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Les coûts cachés de l’apprentissage efficace des représentations visuelles

Sahar DASTANI OGHANI

RÉSUMÉ

L’apprentissage efficace de représentations visuelles constitue un défi central en vision par

ordinateur moderne. À mesure que les modèles visuels sont de plus en plus utilisés pour des

images à haute résolution et des tâches de prédiction dense, ils doivent capturer des dépendances

à longue portée sans devenir prohibitifs sur le plan computationnel. Les Vision Transformers

répondent à ce besoin en utilisant l’auto-attention pour modéliser les interactions globales entre

les patchs d’image, mais la complexité quadratique de l’auto-attention limite leur passage à

l’échelle. Cela a motivé le développement d’alternatives plus efficaces, telles que les modèles

à espace d’états (State Space Models, SSMs) et l’attention linéaire, qui réduisent le coût des

interactions entre tokens. Cependant, l’efficacité computationnelle seule ne suffit pas pour

assurer un apprentissage fiable des représentations visuelles. Ces modèles doivent également être

robustes aux changements des conditions d’entrée et suffisamment expressifs pour capturer des

relations complexes entre les régions de l’image. Cette thèse étudie les coûts cachés introduits

par les mécanismes efficaces d’interaction entre tokens dans l’apprentissage de représentations

visuelles.

Premièrement, nous examinons la robustesse des SSMs face aux transformations géométriques.

Les SSMs traitent les patchs d’image selon des ordres de balayage séquentiels fixes, ce qui

permet une modélisation globale avec une complexité linéaire. Cependant, cette conception

impose un ordre unidimensionnel fixe à des données d’image intrinsèquement bidimensionnelles.

Par conséquent, les représentations apprises peuvent devenir sensibles au chemin de parcours

choisi et instables face à des transformations géométriques telles que la rotation. Pour remédier à

cette limitation, nous introduisons Spectral VMamba, un SSM visuel qui utilise la décomposition

spectrale du laplacien de graphe des patchs d’image afin de définir le parcours des patchs selon

la structure intrinsèque de l’image, plutôt que selon des directions spatiales fixes. Cela permet

un traitement des patchs invariant à la rotation tout en préservant les avantages d’efficacité des

SSMs.

Deuxièmement, nous examinons la robustesse des SSMs en présence de décalage de distribution,

lorsque les images de test diffèrent des données d’entraînement en raison de corruptions, de

changements de domaine ou de variations liées à l’acquisition. Dans les SSMs, les patchs sont

traités séquentiellement, et l’état caché à chaque étape transporte le contexte accumulé à partir de

tous les patchs précédemment traités. En présence de décalage de distribution, les embeddings de

patchs corrompus sont injectés dans l’état caché et se propagent à travers toutes les mises à jour

suivantes. De plus, comme les ordres de balayage fixes injectent toujours ces artefacts à la même

position dans la séquence de parcours, leur influence est systématiquement amplifiée plutôt que

diluée. Pour répondre à ce problème, nous proposons TRUST, une méthode d’adaptation au

moment du test conçue pour les modèles visuels basés sur Mamba. TRUST génère des vues

causales complémentaires de l’entrée à l’aide de permutations diverses du parcours, filtre les
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prédictions selon l’incertitude afin de ne conserver que les permutations fiables, et met à jour les

paramètres spécifiques à Mamba au moment de l’inférence, sans nécessiter de données sources

ni de réentraînement. Cela permet au modèle d’adapter ses paramètres vers des représentations

plus robustes sous des distributions de test décalées.

Troisièmement, nous abordons les limitations d’expressivité de l’attention linéaire. Bien que

l’attention linéaire améliore le passage à l’échelle en évitant le coût quadratique de l’auto-

attention, les formulations kernelisées standards reposent principalement sur des interactions

directes et de premier ordre entre les tokens. Par conséquent, elles peuvent avoir des difficultés

à capturer des relations d’ordre supérieur ou transitives entre les régions de l’image. Pour

surmonter cette limitation, nous introduisons LiSA, un module d’attention stochastique linéaire

qui reformule l’attention comme une marche aléatoire tronquée sur un graphe de patchs d’image.

Grâce à la propagation d’information multi-sauts, LiSA capture des relations plus complexes

entre tokens tout en préservant une complexité linéaire et un entraînement stable.

À travers la classification d’images, la segmentation sémantique et la détection d’objets,

les méthodes proposées améliorent la robustesse et la qualité des représentations tout en

maintenant l’efficacité computationnelle. Dans l’ensemble, cette thèse montre que la conception

de backbones visuels efficaces ne doit pas être évaluée uniquement en fonction du coût

computationnel. La scalabilité doit plutôt être considérée conjointement avec la robustesse et

l’expressivité des interactions entre tokens, en particulier lorsque les modèles sont appelés à

fonctionner de manière fiable face aux variations visuelles du monde réel.

Mots-clés: apprentissage de représentations visuelles, modèles de vision efficaces, modèles

d’espace d’états, Mamba, attention linéaire, robustesse, décalage de distribution, adaptation au

test, invariance à la rotation



The Hidden Costs of Efficient Visual Representation Learning

Sahar DASTANI OGHANI

ABSTRACT
Efficient visual representation learning is a key challenge in modern computer vision. As

visual models are increasingly used for high-resolution images and dense prediction tasks, they

must capture long-range dependencies without becoming computationally prohibitive. Vision

Transformers address this by using self-attention to model global interactions between image

patches, but the quadratic complexity of self-attention limits their scalability. This has motivated

more efficient alternatives, such as State Space Models (SSMs) and linear attention, which

reduce the cost of token interactions. However, computational efficiency alone is not enough

for reliable visual representation learning. These models must also be robust to changes in

input conditions and expressive enough to capture complex relationships across image regions.

This thesis investigates the hidden costs introduced by efficient token interaction mechanisms in

visual representation learning.

First, we examine the robustness of SSMs under geometric transformations. SSMs process image

patches using fixed sequential scan orders, enabling global modeling with linear complexity.

However, this design imposes a fixed one-dimensional order on inherently two-dimensional

image data. Consequently, the learned representations can become sensitive to the chosen

traversal path and unstable under geometric transformations such as rotation. To address this

limitation, we introduce Spectral VMamba, a vision SSM that uses spectral decomposition of

the graph Laplacian of image patches to define patch traversal according to the intrinsic structure

of the image rather than fixed spatial directions. This enables rotation-invariant patch processing

while preserving the efficiency advantages of SSMs.

Second, we examine the robustness of SSMs under distribution shift, where test images differ

from training data due to corruptions, domain changes, or acquisition variability. In SSMs,

patches are processed sequentially, and the hidden state at each step carries accumulated context

from all previously processed patches. Under distribution shift, corrupted patch embeddings

are injected into the hidden state and propagate through all subsequent updates, and because

fixed scan orders always inject these artifacts at the same position in the traversal sequence,

their influence is consistently amplified rather than diluted. To address this, we propose TRUST,

a test-time adaptation method tailored for Mamba-based vision models. TRUST generates

complementary causal views of the input via diverse traversal permutations, filters predictions

by uncertainty to retain only reliable permutations, and updates Mamba-specific parameters at

inference time, requiring neither source data nor retraining. This allows the model to adapt its

parameters toward more robust representations under shifted test distributions.

Third, we address the expressiveness limitations of linear attention. Although linear attention

improves scalability by avoiding the quadratic cost of self-attention, standard kernelized

formulations mainly rely on direct, first-order interactions between tokens. As a result, they may

struggle to capture higher-order or transitive relationships between image regions. To overcome
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this limitation, we introduce LiSA, a Linear Stochastic Attention module that reformulates

attention as a truncated random walk over a graph of image patches. Through multi-hop

information propagation, LiSA captures richer token relationships while preserving linear

complexity and stable training.

Across image classification, semantic segmentation, and object detection, the proposed methods

improve robustness and representation quality while maintaining computational efficiency.

Overall, this thesis shows that efficient visual backbone design should not be evaluated by

computational cost alone. Instead, scalability must be considered together with the robustness

and expressiveness of token interactions, especially when models are expected to operate reliably

under real-world visual variations.

Keywords: Visual representation learning, efficient vision models, State Space Models, Mamba,

linear attention, robustness, distribution shift, test-time adaptation, rotation invariance
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INTRODUCTION

Deep learning has become a dominant approach in computer vision, enabling major progress in

tasks such as image classification, object detection, and semantic segmentation. Early successes

in visual recognition were largely driven by Convolutional Neural Networks (CNNs), which use

local convolutional filters to extract hierarchical visual features. By progressively combining

low-level patterns such as edges and textures into higher-level semantic concepts, CNNs have

provided a strong foundation for many vision systems. Despite their success, CNNs mainly rely

on local operations, which makes modeling global relationships less direct.

More recently, Vision Transformers (ViTs) have introduced a different paradigm for visual

representation learning. Instead of relying primarily on local convolutional operations, ViTs

divide an image into a sequence of patches and use self-attention to model relationships among

them. This allows the model to capture long-range dependencies and global context more

directly than traditional convolutional architectures.

However, this flexibility comes at a significant computational cost, since self-attention compares

every token with every other token and its complexity grows quadratically with the number of

image patches. This creates a major bottleneck for high-resolution images, dense prediction

tasks, and resource-constrained deployment settings, where the cost of self-attention limits not

only speed, but also memory usage and scalability. This has motivated the development of

efficient alternatives that aim to retain the benefits of global token interactions while reducing

computational complexity.

Among these alternatives, State Space Models (SSMs) and linear attention have recently gained

traction. SSMs process visual tokens sequentially through a latent state, which acts as a compact

memory that carries information from previously processed patches. Since images do not have

a natural sequential order, structured scan operations are used to define the order in which

image patches are processed. Linear attention, on the other hand, reformulates self-attention
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by applying kernel-based transformations to queries and keys, allowing the computation to be

reordered without explicitly constructing the full pairwise attention matrix. This makes both

SSMs and linear attention substantially more efficient than standard self-attention.

However, efficiency alone is not sufficient for reliable visual representation learning. In practice,

a visual backbone must not only process tokens at low computational cost, but also produce

representations that are both robust and informative across diverse visual conditions. On one

hand, it must generalize to inputs that may differ from the training distribution due to changes

in lighting, viewpoint, geometric transformations, corruption, or acquisition conditions. On

the other hand, it must capture rich relationships between image regions, including long-range

dependencies and higher-order interactions that are essential for understanding complex scenes.

This motivates two further properties. Robustness refers to the stability of these interactions under

changes in input conditions, such as geometric transformations, corruptions, or distribution

shifts between training and deployment. Expressiveness refers to the ability of a token

interaction mechanism to capture rich relationships between image regions, including long-range

dependencies, fine-grained spatial structure, and higher-order interactions that are essential for

understanding complex scenes. Together with efficiency, these properties define a fundamental

efficiency–robustness–expressiveness trade-off in visual backbone design. The central problem

addressed in this thesis is therefore how to preserve the computational advantages of efficient

token-interaction mechanisms while overcoming the robustness and expressiveness limitations

introduced by their structural constraints.

Evaluated from this perspective, current efficient alternatives to self-attention reveal characteristic

limitations. SSMs process tokens through fixed sequential scans over image patches, imposing

a causal ordering on inherently two-dimensional visual data. Unlike language, where causal

left-to-right ordering is natural, images do not have a sequential direction. As a result, SSM

representations can become highly dependent on the chosen traversal order and become less
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stable when test inputs deviate from the training distribution. Geometric transformations, such

as rotations, cause the same visual content to be processed in a different sequence, disrupting

the order-dependent representations learned during training. Similarly, corruptions and domain

shifts reveal the rigidity of a fixed scan order, limiting the model’s ability to adapt to unseen

input variations. This poses a robustness challenge in real-world settings, where such variations

are common.

Linear attention, on the other hand, achieves efficiency by replacing the full softmax attention

matrix with kernel-based approximations that allow the computation to be reordered. While this

reduces complexity, it also weakens the selective, content-dependent interactions provided by

softmax attention. Consequently, linear attention mixes each query with values exactly once

through direct first-order affinities, and cannot capture transitive relationships between tokens

that are semantically related but weakly similar in the feature space, leading to an expressiveness

limitation that can constrain the quality of learned representations.

Existing work has proposed several strategies to mitigate these limitations. For vision

SSMs, methods such as VMamba (Liu et al., 2024b), LocalMamba (Huang et al., 2024),

and PlainMamba (Yang et al., 2024) redesign the spatial scanning mechanism to better

accommodate the two-dimensional structure of images, while hybrid architectures such as

MambaVision (Hatamizadeh & Kautz, 2024) combine state-space modeling with self-attention.

However, these approaches primarily focus on architectural design and predictive performance,

while the dependence of SSM representations on traversal order under geometric transformations

remains insufficiently addressed. Similarly, although test-time adaptation methods such as

Tent (Wang, Shelhamer, Liu, Olshausen & Darrell, 2021a), EATA (Niu et al., 2022), SAR (Niu

et al., 2023), and CoTTA (Wang, Fink, Van Gool & Dai, 2022a) improve robustness under

distribution shift, they are largely architecture-agnostic and do not explicitly exploit the directional

traversal structure of Mamba-based models.
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For linear attention, prior work has mainly sought to close the performance gap with softmax

attention through improved kernel approximations (Choromanski et al., 2021; Qin et al., 2022c),

stronger local modeling (Han et al., 2023a; Cai, Gan & Han, 2022), improved normalization and

gating mechanisms (Qin et al., 2022b; Han et al., 2024b), or combinations with softmax-based

interactions (Han et al., 2024c; You et al., 2023). Despite these advances, most linear-attention

formulations still compute token representations through a single direct aggregation of values,

limiting their ability to model transitive and higher-order relationships between visual regions.

Taken together, these observations reveal a common gap: existing efficient visual architectures

have primarily focused on reducing computational cost, while the consequences of their

interaction structures for robustness and expressiveness remain comparatively underexplored.

Research statement

In this thesis, we investigate the hidden costs of efficient visual representation learning. While

recent visual backbones improve computational scalability by replacing quadratic self-attention

with more efficient token interaction mechanisms, these gains often come with overlooked

limitations in robustness and expressiveness. The main objective of this thesis is to improve

the reliability of efficient visual representation learning by developing token interaction

mechanisms that balance computational efficiency, robustness, and expressiveness. This

objective is addressed through three key challenges: maintaining reliable representations under

visual transformations, adapting to deployment-time distribution shifts, and capturing long-range

dependencies required to represent complex visual context.

The central hypothesis of this thesis is that improving computational efficiency does not

necessarily require sacrificing robustness or expressiveness. Instead, these limitations depend

largely on how efficient models organize and propagate information between visual tokens. By

redesigning these interaction mechanisms while preserving their computational advantages,



5

efficient visual backbones can become more robust and expressive without returning to the

quadratic cost of standard self-attention.

This main objective is decomposed into three specific objectives, each corresponding to one

of the limitations identified above. O1: Reducing the sensitivity of SSM-based vision

models to geometric transformations. We investigate how fixed sequential scan operations

impose a spatial ordering on image patches that changes under rotation, producing inconsistent

representations of the same visual content across different orientations. O2: Strengthening

the robustness of SSMs under deployment-time distribution shifts. We examine how

fixed traversal mechanisms propagate and accumulate domain-specific artifacts within hidden

states, degrading generalization to unseen conditions. O3: Enhancing the expressiveness

of linear attention. We overcome the limitations of single-pass aggregation, which captures

mainly first-order token interactions and restricts the modeling of transitive and higher-order

relationships between image regions. These three objectives define the structure of the thesis

and motivate the three method chapters, each developing a solution to one of the identified

limitations.

To address these objectives and investigate the central hypothesis, the thesis examines efficient

token interaction from three complementary perspectives. First, at the architectural level, Spectral

VMamba redesigns the spatial traversal used by visual SSMs to improve consistency under

geometric transformations. Second, at deployment time, TRUST exploits traversal diversity to

adapt SSM representations to distribution shifts without source-data retraining. Third, at the

token-interaction level, LiSA replaces single-pass linear aggregation with stochastic higher-order

propagation to increase expressive capacity while maintaining linear complexity. Together,

these approaches provide a unified methodological framework for improving the robustness and

expressiveness of efficient visual models while preserving their computational advantages.
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Contributions

The contributions of this thesis are organized around these three directions:

• Chapter 2: we introduce Spectral VMamba, a novel State Space Model (SSM) designed to

reduce the sensitivity of vision-based SSMs to geometric transformations such as rotation.

Spectral VMamba organizes input patches based on spectral information derived from the

graph Laplacian of image patches, leveraging eigenvectors from spectral decomposition

to define a traversal order that is independent of image orientation. We also introduce the

Rotational Feature Normalizer (RFN) module, which aggregates features from multiple

canonical orientations of the input image to ensure rotation-consistent patch representations.

Together, these components achieve patch traversal rotation invariance while outperforming

leading SSM-based vision models, including VMamba and MSVMamba, on image classification;

additional semantic segmentation results are reported in Appendix I.

Related publication:

- Spectral State Space Model for Rotation-Invariant Visual Representation Learning,

published in the IEEE / CVF Computer Vision and Pattern Recognition Conference

(CVPR), 2025. (Dastani et al., 2025b)

• Chapter 3: we propose TRUST (Test-Time Refinement using Uncertainty-Guided SSM

Traverses), the first test-time adaptation (TTA) method specifically designed for Mamba-based

vision models. TRUST addresses the degraded generalization of SSMs under distribution

shifts by exploiting VMamba’s intrinsic directional traversal mechanism. The method

generates diverse traversal permutations of the four canonical scan directions, exposing

the model to complementary causal perspectives of the input. An entropy-based selection

strategy identifies the most confident permutations, and the Mamba-specific state-space

parameters adapted under each permutation are aggregated via parameter averaging, yielding a

consolidated model that combines information learned across traversal permutations. TRUST

requires no source data or offline retraining, while adapting selected model parameters at test
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time, and consistently outperforms existing TTA methods across seven standard benchmarks

spanning corruption robustness and domain generalization.

Related publication:

- TRUST: Test-Time Refinement using Uncertainty-Guided SSM Traverses, published in

the Conference on Neural Information Processing Systems (NeurIPS), 2025. (Dastani

et al., 2025a)

• Chapter 4: we introduce LiSA (Linear Stochastic Attention), a plug-in linear-attention

module that overcomes a fundamental expressiveness limitation of existing linear-attention

methods: their single-pass, first-order aggregation. Standard kernelized linear-attention mixes

each query with values exactly once via direct query-key affinities, failing to capture transitive

dependencies between semantically related but weakly similar tokens. LiSA reformulates

attention as a truncated random walk on a graph of image patches, where edge weights encode

transition probabilities derived from query-key similarities. This stochastic diffusion process

enables efficient higher-order token interactions while preserving linear-time complexity

and numerical stability. An adaptive local attention branch grounds representations in local

structure, complementing global diffusion with fine-grained context. Extensive experiments

on image classification, semantic segmentation, and object detection demonstrate that LiSA

consistently outperforms both softmax-attention and prior linear-attention baselines across

diverse Vision Transformer backbones.

Related publication:

- LiSA: Linear Stochastic Attention for Long-Range Visual Modeling, submitted to the

The IEEE/CVF Winter Conference on Applications of Computer Vision (WACV), 2027.

External Collaborations

During my doctoral studies, I also benefited from two external research experiences:
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• Research Chair ÉTS–Zebra Technologies (February 2024–December 2025), where I

contributed to applied research projects at the intersection of machine learning and industrial

AI, with a focus on large language models and their practical deployment.

• Borealis AI (January 2026–May 2026), where I contributed to research on efficient large

language model inference. This work extended the broader theme of efficiency studied in

this thesis beyond visual representation learning and led to a submission to NeurIPS 2026.

Thesis Organization

The remainder of this thesis is organized as follows. Chapter 2 investigates the robustness

of visual state-space models to geometric transformations and introduces Spectral VMamba.

Chapter 3 addresses robustness under deployment-time distribution shifts and presents TRUST, a

test-time adaptation framework designed for Mamba-based vision models. Chapter 4 addresses

the expressiveness limitations of linear attention and introduces LiSA for efficient higher-order

visual interactions. The final chapter summarizes the main findings, discusses the broader

implications of the efficiency–robustness–expressiveness perspective developed throughout the

thesis, and outlines directions for future research.



CHAPTER 1

LITERATURE REVIEW

1.1 Overview of Efficient Vision Models

The development of efficient visual backbones is motivated by the growing computational

demands of modern vision models, particularly as they are applied to high-resolution inputs and

dense prediction tasks. In vision Transformers, this challenge is closely tied to the self-attention

mechanism, which provides global pairwise interactions among visual tokens but becomes

increasingly expensive as the sequence length grows. This has motivated a broad body of work

on efficient alternatives to standard self-attention and Transformer-based visual backbones.

These methods can be broadly organized into three directions. The first direction reduces the

cost of token interactions while preserving the full sequence, as in state space models and

linear attention. The second direction reduces the sequence length itself through hierarchical

downsampling, token pruning, or token merging. The third direction targets model size through

post-hoc compression techniques such as quantization, pruning, knowledge distillation, or

low-rank factorization. While these approaches improve scalability, they can also change how

visual information is represented and propagated across the network. In this thesis, we focus on

the first direction and study how efficient interaction mechanisms affect not only computational

cost, but also the robustness and expressiveness of visual representations. We also briefly survey

sequence reduction and model compression techniques for completeness.

1.2 Efficient Interaction Modeling

Efficient interaction modeling addresses the quadratic cost of self-attention by modifying the

interaction mechanism itself rather than reducing the number of tokens or the size of the model.

The methods surveyed here replace or approximate the self attention mechanism while retaining

the full token sequence. In this section, we discuss two approaches: state space models, which

replace attention entirely with a recurrence-based sequence map; and linear attention, which
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approximates the full attention matrix in linear time. For each approach, we examine how it

improves computational efficiency, how it changes information propagation across visual tokens,

and what limitations it introduces.

1.2.1 State Space Models

Background. State space models (SSMs) originate from classical control theory and describe a

linear time-invariant system that maps an input sequence 𝑥(𝑡) to an output sequence 𝑦(𝑡) through

a latent state ℎ(𝑡):
�ℎ(𝑡) = 𝐴ℎ(𝑡) + 𝐵𝑥(𝑡), 𝑦(𝑡) = 𝐶ℎ(𝑡) + 𝐷𝑥(𝑡), (1.1)

where 𝐴, 𝐵, 𝐶, and 𝐷 are system matrices that are parameterized and learned in deep SSMs.

For sequence modeling, this continuous-time system is discretized using a step size Δ, yielding

a recurrent update that can also be expressed as a convolution kernel, enabling efficient parallel

training. Prior deep SSMs showed promise for modeling long-range dependencies when the

state matrix 𝐴 was chosen appropriately, but they were limited by computational and memory

costs as well as the difficulty of parameterizing 𝐴 in a stable and effective way.

S4, S5, and H3. The Structured State Space Sequence (S4) model (Gu, Goel & Ré, 2021a)

was among the first to demonstrate that SSMs can match or exceed Transformers on long-

range sequence benchmarks, by restricting 𝐴 to a Diagonal Plus Low-Rank (DPLR) form

initialized with the HiPPO matrix (Gu, Dao, Ermon, Rudra & Ré, 2020). This parameterization

stabilizes training and admits Fast Fourier Transform (FFT)-based convolution, reducing

complexity from O(𝑁2) to O(𝑁 log 𝑁). Despite its effectiveness, S4’s DPLR parameterization

is complex to implement and difficult to parallelize efficiently on modern hardware. S5 (Smith,

Warrington & Linderman, 2022) addresses this by replacing DPLR with a fully diagonal 𝐴

and introducing a parallel scan (Blelloch, 1990), achieving competitive performance with

significantly lower implementation complexity. However, both S4 and S5 treat all tokens

uniformly, limiting their ability to selectively recall or compare tokens across the sequence.

H3 (Fu et al., 2022) fills this gap by interleaving SSM layers with multiplicative interactions
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inspired by linear attention, enabling explicit token recall and comparison at near-Transformer

quality while maintaining sub-quadratic cost.

Mamba. While H3 partially addresses content-dependent processing through multiplicative

interactions, a more fundamental limitation persists across S4 and its successors: the transition

matrices 𝐴, 𝐵, 𝐶 remain input-independent, applying the same recurrence dynamics to every

token regardless of its content. This prevents the model from selectively retaining or discarding

information based on the input, a capability critical for many sequence modeling tasks.

