeepONet.
In terms of CPU time, DeepONet outperforms the FEM solver, a trend that becomes more
pronounced with additional initial soil moisture conditions. The primary computational
burden in the FEM solver arises from solving the linear system, which is repeated iteratively
until convergence is met for each time step. In contrast, DeepONet requires only the initial soil
moisture data and performs a forward pass based on optimized parameters from its training
phase, as described in Algorithm 7, to generate predictions. A key distinction between the two
solvers is that FEM operates sequentially in time, requiring computation from the beginning
to the final time step, while DeepONet utilizes a time-space approach, predicting across the
entire time-space domain.
In conclusion, the DeepONet is 52 times faster than the FEM solver for this test scenario.

Figure 8.16 The total loss of DeepONet for four parametrizations used in both scenarios.

Figure 8.17 CPU time comparison of FEM and DeepONet solutions for Richards equa-
tion across varying initial soil moisture conditions.
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CHAPTER 9 Conclusion

The current thesis project is devoted to the development of efficient predictive algorithms
for modeling water flow and single or multi-species solute transport in unsaturated porous
media. Two main infiltration models are considered: the Richards equation is adopted as
the governing model for stable infiltration, while the fourth-order BCJ-R equation (Belja-
did et al., 2020) is employed to capture unstable infiltration phenomena such as fingering
flow and saturation overshoot. These infiltration models are particularly challenging to
solve due to their strong nonlinearity, steep solution gradients, and discontinuities arising
in heterogeneous soils. To simulate solute transport, the infiltration models are coupled with
advection–dispersion–reaction equations. These equations account for key biogeochemical
processes such as first-order decay of nitrogen species, adsorption, immobilization, and den-
itrification, capturing the complexity of real-world fertilizer transport in unsaturated soils.
The overarching goal of this thesis is to design computationally efficient and accurate numer-
ical models capable of handling the multiphysics nature of this coupled system for forward
simulations and for inverse modeling tasks involving noisy and limited data.
In Chapter 2, we developed an efficient FEM to simulate the coupled processes of water
flow and solute transport in porous media. The proposed framework is based on a semi-
implicit, second-order mixed FEM formulation that circumvents the need for iterative non-
linear solvers, thereby eliminating convergence issues commonly encountered when solving
the Richards equation. The proposed numerical model was extended to account for both
single-species and multi-species solute transport, incorporating relevant physical processes
such as advection, dispersion, and first-order decay. To ensure its accuracy and reliability,
the numerical scheme was rigorously validated against analytical solutions, benchmark nu-
merical models, and experimental datasets. Beyond serving as a stand-alone predictive tool,
the FEM solver plays a dual role in this thesis: it acts as a high-fidelity reference for assess-
ing the accuracy of PINN-based models and functions as a data generator for training and
validating inverse modeling approaches.
In Chapter 3, we presented a PINN model for solving the coupled system of water flow and
solute transport in unsaturated porous media. The PINN framework was designed for a
semi-supervised, data-free training regime, relying solely on initial and boundary condition
data, while incorporating the governing partial differential equations as soft constraints in
the loss function. This approach enables the model to infer physically consistent solutions
without the need for labeled data across the domain. The predictive performance of the
PINN model was systematically evaluated by comparing it to the high-fidelity FEM solver
developed in Chapter 2. The results obtained demonstrated good agreement between the two
models, confirming the reliability and potential of PINNs for forward modeling of infiltration
and solute transport in porous media.
In Chapter 4, we present an extensive comparative study of multiple PINN strategies for
modeling coupled water–solute transport processes. Both forward and inverse problems were
addressed, with a particular emphasis on parameter identification from sparse and noisy
measurements, reflecting realistic conditions encountered in vadose-zone hydrology. Among
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the evaluated approaches, the sequential PINN framework emerged as the most effective,
consistently delivering accurate predictions for both water flow and solute concentration
dynamics. Its robustness was demonstrated across a diverse set of benchmark problems and
further validated against experimental datasets, highlighting its suitability for data-limited,
physics-constrained modeling tasks.
In Chapter 5, we extend the sequential PINN framework by integrating a transfer learning
strategy. This approach leverages knowledge acquired from earlier components of the coupled
PDE system, such as water flow solutions, to enhance the training of subsequent solute
transport models. The incorporation of transfer learning significantly accelerated convergence
and improved the stability of the training process. These benefits were particularly evident
in multi-species solute transport scenarios, where the model demonstrated good performance
in both forward simulations and inverse parameter estimation tasks, even under conditions
of sparse and noisy observational data.
In Chapter ??, we generalize the sequential training PINN approach to a broader class of
one-way coupled PDE systems. We introduced novel PINN architectures specifically designed
to preserve the directional structure inherent in such systems. These architectures were
evaluated on the water–multispecies solute transport problem as a representative case study.
The proposed models demonstrated superior accuracy and training stability, particularly in
scenarios involving multispecies solute transport. This work underscores the importance of
aligning the neural network architecture with the underlying PDE structure when designing
PINN models for complex multiphysics applications.
In Chapter 7, we focused on modeling unstable infiltration governed by the fourth-order
BCJ-R equation. We demonstrated that standard PINN models are insufficient to capture
saturation overshoot and other fine-scale features of this equation. A range of architectural
and training enhancements were implemented, leading to a PINN model that successfully
captured complex dynamics and agreed with both experimental and numerical references.
Moreover, the model was shown to satisfy the entropy dissipation law in closed systems,
offering a novel verification criterion for such physics-informed networks.
Finally, in Chapter 8, we proposed a physics-informed mesh-independent neural operator
for multi-task learning of water infiltration dynamics in porous media. Trained in a self-
supervised manner, this physics-informed DeepONet model learns the operator mapping from
varying initial and boundary conditions to the full moisture distribution. Fine-tuning with
sparse physical measurements improved generalization in out-of-distribution settings, making
the model a viable surrogate for real-time predictive simulations.
Natural extensions of the current thesis can be listed as follows:

1. Extension to 3D flow and transport. The current thesis project addresses one-
and two-dimensional problems. Extending the proposed predictive algorithms to fully
3D heterogeneous media is a natural next step to enable more realistic and field-scale
simulations.

2. Real-time data assimilation. Integration of real-time data assimilation is a promis-
ing future direction. By incorporating real-time sensor measurements into PINNs or
neural operator frameworks, the models can dynamically update their predictions to re-
flect evolving field conditions. This enables continuous estimation of soil moisture and
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solute concentrations, supporting timely and data-informed decisions in agricultural
water management and contamination control.

3. Hybrid modeling frameworks. Future work could explore hybrid approaches that
combine physics-based models (e.g., finite element methods) with machine learning
surrogates, leveraging the accuracy and reliability of the former and the speed and
flexibility of the latter. Such approaches are particularly promising for complex sce-
narios such as unstable infiltration modeled by the BCJ-R equation, where traditional
numerical methods face challenges due to the equation’s fourth-order nature and the
presence of steep gradients and multiple spatial–temporal scales. Hybrid frameworks
could significantly enhance efficiency in large-scale inverse modeling or uncertainty
quantification tasks while maintaining physical fidelity.

4. Incorporation of stochasticity and uncertainty. Future extensions could focus
on developing physics-informed models that explicitly account for uncertainties in sys-
tem parameters, initial and boundary conditions, and observational data. Approaches
such as Bayesian PINNs or stochastic neural operators offer promising frameworks for
capturing these uncertainties, thereby improving the robustness, interpretability, and
reliability of model predictions in real-world applications.

5. Multi-fidelity learning from heterogeneous data sources. Future work could ex-
plore integrating multi-fidelity datasets, such as combining high-resolution laboratory
measurements, in-situ soil probes, and lower-resolution remote sensing data, within
a unified learning framework. This would allow models to effectively leverage the
strengths of each data source while handling the inherent sparsity, noise, and hetero-
geneity present in real-world measurements.

6. Application to coupled surface–subsurface systems. Extending the proposed
framework to incorporate surface flow dynamics, such as overland or shallow water
flow, coupled with subsurface infiltration and solute transport would enable compre-
hensive modeling of integrated hydrological systems. This is particularly relevant for
simulating real-world scenarios involving rainfall-runoff processes, irrigation, or con-
taminant transport across soil–water interfaces.

7. Inclusion of biological and chemical interactions. Future extensions could in-
corporate complex biogeochemical processes, such as microbial activity, root water
and nutrient uptake, and precipitation/dissolution reactions, to more accurately model
nutrient cycling, contaminant fate, and soil–plant interactions in unsaturated porous
media.

8. Parallel training for computational acceleration. To scale PINN models to
larger, higher-resolution domains, future work should incorporate parallel training
strategies on multi-core CPUs and GPUs. Leveraging data-parallel and model-parallel
techniques can significantly reduce training times and make real-time or near-real-time
simulation feasible for complex, high-dimensional problems.
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