Mamba (Gu & Dao, 2023) addresses this by introducing a selective scan (S6), where 𝐵, 𝐶, and

the discretization step Δ are computed as functions of the input. As illustrated in Figure 1.1,

this allows the model to dynamically control how much information is retained or discarded

at each step, effectively giving the recurrence content-dependent filtering behavior. Because a

content-dependent Δ breaks the time-invariance required for the convolutional view, Mamba

cannot be trained as a global convolution. Instead, it relies on a hardware-aware parallel scan

that achieves high GPU utilization while maintaining O(𝑁) memory. On language modeling

benchmarks, Mamba scales to millions of tokens with linear time and memory while matching

Transformer quality on standard benchmarks.

Project

Discretize

Selection Mechanism

GPU 
SRAM

GPU HBM

Selective State Space Model
with Hardware-aware State Expansion

Figure 1.1 Overview of the Mamba architecture

Taken from (Gu & Dao, 2023)
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SSMs in vision. Adapting Mamba to vision is non-trivial because images are two-dimensional

and non-causal, whereas Mamba’s selective scan is inherently defined over ordered 1D sequences.

A naive row-major flattening introduces directional bias, breaking the spatial symmetry expected

of a visual backbone.

VMamba (Liu et al., 2024b) addresses this with the Cross-Scan module, 2D Selective Scan

(SS2D), which traverses each image patch four times along predefined directions (Figure 1.2).

The four resulting sequences are processed independently and their outputs are aggregated

back into the spatial grid. This cross-scan design removes the directional preference of a

single scan and gives every token a global receptive field along multiple orientations without

introducing self-attention. VMamba adopts a hierarchical backbone structure analogous to the

Swin Transformer (Liu et al., 2021), applying progressive downsampling and patch merging to

produce multi-scale feature maps suitable for dense prediction tasks.

Cross-scan S66 blocks

Linear

Linear

Embedding1 2 3

4 5 6

7 8 9
Inputt Patches

1
…

2 3 8 9

1 4 7
…

6 9

9 8 7 2 1
…

9 6 3 4 1
…

1
…

2 3 8 9

1 4 7
…

6 9

9 8 7 2 1
…

9 6 3 4 1
…

Cross-merge

1 2 3

4 5 6

7 8 9

Outputt Patches

Figure 1.2 Overview of the VMamba architecture

Taken from (Liu et al., 2024b)

While effective, VMamba’s global scans force tokens from distant spatial regions to interact

before neighboring tokens have been fully processed, which can degrade local feature quality.

As illustrated in Figure 1.3, LocalMamba (Huang et al., 2024) addresses this by partitioning each

feature map into non-overlapping windows and running the selective scan within each window

before aggregating information across windows in a secondary scan. This local-to-global

processing order preserves neighborhood structure, improves performance on dense prediction

tasks, and reduces the effective sequence length per scan.

Rather than refining the scan design, PlainMamba (Yang et al., 2024) revisits the architectural

assumptions of VMamba entirely. It replaces the hierarchical design with a non-hierarchical,
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··· ···

··· ···

···

(a)

(b)

(c)

Figure 1.3 Overview of the LocalMamba

Taken from (Huang et al., 2024)

isotropic backbone that keeps a single feature scale throughout the network. Instead of using

a fixed traversal order, it adopts a continuous 2D scanning strategy, where scan directions

are chosen based on spatial proximity. This simplification reduces design complexity while

remaining competitive on standard benchmarks.

MambaVision (Hatamizadeh & Kautz, 2024) takes yet another direction by questioning whether

SSMs alone are sufficient. It combines Mamba blocks with standard self-attention layers in

a single backbone, using Mamba in the early and mid-level stages for efficient global context

modeling, and self-attention in the final stages for fine-grained pairwise interactions (Figure 1.4).

This hybrid design outperforms both pure-Mamba and pure-Transformer baselines, suggesting

the two mechanisms are complementary rather than competing.
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Figure 1.4 Overview of the MambaVision architecture

Taken from (Hatamizadeh & Kautz, 2024)
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Beyond general vision backbones, SSMs have also been extended to specialized domains.

U-Mamba (Ma et al., 2024a) (Figure 1.5) incorporates Mamba blocks within a U-Net

encoder-decoder architecture for biomedical image segmentation, where capturing long-range

dependencies across volumetric slices is critical. By combining convolutions for local feature

extraction with SSMs for long-range context, U-Mamba demonstrates strong performance on 3D

medical segmentation tasks, highlighting the versatility of selective scan mechanisms beyond

standard image recognition.

Figure 1.5 Overview of the U-Mamba architecture

Taken from (Ma et al., 2024a)

Geometric transformation robustness. A limitation shared by previous scan-based vision

SSMs is sensitivity to patch traversal order: rotating an input image permutes the order in

which patches enter the selective scan, producing different hidden state trajectories and thus

different output representations. This is a specific instance of a broader and long-standing

problem in visual recognition, achieving invariance or equivariance to geometric transformations

such as rotation, reflection, and scaling. A model is equivariant to a transformation group 𝐺
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if transforming the input produces a predictable, corresponding transformation in the output

representation; it is invariant if the output is unchanged by the transformation.

Prior work has addressed this problem through several distinct strategies. Group-equivariant

convolutional networks (Cohen & Welling, 2016) achieve equivariance by replacing standard

convolutions with filters defined over a transformation group, ensuring that rotating the input

rotates the feature maps in a corresponding, structured way. Steerable CNNs (Cohen & Welling,

2017; Weiler, Hamprecht & Storath, 2018; Weiler & Cesa, 2019) generalize this by constructing

filter banks from irreducible representations of the symmetry group, enabling a wide range

of equivariance constraints to be imposed at design time. These architectures provide exact

equivariance by construction but are limited to the symmetry groups they encode and require

significant architectural redesign.

A more flexible alternative is learned canonicalization. Rather than encoding symmetry directly

into the architecture, the model learns to map inputs to a canonical pose before processing. Spatial

Transformer Networks (Jaderberg, Simonyan, Zisserman & Kavukcuoglu, 2015) pioneered this

idea by predicting a spatial transformation that aligns the input. More recent work on equivariant

canonicalization (Kaba, Mondal, Zhang, Bengio & Ravanbakhsh, 2023; Mondal, Panigrahi,

Kaba, Mudumba & Ravanbakhsh, 2023) provides theoretical guarantees by constructing

canonicalization maps that are equivariant by design. Symmetrization strategies (Dieleman,

De Fauw & Kavukcuoglu, 2016; Laptev, Savinov, Buhmann & Pollefeys, 2016; Zhou, Ye,

Qiu & Jiao, 2017b; Puny et al., 2021) follow a simpler route: they aggregate predictions over

multiple rotated versions of the input at inference time. This achieves invariance through pooling

rather than architectural symmetry, but increases inference cost in proportion to the number of

orientations.

Despite extensive prior work, existing methods do not address geometric transformation

sensitivity in SSM-based vision models. This issue is structurally distinct from image-level

pose invariance because it arises from the permutation of patch tokens entering the selective

scan, rather than from the spatial arrangement of pixels. Our work in Chapter 2 is the first to
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address this gap, applying the canonicalization perspective directly to the SSM context: rather

than modifying the scan architecture or augmenting the input, we use spectral decomposition to

canonicalize the patch traversal order. This makes the selective scan invariant to patch-level

rotations without architectural changes or additional inference cost.

Distribution shift robustness. Beyond geometric robustness, SSM-based backbones face another

deployment challenge: sensitivity to distribution shift. In selective scan models, patches are

processed sequentially, so the hidden state at each step depends on the accumulated information

from previous patches. When the target data distribution differs from the training distribution

due to changes in lighting, weather, sensor properties, or image style, the patch embeddings

may shift accordingly. These shifts can then propagate through the scan trajectory and amplify

across the sequence, leading to degraded performance. This challenge motivates a broad line of

work on domain adaptation, domain generalization, and test-time adaptation, with TTA being

particularly practical because it adapts a pretrained model at inference time using only unlabeled

target data, without source data or retraining.

Tent (Wang et al., 2021a), the foundational TTA method, adapts the affine parameters of

batch normalization layers by minimizing the entropy of the model’s softmax predictions on

each incoming test batch. This is motivated by the observation that distribution shift reduces

prediction confidence, and that restoring high confidence, if achieved on correctly classified

samples, corresponds to good adaptation. Subsequent work refines this idea along several

axes: EATA (Niu et al., 2022) and OSTTA (Lee, Das, Choo & Choi, 2023) select only

high-confidence samples before computing the entropy gradient, reducing noise from unreliable

predictions; SAR (Niu et al., 2023) adds a sharpness-aware minimization objective to find flat

entropy minima that are more robust to sample variability; RoTTA (Yuan, Xie & Li, 2023)

maintains class-balanced memory queues to ensure that the adaptation gradient is not dominated

by frequently occurring classes in the target stream; and CoTTA (Wang et al., 2022a) uses

augmentation-averaged predictions as reliable soft pseudo-labels, combined with stochastic

weight restoration to prevent catastrophic forgetting.
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Architecture-specific TTA. While most TTA methods are architecture-agnostic, recent work

has explored strategies tailored to specific model families. For ViT-based models, FOA (Niu,

Miao, Chen, Wu & Zhao, 2024) adapts token embeddings as additional prompt parameters using

a gradient-free optimizer, avoiding backpropagation through the full model. For vision-language

models (Shu et al., 2022; Karmanov, Guan, Lu, El Saddik & Xing, 2024; Osowiechi et al.,

2024; Vargas Hakim et al., 2025), adaptation strategies exploit the alignment between image

and text spaces: TPT (Shu et al., 2022) minimizes entropy over augmented views of the test

image while jointly optimizing a prompt appended to the text encoder; TDA (Karmanov et al.,

2024) builds positive and negative caches of test samples using text-based pseudo-labels; and

WATT (Osowiechi et al., 2024) averages weights computed over multiple text template variants

to improve robustness. For SSM-based models, STAD (Schirmer, Zhang & Nalisnick, 2024) uses

Markov processes to learn time-varying prototypes for classifying examples during inference,

adapting only the classification head rather than the SSM parameters themselves.

Despite this extensive prior work, existing methods do not exploit the structural properties

of SSM backbones for adaptation. Most approaches either treat the backbone as a black box

or focus on architectural features specific to ViTs and vision-language models, leaving the

scan-order diversity inherent to Mamba models unused. In Chapter 3, we address this gap by

adapting the Mamba-specific state-space parameters directly. We further treat multiple scan

traversals as a source of model variation and average the resulting adapted weights to obtain a

flatter and more robust minimum. This requires no external augmentation, memory queues, or

auxiliary supervision.

1.2.2 Linear Attention

Background. Standard self-attention computes pairwise interactions between all 𝑁 tokens,

yielding O(𝑁2) time and memory complexity. Linear attention (Katharopoulos, Vyas,

Pappas & Fleuret, 2020) addresses this by replacing the softmax kernel with a positive
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feature map 𝜙(·) applied separately to queries and keys:

𝑦𝑖 =

∑𝑁
𝑗=1 𝜙(𝑞𝑖)𝜙(𝑘 𝑗 )�𝑣 𝑗∑𝑁
𝑗=1 𝜙(𝑞𝑖)𝜙(𝑘 𝑗 )�

=
𝜙(𝑞𝑖)

(∑𝑁
𝑗=1 𝜙(𝑘 𝑗 )�𝑣 𝑗

)
𝜙(𝑞𝑖)

(∑𝑁
𝑗=1 𝜙(𝑘 𝑗 )�

) . (1.2)

This factorization allows the computation to be reordered: rather than forming the 𝑁 × 𝑁

attention matrix, one first computes 𝐾�𝑉 ∈ R
𝑑×𝑑 and then applies 𝑄, reducing complexity

from O(𝑁2𝑑) to O(𝑁𝑑2). The full token sequence is retained and a global receptive field is

preserved, at linear cost in sequence length. However, simple feature map choices such as

𝜙(𝑥) = ELU(𝑥) + 1 lead to substantial performance degradation relative to Softmax attention, a

persistent gap that has driven the field for several years.

Figure 1.6 Overview of the linear attention formulation

Taken from (Han et al., 2023a)

Kernel approximations. The first wave of work responded to this gap by designing better feature

maps to more faithfully approximate the Softmax kernel. Performer (Choromanski et al., 2021)

uses orthogonal random features to construct an unbiased estimator of exp(𝑄𝐾�/
√
𝑑), providing

formal approximation guarantees. Efficient Attention (Shen et al., 2021) takes a simpler route by

applying Softmax normalization independently along the query and key dimensions, ensuring

attention scores sum to one without forming the full matrix. The overview of Efficient Attention

is shown in Figure 1.7.

CosFormer (Qin et al., 2022c) attributes Softmax’s advantage to its data-dependent re-weighting

mechanism and proposes a cosine-based substitute to replicate this property. SOFT (Lu et al.,
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Figure 1.7 Overview of the Efficient Attention

Taken from (Shen et al., 2021)

2021a) and Nyströmformer (Xiong et al., 2021) resort to low-rank matrix decompositions to

approximate the full attention matrix. The overview of Nyströmformer is shown in Figure 1.8.
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Figure 1.8 Overview of the Nyströmformer architecture

Taken from (Xiong et al., 2021)

Hydra Attention (Bolya et al., 2022b) replaces Softmax with cosine similarity and introduces

a factorization that further reduces complexity to O(𝑁𝑑). The overview of Hydra Attention

formulation is shown in Figure 1.9. Despite the diversity of these designs, a consistent finding

across all of them is that no kernel substitution alone recovers the expressiveness of Softmax
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attention, indicating that the performance gap has deeper structural roots than the choice of

kernel.

Figure 1.9 Overview of the Hydra formulation

Taken from (Bolya et al., 2022b)

Diagnosing the expressiveness gap. A second line of work moves beyond designing better

kernels to identify which properties of Softmax attention are missing from linear attention.

FLatten Transformer (Han et al., 2023a) highlights two key issues: poor focus ability, caused

by the absence of Softmax’s exponential sharpening, and low-rank attention maps, whose rank

is bounded by the head dimension 𝑑 � 𝑁 . It addresses the first with a focused function 𝑓𝑝

that sharpens queries and keys through element-wise powers and ℓ2 normalization, and the

second with a lightweight depthwise convolution (DWC) branch that restores local feature

diversity. EfficientViT (Cai et al., 2022) reaches a similar conclusion, using DWC to compensate

for the local modeling capacity lost through linearization. TransNormer (Qin et al., 2022b)

instead focuses on optimization and dilution effects, showing that linear attention can suffer

from gradient instability and vanishing token contributions when the normalization denominator

becomes too large. MLLA (Han et al., 2024b) introduces input-dependent gating, inspired by

selective state space models (Gu & Dao, 2023), to recover content-dependent filtering. Together,

these works show that linear attention is not simply an approximation of Softmax attention, but

lacks several structural properties that must be recovered explicitly.
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Integration with Softmax attention. In parallel, a different school of thought questioned

whether linear attention needs to be fixed at all, and instead proposed to integrate it with Softmax

attention directly. Agent Attention (Han et al., 2024c) introduces a small set of learnable agent

tokens 𝐴 ∈ R
𝑛×𝑑 (𝑛 � 𝑁) that serve as intermediaries: agent tokens first aggregate global

context from all key-value pairs via Softmax attention, and query tokens then retrieve from these

aggregated representations, again via Softmax. The authors show that this two-stage process is

formally equivalent to a generalized linear attention with data-dependent mapping functions

𝜙𝑞 (𝑄) = 𝜎(𝑄𝐴�) and 𝜙𝑘 (𝐾) = 𝜎(𝐴𝐾�)�, inheriting Softmax’s expressiveness through its

nonlinearity while achieving O(𝑁𝑛) complexity through the bottleneck of 𝑛 agent tokens.
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Figure 1.10 Overview of the Agent Attention formulation

Taken from (Han et al., 2024c)

Castling-ViT (You et al., 2023) takes a training-time perspective: it uses full Softmax attention as

an auxiliary teacher during training and switches entirely to a linear angular kernel at inference,

effectively distilling the rich attention patterns of Softmax into a linear module without the

quadratic inference cost.

While these methods substantially reduce the performance gap, they share a fundamental

structural constraint with all prior linear attention approaches: the output at each token is

computed as a single weighted average of value vectors, 𝑦𝑖 = 𝜙(𝑞𝑖) (𝐾�𝑉), which encodes

only direct, first-order token affinities. Semantic relationships that span multiple hops, where

two tokens are related through a chain of intermediate tokens, require higher-order terms that

no single bilinear pass can express. This first-order bottleneck limits the model’s ability to
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Figure 1.11 Overview of the Castling-ViT architecture

Taken from (You et al., 2023)

propagate information across the token graph and capture transitive structure in the scene. In

Chapter 4, we address this limitation directly by reformulating linear attention as a stochastic

diffusion process over the token graph, enabling multi-hop information propagation at linear

cost.

1.3 Sequence Reduction

Sequence reduction methods address the quadratic cost of self-attention by decreasing the number

of tokens that the attention mechanism must process, rather than modifying the mechanism itself.

In this section, we discuss three strategies for sequence reduction: hierarchical downsampling,

token pruning, and token merging.

Hierarchical downsampling progressively reduces the spatial resolution of feature maps across the

stages of the network, following the pyramid structure established by convolutional architectures.

At each stage transition, spatial tokens are pooled or strided into a smaller set, so that deeper
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layers operate on shorter sequences and therefore incur lower attention costs. Pyramid Vision

Transformer (PVT) (Wang et al., 2021b) introduced this design to the Transformer family

by applying spatial reduction attention, where keys and values are downsampled before the

attention operation. Swin Transformer (Liu et al., 2021) similarly organizes tokens into a

hierarchical structure through local window attention and patch merging layers that halve the

spatial resolution at each stage. Because downsampling is a fixed architectural decision applied

uniformly to all inputs, it reduces computational cost predictably but without accounting for the

varying informativeness of different spatial regions.

Token pruning addresses this limitation by dynamically discarding tokens that are deemed

uninformative during inference. Relevance scores are typically derived from attention weights

or similarity to the classification token, and tokens falling below a threshold are dropped and

never processed by subsequent layers. DynamicViT (Rao et al., 2021) learns a lightweight

prediction module that produces token-level keep or discard decisions in a differentiable manner,

allowing the pruning policy to be trained end-to-end with the main classification objective. EViT

(Liang et al., 2022) similarly identifies inattentive tokens using the attention scores of the class

token and fuses them into a single summary token rather than discarding them entirely. The

fundamental limitation of pruning is that once a token is removed, its information is permanently

lost and cannot be recovered by later layers, which can harm performance on dense prediction

tasks where spatial completeness is essential.

Token merging offers a softer alternative by combining similar tokens into a single representative

token rather than discarding them. Token Merging (ToMe) (Bolya et al., 2022a) identifies pairs

of similar tokens using bipartite matching on their key vectors and averages each matched pair

into one, progressively reducing sequence length across layers without any learned parameters

or training overhead. Because information is aggregated rather than discarded, token merging

is generally more information-preserving than pruning, though the merged token remains an

approximation of the originals and introduces a form of lossy compression that accumulates

across layers.
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Collectively, these methods reduce the effective sequence length seen by the attention mechanism,

but leave its quadratic complexity unchanged. The speedup is therefore indirect and bounded by

how aggressively tokens can be removed without sacrificing accuracy.

1.4 Model Compression

Model compression includes post-hoc and training-time techniques that reduce the cost of an

existing model without fundamentally changing its architecture. Here, we focus on four common

strategies: quantization, pruning, knowledge distillation, and low-rank factorization.

Quantization and pruning reduce model cost by making the existing network cheaper to store or

execute. Quantization lowers the numerical precision of weights and activations, often from

32-bit floating point to 8-bit integers or lower, reducing memory usage and enabling faster

computation on suitable hardware. Post-Training Quantization (PTQ) applies this after training,

while Quantization-Aware Training (QAT) simulates low-precision operations during training to

reduce accuracy degradation (Krishnamoorthi, 2018; Jacob et al., 2018). In vision Transformers,

quantization is especially challenging in self-attention, where operations such as softmax can

be sensitive to numerical perturbations, motivating attention-specific quantization schemes (Li

et al., 2022e).

Pruning instead removes redundant model components. While unstructured pruning zeros

individual weights and can achieve high compression, its irregular sparsity is difficult to accelerate

on standard hardware. Structured pruning is often more practical because it removes regular

components such as attention heads, neurons, or layers, producing smaller dense models that

better translate to hardware speedups (Michel, Levy & Neubig, 2019). Prior work has shown

that many attention heads can be removed with limited performance loss, suggesting redundancy

in multi-head attention (Michel et al., 2019).

Knowledge distillation and low-rank factorization improve efficiency by training smaller or more

parameter-efficient models. Knowledge distillation transfers knowledge from a large teacher

model to a smaller student by using the teacher’s soft predictions or intermediate features as
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supervision (Hinton, Vinyals & Dean, 2015). These signals provide richer information than hard

labels alone, since they capture the teacher’s uncertainty and inter-class relationships. In vision

Transformers, DeiT showed that distillation from a convolutional teacher can make ViT training

more data-efficient (Touvron et al., 2021), while TinyViT further used distillation from large

pretrained models to obtain compact Transformers with strong accuracy-efficiency trade-offs

(Wu et al., 2022).

Low-rank methods exploit the fact that weight updates can often be represented in a low-

dimensional subspace. For example, LoRA freezes the pretrained weight matrix W ∈ R
𝑑out×𝑑in and

learns a low-rank update ΔW = AB, where A ∈ R
𝑑out×𝑟 and B ∈ R

𝑟×𝑑in with 𝑟 � min(𝑑out, 𝑑in)
(Hu et al., 2022). This reduces the number of trainable parameters from 𝑑out𝑑in to 𝑟 (𝑑out + 𝑑in)
and is commonly applied to attention projection layers.

Although these methods can substantially reduce model size, memory usage, and latency, they

generally operate on a fixed architecture. Therefore, they do not directly address the main

computational bottleneck of vision Transformers: the quadratic cost of self-attention with respect

to sequence length.
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This chapter addresses Objective O1, which aims to reduce the sensitivity of State Space Models

(SSMs) to geometric transformations. To achieve this objective we introduce Spectral VMamba,

a rotation-robust token interaction mechanism that preserves the computational efficiency of

SSMs while improving robustness to changes in image orientation.

Abstract

State Space Models (SSMs) have recently emerged as an alternative to Vision Transformers

(ViTs) due to their unique ability of modeling global relationships with linear complexity. SSMs

are specifically designed to capture spatially proximate relationships of image patches. However,

they fail to identify relationships between conceptually related yet not adjacent patches. This

limitation arises from the non-causal nature of image data, which lacks inherent directional
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relationships. Additionally, current vision-based SSMs are highly sensitive to transformations

such as rotation. Their predefined scanning directions depend on the original image orientation,

which can cause the model to produce inconsistent patch-processing sequences after rotation.

To address these limitations, we introduce Spectral VMamba, a novel approach that effectively

captures the global structure within an image by leveraging spectral information derived from the

graph Laplacian of image patches. Through spectral decomposition, our approach encodes patch

relationships in a manner robust to image orientation, while our Rotational Feature Normalizer

(RFN) promotes rotation-consistent patch traversal. Our experiments on classification tasks

show that Spectral VMamba outperforms the leading SSM models in vision, such as VMamba,

while demonstrating strong robustness across rotations. The implementation is available at:

https://github.com/Sahardastani/spectral_vmamba.git.

2.1 Introduction

Visual representation learning is fundamental to computer vision, where precise feature extraction

is essential for tasks such as image classification, detection, and segmentation. The ability to

extract meaningful patterns directly impacts performance and unlocks deeper insights into visual

tasks. Significant advances in representation learning have been driven by the development of

Convolutional Neural Networks (CNNs) (Simonyan & Zisserman, 2014; He, Zhang, Ren & Sun,

2016; Huang, Liu, Van Der Maaten & Weinberger, 2017; Tan & Le, 2019; Liu et al., 2022b) and

Vision Transformers (ViTs) (Dosovitskiy, Beyer, Kolesnikov et al., 2021; Liu et al., 2021; Zhang

et al., 2023; Touvron et al., 2021). Although CNNs are effective at capturing local patterns with

linear scaling, they struggle to efficiently model global relationships. ViTs address this limitation

by introducing self-attention mechanisms, which capture global dependencies by analyzing

relationships between all input elements (Vaswani, Shazeer, Parmar et al., 2017; Dosovitskiy

et al., 2021). However, the quadratic complexity of ViTs poses challenges for large-scale data

processing, as computational costs increase with input size.

State Space Models (SSMs) (Gu et al., 2021a; Fu et al., 2022; Smith et al., 2022) have recently

gained attention as a compelling alternative to traditional architectures, offering global receptive
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Figure 2.1 Effect of image rotation on patch processing in VMamba and Spectral

VMamba networks. In VMamba networks (first row), patches are traversed using

predefined horizontal and vertical scanning routes. As a result, rotating the image by 90°
significantly changes the sequence in which patches are processed. In contrast, Spectral

VMamba (second row) organizes patches using spectral information derived from a graph

Laplacian of the image patches. As shown in the second row, Spectral VMamba produces a

consistent traversal pattern, processing background patches before snake patches in both the

original and rotated images. The snake image in this analysis is AI-generated

fields with linear scalability. Inspired by the achievements of Mamba (Gu & Dao, 2023) in

language modeling, recent studies (Liu et al., 2024b; Zhu et al., 2024; Shi, Dong & Xu, 2024;

Hatamizadeh & Kautz, 2024) have explored the application of linearly complex global receptive

fields to the visual domain. However, unlike textual data, image pixels do not have a sequential

dependency. Building on the parallelized selective scan operation in Mamba, known as S6

(Gu & Dao, 2023), which processes sequential one-dimensional data, VMamba (Liu et al.,

2024b) introduced 2D Selective Scan (SS2D), a novel four-way scanning mechanism tailored

for spatial domain traversal. Vision Mamba (Zhu et al., 2024) further enhanced sequence

modeling by employing a bidirectional processing strategy that sums both forward and reverse

passes. This process enables the model to capture comprehensive dependencies across an image.
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Figure 2.2 The Spectral Traversal Scan (STS) architecture begins by representing image

patches as a graph. The Laplacian spectrum of this graph is then generated, and its

eigenvectors are computed. Traversal paths for the image patches are obtained by ordering

patches according to selected Laplacian eigenvectors. The leading non-trivial eigenvectors

capture coarse structural partitions of the image, while subsequent eigenvectors

progressively capture finer variations in patch relationships

Expanding upon these approaches, MSVMamba (Shi et al., 2024) incorporates a multiscale

2D scanning technique, which processes both original and down-sampled feature maps. This

strategy improves capturing long-range dependency while minimizing computational costs.

Finally, MambaVision (Hatamizadeh & Kautz, 2024) introduces a hybrid approach. Early stages

employ CNNs for fast feature extraction and later stages use Mamba and Transformer blocks to

capture both local and global visual features.

Vision-based SSMs are primarily designed to capture relationships between spatially adjacent

patches, focusing on spatial proximity or neighborhood-based interactions. However, SSMs are

not inherently equipped to identify relationships between patches that are conceptually related

but not spatially adjacent. This limitation arises due to the non-causal nature of image data,

where pixels lack inherent temporal order or directional relationships.

In addition, current vision-based SSMs tend to exhibit high sensitivity to spatial information. For

instance, VMamba uses predefined traversal routes that cause the network to indiscriminately

switch between foreground and background regions within an image. This approach makes

the network vulnerable to perturbations and leads to confusion in assessing feature importance.

By treating all regions equally, VMamba fails to prioritize the features most relevant to the
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task, particularly when the foreground contains critical information. This can lead to poor

performance when analyzing images with complex compositions.

Another notable challenge emerges when SSMs attempt to process images that undergo

transformations, such as rotation. Vision-based SSMs typically process images by (1) unfolding

image patches into sequences, and then (2) scanning these sequences in specific directions, such

as horizontally and vertically. The sequence of image patches depends on the image orientation,

meaning that rotating the image alters the order of the sequence. Similarly, the predefined

scanning directions, which are fixed to the image original orientation, result in different scan

paths when the image is rotated. Consequently, SS2D struggle to accommodate transformations

such as rotation. Consider Figure 2.1 (first row): when the image is rotated by 90 degrees, the

predefined and fixed traversal mechanism of VMamba significantly alters the sequence in which

patches are processed.

To address these limitations, we propose Spectral VMamba, which organizes input patches

based on the spectral information derived from a graph Laplacian of image patches. By

leveraging the eigenvectors from spectral decomposition of an affinity matrix, our approach

captures the global structure and relationships within the image. This eigenvector-driven traversal

clusters similar patches together, even if they are not spatially adjacent, thereby preventing

indiscriminate transitions between foreground and background regions. Moreover, the Laplacian

spectrum preserves the underlying patch relationships under rotations, while our RFN module

leverages the associated spectral representation to provide a rotation-consistent basis for patch

traversal. Hence, our approach defines relationships between patches by their content and mutual

associations rather than by their spatial arrangement. Figure 2.1 (second row) illustrates that

Spectral VMamba preserves a consistent patch-processing order under the shown rotation. As

we can see, the patches representing the background are processed first, followed by those

representing the foreground (the snake in Fig. 2.1).

Our main contributions are summarized as follows:
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• We propose a novel technique named Spectral VMamba based on spectral graph analysis

for traversing image patches. By leveraging the eigenstructure of graphs that model the

relationships between patches, our approach ensures that spatially-coherent structures in

image data are maintained. Our method also improves the performance of SSMs in capturing

and interpreting complex data patterns.

• We introduce the Rotational Feature Normalizer (RFN) module, designed to enhance the

model’s robustness and consistency under image rotations.

• Our method demonstrates a notable improvement on the image classification task, outperforming

the current state-of-the-art SSM-based model in computer vision.

2.2 Related Work

State Space Models (SSMs). Transformers have significantly improved the ability to manage

long-range dependencies. However, their self-attention mechanism is computationally expensive,

especially for high-resolution images, due to the quadratic scaling with input size. To address

these challenges, SSMs have emerged as an effective tool for long sequence modeling (Gu et al.,

2021b; Gu et al., 2021a; Smith et al., 2022; Mehta, Gupta, Cutkosky & Neyshabur, 2022). In

particular, the structured state-space sequence (S4) (Gu et al., 2021a) model stands out for

its efficient handling of long-range dependencies through a diagonal parameterization, which

alleviates computational issues seen in earlier models.

Recent advancements in sequence modeling have been driven by innovations in parallel scanning

techniques, inspired by models such as S4, S5 (Smith et al., 2022) and the H3 model (Fu et al.,

2022). Mamba (Gu & Dao, 2023) improved the S4 model by integrating a data-dependent

selection mechanism. This mechanism allows Mamba to achieve linear scalability, ensuring

robust performance while accommodating longer sequence lengths without the exponential

increase in resource demands. Such improvements are essential for applications requiring

real-time or large-scale sequence processing, including Natural Language Processing (NLP) and

time-series forecasting.
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SSMs in vision. The success of Mamba models in the NLP domain has stimulated significant

progress in computer vision, leading to various adaptations tailored for visual data processing.

Several studies have extended Mamba architectures to address specific challenges in vision

tasks. For instance, VMamba (Liu et al., 2024b) introduced an SS2D module to tackle direction

sensitivity between non-causal 2D images and ordered 1D sequences. LocalMamba (Huang

et al., 2024) focuses on localized feature extraction, utilizing state-space layers to enhance

neighborhood interactions and reduce dependence on self-attention, leading to efficient high-

resolution image analysis. QuadMamba (Xie, Zhang, Wang & Ma, 2024) uses a quadrilateral

traversal mechanism to manage directional dependencies in 2D images, integrating features

from different image segments.

Hybrid architectures. Recent work has also focused on combining SSMs with traditional

CNNs or ViTs, leveraging the respective strengths of these models. For example, U-Mamba

(Ma et al., 2024a) merges CNNs and state space models to address long-range dependencies

in biomedical image segmentation. MambaVision (Hatamizadeh & Kautz, 2024) integrates

Mamba architectures with convolutional neural networks to improve performance across various

vision tasks by leveraging both sequential modeling and spatial feature extraction. Finally,

the TranS4mer model (Smith et al., 2022) integrates S4 with self-attention mechanisms to

achieve state-of-the-art performance in movie scene detection. These advancements collectively

demonstrate the versatility and scalability of structured state space models across various

applications in the vision domain.

Rotation-invariance in vision. Numerous approaches have been developed to embed equivariance

and invariance directly within neural network architectures. Group-equivariant convolutional

networks explicitly encode rotation symmetry into their design, providing intrinsic equivariance

to rotations through steerable or group-convolutional filters (Cohen & Welling, 2016, 2017;

Weiler et al., 2018; Weiler & Cesa, 2019). Learned canonicalization methods, such as Spatial

Transformer Networks, address invariance by predicting transformations to consistently align

input images into a canonical orientation, effectively standardizing pose variability (Jaderberg

et al., 2015; Kaba et al., 2023; Mondal et al., 2023). Alternatively, symmetrization strategies
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explicitly aggregate feature responses across multiple rotated inputs or filters, achieving invariance

by pooling orientation-specific activations (Dieleman et al., 2016; Laptev et al., 2016; Zhou

et al., 2017b; Puny et al., 2021). Additionally, capsule networks explicitly represent the pose of

the object, leveraging pose-aware activations to enhance robustness against rotations (Sabour,

Frosst & Hinton, 2017; Hinton, Krizhevsky & Wang, 2018). Within this landscape, our current

work aligns with learned canonicalization approaches by leveraging spectral decomposition to

canonicalize patch ordering and achieve patch traversal rotation invariance.

2.3 Method

This section begins with an overview of key concepts in SSMs and spectral graph analysis in

Section 2.3.1, forming the foundation for our approach. Next, in Section 2.3.2, we introduce

our proposed architecture, Spectral VMamba, along with the RFN module designed to promote

consistent feature representations under rotation (Section 2.3.3). Finally, we discuss the

robustness of our method to rotational variations in Section 2.3.6.

2.3.1 Preliminaries

SSM formulation. SSM-based models (Gu et al., 2021a; Gu & Dao, 2023) map a one-

dimensional function or an input sequence 𝑥(𝑡) ∈ R to an output sequence 𝑦(𝑡) ∈ R through a

learnable hidden state h(𝑡) ∈ R
𝑁 , where 𝑁 denotes the hidden-state dimension. This mapping

follows a continuous dynamical system formulated as

𝑑

𝑑𝑡
h(𝑡) = Ah(𝑡) + B𝑥(𝑡), 𝑦(𝑡) = Ch(𝑡) (2.1)

where A ∈ R
𝑁×𝑁 , B ∈ R

𝑁×1 and C ∈ R
1×𝑁 are parameters governing the evolution of system.

To adapt continuous SSMs in deep learning frameworks, discretization is required. This can be

achieved using the zero-order hold rule with a time scale parameter Δ ∈ R. Based on this rule,
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Figure 2.3 An overview of the proposed method. Our network consists of two primary

components: the RFN module, which normalizes feature orientation to ensure consistency

across different perspectives, and a series of Spectral VMamba blocks that process data in

three stages: (1) Spectral Traversal Scan (STS), (2) S6 block (selective scan), and (3)

Spectral Traversal Merge (STM). In STS, patches are reordered based on spectral coherence

derived from the Laplacian spectrum. Each sequence is then processed in parallel by

dedicated S6 blocks, capturing localized patterns, and finally merged in STM to reconstruct

the spatial layout, producing the final feature map

the discretized versions of A and B are defined as

A = exp(ΔA),
B = (ΔA)−1 (exp(ΔA) − I) ΔB ≈ ΔB

(2.2)

and the system becomes

h(𝑡) = Ah(𝑡−1) + B𝑥(𝑡), 𝑦(𝑡) = Ch(𝑡). (2.3)

As A and B are linear operators, the auto-regressive formulation of Eq. (2.3), computing

the output at each time step 𝑡 in a recurrent manner, can be unrolled and expressed as single

convolution with kernel K ∈ R
𝐿 , where 𝐿 denotes the sequence length:

y = x � K, K =
(
CB,CAB, . . . ,CA𝐿−1B

)
. (2.4)

During training, this convolutional can be employed to compute all output values in parallel.
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Spectral Graph Analysis studies the properties of a graph by analyzing the eigen-spectrum of

its Laplacian matrix, which can be seen as a discrete version of the continuous Laplace-Beltrami

operator obtained by a finite difference method (Reuter, Wolter & Peinecke, 2006). Given a

real-valued function 𝑓 ∈ 𝐶2 on a Riemannian manifold M, the Laplace-Beltrami operator Δ of

𝑓 is defined as Δ 𝑓 = 𝑑𝑖𝑣(𝑔𝑟𝑎𝑑 𝑓 ) where with 𝑔𝑟𝑎𝑑 𝑓 is the gradient of 𝑓 and 𝑑𝑖𝑣 denotes the

divergence.

The Laplacian Eigenvalue Problem corresponds to solving the Helmholtz equation Δ 𝑓 =

−𝜆 𝑓 , whose solutions (eigenfunctions) are directly related to the vibration of a physical

membrane (Bayliss, Goldstein & Turkel, 1983). Following Courant’s Nodal Line Theorem

(Courant & Hilbert, 1937), the Laplacian eigen-spectrum is composed of non-negative eigenvalues

0 ≤ 𝜆1 ≤ 𝜆2 ≤ . . . , each one repeating according to its multiplicity. Moreover, the

eigenfunction corresponding to 𝜆𝑛 has at most 𝑛 poles of vibration, hence smaller eigenvalues

and their associated eigenvector encode lower frequency structural information which captures

relationships at a more global scale.

The Laplacian matrix of a graph 𝐺 = (𝑉, 𝐸) with nodes𝑉 and edges 𝐸 is defined as L = D−W,

where D is the diagonal degree matrix with entries 𝐷𝑖𝑖 =
∑

𝑗 𝑊𝑖 𝑗 . A normalized version of the

Laplacian is typically employed to address differences in the weight scales 𝑊𝑖 𝑗 and variations

in the distribution of node degrees 𝐷𝑖𝑖. In this work, we utilize the symmetric normalized

Laplacian, defined as

Lsym = I − D− 1
2 WD− 1

2 , (2.5)

which is positive semi-definite and possesses |V| non-negative real-valued eigenvalues 0 = 𝜆1 ≤
. . . ≤ 𝜆 |V|.

A key property of the graph Laplacian is that its spectral structure is preserved under permutations

of corresponding image patches. In our work, we use this property to design an SSM that

enhances rotational robustness, where the order in which patches are traversed is determined

based on the eigenvectors corresponding to the smallest eigenvalues of the Laplacian matrix. Sign
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and repeated-eigenvalue ambiguities are discussed in Section 2.3.5, and the rotation-consistency

property is formalized in Section 2.3.6.

2.3.2 Spectral VMamba

Existing vision-based Mamba methods, such as VMamba (Liu et al., 2024b), are based on

SS2D, a four-way scanning mechanism designed for spatial domain traversal. SS2D organizes

input patches along four predefined scanning routes. However, two key challenges emerge: (1)

connections between semantically related but non-neighboring patches are overlooked; and (2)

scanning is sensitive to isometric transformations, such as rotation. To address these limitations,

we introduce the Spectral VMamba model whose architecture is summarized in Figure 2.3.

This architecture consists of two main components: a RFN module ensuring consistent feature

representation across orientations and a sequence of Spectral VMamba blocks forming the

network body.

Data forwarding in our Spectral VMamba block comprises three key steps: Spectral Traversal

Scan (STS), S6 block (selective scan), and Spectral Traversal Merge (STM). In the STS step,

input patches are reordered based on the Laplacian spectrum of their underlying graph structure,

ensuring traversal aligns with spectral coherence (see Section 2.3.4). The selective scan step

then processes each reordered patch sequence in parallel using dedicated S6 blocks, effectively

capturing localized patterns. Finally, in the STM step, the reordered traversal paths are restored

to their original spatial format, merging the resulting sequences to generate the final output map.

The detailed architecture of STS is depicted in Figure 2.2. The sequence of patch processing is

determined by the order of eigenvectors derived from the spectral decomposition of the graph

Laplacian. It is important to note that STS is only performed once for the initial layer. In

subsequent layers, we apply a downsampling strategy for generating the traversal path. For a

detailed explanation of the downsampling process, please refer to the supplementary material.

The graph Laplacian eigenspectrum is preserved under image rotations, providing a consistent

spectral basis for patch traversal. However, the values in the Laplacian matrix are computed
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using patch features which are themselves sensitive to rotation of the patch. A simple solution

to this problem is to use patches containing a single pixel, however this would be impractical

for two reasons. First, individual pixels encode little information (red-green-blue (RGB) color)

and thus using their similarity to construct the Laplacian matrix would not be useful. More

importantly, this would severely increase the computational cost of downstream operations such

as the spectral decomposition of the Laplacian. To address this issue, we compute patch features

using our RFN module (Section 2.3.3) designed to normalize the feature extraction process

by aggregating features from multiple orientations of the input image. This approach allows

for effectively handling of feature changes during rotations, preserving the desired order and

mitigating orientation-dependent discrepancies.

2.3.3 Rotational Feature Normalizer (RFN)

An overview of the module is illustrated in Figure 2.3. This module rotates the input image by a

pre-determined set of angles {𝜃𝑖, . . . , 𝜃𝑅} and processes them with a stem module which serves

as a feature extraction backbone for patchification. This backbone partitions the input image

I ∈ R
𝐻×𝑊×3 into patches x ∈ R

𝐻
𝑝 ×𝑊𝑝 ×𝐶 , where (𝐻,𝑊) denote the dimensions of the input image,

𝐶 is the number of feature channels, and 𝑝 represents the patch size. To consolidate features

from all rotated versions, each feature map is rotated back to its original orientation. This

unrotation ensures that all extracted features align with the original image coordinate system.

Finally, an element-wise max operation is applied across the unrotated feature maps to generate

a single aggregated feature. The final aggregated feature map can be expressed as:

F𝑖, 𝑗 = max
𝑟∈{1,...,𝑅}

[R−𝜃𝑟
(
Patchify

(R𝜃𝑟 (I)
) ) ]

𝑖, 𝑗
(2.6)

where 𝜃𝑟 is the angle of the 𝑟-th rotation and R𝜃𝑟 is the transformation applying this rotation.

The choice of rotation angles for the RFN module represents a trade-off between rotational

coverage and computational overhead. Using a larger number of angles increases the

range of explicitly normalized orientations, potentially improving rotational robustness at
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the cost of additional computation. In our implementation, we use four canonical angles,

{0◦, 90◦, 180◦, 270◦}, corresponding to the quarter-turn rotation group. These rotations preserve

pixel-grid alignment and therefore avoid interpolation during rotation and back-rotation. While

this construction explicitly normalizes the four canonical orientations, our experiments further

evaluate and demonstrate robustness to intermediate rotation angles.

2.3.4 Spectral Traversal Scan

In this section, we describe how the graph Laplacian eigen-spectrum is leveraged to define the

traversal order of patches.

We represent the image as a graph G = (V, E), where each node 𝑣𝑖 ∈ 𝑉 corresponds to an

image patch x𝑖. We construct a 𝑘-nearest-neighbor (KNN) graph in feature space, where patches

𝑖 and 𝑗 are connected if either patch belongs to the other’s 𝑘 nearest neighbors according to

the Euclidean distance between their feature representations f𝑖 and f 𝑗 . Following methods for

spectral clustering (Ng, Jordan & Weiss, 2001) and normalized cuts (Shi & Malik, 2000), we

consider a weighted adjacency matrix W of the graph, which is constructed using Euclidean

distances between patches. Specifically, the weight 𝑊𝑖 𝑗 between the nodes 𝑣𝑖 and 𝑣 𝑗 is given by

𝑊𝑖 𝑗 = exp

(
− 1

2𝜎2
‖f𝑖 − f 𝑗 ‖2

)
(2.7)

where f𝑖 is the feature vector of patch x𝑖 and 𝜎 is a scaling parameter determined as the average

of the Euclidean distances between patches. We set 𝑊𝑖 𝑗 = 0 for all pairs not connected by the

feature-space KNN rule above, resulting in a sparse, symmetric adjacency matrix.

We compute the eigenpairs of the symmetric normalized Laplacian Lsym and order them

according to increasing eigenvalue. The first eigenvector associated with the smallest eigenvalue

is excluded, and we retain the next 𝑚 eigenvectors, denoted by u( 𝑗) ∈ R
𝑁𝑝 , 𝑗 = 1, . . . , 𝑚, where

𝑁𝑝 is the number of image patches. Each eigenvector assigns a scalar value u( 𝑗)
𝑖 to every image

patch 𝑖. For each selected eigenvector, we construct two traversals: one by sorting the patches



40

in increasing order of u( 𝑗)
𝑖 and the other in decreasing order. The resulting 2𝑚 traversals are

processed by the corresponding S6 branches and subsequently merged.

Patches x𝑖 are ordered based on these eigenvectors, generating multiple traversal sequences:

X( 𝑗 ,rev) =
{
x𝑖1 , x𝑖2 , . . . , x𝑖𝑁𝑝

}
, (2.8)

𝑖
( 𝑗 ,rev)
𝑘 = arg min

𝑖∈{1,...,𝑁𝑝 }

{
(−1)rev𝑢

( 𝑗 )
𝑖 | 𝑖 ∉ {𝑖1, . . . , 𝑖𝑘−1}

}
, 𝑘 = 1, . . . , 𝑁𝑝 .

where rev ∈ {0, 1} indicates if the traversal is reversed (rev = 1) or not (rev = 0). This

concatenated sequence X is then fed into the Mamba network for further processing, allowing

the model to incorporate rich spectral relationships while preserving global coherence.

2.3.5 Spectral Ambiguities

Laplacian eigenvectors are defined up to sign: if u is an eigenvector, then −u is equally valid.

Since STS considers both increasing and decreasing traversal orders, a sign change simply swaps

these two traversals. For repeated eigenvalues, the corresponding eigenvectors are not unique;

therefore, the traversal is uniquely defined only for simple eigenvalues. In practice, we sort the

eigenvectors by increasing eigenvalue, discard the first one, and use the basis returned by the

eigensolver for equal or nearly equal eigenvalues.

2.3.6 Rotation Invariance

Spectral decomposition provides a natural basis for constructing rotation-consistent patch

traversals. Under a grid-preserving rotation, corresponding image patches are permuted while

the graph structure is preserved. This property is formalized in the following theorem.

Theorem 2.3.1. Under the assumption that patch features are rotation-consistent, i.e., F(R𝜃 (I)) =
PF(I), the STS traversal is preserved under rotation, up to patch permutation and reversal of

the traversal direction.
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Proof. Under the assumption that the patch features transform consistently under rotation, the

corresponding graph weights satisfy

W′ = PWP𝑇 , L′ = PLP𝑇 . (2.9)

Thus, L and L′ have the same eigenvalues. If Lu 𝑗 = 𝜆 𝑗u 𝑗 , then

L′(Pu 𝑗 ) = 𝜆 𝑗Pu 𝑗 . (2.10)

For a simple eigenvalue, the corresponding normalized eigenvector satisfies u′
𝑗 = ±Pu 𝑗 . The

permutation preserves the ordering of corresponding patches, while the sign change reverses

the traversal direction. Since STS uses both increasing and decreasing orders, the traversal

pair is preserved. This statement assumes distinct eigenvector entries; repeated eigenvalues are

discussed in Section 2.3.5.

2.4 Experiments

We start by comparing our method against recently-proposed ViTs and SSMs on an image

classification task. We then present an ablation study to thoroughly investigate the impact of

various components on the performance of our method.

2.4.1 Image Classification

We conduct classification experiments on the miniImageNet (Vinyals, Blundell, Lillicrap,

Wierstra et al., 2016) dataset. This dataset includes 50, 000 training images and 10, 000

validation images across 100 categories. Following previous works (Liu et al., 2021, 2024b;

Zhu et al., 2024), we train our models for 300 epochs with a batch size of 128 per graphics

processing unit (GPU). The models are optimized using the AdamW optimizer with a momentum

of 0.9. A cosine decay scheduler manages the learning rate, which starts at 5 × 10−4, alongside

a weight decay of 0.05. Additionally, we apply an Exponential Moving Average (EMA) to
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Table 2.1 Classification performance comparison on miniImageNet. All images are of

size 224 × 224. T, S, and B denote the tiny, small, and base scales, respectively

Model GFLOPs
Accuracy

Top-1 Top-5
Transformer-Based

DeiT-S (Touvron et al., 2021) 4.6 70.83 89.74

DeiT-B (Touvron et al., 2021) 17.5 72.43 90.14

Swin-T (Liu et al., 2021) 4.5 83.25 95.54

Swin-S (Liu et al., 2021) 8.7 84.10 95.53

Swin-B (Liu et al., 2021) 15.4 82.77 95.33

XCiT-S24 (Ali et al., 2021) 9.2 85.79 96.31

XCiT-M24 (Ali et al., 2021) 16.2 86.80 96.38

SSM-Based
Vim-T (Zhu et al., 2024) 1.5 67.30 87.97

Vim-S (Zhu et al., 2024) 5.1 79.70 93.20

LocalVim-T (Huang et al., 2024) 1.5 82.12 94.60

LocalVim-S (Huang et al., 2024) 4.8 81.68 93.63

MSVMamba-N (Shi et al., 2024) 0.9 82.16 95.10

MSVMamba-M (Shi et al., 2024) 1.5 83.72 95.81

MSVMamba-T (Shi et al., 2024) 4.6 86.48 96.43

VMamba-T (Liu et al., 2024b) 4.9 86.25 96.64

VMamba-S (Liu et al., 2024b) 8.7 86.48 96.79

VMamba-B (Liu et al., 2024b) 8.7 87.17 96.96

Ours-T 3.9 87.86 (↑1.61) 97.25 (↑0.61)

Ours-S 6.3 88.09 (↑1.61) 97.08 (↑0.29)

Ours-B 6.3 88.17 (↑1.00) 97.27 (↑0.31)

stabilize training. For input images of size 224 × 224, our data augmentation techniques

include color jittering, AutoAugment, random erasing, mixup, and cutmix. We use the standard

AutoAugment policy during training, which may include rotation transformations; no additional

rotation-specific augmentation is applied.

Table 2.1 compares our Spectral VMamba method against ViTs and SSM-based models on the

miniImageNet dataset. As can be seen, our method outperforms all other approaches in both

Top-1 and Top-5 EMA accuracy. Compared to VMamba, its closest competitor, our method
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improves Top-1 accuracy by 1.61% for the tiny and small models (T and S) and by 1% for the

base model (B), while requiring less FLOPs (see 2.4.2 for explanation). Moreover, our Spectral

VMamba (B) model yields a 1.37% higher Top-1 accuracy than the strongest ViT-based model,

XCiT-M24, and an improvement of 5.4% over Swin-B, one of the most popular architectures

based on ViT.

2.4.2 Ablation Study

Rotational invariance. To evaluate the robustness to rotation of our method, we evaluated

its performance on test images rotated at angles from 0◦ to 360◦ with 15◦ increments. As

a reminder, our RFN module extracts and aggregates features for four canonical rotations:

{0◦, 90◦, 180◦, 270◦}. We therefore expect the greatest consistency at these canonical angles,

which are explicitly normalized by the RFN construction.

As shown in Figure 2.4, our model with the RFN (blue line) maintains a high accuracy near 87%

at those canonical angles, demonstrating the intended robustness and consistency at the canonical

rotations. In contrast, VMamba (orange line) suffers from a significant drop in performance for

images rotated at 90◦ (∼30% drop), 180◦ (∼20% drop) and 270◦ (∼30% drop). Although RFN

explicitly normalizes only the canonical angles, we observe remarkably consistent performance

across all rotation angles, we observe a remarkably consistent performance across all rotation

angles, stabilizing at around 78% in Top-1 accuracy. On the other hand, the performance of

VMamba fluctuates drastically, reaching accuracy values near 50% at certain angles (e.g., 105◦

or 255◦).

Impact of RFN. To assess the usefulness of our RFN module, we also tested an ablation variant

of our method without this module (Ours w/o RFN in Figure 2.4). As discussed above, the

Laplacian eigenvalues are preserved under permutation of corresponding patches, while the

associated simple eigenvectors transform equivariantly up to sign. However, the Laplacian

matrix is constructed from patch features that are themselves sensitive to rotation. As we expect,

removing the RFN causes the performance to drop for all angles, this drop growing as we
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Figure 2.4 Model performance comparison across various rotation angles. Our

method demonstrates consistent accuracy across all rotation angles, while VMamba

exhibits significant fluctuations

increase the rotation (away from 0◦ or 360◦). Interestingly, our method without the RFN module

still achieves a higher accuracy than VMamba for angles between 60◦ and 300◦, which represent

severe rotations. This could be explained by the small size of patches (16× 16) compared to the

image, minimizing the impact of rotations (full invariance would be achieved for 1× 1 patches).

Impact of STS. Since the STS is a critical part of our Spectral VMamba method, we cannot

remove it. To evaluate its impact, we instead add the RFN to VMamba, the resulting approach

now only differing from our method by not having a STS. As shown in Figure 2.4, the VMamba

+ RFN model (green line) offers a low robustness to rotation, its accuracy similar to that of

VMamba. These results demonstrate that improving rotational invariance at the patch level is

not sufficient to achieve a high performance.

Number of eigenvectors. In Figure 2.5, we assess the effect on performance of varying

the number of eigenvectors used in the STS (𝑚 ∈ {1, 2, 3, 4}). As can be seen, accuracy

improves consistently with more eigenvectors, peaking at 87.48% for 𝑚 = 4. This suggests

that eigenvectors offer complementary information and that their combination enhances the
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recognition of complex global structures. In the same plot, we also report the performance of the

standard VMamba model and a variant using a random traversal strategy. As can be observed,

the improvement provided by our STS over VMamba, for any number of eigenvectors, is greater

than the one offered by the raster scan of VMamba over a random traversal.

Figure 2.5 Model performance for different number of eigenvectors. Four eigenvectors

exhibit the best performance

Number of nearest neighbors. The K-Nearest Neighbors (KNN) algorithm constructs a sparse

adjacency matrix by selecting the top 𝑘 nearest neighbors for each image patch. In Table 2.2, we

report our model’s performance across 𝑘 values from 5 to 25. As can be seen, our model is not

very sensitive to this parameter and achieves its highest accuracy of 87.48% for 𝑘 =5 neighbors.

This suggests that only a few neighbors are necessary to capture the global structure of an image.

This also has a positive impact on the efficiency of our method, since a smaller 𝑘 results in a

sparser Laplacian matrix and reduces the computational burden of the spectral decomposition.

Memory Usage and Runtime. Next, we analyze the computational cost and time efficiency of

the STS. As mentioned before, the proposed strategy minimizes computations by leveraging
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Table 2.2 Model performance for different values of 𝑘 (number of nearest

neighbors). The best performance is achieved at 𝑘 = 5

𝑘 5 10 15 20 25
Top-1 Accuracy (%) 87.48 86.98 87.14 86.91 87.15

the sparsity of the Laplacian matrix and limiting the number of computed eigenvectors. In the

following experiments, we use 𝑚 = 4 eigenvectors and batch size = 1.

Figure 2.6 Runtime and memory usage for different patch lengths

Memory Usage: As depicted in 2.6, our STS approach (blue line) is highly efficient in terms

of memory usage compared to the VMamba (orange line). Even when the number of patches

increases, the STS based on a sparse eigen-solver, requires only a modest increase in memory

compared to the VMamba. The stars along each line indicate the token lengths used in our

method, highlighting the specific points where processing occurs across different sequence

lengths.

Runtime: Our STS strategy, which can run on a central processing unit (CPU), also shows

a favorable runtime scaling with increased patch length (2.6). Specifically, for a patch length

of 196 (marked by a star), which is the setting used in our main experiments, the increase in
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runtime is minimal when compared to the VMamba backbone, highlighting the efficiency of our

approach.

FLOPs: The computational cost of our traversal strategy includes constructing the adjacency

matrix, computing the Laplacian, and obtaining its leading eigenvectors. These operations

require approximately 2 MFLOPs, indicating that the STS module itself introduces only a small

computational overhead. The VMamba backbone requires approximately 3.9 GFLOPs. As

reported in Table 2.1, the total FLOPs of Spectral VMamba are lower than those of VMamba at

the same model scale. However, this reduction should not be attributed solely to STS, since

Spectral VMamba operates on a 14!×!14 token representation, whereas VMamba uses 56!×!56

tokens.

Latency/Memory breakdown. We profile five components, RFN’s four rotated forward passes,

patch feature extraction, KNN graph construction, spectral eigensolving, and the S6 blocks,

using CUDA-event timing averaged over 30 forward passes (10 warm-up iterations discarded);

peak memory is measured via torch.cuda.max_memory_allocated(). Table 2.3 reports

results at two resolutions (2242, 3842) and three batch sizes (1, 8, 32).

Eigensolving dominates at larger batch sizes, rising from 11.6% of end-to-end latency at

batch size 1 to 62.2% at batch size 32 (2242), while its latency grows only ∼1.9× from 2242

to 3842 despite a ∼2.9× increase in patch count, indicating favorable batched-GPU scaling.

KNN graph construction stays below 3% of end-to-end latency throughout, and RFN rotation

and patch feature extraction scale predictably with resolution and batch size (2.0–2.8 ms and

1.5–58.4 ms, respectively) without becoming a bottleneck. Peak memory grows from 0.99 GB to

3.49 GB across settings, driven by graph and eigenvector matrices whose size scales with patch

count. Overall, the spectral components add manageable overhead at these resolutions, with

eigensolving the main target for further scalability, e.g. via sparse or approximate decomposition.
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Table 2.3 End-to-end latency (ms) and peak GPU memory (GB) breakdown by pipeline

stage, across batch size and input resolution

Batch Res.
Latency (ms) End-to-end

(ms)
Peak Mem.

(GB)
RFN Rot. Patch Feat. KNN Eigensolve S6 Blocks

1 2242 2.0 1.5 0.6 3.3 16.8 28.8 0.99

8 2242 2.2 5.4 0.6 24.7 18.2 55.7 1.08

32 2242 2.2 20.0 0.8 99.4 32.8 159.9 1.75

1 3842 2.0 2.0 0.7 5.8 16.9 31.9 1.00

8 3842 2.1 14.8 1.4 45.8 22.6 90.2 1.51

32 3842 2.8 58.4 4.9 185.8 64.2 327.0 3.49

2.5 Conclusion

In this paper, we introduce Spectral VMamba, a novel approach to visual state space models

that promotes rotation-consistent patch traversal. Our method leverages spectral decomposition

from the graph Laplacian of image patches to define traversal paths for patch processing. In

addition, we develop the RFN module to promote consistent feature representations across

different orientations. This module serves as a foundation for our STS module, enabling patch

features that are robust to rotational variations. By incorporating the RFN and STS modules,

Spectral VMamba achieves a robust feature extraction pipeline that maintains high accuracy

across a variety of image orientations. Our experiments demonstrate that Spectral VMamba

consistently outperforms popular models including Swin Transformer, VMamba, MSVMamba,

and LocalVim in image classification tasks. Our method does not yet address generalization to

the medical domain. In future work, we aim to handle disconnected graph components, common

in medical images with distinct anatomical structures or pathologies. Adapting spectral traversal

for these regions will enhance pattern capture and robustness across imaging modalities.
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This chapter addresses Objective O2, which aims to strengthen the robustness of State Space

Models (SSMs) under deployment-time distribution shifts. To achieve this objective, we

introduce TRUST, a test-time adaptation method that improves the robustness of Mamba-based

vision models without requiring source data or offline retraining.

Abstract

State Space Models (SSMs) have emerged as efficient alternatives to Vision Transformers

(ViTs), with VMamba standing out as a pioneering architecture designed for vision tasks.

However, their generalization performance degrades significantly under distribution shifts. To

address this limitation, we propose TRUST (Test-Time Refinement using Uncertainty-Guided



50

SSM Traverses), a novel test-time adaptation (TTA) method that leverages diverse traversal

permutations to generate multiple causal perspectives of the input image. Model predictions

serve as pseudo-labels to guide updates of the Mamba-specific parameters, and the adapted

weights are averaged to integrate the learned information across traversal scans. Altogether,

TRUST is the first approach that explicitly leverages the unique architectural properties of

SSMs for adaptation. Experiments on seven benchmarks show that TRUST consistently

improves robustness and outperforms the evaluated TTA baselines. The code is available at:

https://github.com/Sahardastani/trust.

3.1 Introduction

The field of visual representation learning has advanced rapidly due to the ability of deep neural

networks to extract rich and generalizable features. Convolutional Neural Networks (CNNs)

(Simonyan & Zisserman, 2014; He et al., 2016; Huang et al., 2017; Tan & Le, 2019; Liu et al.,

2022b) excel in modeling local patterns through strong inductive biases but struggle with global

context. Vision Transformers (ViTs) (Dosovitskiy et al., 2021; Liu et al., 2021; Zhang et al.,

2023; Touvron et al., 2021) address this challenge using a self-attention mechanism, although at

higher computational cost. More recently, State Space Models (SSMs) (Gu et al., 2021a; Fu et al.,

2022; Smith et al., 2022) emerged as a scalable alternative, providing global receptive fields with

linear complexity. Despite their efficiency, the performance of SSMs degrades under distribution

shift. This is mainly due to violations of the Independently and Identically Distributed (i.i.d.)

assumption, which is often disrupted in real-world settings. While generalization strategies are

well developed for CNNs and ViTs, vision-specific strategies for SSMs are still lacking.

This work focuses on VMamba (Liu et al., 2024b), a vision-adapted variant of the Mamba

architecture (Gu & Dao, 2023), designed for sequential visual processing. VMamba introduces

2D Selective Scan (SS2D), a four-way traversal mechanism that scans image patches along

predefined spatial directions. However, this directional processing introduces a strong inductive

bias by aligning internal representations with fixed traversal paths (Dastani et al., 2025b), which

may hinder generalization under distribution shifts. Additionally, the hidden states of VMamba
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store historical context over the traversal sequence. When exposed to unseen domains, this

context may accumulate domain-specific artifacts, leading to amplified bias during propagation

and ultimately degrading generalization (Long et al., 2024).

To address these challenges, we propose Test-Time Refinement using Uncertainty-Guided SSM

Traverses (TRUST), a novel Test-Time Adaptation (TTA) strategy specifically designed for

SSMs that leverages VMamba’s internal traversal mechanism. As illustrated in the offline

phase of Figure 3.1, different traversal permutations result in varying prediction entropy levels,

revealing the sensitivity of the model to causal ordering. TRUST systematically generates

multiple traversal permutations by reordering the four directional scans, exposing the model to

diverse causal perspectives of the same input. At test time, we compute the entropy of predictions

from each permutation and select the ones with the lowest entropy, which are associated with

more stable and domain-robust hidden states.

Inspired by previous work on flat minima and weight averaging (Keskar, Nocedal, Tang,

Mudigere & Smelyanskiy, 2017; Cha et al., 2021), our method aggregates the outputs of different

traversal permutations to implicitly explore a broader and flatter region of the loss landscape.

Each permutation activates a distinct computational pathway through the model, effectively

sampling different local minima. Selecting the top-k traversal permutations with the lowest

predictive entropy and computing a average of their model parameters mitigates the impact of

noisy or uncertain predictions. This enhances generalization without requiring source data or

offline retraining.

We outline the main contributions of our work as follows:

• We propose TRUST, the first TTA approach specifically designed for Mamba-based vision

models. Unlike prior methods that depend on data augmentation or auxiliary models,

our approach takes advantage of the internal traversal dynamics of VMamba to improve

generalization under distribution shift.

• TRUST introduces a parameter-averaging strategy to promote robustness, which permutes

traversal directions and uniformly averages model weights from the most confident paths.
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• We validate our method on seven standard benchmarks, where it consistently outperforms

the evaluated TTA baselines.

3.2 Related Work

TTA is a paradigm of Domain Adaptation (Liang, Hu & Feng, 2020) that intends to enhance

model generalization during deployment. Specifically, a pre-trained model is adapted to

incoming data batches without requiring label supervision or having access to source data.

As a pioneering approach, Tent (Wang et al., 2021a) minimizes prediction entropy as an

adaptation objective, based on the principle that distribution shifts in the target domain reduce

the confidence of a model in its predictions. Examples of Tent-based approaches include

using confidence thresholds for sample selection before adaptation (Niu et al., 2022; Lee et al.,

2023), minimizing the sharpness of the entropy loss (Niu et al., 2023), using class-balanced

memory queues for better adaptation sampling (Yuan et al., 2023), and meta-learning the

entropy loss (Goyal, Sun, Raghunanthan & Kolter, 2022), among other alternatives (Gong, Kim,

Lee, Chottananurak & Lee, 2024; Yu, Sheng, He & Liang, 2024; Gao, Zhang & Liu, 2024).

The literature also includes several other adaptation strategies that do not minimize entropy,

such as contrastive learning (Wang et al., 2022a; Chen, Wang, Darrell & Ebrahimi, 2022b),

Laplacian optimization (Boudiaf, Mueller, Ben Ayed & Bertinetto, 2022; Sun et al., 2024),

and prototype-based pseudo-labeling (Jang, Chung & Chung, 2024b). While flexible, these

techniques do not capitalize on the unique properties of specific architectures such as VMamba.

Architecture-specific TTA. Recent advances in TTA have introduced a variety of model-specific

strategies. Among those, FOA (Niu et al., 2024) loosely adheres to ViTs by incorporating

gradient-free learning of additional prompts in the form of token embeddings. For Vision-

language Models (VLMs) (Shu et al., 2022; Karmanov et al., 2024; Osowiechi et al., 2024;

Vargas Hakim et al., 2025), recent strategies incorporate text information as an auxiliary tool

for adaptation. Examples include prompt learning via entropy minimization (Shu et al., 2022),

positive and negative caching with text-based pseudo-labels (Karmanov et al., 2024), transductive

adaptation using conformal pseudo-captions (Vargas Hakim et al., 2025), and weight averaging
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across text templates (Osowiechi et al., 2024). SSM-oriented TTA has also been explored to a

smaller extent. In a recent work, STAD (Schirmer et al., 2024) uses Markov processes to learn

time-varying prototypes for classifying examples during inference and adapts the classification

head of the model.

Weight Averaging for Robust Adaptation. Initially introduced in the context of Domain

Generalization (Li, Yang, Song & Hospedales, 2018; Zhou, Yang, Qiao & Xiang, 2021c; Noori

et al., 2025a), weight averaging has gained popularity as an effective technique for enhancing

model robustness to domain shifts (Izmailov, Podoprikhin, Garipov, Vetrov & Wilson, 2018; Cha

et al., 2021). Notably, methods like SWAD (Cha et al., 2021) aim to identify flat minima in the

loss landscape by minimizing loss fluctuations across diverse inputs. This is often accomplished

by averaging the weights of models trained on different image augmentations. While similar

ideas have been adopted in the TTA literature (Niu et al., 2023; Osowiechi et al., 2024; Bahri

et al., 2025b; Yazdanpanah et al., 2025; Bahri et al., 2025a), they typically rely on explicit

input diversification, which introduces additional computational overhead. In contrast, our

approach leverages the intrinsic diversity of SSM-based traversals to induce variation directly in

the weights of our model, without requiring external data augmentations.

3.3 Method

Section 3.3.1 introduces key concepts in TTA and SSM, laying the groundwork for our

approach. In Section 3.3.2, we propose traversal permutations to generate complementary causal

perspectives of the input, followed by a weight averaging strategy in Section 3.3.3 for robust and

efficient inference. Figure 3.1 shows an overview of our method.

3.3.1 Preliminaries

TTA in Image Classification. Consider a classification model composed of a feature processor

𝑓𝜃 , parameterized by 𝜃, and a classifier ℎ𝜙 parameterized by 𝜙. The model is pre-trained on

a source dataset D𝑠 = {(X 𝑗 , 𝑦 𝑗 )}𝑁𝑠𝑗=1
consisting of images X 𝑗 ∈ R

𝑊×𝐻×3 and corresponding
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Figure 3.1 An overview of the proposed method. Our network consists of three stages:

offline, adaptation, and evaluation. In the offline stage, multiple traversal permutations are

generated and ranked by entropy. The top-K most confident permutations are selected.

During adaptation, the selected permutations are applied sequentially, with each step

updating the Mamba-specific state-space parameters from the previous step. The

intermediate parameter states are stored and then merged via parameter-space averaging.

The final averaged model is used for inference in the evaluation stage

labels 𝑦 𝑗 ∈ {1, . . . , 𝐶}, where 𝐶 is the number of classes. Formally, the model learns a

map 𝐹𝑠 : X𝑠 → Y𝑠 between the input distribution X𝑠 and output distribution Y𝑠 from the

source. Training on D𝑠 is performed using a supervised loss Ltrain (typically cross-entropy).

At test-time, the model is exposed to a target dataset D𝑡 = {X 𝑗 }𝑁𝑠+𝑁𝑡𝑗=𝑁𝑠+1
, which lacks labels and

follows a different distribution, giving rise to the map 𝐹𝑡 : X𝑡 → Y𝑡 . Although the source

and target datasets share the same label space (Y𝑠 = Y𝑡), their joint distribution differ, i.e.,

𝑃(X𝑠,Y𝑠) ≠ 𝑃(X𝑡 ,Y𝑡). Such a difference is referred to as covariate domain shift (Boudiaf et al.,

2022).



55

SSM Formulation. SSM-based models (Gu et al., 2021a; Gu & Dao, 2023) map a 1D input

sequence x(𝑡) ∈ R to an output y(𝑡) ∈ R through a learnable hidden state h(𝑡) ∈ R
𝑁 , governed

by a linear dynamical system:

h′(𝑡) = Ah(𝑡) + Bx(𝑡), y(𝑡) = Ch(𝑡), (3.1)

where A ∈ R
𝑁×𝑁 , B ∈ R

𝑁×1, and C ∈ R
1×𝑁 are learnable parameters. To integrate this

formulation into deep learning, it is discretized using the zero-order hold (ZOH) method with

step size Δ ∈ R, resulting in the discrete recurrence:

h(𝑡) = Ah(𝑡 − 1) + Bx(𝑡), y(𝑡) = Ch(𝑡), where A = exp(ΔA), B ≈ ΔB. (3.2)

Unrolling this recurrence over time yields a 1D convolution with kernel K ∈ R
𝐿 , where 𝐿 ∈ N

denotes the kernel length. This form enables efficient parallel computation during training.

y = x � K, K =
(
CB,CAB, . . . ,CA𝐿−1B

)
. (3.3)

SS2D for 2D Visual Processing. To extend 1D state-space models to visual data, VMamba

introduces the SS2D module, which reshapes an input image X ∈ R
𝐻×𝑊×𝐶 into a sequence

of 𝑇 non-overlapping patches {x𝑡}𝑇𝑡=1
. As shown in Fig. 3.1, these patches are traversed in a

predefined causal order determined by one of four canonical directions using the Cross-Scan

module: left-to-right (𝑎), top-to-bottom (𝑏), right-to-left (𝑐), and bottom-to-top (𝑑). For each

direction, the patch sequence is processed recurrently by a shared, discretized 1D SSM, ensuring

causality and directional consistency. The outputs from all four scans are then aggregated using

the Cross-Merge module.

3.3.2 Traversal Permutation

To address the limitations of VMamba under distribution shifts, we propose a TTA strategy

that leverages VMamba’s intrinsic directional traversal mechanism. We define a set of traversal
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permutations

P = {𝜋1, 𝜋2 . . . , 𝜋𝑁 }, (3.4)

where each 𝜋𝑖 represents a unique ordering of the four canonical scan directions, with 𝜋1 =

{𝑎, 𝑏, 𝑐, 𝑑} corresponding to the original ordering used in VMamba (see Fig. 3.1 for the definition

of directions 𝑎, 𝑏, 𝑐 and 𝑑). Permuting the scan directions changes their association with

direction-specific SS2D parameter slices, producing different hidden states before the directional

outputs are aligned and combined by Cross-Merge. We assess the predictive confidence of

the model under each traversal permutation 𝜋𝑖 ∈ P by computing the Shannon entropy of its

output distribution. Permutations are then ranked in ascending order of entropy, and the top-𝐾

permutations with the lowest entropy are selected, where 𝐾 denotes the number of selected

traversal permutations (the offline mode of Figure 3.1):

Pselected = {𝜋𝑖1 , 𝜋𝑖2 , . . . , 𝜋𝑖𝐾 }. (3.5)

During the adaptation phase, for each selected permutation 𝜋𝑖𝑘 , 𝑘 = 1, . . . , 𝐾, the input is

processed according to the corresponding traversal order. Denoting 𝑝(X; 𝜋𝑖𝑘 ) ∈ [0, 1]𝐶 as

the output of the model for an image X when using traversal permutation 𝜋𝑖𝑘 , we compute a

pseudo-label 𝑦̂𝑘 by taking the class with maximum predicted probability:

𝑦̂𝑘 = arg max
𝑐∈{1,...,𝐶}

[
𝑝(X; 𝜋𝑖𝑘 )

]
𝑐
. (3.6)

The Mamba-specific parameters are then updated to minimize the average cross-entropy (log

loss) between the model prediction and the corresponding pseudo-label over each target sample

in batch B:

𝜽𝑘 = arg min
𝜽

− 1

|B|
∑
X∈B

log
[
𝑝(X; 𝜋𝑖𝑘 )

]
𝑦̂𝑘
. (3.7)

This is achieved using back-propagation as in standard methods. After optimization, the adapted

parameter set 𝜽𝑘 is cached, allowing a subsequent ensemble-based aggregation at inference.
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Our method processes the same image through multiple directional permutations, enabling

VMamba to exploit complementary causal views of the input. These distinct trajectories

expose the model to both global consistency (identical token set) and local variation (different

hidden-state evolutions), which helps find a flatter minima offering a stronger out-of-distribution

(OOD) generalization (Cha et al., 2021). Crucially, re-ordering prevents domain-specific artifacts

from always entering the recurrence at the same time step. If an artifact 𝜺 is embedded in a

corrupted patch x𝑡𝜺 , then under the default traversal 𝜋1, this patch always appears at time step

𝑡 = 𝑡𝜺 in the processing sequence. The hidden state update at that step becomes:

h(1) (𝑡𝜺) = 𝑓
(
h(1) (𝑡𝜺 − 1), x𝑡𝜺 + 𝜺

)
. (3.8)

Since the hidden state h(𝑡) is recurrent and accumulates over time, injecting 𝜺 early in the

sequence allows its influence to propagate through many subsequent updates. Therefore, the

impact of the artifact depends heavily on the position of 𝑡𝜺 within the sequence. In our method,

we apply a traversal permutation 𝜋𝑖𝑘 , which changes the order in which patches are processed.

Under 𝜋𝑖𝑘 , the corrupted patch x𝑡𝜺 appears at time step 𝑡 = 𝜋𝑖𝑘 (𝑡𝜺), leading to the updated hidden

state:

h(𝑖) (
𝜋𝑖𝑘 (𝑡𝜺)

)
= 𝑓

(
h(𝑖) (

𝜋𝑖𝑘 (𝑡𝜺) − 1
)
, x𝑡𝜺 + 𝜺

)
. (3.9)

Across different permutations, the corrupted patch enters the sequence at varying time steps.

This shifts the effect of artifact to different hidden states, breaking its consistent influence pattern.

During test-time adaptation, these variations allow the model to learn diverse responses, and the

subsequent weight averaging of adapted models helps suppress artifact-induced bias.

3.3.3 Leveraging Traversal Permutations Through Weight Averaging

To improve both stability and generalization under distribution shifts, we aggregate the adapted

models obtained from the top-𝐾 traversal permutations. During the evaluation phase, we utilize
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Figure 3.2 Loss surface of model parameters

the averaged weights

𝜃 =
1

𝐾

𝐾∑
𝑘=1

𝜃𝑘 (3.10)

and evaluate the model using the default traversal path 𝜋1. In this setting, each 𝜃𝑘 represents

an adapted model under a distinct traversal permutation. This results in a single, consolidated

model that captures the benefits of multi-directional adaptation.

This simple yet effective averaging strategy draws inspiration from the notion of flat minima in

the loss landscape (Izmailov et al., 2018; Cha et al., 2021), where parameter configurations that

lie in flat regions tend to exhibit greater generalization and robustness to perturbations. Weight

averaging encourages convergence to a region in parameter space with low curvature, thereby

reducing sensitivity to input variations and improving performance under distribution shifts.

In our approach, the integration of traversal permutations with weight averaging is inspired by

Robust Risk Minimization (RRM) (Cha et al., 2021). RRM aims to minimize the worst-case

empirical loss within a neighborhood around the current parameters, formulated as:

Ê𝛾
D(𝜃) = max

‖Δ‖≤𝛾
ÊD (𝜃 + Δ), (3.11)

where 𝛾 > 0 defines the neighborhood around the model parameters 𝜃, and Δ shows small

perturbations. To further illustrate this point, Figure 3.2 represents the test loss surface over
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model parameters under Gaussian noise corruption from the ImageNet-C dataset. Each triangle

marks a model adapted via a different traversal permutation, while the central cross denotes the

weight-averaged model. The axes depict linear interpolations between parameter sets, offering a

2D view of the high-dimensional landscape. This visualization suggests that different traversal

permutations lead to diverse parameter configurations and that their averaged model lies in a

relatively low-loss region.

Unlike traditional TTA approaches that rely on data augmentation, external source data, or

auxiliary objectives to generate diverse model variants for weight averaging, our approach

leverages the internal architecture of VMamba, specifically, its canonical traversal mechanism.

By permuting traversal scans, we induce structural variability that yields diverse perspectives of

the same input, enabling effective adaptation without external augmentation.

3.4 Experiments

In this section, we present a comprehensive evaluation of our proposed method across seven

benchmark datasets. We begin by describing the datasets used for evaluation, followed by

implementation details and the baselines employed. We then report our main results and

conclude with a set of ablation studies to analyze key components of our approach.

3.4.1 Datasets

We evaluate the performance and generalization of our method across a wide range of TTA

benchmarks, covering corruption robustness and domain generalization. For corruption-based

robustness, we use CIFAR10-C, CIFAR100-C, and ImageNet-C (Hendrycks & Dietterich, 2019),

which apply 15 corruption types (e.g., noise, blur, weather, digital artifacts) at five severity

levels. These datasets scale from 10 (CIFAR10-C) to 100 (CIFAR100-C) to 1000 (ImageNet-C)

classes, enabling systematic analysis of model degradation.

For domain generalization, we assess on PACS-Photo (Li, Yang, Song & Hospedales, 2017),

ImageNet-S (Wang, Ge, Lipton & Xing, 2019), ImageNet-V2 (Recht, Roelofs, Schmidt & Shankar,
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2019), and ImageNet-R (Hendrycks et al., 2021). PACS contains four visual domains (photo,

art painting, cartoon, and sketch) with seven shared classes. In our PACS-Photo setting, the

photo domain is held out for evaluation, while the remaining three domains are used for training.

ImageNet-S features sketch-style abstractions; ImageNet-V2 provides a cleaner, independently

collected test set; and ImageNet-R introduces style shifts across 200 classes with diverse artistic

renditions. Together, these benchmarks test adaptability to unseen distributions, styles, and

abstractions.

3.4.2 Implementation Details

We perform adaptation exclusively on the Mamba-specific state space parameters within the

SS2D module of each VMamba block, while keeping the rest of the model frozen. The base

VMamba model is trained with batch normalization layers. The adaptation is guided using a

pseudo-labeling strategy, where confident model predictions are treated as supervision targets

in a cross-entropy loss. This enables self-supervised adaptation without requiring access to

ground-truth labels. The adaptation proceeds in an online manner, with model updates applied

sequentially (i.e., without resetting the weights to their pre-adaptation values). Optimization

is performed using the Adam optimizer with a learning rate of 10−4 and a batch size of 128,

ensuring consistent dynamics and fair comparison across benchmarks. All experiments were

conducted using a single NVIDIA 𝐴6000 GPU. Further details regarding the online test stream,

reset policy, and optimizer-state handling are provided in the Supplementary Material.

3.4.3 Baselines

We compare our method against several state-of-the-art TTA approaches. Source Only refers

to the performance of VMamba without any adaptation. ETA (Niu et al., 2022) minimizes an

entropy loss modulated by a sample-adaptive weighting mechanism, updating only the affine

parameters of normalization layers. LAME (Boudiaf et al., 2022) enforces smooth decision

boundaries by introducing Laplacian regularization over the model predictions. SAR (Niu

et al., 2023) promotes robustness by explicitly optimizing for flat minima using sharpness-aware
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Table 3.1 Top-1 classification accuracy (%) under various corruption types on

CIFAR10-C, CIFAR100-C, and ImageNet-C datasets. Increases/decreases in mean

accuracy compared to Source only are indicated by upward/downward arrows and

additionally highlighted in green/red
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1
0
-C

Source only 46.8 48.4 45.0 73.5 52.6 73.0 78.7 71.8 75.8 77.3 85.7 69.6 63.7 67.9 59.0 65.9

ETA (Niu et al., 2022) 46.7 48.3 44.8 73.5 52.6 73.0 78.6 75.7 71.4 77.2 85.7 69.6 63.7 67.9 59.0 65.8 (↓0.1)

LAME (Boudiaf et al., 2022) 46.7 48.3 44.8 73.5 52.6 73.0 78.6 71.8 75.8 77.2 85.7 69.6 63.7 67.9 59.0 65.9

SAR (Niu et al., 2023) 47.7 49.5 46.2 74.3 53.4 73.8 79.1 72.5 76.5 78.0 86.1 70.8 64.5 68.9 60.0 66.8 (↑0.9)

SHOT (Liang et al., 2020) 47.8 49.7 46.3 74.3 53.7 74.0 79.3 72.6 76.6 78.1 86.3 70.7 64.5 68.9 59.9 66.8 (↑0.9)

Tent (Wang et al., 2021a) 47.3 49.2 45.8 74.2 53.1 73.7 79.1 72.2 76.3 77.9 86.1 70.4 64.3 68.7 59.6 66.5 (↑0.6)

TRUST naive 58.9 61.8 62.0 79.8 60.9 79.1 82.6 80.5 81.8 83.6 88.8 81.8 70.3 75.1 66.0 74.2 (↑8.3)

TRUST 63.1 67.8 70.3 81.0 64.5 81.4 85.0 83.2 85.4 85.8 90.1 85.7 72.1 79.1 68.6 77.5 (↑11.6)

C
IF

A
R

1
0
0
-C

Source only 21.0 22.1 18.3 50.6 27.7 51.0 56.2 45.3 50.6 52.4 65.3 43.2 39.0 41.7 33.4 41.2

ETA (Niu et al., 2022) 21.2 22.3 18.7 50.8 27.8 51.2 56.3 45.4 50.8 52.7 65.5 43.5 39.2 42.0 33.7 41.4 (↑0.2)

LAME (Boudiaf et al., 2022) 21.0 22.1 18.3 50.6 27.7 51.0 56.2 45.3 50.6 52.5 65.4 43.2 39.0 41.7 33.4 41.2

SAR (Niu et al., 2023) 21.9 22.8 19.3 51.1 28.2 51.5 56.7 46.4 51.4 53.1 65.8 44.2 39.9 42.8 34.2 41.9 (↑0.7)

SHOT (Liang et al., 2020) 21.9 22.9 19.1 51.4 28.3 51.8 56.8 46.3 51.4 53.3 66.0 44.2 39.8 42.7 34.3 42.0 (↑0.8)

Tent (Wang et al., 2021a) 21.6 22.6 18.9 51.1 28.2 51.5 56.7 46.2 51.1 53.1 65.8 44.0 39.7 42.5 34.0 41.8 (↑0.6)

TRUST naive 32.1 32.8 34.1 56.9 35.4 57.2 61.6 54.6 57.8 60.1 69.6 55.6 46.6 50.8 41.0 49.8 (↑8.6)

TRUST 37.8 38.9 42.3 60.9 36.6 60.8 65.4 59.0 62.2 64.5 71.7 63.1 50.3 56.6 44.9 54.3 (↑13.1)

Im
ag

eN
et

-C

Source only 24.3 26.1 25.1 22.2 23.2 35.4 43.2 49.3 48.4 56.9 70.0 26.8 45.1 43.7 41.4 38.7

ETA (Niu et al., 2022) 26.4 28.4 27.2 23.5 24.6 37.2 45.1 50.8 51.0 58.8 70.6 29.1 47.7 46.9 45.0 40.8 (↑2.1)

LAME (Boudiaf et al., 2022) 24.3 26.1 25.1 22.2 23.2 35.4 43.2 49.3 48.4 56.9 70.0 26.8 45.1 43.7 41.4 38.8 (↑0.1)

SAR (Niu et al., 2023) 26.5 29.2 28.0 24.5 25.3 37.4 45.1 51.0 51.7 59.1 70.5 31.5 48.2 48.6 46.3 41.5 (↑2.8)

SHOT (Liang et al., 2020) 28.0 30.1 28.8 25.0 26.0 38.0 45.7 51.0 51.5 59.1 70.6 30.2 48.4 47.8 45.8 41.7 (↑3.0)

Tent (Wang et al., 2021a) 27.8 30.0 28.8 24.9 25.9 38.0 45.5 51.0 51.3 59.1 70.6 30.0 48.2 47.8 45.7 41.7 (↑3.0)

TRUST naive 43.4 45.6 44.9 38.3 36.6 53.0 54.9 57.1 60.2 66.0 72.2 50.2 59.0 61.1 58.5 53.4 (↑14.7)

TRUST 46.8 49.4 48.5 42.8 40.8 57.1 57.9 57.3 61.7 66.8 71.9 54.9 61.4 63.6 60.2 56.1 (↑17.4)

minimization. SHOT (Liang et al., 2020) aligns the classifier by minimizing entropy while

encouraging confident and diverse predictions, using a fixed feature extractor. Tent (Wang et al.,

2021a) adapts the model by updating only the affine parameters of normalization layers via

entropy minimization.

We evaluate two variants of our approach: TRUST naive, which adapts only the Mamba-specific

SS2D parameters, and TRUST, which further enhances robustness by averaging over multiple

traversal permutations during adaptation.
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3.4.4 Main Results

Table 3.1 presents the Top-1 accuracy under the highest corruption severity (level 5) for

CIFAR10-C, CIFAR100-C, and ImageNet-C datasets. TRUST consistently outperforms all

baselines across the three datasets, demonstrating strong generalization under severe distribution

shifts. It also surpasses its naive variant, underscoring the effectiveness of permutation-based

strategy in enhancing robustness.

CIFAR10-C. TRUST achieves a mean accuracy of 77.5%, outperforming both Tent and SHOT

by margins of 11.0% and 10.7%, respectively. On challenging corruptions, TRUST yields the

largest improvements over SHOT, such as elastic (7.5%), glass blur (10.8%), and motion blur

(7.4%). Compared to its naive variant, TRUST provides a further 3.3% boost. These results

highlight the benefits of traversal diversity in enhancing corruption robustness.

CIFAR100-C. On a more fine-grained benchmark, TRUST attains a mean accuracy of 54.3%,

exceeding SHOT and SAR by 12.3% and 12.4%, respectively. The largest absolute improvements

over SHOT are observed under challenging corruptions such as impulse noise (23.2%), contrast

(18.9%), and shot noise (16.1%), demonstrating the robustness of our method under severe

distribution shifts. It also improves upon TRUST naive by 4.5%.

ImageNet-C. TRUST achieves a strong mean accuracy of 56.1% on the large-scale ImageNet-C

benchmark, outperforming both Tent and SHOT by 14.4%, and TRUST naive by 2.7%. On

challenging corruptions, TRUST yields the largest improvements over SHOT, such as glass

blur (14.8%), elastic (19.3%), and JPEG compression (14.4%), reflecting the advantage of our

method in mitigating both spatial distortions and digital artifacts.

In addition to corruption-specific robustness, our method demonstrates strong generalization to

broader distribution shifts, as summarized in Table 3.2. On ImageNet-S, our method achieves

41.5% accuracy, outperforming SHOT by a substantial margin of 8.9%, and providing a modest

0.4% improvement over the naive variant. For ImageNet-V2, TRUST attains 64.0%, exceeding

SHOT by 1.6% and providing a 0.6% gain over its naive variant. The most significant boost
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Table 3.2 Top-1 classification accuracy (%) across datasets. For CIFAR10-C,

CIFAR100-C, and ImageNet-C, values are averaged over all corruptions; for ImageNet-S,

V2, R, and PACS-Photo, they reflect test set accuracy. Increases/decreases in mean

accuracy compared to Source only are indicated by upward/downward arrows and

additionally highlighted in green/red

Method CIFAR10-C CIFAR100-C ImageNet-C ImageNet-S ImageNet-V2 ImageNet-R PACS-Photo

Source only 65.9 41.2 38.7 31.4 62.2 31.3 66.7

ETA (Niu et al., 2022) 65.8 (↓0.1) 41.4 (↑0.2) 40.8 (↑2.1) 31.4 62.2 31.3 66.7

LAME (Boudiaf et al., 2022) 65.9 41.2 38.8 (↑0.1) 31.4 62.2 31.3 66.7

SAR (Niu et al., 2023) 66.8 (↑0.9) 41.9 (↑0.7) 41.5 (↑2.8) 32.6 (↑1.2) 62.4 (↑0.2) 32.0 (↑0.7) 67.3 (↑0.6)

SHOT (Liang et al., 2020) 66.8 (↑0.9) 42.0 (↑0.8) 41.7 (↑3.0) 32.6 (↑1.2) 62.4 (↑0.2) 31.9 (↑0.6) 67.4 (↑0.7)

Tent (Wang et al., 2021a) 66.5 (↑0.6) 41.8 (↑0.6) 41.7 (↑3.0) 32.5 (↑1.1) 62.3 (↑0.1) 31.9 (↑0.6) 67.4 (↑0.7)

TRUST naive 74.2 (↑8.3) 49.8 (↑8.6) 53.4 (↑14.7) 41.1 (↑9.7) 63.4 (↑1.2) 39.7 (↑8.4) 67.1 (↑0.4)

TRUST 77.5 (↑11.6) 54.3 (↑13.1) 56.1 (↑17.4) 41.5 (↑10.1) 64.0 (↑1.8) 44.3 (↑13.0) 69.9 (↑3.2)

is observed on the ImageNet-R benchmark, which features real-world renditions of ImageNet

categories. Here, our method achieves 44.3%, surpassing both Tent and SHOT by 12.4%, and

outperforming TRUST naive by 4.6%. On the PACS-Photo dataset, our model reaches 69.9%

accuracy, offering consistent improvements over SHOT and Tent by 2.5%, and over the naive

variant by 2.8%. These consistent gains across varied benchmarks highlight the adaptability of

our permutation-based strategy, which not only improves corruption robustness but also scales

effectively to domain generalization tasks. For completeness, we also report results under the

standard reset protocol in the Appendix, where the model is reset to its source state after each

test batch.

3.4.5 Ablation Study

In this section, we present a comprehensive ablation study on the CIFAR10-C dataset to assess

the impact of key factors on the performance of our model. Specifically, we analyze the effects

of batch size, augmentation types, number of traversal permutations, number of adaptation

iterations, aggregation strategies, effect of traversing type in evaluation and computational

overhead.

Batch Size. Figure 3.3 demonstrates that TRUST maintains a consistent advantage over Tent

across different batch sizes. Even at smaller sizes such as 16 and 32, it delivers an accuracy
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Figure 3.3 Accuracy comparison between TRUST and Tent across varying batch sizes on

the CIFAR10-C dataset

improvement of around 8%. This indicates that our approach remains reliable and effective,

even when operating with limited data per batch.

Augmentation Impact. To evaluate whether standard data augmentations can serve as effective

alternatives to our traversal permutation strategy, we compare TRUST against common

augmentations including rotation, random cropping, and color jitter. As shown in Figure 3.4,

these traditional augmentations yield only modest improvements over the baseline source-only

model on CIFAR10-C, with accuracies ranging from 65.9% to 68.3%. In contrast, our method

achieves a substantial performance boost, reaching 77.5%, which is significantly higher than all

augmentation baselines. This indicates that simple augmentations fail to sufficiently address

distribution shifts.

Number of Traversal Permutations. Figure 3.5 shows how accuracy varies with the number of

traversal permutations across CIFAR10-C, CIFAR100-C, and ImageNet-C. Overall, increasing

the number of permutations consistently improves performance on all datasets. This is because

by applying multiple traversal permutations, we expose the model to diverse causal perspectives

of the same input. This variation encourages the model to learn different adaptation patterns at

test time. Increasing the number of traversal permutations introduces more variation and, as
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Figure 3.4 Performance comparison between standard augmentations and TRUST on the

CIFAR10-C dataset

shown in works such as Model-Soups (Wortsman et al., 2022), a greater number of diverse,

correctly-aligned representations (our top-K permutations) can enhance the effectiveness of

weight averaging.

More specifically on CIFAR10-C, accuracy rises from 75.6% (2 permutations) to 77.6% (8

permutations). For CIFAR100-C, the gain is from 51.7% to 54.7%, and for ImageNet-C, from

54.4% to a peak of 56.1% at six permutations before slightly dropping to 55.5% at eight. These

results confirm that incorporating multiple traversal permutations enhances robustness under

distribution shifts. Although accuracy improves with more permutations, gains diminish after six,

suggesting that six permutations strike a good balance between performance and computational

efficiency. For a breakdown of memory overhead, see Figure 3.9.

Number of Adaptation Iterations. Figure 3.6 illustrates that accuracy improves progressively

with an increasing number of iterations. Despite the potential for further improvement with

more iterations, we chose to use only a single iteration in subsequent experiments to enable

faster adaptation without compromising on competitive performance.

Aggregation Strategy. We evaluate two baseline strategies for aggregation across traversal

permutations: (1) an ensemble approach that averages model predictions from independently
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Figure 3.5 Effect of traversal permutation count on accuracy across three datasets

Figure 3.6 Model performance across adaptation iterations on the CIFAR10-C dataset

processed traversal orders, and (2) a repetition baseline, where the same traversal permutation

is applied 𝑘 times, followed by weight averaging. As shown in Figure 3.7, both baselines

yield lower performance on CIFAR10-C, with ensemble achieving 68.1% and repetition 69.6%,

compared to 75.6% with our method.

The ensemble variant offers traversal diversity, but because its individual models are never

weight-averaged, it lacks parameter alignment. The repetition baseline, in contrast, repeats the

same traversal and updates the model sequentially; the weights, therefore, remain aligned, yet no
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Figure 3.7 Accuracy comparison of different aggregation strategies on the CIFAR10-C

dataset

traversal diversity is introduced. Both baselines perform worse than our method, demonstrating

that neither unaligned traversal diversity (ensemble) nor aligned repetitions without diversity

(repetition) is sufficient on its own. By combining these two ingredients, traversal diversity and

parameter alignment, our approach achieves better generalization under distribution shift.

Effect of Traversal Permutation in Evaluation. Figure 3.8 illustrates how accuracy varies with

different traversal permutations during evaluation. We observe that the choice of permutation

impacts the performance. The default permutation used in the original VMamba architecture,

“𝑎𝑏𝑐𝑑”, achieves the highest accuracy at 77.5%, while others, such as “𝑏𝑎𝑑𝑐”, yield lower

performance (e.g., 71.6%). Given this sensitivity, we adopt the “𝑎𝑏𝑐𝑑” traversal permutation, on

which the model was trained, for all evaluations to ensure consistency and leverage the strongest

baseline.

Computational Overhead. We evaluate GPU memory usage as a function of the number

of traversal permutations used during parallel adaptation. Since only the SS2D blocks are

updated, we instantiate one SS2D block per traversal while sharing the rest of the network.

Traversals are batched and routed to their corresponding SS2D blocks, and their outputs are then

concatenated. This design minimizes computational overhead. As shown in Figure 3.9, memory
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Figure 3.8 Impact of traversal permutation during evaluation on the CIFAR10-C dataset

Figure 3.9 GPU memory usage across traversals

usage increases moderately, 1.1×, 1.3×, 1.5×, and 1.7× for 2, 4, 6, and 8 traversals, respectively,

relative to the 2.1 GB baseline (measured with batch size 1). In sequential mode, forward and

backward passes are performed separately for each traversal. We measure a per-traversal time of

approximately 135 ms (with the batch size of 1), leading to a total cost of 𝐾 × 135 ms for 𝐾

traversals. As expected, memory usage remains nearly constant, while adaptation time grows

linearly. Conversely, in parallel mode, adaptation time remains nearly constant, with moderate

memory overhead, offering a practical trade-off given the performance gains. For more details,

refer to the Supplementary Material.
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3.5 Conclusion

In this paper, we introduced TRUST, a test-time adaptation strategy specifically designed for

vision-oriented state-space models. Our method addresses two key challenges in VMamba

under distribution shift: (1) the strong inductive bias introduced by fixed traversal scans, and

(2) the accumulation of domain-specific artifacts in hidden states during sequential processing.

To overcome these issues, TRUST exploits the directional traversal mechanism of VMamba to

generate complementary causal views of the input, performing adaptation based on each. The

resulting models are aggregated via parameter averaging, promoting convergence toward flatter,

more robust regions in the loss landscape. Experiments on seven standard benchmarks show

that TRUST consistently outperform popular TTA models including Tent, SHOT, and SAR, in

image classification tasks. Our method does not yet generalize to the medical domain.
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This chapter addresses Objective O3, which aims to enhance the expressiveness of efficient token

interaction mechanisms. To achieve this objective, we introduce LiSA, a linear attention module

that captures higher-order token interaction while preserving linear computational complexity.

Abstract

Self-attention has become the standard for modern sequence modeling, enabling Transformers

to model long-range dependencies across a wide range of modalities. Despite these advances,

its quadratic cost with respect to sequence length remains a significant computational bottleneck.

Recent work addresses this limitation by introducing linear variants of self-attention, namely with

kernel approximations of the softmax operator. However, their first-order aggregation restricts

expressivity and struggles to capture higher-order structure. We propose Linear Stochastic

Attention (LiSA), a linear attention plug-in module that enables higher-order token interactions



72

via a stochastic diffusion process based on truncated random walks. LiSA incorporates adaptive

locality, favoring semantically similar neighbors to preserve fine-grained structures, while

maintaining stable and efficient training. We conduct extensive experiments on classification,

semantic segmentation, and object detection tasks and show improved results over state-of-the-art

methods.

4.1 Introduction

Transformers (Vaswani et al., 2017) have become a central paradigm in visual representation

learning, with self-attention (Lin et al., 2017b) serving as a key mechanism for capturing

long-range dependencies. Since the advent of ViTs (Dosovitskiy et al., 2021; Touvron et al.,

2021), self-attention has delivered strong performance across image classification (Touvron

et al., 2021; Wang et al., 2021b), object detection (Li, Mao, Girshick & He, 2022c; Carion et al.,

2020), segmentation (Cheng, Schwing & Kirillov, 2021; Xie et al., 2021a), and multi-modal

tasks (Radford et al., 2021), highlighting the value of global context in modern vision pipelines.

However, self-attention scales quadratically with token length, which limits applicability to

high-resolution images.

A number of recent works seek to reduce the quadratic complexity of standard ViTs. One

common approach restricts attention to a limited set of tokens, either through fixed-sized attention

windows (Liu et al., 2021; Tang, Zhang, Zhu & Tan, 2022), introducing sparsity (Wang et al.,

2021b; Xia, Pan, Song, Li & Huang, 2022) or representing the attention queries and keys with

low rank matrices (Wang, Li, Khabsa, Fang & Ma, 2020b). By reducing the number of pairwise

token interactions, these methods lower computational cost, but often at the expense of global

context modeling.

Other approaches linearize self-attention using kernel-based approximations (Katharopoulos

et al., 2020; Bolya et al., 2022b; Shen et al., 2021; Qin et al., 2022c), replacing the softmax

with a positive feature map 𝜙(·). This enables an associative reordering of the 𝑄, 𝐾, and 𝑉
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Figure 4.1 Softmax vs. Linear vs. Higher-order attention. Given 𝑄, 𝐾,𝑉 ∈R𝑛×𝑑:
softmax-attention forms 𝑄𝐾� then applies to 𝑉 . Linear-attention computes 𝐾�𝑉 then

applies to 𝑄. Higher-order attention (ours) uses a truncation length 𝑇 , retaining multiple

diffusion terms while remaining linear in 𝑛 and expanding the effective receptive field

computation that avoids explicit pairwise interactions and reduces the complexity to linear in the

sequence length. These methods retain a global receptive field without relying on downsampling.

In practice, however, an accuracy gap between kernelized linear-attention and standard self-

attention persists. Recent works have reduced this gap by linearizing dot-product attention (Cai

et al., 2022), enriching the kernel with angular (You et al., 2023) or focused parameterizations,

and adding depthwise-convolutional components (Han et al., 2023a) or auxiliary softmax

branches (You et al., 2023). However, these variants are almost always built on the same core

backbone, vanilla kernelized linear-attention (Katharopoulos et al., 2020). Our analysis points

to a structural bottleneck in this baseline: its single-pass bilinear aggregation.

Vanilla linear-attention mixes values for each query once through direct query-key affinities.

With the affinity matrix defined as 𝐴= 𝜙(𝑄) 𝜙(𝐾)�, the output 𝑌 = 𝐴𝑉 can be interpreted as a

first-order message-passing step along the edges encoded by 𝐴. Crucially, indirect dependencies

(i.e., using intermediate tokens) would appear only in higher powers (e.g., 𝐴2𝑉, 𝐴3𝑉), but

vanilla linear-attention never materializes higher-order terms. As a result, when two regions are

semantically related yet have weak first-order similarity (e.g., appearance changes due to lighting,

occlusion, or viewpoint), their connection is under-weighted and the signal is diluted by many

competing matches. In contrast, softmax-attention introduces competitive normalization that
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can concentrate probability mass on high-scoring connections, which help preserve long-range

links.

Our approach targets this limitation and proposes a novel plug-in LiSA module, which achieves

efficient higher-order information propagation without sacrificing stability or locality. LiSA

models attention as a linear stochastic process, where image patches are represented as graph

nodes and edges encode transition probabilities among them during a truncated random walk.

This formulation allows information to traverse intermediate tokens, enabling transitive reasoning.

The random walk is truncated to a small number of steps to maintain linear complexity and

numerical stability, providing a controllable balance between expressiveness and efficiency.

Overall, LiSA serves as a stronger drop-in module: it integrates cleanly with standard linear-

attention refinements and often amplifies their benefits, delivering higher accuracy than vanilla

linear-attention while preserving linear-time complexity and training stability. Our contributions

are summarized as follows:

• We introduce LiSA, a plug-in linear-attention module that enables efficient higher-order

token interactions.

• We formulate attention as a truncated random walk, enabling transitive information flow

while preserving linear-time complexity and stable training.

• We evaluate our method across classification, segmentation, and detection, consistently

outperforming both self-attention and linear-attention baselines.

4.2 Related Work

4.2.1 Efficient Vision Transformer

Although attention-based models have been highly successful in computer vision, directly

applying self-attention to images is expensive as its computation and memory scale quadratically

with the number of tokens. Existing approaches reduce this cost in two ways. First, methods such

as ViT, VOLO, and T2T-ViT (Dosovitskiy et al., 2021; Yuan, Hou, Jiang, Feng & Yan, 2022;
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Yuan et al., 2021) reduce the token count through patchification or progressive tokenization,

with similar ideas extended to downstream tasks (Li et al., 2022c). Second, hierarchical or

sparse-attention models restrict token interactions: PVT/PVTv2 (Wang et al., 2021b; Wang

et al., 2022b) reduce key/value resolution, Swin (Liu et al., 2021) uses local windows, NAT

(Hassani, Walton, Li, Li & Shi, 2023) adopts neighborhood attention, and BiFormer (Zhu, Wang,

Ke, Zhang & Lau, 2023) uses bi-level routing. Despite these improvements, these methods

rely on softmax-attention, whose quadratic scaling remains a bottleneck at high resolutions or

limited compute budgets.

4.2.2 Linear Attention

An alternative to quadratic self-attention is linear attention (linear-attention) (Katharopoulos

et al., 2020), which factorizes the attention kernel over queries and keys and reorders the

computation through 𝐾�𝑉 , reducing complexity from O(𝑛2𝑑) to O(𝑛𝑑2) while retaining global

context.

Several variants build on this formulation by improving the kernel approximation or attention

weighting. Performer uses random features to approximate the softmax kernel (Choromanski

et al., 2021), CosFormer introduces cosine-based re-weighting (Qin et al., 2022c), SOFT

exploits low-rank approximations (Xiong et al., 2021; Lu et al., 2021a), and Efficient Attention

applies separate normalization to queries and keys (Shen et al., 2021). More recent methods

address limitations such as weak selectivity, stability, and locality: TransNormer improves

training stability (Qin et al., 2022b), FLatten sharpens token selectivity through a focusing

mechanism (Han et al., 2023a), while Hydra and Castling-ViT explore alternative similarity

functions (Bolya et al., 2022b; You et al., 2023). MLLA incorporates ideas from state-space

models into linear-attention (Han et al., 2024b).

Despite these advances, most linear-attention methods retain a single bilinear pass and model

primarily first-order token interactions. We introduce LiSA, which enables higher-order,
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transitive propagation through truncated random walks while preserving linear complexity and

achieving competitive or better accuracy than softmax-attention.

4.2.3 Higher-Order Attention

Several works extend attention beyond direct interactions through diffusion or graph filtering.

MAGNA (Wang, Ying, Huang & Leskovec, 2020a) diffuses attention over multiple hops in graph

neural networks, while Diffuser (Feng, Li, Jiang & Ying, 2023) extends sparse Transformer

attention with multi-hop diffusion. From a graph-signal-processing perspective, GFSA (Choi

et al., 2024) interprets self-attention as a first-order graph filter and generalizes it through

polynomial filtering. More recently, AGF (Wi, Choi & Park, 2025) extends this perspective

to linear Transformers by learning graph filters directly in the singular-value domain while

retaining linear complexity. Attention Chains (Erel et al., 2026) instead interprets existing

softmax attention matrices as Markov chains, using repeated transitions to characterize indirect

attention and stationary token importance.

Our approach is related through its use of higher-order interactions, but differs fundamentally

in both formulation and role. MAGNA and Diffuser perform diffusion over explicit graph

or sparse-attention structures, while GFSA and AGF formulate higher-order interactions as

graph filtering. In contrast, LiSA constructs a stochastic transition operator directly from

kernelized query–key affinities and uses its finite powers as the attention transformation itself.

This also differs from Attention Chains, which applies repeated transitions to already-computed

softmax attention matrices for analysis and token-importance estimation; in LiSA, multi-step

propagation is trained end-to-end and directly produces the layer representations. Finally, rather

than explicitly operating on the 𝑛 × 𝑛 transition matrix, LiSA exploits its low-rank query–key

factorization to compute higher-order terms in the 𝑑ℎ × 𝑑ℎ space, preserving linear complexity

in the number of tokens.
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Figure 4.2 Overview of LiSA. We patchify the input image into tokens and treat them as

nodes in a graph G = (V, E), where edge weights define a row-stochastic transition matrix

𝑆. Aggregating the truncated terms on 𝑆 yields a global attention map that captures

transitive (higher-order) dependencies. In parallel, we compute content-based similarity

within each token’s local neighborhood to form a local attention map. The layer output is a

convex combination of the two, blending sharp local context with long-range structure

4.3 Method

In Section 4.3.1 we give a brief definition of the self-attention mechanism and the linear

version. We then proceed with the description and formulation of our proposed LiSA module in

Section 4.3.2.

4.3.1 Preliminaries

Self-attention (SA). We start by presenting the self-attention model of transformers. Given a

set of 𝑛 tokens 𝑋 ∈ R
𝑛×𝑑 , each represented by a 𝑑-dimensional vector, self-attention maps 𝑋 to

a set of queries 𝑄 = 𝑋𝑊𝑄 ∈ R
𝑛×𝑑ℎ , keys 𝐾 = 𝑋𝑊𝐾 ∈ R

𝑛×𝑑ℎ and values 𝑉 = 𝑋𝑊𝑉 ∈ R
𝑛×𝑑 , where

𝑊𝑄 , 𝑊𝐾 and 𝑊𝑉 are parameter matrices learned in training. The output of the self-attention
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layer is obtained as:

𝑌 = softmax
(𝑄𝐾�
√
𝑑ℎ

)
(4.1)

The output can also be expressed for a specific token 𝑖 as:

𝑦𝑖 =
𝑁∑
𝑗=1

𝑎𝑖 𝑗 𝑣 𝑗 , where 𝑎𝑖 𝑗 =
exp(𝑞�𝑖 𝑘 𝑗/√𝑑ℎ)∑𝑁

𝑗 ′=1 exp(𝑞�𝑖 𝑘 𝑗′/√𝑑ℎ)
, (4.2)

and 𝑦𝑖, 𝑣 𝑗 ∈ R
𝑑 . Self-attention requires computing the attention score 𝑎𝑖 𝑗 between each pair

of tokens before the softmax, leading to O(𝑛2) time and memory complexity. This quadratic

scaling makes high-resolution inputs and long sequences prohibitively expensive.

In this work, we seek an alternative to self-attention with the following properties: (1) Scalability:

The complexity of the model in terms of memory and computation should increase linearly with

respect to the number of tokens, during training as well as during inference. (2) Expressiveness:

The model should also have expressiveness similar to that of self-attention while maintaining a

comparable parameter budget. In particular, it should capture global and non-linear relations

between input tokens.

Linear Attention (LA). linear-attention (Katharopoulos et al., 2020) offers an effective alternative

to softmax-attention by reducing the complexity from O(𝑛2) to O(𝑛) in the sequence length 𝑛.

The key idea is to replace the softmax similarity with a positive feature map 𝜙(·) so that the

pairwise similarity can be written in a kernelized form 𝜙(𝑄)𝜙(𝐾)�. With this factorization, the

output for token 𝑖 becomes:

𝑦𝑖 =

∑𝑛
𝑗=1

(
𝜙(𝑞𝑖) 𝜙(𝑘 𝑗 )�

)
𝑣 𝑗∑𝑛

𝑗=1

(
𝜙(𝑞𝑖) 𝜙(𝑘 𝑗 )�

) =
𝜙(𝑞𝑖)

(∑𝑛
𝑗=1 𝜙(𝑘 𝑗 )�𝑣 𝑗

)
𝜙(𝑞𝑖)

(∑𝑛
𝑗=1 𝜙(𝑘 𝑗 )�

) (4.3)

thereby avoiding the 𝑛 × 𝑛 attention matrix and yielding linear-time computation.

Despite their efficiency, current linear-attention approaches primarily perform a single-pass

aggregation: 𝑌 = 𝜙(𝑄) (𝜙(𝐾)�𝑉 )
mixes each query with values exactly once via first-order (one-
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hop) affinities. This design fails to materialize transitive dependencies involving intermediate

tokens, which would arise from higher powers of 𝐴= 𝜙(𝑄)𝜙(𝐾)�.

4.3.2 Linear Stochastic Attention (LiSA)

Our LiSA approach is based on discrete random walks. This stochastic process models the

probability of moving among the nodesV of a graph G = (V, E) with a time-invariant transition

probability matrix 𝑆 ∈ R
|V|×|V| where each 𝑠𝑖 𝑗 , for (𝑖, 𝑗) ∈ E defines the probability of moving

from node 𝑖 to node 𝑗 at any given time. Matrix 𝑆 is row-stochastic as
∑

𝑗 𝑠𝑖 𝑗 = 1, ∀𝑖 ∈ V.

At each step, the random walk can either continue by moving to another node with probability

0≤ 𝛽<1, in which case the next node is selected based on the transition probability matrix 𝑆,

or stop with probability (1 − 𝛽). Denote by 𝑝 (𝑇)𝑖 𝑗 the probability of ending the walk at node 𝑗

when starting at node 𝑖 under a truncation length 𝑇 . Here, 𝑇 denotes the truncation length, i.e.,

the number of terms retained in the diffusion expansion, corresponding to powers 𝑆0, . . . , 𝑆𝑇−1.

The random walk probabilities can be expressed as a geometric series:

𝑃(𝑇) =

(
1−𝛽
1−𝛽𝑇

) 𝑇−1∑
𝑘=0

𝛽𝑘𝑆𝑘 . (4.4)

Proposition 1. For walks of infinite length, probabilities can be computed analytically as:

𝑃(∞) = (1−𝛽) (𝐼 − 𝛽𝑆
)−1

. (4.5)

The proof is provided in the supplementary material.

To model global relationships between tokens, we follow the self-attention approach based

on matrices representing the 𝐾, 𝑄 and 𝑉 of tokens. However, we consider a more general

formulation 𝑄 = 𝜙(𝑋𝑊𝑄) ∈ R
𝑛×𝑑ℎ , 𝐾 = 𝜙(𝑋𝑊𝐾) ∈ R

𝑛×𝑑ℎ , 𝑉 = 𝜙(𝑋𝑊𝑉 ) ∈ R
𝑛×𝑑 , where 𝜙 is a

non-negative point-wise feature map.
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Considering tokens as nodes in the graph, the transition probability from a token 𝑖 to a token 𝑗 is

then computed as:

𝑠𝑖 𝑗 =
𝑞𝑖𝑘

�
𝑗∑

𝑗 ′ 𝑞𝑖𝑘
�
𝑗 ′
. (4.6)

This can be expressed in matrix form as: 𝑆 = (𝐷−1𝑄)𝐾� = 𝑄̃𝐾� with 𝐷 = Diag(𝑄(𝐾�1)).
Intuitively, the transition probability 𝑠𝑖 𝑗 encodes information similar to the attention score 𝑎𝑖 𝑗 of

self-attention, where a higher value means a stronger relationship between tokens 𝑖 and 𝑗 .

To obtain the transformed features of a token 𝑖, we imagine a generative process where a random

walk is initiated at node 𝑖 and, once the walk stops at a node 𝑗 , the value vector 𝑣 𝑗 is generated.

For a potentially infinite random walk with stopping probability 𝛽, the expected features are

then given by:

𝑌global = 𝐴global𝑉 = (1−𝛽)

����������

(
𝐼−𝛽𝑄̃𝐾�

)−1︷������������︸︸������������︷
∞∑
𝑘=0

𝛽𝑘 (𝑄̃𝐾�)𝑘

����������
𝑉. (4.7)

The formulation in Eq. (4.7) satisfies the desired property of expressiveness, as the function

models an infinite-order relation between the input 𝑋 and output 𝑌 with the same number of

trained parameters as self-attention. Moreover, as described in the Supplemental Materials,

it can be computed effectively, with a complexity linear in the number of tokens 𝑛, using the

property that 𝑆 = 𝑄̃𝐾� is low rank. Nevertheless, matrix inversion, and in particular computing

the derivative of this operation during back-propagation, remains expensive. In the next section,

we present a more efficient solution based on truncated random walks.
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Truncated Random Walk Approximation. To avoid matrix inversions, we retain the first 𝑇

terms of the random-walk expansion. In this case, the computation of output features becomes:

𝑌global =

(
1−𝛽
1−𝛽𝑇

) ( 𝑇−1∑
𝑘=0

𝛽𝑘𝑆𝑘
)
𝑉

=

(
1−𝛽
1−𝛽𝑇

) (
𝐼 +

𝑇−1∑
𝑘=1

𝛽𝑘𝑄̃(𝐾�𝑄̃)𝑘−1𝐾�
)
𝑉

=

(
1−𝛽
1−𝛽𝑇

) (
𝑉 + 𝛽𝑄̃

( 𝑇−2∑
𝑘=0

𝛽𝑘 (𝐾�𝑄̃)𝑘︸������������︷︷������������︸
𝑑ℎ×𝑑ℎ

)
𝐾�𝑉

) (4.8)

This gives rise to the efficient computational process in Algorithm 4.1. Each loop of this

algorithm multiples two 𝑑ℎ × 𝑑ℎ matrices, which has a complexity O(𝑑3
ℎ). Therefore, the total

complexity of the algorithm is O(𝑇 · 𝑑3
ℎ) +O(𝑛 · 𝑑 · 𝑑ℎ). Due to the added 𝑇 factor, the truncation

strategy has the important advantage of requiring only matrix multiplications that can be easily

parallelized on GPU.

However, since this approach limits the random walk to a finite length, it can produce results

that differ from those of the original infinite random walk model. Nevertheless, as shown in the

following proposition, this discrepancy rapidly diminishes as the walk length increases.

Proposition 2. Let 𝑅𝑇 be the truncation residual obtained after retaining the first 𝑇 terms in

𝑃(∞) . The 𝐿1 norm of 𝑅𝑇 decays exponentially as the truncation depth 𝑇 increases.

𝑅𝑇 = (1−𝛽)
( ∞∑
𝑘=𝑇

𝛽𝑘𝑆𝑘

)
. (4.9)

The proof is provided in the supplementary material.

Learnable Step Weights. To further increase the expressiveness of the model, we allow the

step weights in Eq. (4.8) to be learnable and input-dependent. Specifically, we replace the

fixed geometric weights
(

1−𝛽
1−𝛽𝑇

)
𝛽𝑘 with non-negative weights 𝛽𝑘 predicted from the input and
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normalized across the 𝑇 retained terms. This yields:

𝑌global = 𝛽0𝑉 +
𝑇−2∑
𝑘=0

𝛽𝑘+1 𝑄̃(𝐾�𝑄̃)𝑘𝐾�𝑉, (4.10)

where 𝛽𝑘 ≥ 0 and
∑𝑇−1

𝑘=0 𝛽𝑘 = 1. Further details on the generation of the step weights are

provided in the supplementary material.

Link to softmax in SA. Softmax attention adds nonlinearity through the pointwise exponential

function: exp(𝑥)=∑∞
𝑘=0

𝑥𝑘

𝑘!
. In contrast, the random-walk (RW) diffusion probabilities are defined

by a matrix power series over the transition matrix 𝑆: 𝑃(∞) = (1−𝛽) ∑∞
𝑘=0 𝛽

𝑘𝑆𝑘 . Because

each power 𝑆𝑘 captures 𝑘-step transitions, RW diffusion models higher-order, non-pointwise

relationships across the graph.

Adaptive Local Attention.

In LiSA, increasing the truncation length 𝑇 retains higher-order powers of the row-stochastic

transition operator, progressively extending information propagation across patches. Since each

step updates x𝑖 as a weighted average of other tokens, ‖x𝑖 − x 𝑗 ‖ shrinks over steps, making

distinct regions (e.g., foreground and background) harder to separate (over-smoothing). We add

a local branch that restricts mixing to a 3 × 3 neighborhood to preserve spatial detail, while

the global branch provides long-range context. This module models local interactions within a

small neighborhood window around each token. For each patch token, affinities are computed

only among its immediate spatial neighbors, with higher transition probabilities assigned to

semantically similar regions. Let the spatial position of token 𝑖 be (ℎ𝑖, 𝑤𝑖) ∈ Z
2 and define:

N(𝑖) = {
𝑗 : (ℎ 𝑗 , 𝑤 𝑗 ) = (ℎ𝑖, 𝑤𝑖) + (Δℎ,Δ𝑤),

(Δℎ,Δ𝑤) ∈ {−1, 0, 1}2
}
.

(4.11)
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Algorithm 4.1 Truncation-based computation

1

Require: Truncation length 𝑇
𝑀1 ← 𝐼
𝑀2 ← 𝐼
𝑀3 ← 𝛽𝐾�𝑄̃
for 𝑘 = 1, . . . , 𝑇−2 do
𝑀2 ← 𝑀3 ·𝑀2

𝑀1 ← 𝑀1 + 𝑀2

end for
𝑌 ← 𝛽𝑄̃

(
𝑀1(𝐾�𝑉))

𝑌 ←
(

1−𝛽
1−𝛽𝑇

)
(𝑉 + 𝑌 )

return 𝑌

We then form a sparse local affinity matrix 𝐴local ∈ R
𝑛×𝑛 whose non-zero entries connect a node

𝑖 only to its spatial neighbors:

𝐴local = 𝑀 � exp

(
𝑄𝐾�
√
𝑑ℎ

)
(4.12)

where 𝑀𝑖 𝑗 = 1{ 𝑗 ∈ N (𝑖) }. We row-normalize this affinity matrix to obtain the local attention

transition. The neighborhood includes a self-transition through the (0, 0) offset, which helps

stabilize local aggregation. Without this self-loop, each token would be forced to replace itself

with a weighted average of its neighboring tokens. All entries outside N(𝑖) are zero and are

never explicitly computed, so the local branch has linear complexity in the number of tokens.

Mixture of Operators. We combine the outputs of the global and local branches, allowing

the model to trade off long-range higher-order aggregation with local neighborhood refinement

using a learnable gate:

𝑌 = (1 − 𝛼) 𝐴global𝑉︸���︷︷���︸
𝑌global

+𝛼 𝐴local𝑉︸�︷︷�︸
𝑌local

, (4.13)

where 𝛼 ∈ [0, 1] is a learnable parameter that balances global and local information.
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4.4 Experiments

We validate the effectiveness of our method on ImageNet-1K classification (Deng et al., 2009),

ADE20K semantic segmentation (Zhou et al., 2019), and COCO object detection (Lin et al.,

2014), and include extensive ablations to assess each design component.

4.4.1 Image Classification

Datasets. We use the ImageNet-1K dataset (Deng et al., 2009) for image classification. This

dataset comprises 1.28M training images and 50K validation images across 1,000 categories.

Settings. We integrate our module into four Vision Transformer backbones, DeiT (Touvron

et al., 2021), PVT (Wang et al., 2021b), Swin Transformer (Liu et al., 2021), and BiFormer

(Zhu et al., 2023) and report Top-1 accuracy on the validation split. For a fair comparison,

we adopt the same training recipe as the baseline. All models are trained from scratch for

300 epochs with AdamW (Loshchilov & Hutter, 2017), a cosine-decayed learning rate and a

20-epoch linear warmup. We initialize the learning rate at 1× 10−3 and use a weight decay of

0.05. Data augmentation and regularization include RandAugment (Cubuk, Zoph, Shlens & Le,

2020), Mixup (Zhang, Cisse, Dauphin & Lopez-Paz, 2017), CutMix (Yun et al., 2019), and

Random Erasing (Zhong, Zheng, Kang, Li & Yang, 2020). The experiments were conducted on

eight NVIDIA A100/H100 GPUs. We replace every self-attention layer with our LiSA module

and use 𝑇 = 3 for all main experiments. Since our method is a plug-in, it can be integrated into

existing linear-attention architectures without other modifications. In these experiments, we use

FLatten as the baseline linear attention, which combines a focusing function with a lightweight

depthwise-convolution branch. In the ablation, we also evaluate additional baselines.

Results. Table 4.1 compares ImageNet Top-1 accuracy across DeiT, PVT, and Swin backbones.

With comparable parameter counts and FLOPs, LiSA consistently outperforms the baseline

and FLatten. On DeiT at 224 input resolution, LiSA improves DeiT-T/S by +2.34%/+0.98%

and further surpasses FLatten-DeiT-T/S by +0.44%/+0.68%. On PVT, LiSA yields large gains
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Table 4.1 Results of Classification. Comparison of LiSA across diverse vision backbones.

Gains over the self-attention baseline are indicated by upward arrows and additionally

highlighted in green

Model Input Params (M) GFLOPs Top-1 Acc. (%)

DeiT Family

DeiT-T (Touvron et al., 2021) 224 5.72 1.26 72.2

FLatten-DeiT-T (Han et al., 2023a) 224 6.19 1.15 74.1

LiSA-DeiT-T 224 6.30 1.29 74.54 (↑2.34)

DeiT-T (Touvron et al., 2021) 384 5.79 4.70 74.9

FLatten-DeiT-T (Han et al., 2023a) 384 7.14 3.37 76.53

LiSA-DeiT-T 384 7.24 3.75 77.54 (↑2.64)

DeiT-S (Touvron et al., 2021) 224 22.05 4.61 79.8

FLatten-DeiT-S (Han et al., 2023a) 224 22.98 4.39 80.1

LiSA-DeiT-S 224 23.08 4.66 80.78 (↑0.98)

PVT Family

PVT-T (Wang et al., 2021b) 224 13.23 1.94 75.1

FLatten-PVT-T (Han et al., 2023a) 224 12.14 2.00 77.8

LiSA-PVT-T 224 12.16 2.12 78.53 (↑3.43)

PVT-S (Wang et al., 2021b) 224 24.48 3.82 79.8

FLatten-PVT-S (Han et al., 2023a) 224 21.66 3.95 81.7

LiSA-PVT-S 224 21.69 4.18 81.96 (↑2.16)

Swin Family

Swin-T (Liu et al., 2021) 224 28.29 4.49 81.3

FLatten-Swin-T (Han et al., 2023a) 224 29.71 4.49 82.1

LiSA-Swin-T 224 29.74 4.72 82.25 (↑0.95)

over the baselines (+3.43% on PVT-T and +2.16% on PVT-S) and improves over FLatten by

+0.73%/+0.26%. On Swin, LiSA also brings +0.95% improvement compare to self-attention.

At a higher resolution (384×384) on DeiT-T, LiSA reaches 77.54%, improving over FLatten

by +1.01 points (76.53%), while using fewer FLOPs than the original DeiT-T at the same

input size. Table 4.2 shows LiSA transfers to BiFormer as well, improving classification by

+1.0%/+0.3%/+0.7% for T/S/B.
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Table 4.2 Four-stage pyramid architecture: classification and segmentation results.

Segmentation is with S-FPN. Dashes indicate values not reported. mIoU denotes mean

Intersection over Union and mAcc denotes mean accuracy

Model Par. (M) Top-1 Acc. (%) mIoU mAcc

BiFormer-T (Zhu et al., 2023) 13.1 81.4 — —

LiSA-BiFormer-T 13.2 82.4 (↑1.0) — —

BiFormer-S (Zhu et al., 2023) 25.5 83.8 48.9 —

LiSA-BiFormer-S 25.6 84.1 (↑0.3) 49.5 (↑0.6) 61.5
BiFormer-B (Zhu et al., 2023) 56.8 84.3 — —

LiSA-BiFormer-B 56.8 85.0 (↑0.7) — —

4.4.2 Semantic Segmentation

Datasets. For semantic segmentation we use ADE20K (Zhou et al., 2019), the standard semantic-

segmentation benchmark, which includes 20K training images, 2K validation images, and 150

categories.

Settings. For a fair comparison, we use the same baseline training setup. We plug our method into

two representative segmentation frameworks, Semantic FPN (Kirillov et al., 2019) and UPerNet

(Xiao, Liu, Zhou, Jiang & Sun, 2018), implemented in MMSegmentation (MMSegmentation

Contributors, 2020). Backbones are initialized from ImageNet-1K. We train Semantic FPN

following the PVT recipe (Wang et al., 2021b) and UPerNet using the default Swin configuration

(Liu et al., 2021).

Results. As shown in Table 4.3, our method delivers consistent gains across all settings. On

PVT, it improves mIoU by more than 4.0 points and mAcc by more than 5.0 points over the

baselines, under comparable FLOPs and parameter counts. On Swin, it improves mIoU and

mAcc of the baseline by 0.5 and 0.8 points respectively. LiSA-BiFormer-S (Table 4.2) also

improves the corresponding mIoU baseline by 0.6 points. These results show that local attention

effectively captures informative features for segmentation.
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Table 4.3 Results of semantic segmentation. FLOPs are computed with an input of

512 × 2048. S-FPN denotes Semantic FPN (Kirillov et al., 2019). Dashes indicate values

not reported

Semantic Segmentation on ADE20K
Backbone Method GFLOPs Par. (M) mIoU mAcc

PVT-T S-FPN 158 17 36.57 46.72

FLatten-PVT-T S-FPN 169 16 37.21 48.95

LiSA-PVT-T S-FPN 170 16 40.85 (↑4.28) 51.75 (↑5.03)

Swin-T UPerNet 945 60 44.51 55.61

FLatten-Swin-T UPerNet 946 60 44.82 57.01

LiSA-Swin-T UPerNet 947 60 45.03 (↑0.52) 56.4 (↑0.79)

4.4.3 Object Detection

Datasets. For object detection we use the COCO object detection and instance segmentation

benchmark (Lin et al., 2014), which includes 118K training images and 5K validation images.

Settings. We assess our method within Mask R-CNN (He, Gkioxari, Dollár & Girshick, 2017),

initializing backbones with ImageNet pretraining. Experiments use 1× schedules with varying

detection heads.

Results. As shown in Table 4.4, our method achieves the best accuracy with near-zero compute

overhead. On PVT: box AP and mask AP improve by 3.8 and 2.5 points, respectively, compared

with the PVT baseline. On Swin: box AP and mask AP have improve by 0.8 and 0.5 points,

respectively, compared with the Swin baseline

4.4.4 Ablation Study

We conduct ablations to analyze the impact of individual components in our method. Unless

stated otherwise, all ablation results are reported on the mini-ImageNet dataset (Vinyals et al.,

2016) (𝑇 = 5) for computational efficiency.
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Table 4.4 Results of object detection. The FLOPs are computed over backbone, FPN and

detection head with input resolution of 1280×800

Mask R-CNN Object Detection on COCO
Method GFLOPs Sch. AP𝑏 AP𝑏

50
AP𝑏

75
AP𝑚 AP𝑚

50
AP𝑚

75

PVT-T 240 1x 36.7 59.2 39.3 35.1 56.7 37.3

FLatten-PVT-T 244 1x 38.2 61.6 41.9 37.0 57.6 39.0

LiSA-PVT-T 245 1x 40.5 (↑3.8) 62.9 (↑3.8) 44.1 (↑4.8) 37.6 (↑2.5) 59.7 (↑3.0) 40.2 (↑2.9)

Swin-T 267 1x 43.7 66.6 47.7 39.8 63.3 42.7

FLatten-Swin-T 268 1x 44.2 67.3 48.5 40.2 63.8 43.0

LiSA-Swin-T 269 1x 44.5 (↑0.8) 67.4 (↑0.8) 48.7 (↑1.0) 40.3 (↑0.5) 63.9 (↑0.6) 43.1 (↑0.4)

Comparison with other linear-attention methods. For a fair comparison with prior linear-

attention modules, we compare against six designs: Hydra Attention (Bolya et al., 2022b),

Vanilla linear-attention (Katharopoulos et al., 2020), Efficient Attention (Shen et al., 2021),

Linear Angular Attention (You et al., 2023), Enhanced linear-attention (Cai et al., 2022), and

Focused linear-attention (FLatten) (Han et al., 2023a). Results in Table 4.5 show that LiSA

outperforms all alternatives, including standard softmax-attention.

Table 4.5 Comparison of linear-attention variants on DeiT-S (ImageNet)

Linear Attention Top-1 Acc. (%)

DeiT-S (Touvron et al., 2021) 79.8

Hydra Attn (Bolya et al., 2022b) 75.38

Vanilla Linear Attn (Katharopoulos et al., 2020) 76.47

Efficient Attn (Shen et al., 2021) 76.81

Linear Angular Attn (You et al., 2023) 79.21

Enhanced Linear Attn (Cai et al., 2022) 77.17

Focused Linear Attn (Han et al., 2023a) 80.1

LiSA 80.78 (↑0.98)

Ablation for 𝛼. Table 4.6 studies 𝛼, which balances LiSA’s global and local branches. We

compare global-only (𝛼=0, F+D+G), local-only (𝛼=1, F+D+L), and learned 𝛼. On both DeiT

tiny and small, learning 𝛼 performs best (76.3% and 80.7%), outperforming both individual
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branches. Moreover, global-only exceeds local-only (73.7 vs. 73.4 on DeiT-T; 78.3 vs. 78.1 on

DeiT-S), suggesting that long-range transitive aggregation provides a stronger standalone signal

than local neighborhood matching.

Table 4.6 Component ablation on DeiT-T/DeiT-S classification (Top-1 %)

Backbone F+D+G (𝛼=0) F+D+L (𝛼=1) Learned 𝛼

DeiT-T 73.7 73.4 76.3
DeiT-S 78.3 78.1 80.7

Number of truncations. We vary the truncation length 𝑇 in Eq. 4.4. All LiSA components

and settings are kept fixed; only the truncation length 𝑇 is varied. Table 4.7 (run1) shows that

accuracy peaks at a moderate truncation length (𝑇 = 5). Across three seeds, 𝑇 > 1 consistently

outperforms 𝑇 = 1, isolating the benefit of higher-order propagation. Among the higher-order

settings, 𝑇 = 3 and 𝑇 = 5 are comparable (75.61±0.39 vs. 75.80±0.44) and alternately achieve

the best performance across runs. We therefore retain 𝑇 = 3 for the main experiments as the

more efficient truncation length, requiring fewer propagation terms.

Table 4.7 DeiT-T accuracy across three runs for different truncation length 𝑇 . Bold values

indicate the best 𝑇 within each run

𝑇 run1 run2 run3 Mean ± Std

1 73.52 73.88 73.03 73.48 ± 0.43

3 75.90 75.76 75.17 75.61 ± 0.39

5 76.30 75.58 75.51 75.80 ± 0.44

7 74.90 75.49 75.26 75.22 ± 0.30

Statistical variability. In Table 4.7, we added three-run results for all truncation depths 𝑇 ,

reporting mean and standard deviation. The results confirm that higher-order propagation

consistently improves over 𝑇 = 1 (e.g., 75.61 ± 0.39 for 𝑇 = 3 and 75.80 ± 0.44 for 𝑇 = 5,

versus 73.48± 0.43 for 𝑇 = 1). The relatively small differences among the stronger higher-order
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settings, together with their consistent gains over 𝑇 = 1, indicate that the benefit is robust to

run-to-run variability rather than driven by a single run.

Source of improvement. GL is our proposed attention core, a direct plug-in replacement

for LA. F and D are additions borrowed from FLatten and are applied identically on top of

both LA and GL. Our contribution is to replace the vanilla linear attention core (LA) with a

higher-order global-local stochastic diffusion operator (GL). Table 4.8 isolates the contribution

of our core: First, GL > LA (69.2 vs. 65.7), showing that our core already improves over vanilla

linear attention before introducing F or D. Second, the same trend holds when each auxiliary

component is added independently: GL+F > LA+F (69.3 vs. 65.9) and GL+D > LA+D (75.2

vs. 73.3). Notably, GL+D even surpasses the full FLatten baseline LA+F+D (75.2 vs. 74.4).

Finally, when both F and D are applied equally to both cores, GL+F+D > LA+F+D (76.3 vs.

74.4), showing that LiSA outperforms FLatten under the same auxiliary design. These consistent

gains indicate that the improvement comes from our proposed GL mechanism rather than from

the borrowed auxiliary components.

Table 4.8 Component ablation on DeiT-T classification

LA GL LA+F GL+F LA+D GL+D
FLatten
LA+F+D

LiSA
GL+F+D

65.7 69.2 65.9 69.3 73.3 75.2 74.4 76.3

Different linear-attention baseline. This experiment highlights the plug-in nature of our

method and evaluates whether LiSA generalizes beyond FLatten. On DeiT-T, with linear angular

attention (You et al., 2023), the baseline reaches 66.0% Top-1, while adding LiSA improves it

to 73.4%. Furthermore, integrating LiSA into Agent Attention (Han et al., 2024c) improves

DeiT-T from 73.40 to 75.77 (+2.37) and DeiT-S from 78.83 to 80.84 (+2.01), demonstrating that

LiSA transfers effectively to other linear-attention variants.
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a) DeiT-T attention map. The red square marks the query patch

b) Transitive reasoning visualized in DeiT-T attention maps

Figure 4.3 Visualization of attention behavior in DeiT-T

Distribution of linear-attention. As shown in Figure 4.3a, vanilla linear-attention produces

diffuse maps: the weights are spread across many locations, so each query effectively aggregates

an almost averaged representation of the whole image. In contrast, LiSA yields more structured,

non-uniform patterns, where larger weights are assigned to patches on the same object as the

query, while most background areas receive only small contributions.

Visualization of Transitive Reasoning. In Figure 4.3b, we start from a query patch on the

bird (red box). Local attention remains restricted to nearby patches, so its influence stays
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spatially confined. In contrast, LiSA expands its receptive field with hop depth: as we increase

the truncation length (𝑇=3, 5, 7), attention progressively propagates along semantically related

regions, reaching distant yet correlated parts of the bird and eventually covering the tail and

most of the object. Please zoom in for a clearer view.

Practical efficiency. We measure latency and peak GPU memory on a single NVIDIA H100

GPU across sequence lengths. The efficiency advantage of LiSA over softmax attention becomes

more pronounced as sequence length increases. DeiT-T scales quadratically in both latency

and memory, becoming prohibitively expensive at long sequences, while FLatten and LiSA

maintain linear scaling. LiSA incurs a modest latency overhead compared to FLatten, which is

expected given its higher-order random-walk modeling and adaptive local branch. This overhead

reflects a trade-off between efficiency and expressiveness. Memory-wise, LiSA scales similarly

to FLatten, remaining linear and far below softmax attention, indicating negligible additional

memory overhead.

a) Latency b) GPU memory

Figure 4.4 Efficiency comparison across sequence lengths

4.5 Conclusion

We introduced LiSA, a linear-attention plug-in module that restores higher-order token

interactions via a truncated random-walk formulation, while preserving stability and locality

through an adaptive 3×3 neighborhood. This design directly overcomes the first-order
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limitation of vanilla linear-attention, enabling richer transitive reasoning without sacrificing

linear complexity. Across image classification, semantic segmentation, and object detection,

LiSA yields consistent gains at near-identical compute budgets and transfers cleanly to diverse

backbones (DeiT, PVT, Swin, BiFormer). Ablations confirm that each component contributes

meaningfully and that a short truncation length already offers a strong accuracy–latency trade-off,

positioning LiSA as a more powerful drop-in alternative to standard kernelized linear-attention.

As future work, we plan to integrate LiSA into additional state-of-the-art linear-attention variants

and study its behavior under diverse training recipes and data regimes.





CONCLUSION AND RECOMMENDATIONS

In this thesis, we investigated the hidden costs of efficient visual representation learning. Recent

visual backbones have made substantial progress in reducing the computational cost of token

interactions, enabling models to scale to larger images and dense prediction tasks. However,

efficiency alone is not sufficient for reliable visual representation learning. Efficient models such

as State Space Models (SSMs) and linear attention improve scalability, but they also introduce

important trade-offs in robustness and expressiveness. The main objective of this thesis was

therefore to improve the reliability of efficient visual representation learning by developing

token interaction mechanisms that better balance computational scalability, robustness, and

expressiveness. To achieve this main objective, we pursued three specific objectives.

The first objective was to reduce the sensitivity of SSM-based vision models to geometric

transformations. Although SSMs provide efficient global modeling by processing image patches

through sequential scan directions, this design imposes a fixed one-dimensional order on

inherently two-dimensional visual data, making the learned representations sensitive to the

chosen scan path and unstable under transformations such as rotation. To address this objective,

Chapter 2 introduced Spectral VMamba, which uses the spectral decomposition of the graph

Laplacian of image patches so that traversal follows the image’s intrinsic structure rather than

a fixed spatial direction. Combined with the Rotational Feature Normalizer, this approach

improves rotation consistency while preserving the computational efficiency of SSM-based

vision models. The first specific objective was therefore fulfilled.

The second objective was to strengthen the robustness of SSMs under deployment-time

distribution shifts. In real-world deployment, test images often differ from the training data

because of corruptions, domain changes, or variations in acquisition conditions. Such shifts

can propagate through the SSM hidden state and corrupt subsequent patch representations. To

address this objective, Chapter 3 introduced TRUST, a test-time adaptation method designed
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specifically for Mamba-based vision models. TRUST generates diverse traversal permutations

and uses uncertainty-guided selection to identify more stable views of the input. By adapting

Mamba-specific parameters at inference time, TRUST improves robustness across multiple

corruption benchmarks without requiring source data or retraining. The second specific objective

was therefore fulfilled.

The third objective was to enhance the expressiveness of linear attention, whose standard

formulations rely mainly on direct first-order interactions between tokens and therefore struggle

to capture higher-order and transitive relationships between image regions. To address this

objective, Chapter 4 introduced LiSA, a Linear Stochastic Attention module that reformulates

attention as a truncated random walk over a graph of image patches. Through multi-hop

information propagation, LiSA models more expressive token relationships while maintaining

linear complexity and stable training. The third specific objective was therefore fulfilled.

Taken together, these three specific objectives advance the main objective of this thesis:

developing efficient token-interaction mechanisms for visual representation learning that

balance computational scalability with robustness and expressiveness, rather than optimizing

computational cost alone. Our findings show that a model that is efficient but unstable under

visual transformations, vulnerable to distribution shifts, or has limited expressivity may fail

to provide reliable representations in practical settings. Future efficient vision models should

therefore adopt a broader view of token-interaction quality.

Considering these contributions in the broader context of the field highlights three main

limitations: the absence of a unified theory explaining the trade-off between efficiency, robustness,

and expressiveness; the restriction of the robustness analysis to geometric transformations and

corruption-based distribution shifts; and the focus of the proposed methods on specific visual

recognition tasks and architectural settings, without examining whether similar token-interaction
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principles generalize across tasks, domains, and modalities. These limitations motivate three

broader research directions.

First, a unified theory of the efficiency–robustness–expressiveness trade-off in sub-quadratic

token mixing. A key research direction is to develop a general theoretical framework that

explains how efficient token-mixing mechanisms balance computational cost, robustness, and

expressiveness. Such a framework could draw on information theory, spectral analysis, or

both, and apply across SSMs, linear attention, and other sub-quadratic operators. It could

provide architecture-independent design principles, establish theoretical performance limits,

and clarify whether robustness and expressiveness can be improved jointly or whether they are

fundamentally competing objectives.

Second, robustness to continual and adversarial distribution shifts. Future work could extend

the robustness analysis to more challenging forms of non-stationarity, including gradual domain

drift, continuously evolving data distributions, and adversarial perturbations. Extending methods

such as TRUST to these settings would require models to adapt repeatedly without catastrophic

forgetting. It would also be important to determine whether the architectural properties that

enable sub-quadratic computation introduce specific vulnerabilities under adversarial conditions.

Third, general-purpose efficient token interaction across tasks and modalities. Future work could

investigate whether a common efficient token-interaction mechanism can support different data

structures and learning problems, including images, videos, graphs, and language, rather than

relying on architectures designed for individual visual recognition tasks. This direction would

study how token-interaction mechanisms can adapt to different spatial, temporal, and relational

structures while maintaining computational efficiency.





APPENDIX I

SUPPLEMENTARY MATERIAL FOR THE PAPER TITLED SPECTRAL STATE
SPACE MODEL FOR ROTATION-INVARIANT VISUAL REPRESENTATION

LEARNING

1. Implementation Details

In this section, we give the pseudo-code for the RFN and STS modules. This pseudo-code

provides a concise summary of the key steps involved in our approach, offering a high-level

abstraction of the implementation. It is designed to complement the detailed explanations in the

main paper and can serve as a reference for reproducing our results.

We begin with Algorithm I-1, which outlines the steps for implementing the RFN module. As

discussed in the paper, this module promotes a consistent representation of image features

under the four canonical quarter-turn rotations. This module comprises four key steps: rotation,

patchification, back-rotation, and a max operation to aggregate features across all orientations.

Algorithm-A I-1 Rotational Feature Normalizer Module

1

Require: Input image I ∈ R
𝐻×𝑊×3; rotation angles: {𝜃𝑟 }4

𝑟=1
= {0◦, 90◦, 180◦, 270◦};

stem module: Stem; patch size: 𝑝
Ensure: Aggregated feature map F .

1 Initialize: {𝜃𝑟 } and {−𝜃𝑟 }.
2 for 𝑟 ∈ {1, . . . , 𝑅} do
3 I𝑟 ← R𝜃𝑟 (I) Rotate image by 𝜃𝑟
4 F𝑟 ← Stem(I𝑟 ) Extract features
5 F unrotated

𝑟 ← R−𝜃𝑟 (F𝑟 ) Back-rotate feature map
6 Append F unrotated

𝑟 to F𝑟 .
7 end for
8 F ← max𝑟∈{1,...,𝑅} F𝑟 Max operation
9 Output: Aggregated feature map F .

Algorithm I-2 represents the STS strategy for determining the traversal order of image patches

based on spectral decomposition. The process begins by constructing the adjacency matrix W

using the 𝑘-Nearest Neighbors (KNN) algorithm, based on the Euclidean distances between

image patches. This matrix captures the relationships and similarities between the patches.
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Subsequently, the degree matrix D is computed, where each diagonal entry 𝐷𝑖𝑖 represents the

sum of the weights of edges connected to node 𝑖. Using W and D, the symmetric normalized

Laplacian matrix Lsym is calculated. Spectral decomposition is then applied to Lsym, yielding

the eigenvalues 𝝀 and eigenvectors U. Finally, the patches are reordered based on the spectral

information, resulting in the ordered sequence of patches 𝑃.

Algorithm-A I-2 Spectral Traversal Scan Module

Require: patch feature f, number of neighbors 𝑘 , and eigenvectors 𝑚
Ensure: Traversal sequence P
1 Step 1: Compute Weighted Adjacency Matrix
2 for each pair of patches (x𝑖 , x 𝑗 ) do
3 if 𝑖 ∈ 𝑘𝑛𝑛 𝑗 OR 𝑗 ∈ 𝑘𝑛𝑛𝑖 then
4 𝑊𝑖 𝑗 = exp

(
− ‖f𝑖−f 𝑗 ‖2

2𝜎2

)
5 else
6 𝑊𝑖 𝑗 = 0

7 end if
8 end for
9 Step 2: Compute Normalized Laplacian

10 Lsym = I − D− 1
2 WD− 1

2

11 Step 3: Compute 𝑚 Smallest Eigenvectors of Lsym
12 [𝝀,U] = eigenSolver(𝐿sym, 𝑚)
13 Step 4: Building Traversal Sequences
14 Sort 𝝀 from smallest to largest.

15 Select the corresponding 𝑚 eigenvectors from U.

16 for 𝑗 = 1 to 𝑚 do
17 𝑃

𝑗
1
= sorting 𝑓 using increasing order of v( 𝑗 )

18 𝑃
𝑗
2
= sorting 𝑓 using decreasing order of v( 𝑗 )

19 P =
[
𝑃
( 𝑗 )
1

, 𝑃
( 𝑗 )
2

] 𝑗=1,...,𝑚

20 end for
21 Output: Traversal sequence P.

2. Downsampling Strategy

Similar to VMamba, the architecture of our network consists of four layers. Each layer contains

a different number of Spectral VMamba blocks. For example, in the tiny scale configuration, we

use the setup [2, 2, 5, 2], indicating that the first layer has two Spectral VMamba blocks, the

second layer also has two blocks, the third layer has five blocks, and the final layer contains two
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blocks. As previously mentioned, the STS module is applied only once, in the first Spectral

VMamba block of the first layer. Additionally, downsampling occurs at the end of each layer.

The eigenvectors are initially computed in the STS using the original 14 × 14 spatial features.

However, after downsampling, the eigenvectors derived from the 14 × 14 patches no longer

align with the downsampled patches in subsequent layers, which requires careful handling to

maintain consistency. To resolve this alignment issue, we save the indices used during the max

pooling operation, which is responsible for downsampling the spatial features. By leveraging the

saved indices, we extract the corresponding eigenvectors, generating a new set that matches the

shape of the downsampled patches. This alignment ensures that the eigenvectors and patches

remain correctly paired, enabling us to order the downsampled patches using eigenvectors of

compatible dimensions. We repeat this process at each subsequent layer to maintain proper

alignment throughout the network.
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Figure-A I-1 Comparison of Effective Receptive Fields (ERF) Before and After Training

3. Visualization of Activation Maps

ERF in CNNs refer to the region of the input image that significantly influences the activation of

a particular neuron in a deeper layer of the network. Unlike the theoretical receptive field, which

considers the full extent of influence regardless of intensity, the ERF focuses on the practical

impact, often showing that only a central portion of the theoretical receptive field has substantial
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influence. Analyzing ERFs helps in refining network designs to ensure that neurons capture

relevant information efficiently, enhancing performance in tasks such as object detection and

image segmentation.

We conducted experiments to compare our model with VMamba, focusing on the ERF of the

central pixel before and after training. Our results in Figure I-1 indicate that our model exhibits

more global ERFs compared to VMamba. Specifically, after training, the areas colored dark

green, which represent regions of high influence, are more extensive in our method than in

VMamba. This suggests that our model is better at capturing broader contextual information

from the input image. The increased dark green regions in our model demonstrate its enhanced

capability to integrate information over larger portions of the input, potentially leading to

improved performance in tasks requiring a comprehensive understanding of the image content.

Figure-A I-2 Effect of Random Rotation in RFN Module

4. Training Dynamics

Figure I-3 illustrates the comparison of training dynamics, measured using the maximum

accuracy with an Exponential Moving Average, across three model scales: Tiny, Small, and

Base. Each plot represents the accuracy progression over 300 epochs for our proposed method
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and the VMamba model. The plots represents our method demonstrates faster convergence

across all scales, achieving high accuracy earlier in training compared to VMamba. The faster

convergence not only highlights the efficiency of our approach but also reduces training time,

making it highly suitable for practical applications where computational resources or time are

constrained.

Figure-A I-3 Training Speed Comparison

5. RFN with Random Rotations

For the RFN module, we utilized four canonical angles: 0◦, 90◦, 180◦, 270◦, corresponding

to quarter turns. Additionally, we tested the method with four random rotations selected at

each iteration from the ranges [0, 90], [91, 180], [181, 270], and [271, 360]. Unlike quarter

turns, most random rotations necessitate interpolation. The results, presented in Figure I-2,

demonstrate that even with random rotations, the model exhibits strong empirical robustness to

arbitrary rotations. However, a slight accuracy drop was observed when using random rotations

(83.06%) compared to the canonical quarter turns (87.48%), which can be due to the loss of

details resulting from interpolation.

6. Downstream tasks

To demonstrate the versatility of our pre-trained model and its applicability to tasks beyond

classification, we extended its use to semantic segmentation. Specifically, we fine-tuned the
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model—originally pre-trained on the miniImageNet dataset—to perform segmentation tasks on

ADE20K dataset (Zhou et al., 2019). ADE20K includes 150 fine-grained semantic categories

and comprises 20,000 training images, 2,000 validation images, and 3,000 test images. For

optimization, we use AdamW with a weight decay of 0.01 and a total batch size of 2 per GPU.

The training schedule features an initial learning rate of 6× 10−5, linear decay, a 1500-iteration

linear warmup, and a total of 160,000 iterations. We apply standard data augmentations such

as random horizontal flipping, random scaling within a ratio range of 0.5 to 2.0, and random

photometric distortion.

Table I-1 shows that our method outperforms VMamba by +2.81 (tiny), +1.68 (small), and

+1.49 (base) on single-scale (SS) testing, and by +3.74 (tiny), +2.21 (small), and +0.58 (base)

on multi-scale testing. The backbone used for the segmentation task was initialized from a

classification checkpoint which was trained on the mini-ImageNet dataset. This explains the

relatively lower range of segmentation performance compared to other papers, which often use

classification models pre-trained on ImageNet-1k.

Table-A I-1 Results of semantic segmentation on ADE20K. mIoU denotes mean

Intersection over Union; SS and MS denote single-scale and multi-scale testing, respectively

Method mIoU (SS) mIoU (MS)

VMamba-T 22.77 23.98

VMamba-S 25.84 27.13

VMamba-B 26.32 28.41

Ours-T 25.58 (↑2.81) 27.72 (↑3.74)
Ours-S 27.52 (↑1.68) 29.34 (↑2.21)
Ours-B 27.81 (↑1.49) 28.99 (↑0.58)



APPENDIX II

SUPPLEMENTARY MATERIAL FOR THE PAPER TITLED TRUST: TEST-TIME
REFINEMENT USING UNCERTAINTY-GUIDED SSM TRAVERSES

1. Pseudo-code

In this section, we give the pseudo-code for our proposed test-time adaptation method, TRUST.

This pseudo-code provides a concise summary of the key steps involved in our approach,

offering a high-level abstraction of the implementation. Algorithm 1 outlines the overall TRUST

procedure for test-time adaptation. For each corruption in the evaluation set, the model is

first reset to its original (pre-adaptation) weights. The input 𝑥 is then processed using the

Forward_And_Adapt function (Algorithm 2), which outputs the adapted prediction and a

list of model parameter sets 𝜃, each corresponding to a different traversal permutation used

during adaptation. These parameters are averaged to obtain the final adapted parameters, 𝜃final,

which are loaded back into the model. The final prediction is then computed by re-evaluating

the model on the same input 𝑥.

Algorithm-A II-1 TRUST

1

1 for each corruption do
2 model.reset()
3 (out, 𝜃) ← model.forward_and_adapt(𝑥)
4 𝜃final ← mean(𝜃)
5 model.load_state_dict(𝜃final)
6 out ← model.evaluate(𝑥)
7 end for

Algorithm 2 defines the Forward_And_Adapt function. For each traversal permutation

𝜋𝑖𝑘 ∈ P, the model performs a forward pass with input 𝑥 and permutation 𝜋𝑖𝑘 . The cross-entropy

loss between the model’s prediction and the pseudo-labels is computed, and a gradient descent

step is performed to update the model parameters. Each updated parameter state is stored in the

list 𝜃. After all permutations have been processed, the method returns the final output and the

list of different model parameters.
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Algorithm-A II-2 Forward_And_Adapt(𝑥)

1

1 𝜃 ← empty list

2 for each 𝜋𝑖𝑘 ∈ P do
3 out ← model(𝑥, 𝜋𝑖𝑘 )
4 loss ← CrossEntropy(out, pseudo_labels)
5 loss.backward()
6 optimizer.step()
7 optimizer.zero_grad()
8 𝜃.append(model.parameters)
9 end for

10 return (out, 𝜃)

2. Finetuning Process

3. Efficient Parallel Implementation

We mentioned in the main paper (Computational Overhead section) that our method supports an

efficient parallel adaptation strategy. Figure II-1 provides a detailed diagram of this process. In

parallel mode, we handle 𝐾 traversal permutations simultaneously. A batch B is first split into

𝐾 subsets, each corresponding to a different permutation 𝜋𝑖𝑘 . Each subset is then passed to an

independent SS2D TRUST Version block, where the SS2D parameters are adapted in parallel

while the rest of the model remains shared across all paths, this design significantly reduces

memory usage.

After adaptation, the outputs are concatenated back into a single batch, which allows for efficient

GPU utilization. For evaluation, we perform a weight averaging step across all adapted SS2D

modules, producing a single unified SS2D TRUST Version block. This averaged block is

then used for inference on the full batch. By leveraging parallelism in both data and traversal

space, our method achieves scalable and low-overhead test-time adaptation while preserving

performance across permutations.

4. Online adaptation protocol
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Figure-A II-1 Detailed diagram of TRUST in Parallel mode

All methods follow the same online test-time adaptation protocol. Corruptions are evaluated in

a fixed, identical order across all methods, and within each corruption, test samples are drawn

from a shared stream shuffled with a fixed seed, ensuring identical batch composition and order.

Adapted parameters are carried forward across batches without resetting. At each corruption

boundary, the model is restored to its source weights and the optimizer state is reinitialized,

ensuring that corruptions are evaluated independently. All baselines follow the same test stream

and reset policy while retaining their original adaptation procedures.

5. Standard Mode

Table II-1 reports Top-1 accuracy under various corruption types at severity level 5 for CIFAR10-

C, CIFAR100-C, and ImageNet-C in the standard setting, where the model is reset for each test

batch. On CIFAR10-C, TRUST achieves the highest mean accuracy of 66.2%, surpassing Tent

and SHOT by 0.2%. On CIFAR100-C, it reaches 41.7%, outperforming all baselines by at least

0.4%, and improving over its naive variant by 0.5%, underscoring the benefits of permutation-

based refinement. On the large-scale ImageNet-C, TRUST attains 39.9%, exceeding Tent by
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1.1%, and outperforming its naive counterpart by 1.2%. These results highlight the scalability

and robustness of permutation-aware adaptation across diverse datasets. Table II-1 evaluates

performance under domain-level distribution shifts. TRUST achieves 31.6% on ImageNet-S,

62.3% on ImageNet-V2, and 31.5% on ImageNet-R. On the PACS-Photo benchmark, it obtains

71.3%, outperforming its naive variant by 4.6%. While gains are narrower in these less corrupted

settings, TRUST consistently improves generalization, particularly under significant domain

shifts.

Table-A II-1 Top-1 classification accuracy (%) across datasets in standard setting. For

CIFAR10-C, CIFAR100-C, and ImageNet-C, values are averaged over all corruptions; for

ImageNet-S, V2, R, and PACS-Photo, they reflect test set accuracy. Increases/decreases in

mean accuracy compared to performing no adaptation (Source only) is highlighted in

green/red color

Method CIFAR10-C CIFAR100-C ImageNet-C ImageNet-S ImageNet-V2 ImageNet-R PACS-Photo

Source only 65.9 41.2 38.7 31.4 62.2 31.3 66.7

ETA 65.8 (↓0.1) 41.2 38.8 (↑0.1) 31.4 62.2 31.4 (↑0.1) 66.7

LAME 65.9 41.2 38.8 (↑0.1) 31.4 62.2 31.4 66.7

SAR 66.0 (↑0.1) 41.3 (↑0.1) 38.8 (↑0.1) 31.4 62.2 31.4 (↑0.1) 67.1 (↑0.4)

SHOT 66.0 (↑0.1) 41.3 (↑0.1) 38.9 (↑0.2) 31.4 62.2 31.4 (↑0.1) 67.3 (↑0.6)

Tent 66.0 (↑0.1) 41.3 (↑0.1) 38.8 (↑0.1) 31.4 62.2 31.4 (↑0.1) 67.2 (↑0.5)

TRUST naive 65.9 41.2 38.9 (↑0.2) 31.5 (↑0.1) 62.3 (↑0.1) 31.5 (↑0.2) 66.8 (↑0.1)

TRUST 66.2 (↑0.3) 41.7 (↑0.5) 39.9 (↑1.2) 31.6 (↑0.2) 62.3 (↑0.1) 31.5 (↑0.2) 71.3 (↑4.6)

6. TRUST with Batch Normalization Adaptation

In this experiment, we compare two adaptation strategies within our framework: updating only

the BN layers versus updating the SS2D parameters. As shown in Table II-2, our method

outperforms Tent in both settings, by 3.1% when using BN adaptation and by 11.8% with SS2D

adaptation. We opt to proceed with SS2D adaptation, as traversal permutations directly influence

Mamba-specific parameters encoded in the SS2D blocks. Updating these parameters is therefore

essential to fully capture the effects of traversal-based modifications.
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Table-A II-2 Comparison of adaptation strategies using BN and SS2D parameters on

ImageNet-C dataset. Increases/decreases in mean accuracy compared to Tent are indicated

by upward/downward arrows and additionally highlighted in green/red
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Source only 24.3 26.1 25.1 22.2 23.2 35.4 43.2 49.3 48.4 56.9 70.0 26.8 45.1 43.7 41.4 38.7

BN
Tent 27.8 30.0 28.8 24.9 25.9 38.0 45.5 51.0 51.3 59.1 70.6 30.0 48.2 47.8 45.7 41.7

TRUST 32.8 35.1 34.0 26.8 28.5 40.8 47.7 52.9 53.8 61.1 71.3 34.1 50.7 51.8 50.2 44.8 (↑3.1)

SS2D
Tent 29.6 31.7 34.7 25.1 22.0 45.7 44.8 46.0 55.8 62.2 69.8 32.5 52.8 56.8 54.3 44.3

TRUST 46.8 49.4 48.5 42.8 40.8 57.1 57.9 57.3 61.7 66.8 71.9 54.9 61.4 63.6 60.2 56.1 (↑11.8)

7. Mean Entropy of Different Traversal Permutations

As illustrated in Figure II-2, varying the order of spatial traversals in VMamba leads to substantial

differences in mean entropy across datasets, revealing the sensitivity of the model’s internal

representations to traversal patterns. Higher entropy values indicate less confident predictions,

often aligning with reduced robustness under distributional shifts. This highlights the critical

role of traversal selection in ensuring reliable adaptation. To offer a comprehensive analysis,

we report entropy values for all permutations across CIFAR10-C, CIFAR100-C, ImageNet-C,

ImageNet-S, ImageNet-V2, ImageNet-R, and PACS-Photo. Notably, the top-2, top-4, and top-6

traversal permutations with the lowest entropy, highlighted with green cross-hatching (i.e.,

diagonal lines overlaid on the heatmap cells), consistently reappear across datasets. This pattern

suggests that certain traversal orders inherently yield more stable and confident model outputs,

providing a principled foundation for selecting effective traversal subsets in our approach.

8. Combination of TRUST with Augmentation

According to Figure 4 in the main paper, Jitter augmentation yields the highest performance

among the augmentation strategies evaluated. Building on this, we examine the effectiveness

of combining Jitter with our proposed method, TRUST, under two augmentation settings: (1)

applying different Jitter augmentations for each traversal permutation, and (2) applying different
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Figure-A II-2 Mean entropy of different traversal permutation across seven benchmarks

Jitter augmentations per batch. The former setting achieves a modest improvement of 0.3% over

the source-only baseline, while the latter results in a slightly higher gain of 1.8%. However,

both improvements are substantially lower than the performance boost achieved by the original

TRUST, which yields an 11.6% increase. These results highlights that although augmentation

contributes to performance, the core strength of TRUST lies in its ability to adapt representations

based on traversal-specific dynamics rather than augmentation diversity alone.

Table-A II-3 Comparison of augmentation impact on CIFAR10-C dataset.

Increases/decreases in mean accuracy compared to performing no adaptation (Source only)

is highlighted in green/red color
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Source only 46.8 48.4 45.0 73.5 52.6 73.0 78.7 71.8 75.8 77.3 85.7 69.6 63.7 67.9 59.0 65.9

TRUST + Jitter per permutation 53.6 54.2 54.0 63.8 48.0 69.3 77.1 75.4 75.2 77.2 85.8 76.6 59.1 66.5 57.8 66.2 (↑0.3)

TRUST + Jitter per batch 57.0 53.4 57.2 70.0 48.9 65.6 79.6 77.5 77.9 77.3 88.2 79.3 57.9 65.4 60.6 67.7 (↑1.8)

TRUST 63.1 67.8 70.3 81.0 64.5 81.4 85.0 83.2 85.4 85.8 90.1 85.7 72.1 79.1 68.6 77.5 (↑11.6)

9. High Entropy Traversal Permutations

We have also tested the performance of TRUST using the top-𝐾 high-entropy (i.e., less confident)

traversal permutations. As shown in Table II-4, this setting leads to a significant performance

drop of 12.5% compared to the source-only baseline. This highlights the critical role of

traversal selection in our method. High-entropy permutations, which correspond to uncertain
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and unstable model predictions, introduce noise into the adaptation process and hinder effective

generalization. These findings further support our strategy of entropy-based traversal filtering,

where low-entropy permutations are prioritized to ensure reliable and robust adaptation.

Table-A II-4 Comparison of TRUST performance with low and high entropy traversal

permutations on CIFAR10-C dataset

Method g
au

ss
ia

n

sh
o
t

im
p
u
ls

e

d
ef

o
cu

s

g
la

ss

m
o
ti
o
n

zo
o
m

fr
o
st

sn
ow

fo
g

b
ri

g
h
tn

es
s

co
n
tr

as
t

el
as

ti
c

p
ix

el
at

e

JP
E

G

Mean

Source only 46.8 48.4 45.0 73.5 52.6 73.0 78.7 71.8 75.8 77.3 85.7 69.6 63.7 67.9 59.0 65.9

TRUST (top-𝐾 high entropy) 38.5 32.2 36.4 57.9 37.7 61.5 64.9 52.5 64.0 70.3 74.1 49.3 57.9 56.2 48.2 53.4 (↓12.5)

TRUST (top-𝐾 low entropy) 63.1 67.8 70.3 81.0 64.5 81.4 85.0 83.2 85.4 85.8 90.1 85.7 72.1 79.1 68.6 77.5 (↑11.6)

10. TRUST Application beyond Classification Settings

We conducted additional experiments on segmentation tasks using various datasets, including

Pascal VOC21 (V21) (Everingham, Van Gool, Williams, Winn & Zisserman, 2010) and Pascal

Context 59 (P59) (Mottaghi et al., 2014), applying corruptions following the protocol of

(Noori et al., 2025b). The results demonstrate that TRUST performs well in segmentation,

outperforming methods like Tent. This further supports the generalizability and effectiveness of

our approach beyond classification settings.

Table-A II-5 Segmentation performance under different corruptions of V21 and P59

datasets
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Source only 29.1 33.1 28.3 21.0 8.2 33.1 25.4 50.9 50.3 70.7 76.5 63.9 25.5 22.2 59.2 39.8

Tent 33.0 35.7 32.0 22.3 14.7 38.2 25.3 46.5 49.0 60.2 63.9 66.2 38.5 28.8 43.9 39.9

TRUST 38.8 42.0 38.7 29.8 22.6 45.1 29.8 50.5 53.5 63.4 66.4 68.5 45.1 37.7 48.6 45.4 (↑5.6)

P
5
9

Source only 17.1 19.6 17.4 27.4 14.9 29.2 19.5 30.2 28.5 42.1 50.8 41.0 23.9 30.4 38.4 28.7

Tent 17.6 18.9 17.8 22.2 15.9 27.5 17.9 26.9 30.0 36.7 41.9 42.9 25.8 28.2 28.3 26.6

TRUST 24.4 27.4 25.4 24.6 21.2 30.1 19.8 29.8 32.8 39.2 42.4 43.2 31.5 36.1 31.6 30.6 (↑1.9)
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11. Performance Comparison with ViT-based Method

To provide a fair evaluation, we adapted the ViT-based method from (Niu et al., 2024) by

replacing its backbone with VMamba and modifying it to be compatible with VMamba backbone.

Specifically, we replaced the classification (CLS) token (absent in VMamba) with the mean of

all tokens and adjusted the number of learnable tokens to match VMamba’s dimensionality. This

ensures that both methods operate under the same architectural constraints. Our experimental

results demonstrate that TRUST, which is specifically designed to exploit VMamba’s traversal

mechanism, significantly outperforms the adapted baseline, highlighting its robustness under

distribution shift.

Table-A II-6 Performance comparison across corruption types with the ViT-based Method
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Source only 24.3 26.1 25.1 22.2 23.2 35.4 43.2 49.3 48.4 56.9 70.0 26.8 45.1 43.7 41.4 38.7

Tent 27.8 30.0 28.8 24.9 25.9 38.0 45.5 51.0 51.3 59.1 70.6 30.0 48.2 47.8 45.7 41.7

FOA 17.8 19.4 18.5 15.1 18.2 22.7 28.6 38.7 33.9 44.3 57.4 22.7 38.2 40.9 41.7 30.5 (↓8.2)

TRUST 46.8 49.4 48.5 42.8 40.8 57.1 57.9 57.3 61.7 66.8 71.9 54.9 61.4 63.6 60.2 56.1 (↑17.4)

12. Weight Diversity Across Traversals

To analyze the consistency of the SS2D block parameters under different traversal permutations,

we compute statistics based on the L2 norms of each parameter tensor across six traversal-

adapted models. We extract each weight or bias tensor from each model, flatten it, and compute

its L2 norm. We then calculate the mean of these norms to reflect the overall magnitude

across traversals. To quantify variability, we also compute the standard deviation across the

corresponding elements of these tensors and report the average of these deviations.

Figure II-3 shows the mean and standard deviation of the L2 norm for the bias parameters,

while Figure II-4 shows the same for the weight parameters. These visualizations indicate

that although the magnitude of parameters varies across layers, the variation across traversals
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Figure-A II-3 Mean and standard deviation of the L2 norm for the bias parameters

remains relatively low. This suggests that SS2D block parameters adapted with different traversal

orders remain geometrically close in parameter space. Such consistency is conceptually aligned

with the findings in the Model Stock method (Jang, Yun & Han, 2024a), which emphasizes

the benefits of maintaining proximity in the weight space across fine-tuned or adapted models,

such as enabling effective weight averaging and improving generalization. This experiment is

conducted using the CIFAR-10C dataset.

Figure-A II-4 Mean and standard deviation of the L2 norm for the weight parameters

13. Sensitivity to Traversal Order

SSMs are inherently direction-sensitive, meaning that the order in which input patches are

traversed has a significant impact on model performance. According to the Mamba formulation

Eq. 3.1, the hidden state at each step ℎ(𝑡 − 1) directly influences the next ℎ(𝑡). Therefore,
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the choice of traversal order propagates its effects through the entire sequence of hidden-state

updates. This directional dependency also comes from the fact that the hidden states learned

during training are aligned with the original traversal order. When a different patch order is

used at test time, the model is exposed to a sequence it has not encountered before, resulting

in a mismatch between learned and test-time dynamics. As noted in the Mamba paper, this

directional bias can cause the model to encode information more effectively along the original

traversal path.

14. Offline Phase Scalability

The scalability of the offline selection phase is mainly determined by the number of traversal

permutations. Each permutation requires only a forward pass through the model, with no

backpropagation or parameter updates. As a result, the computational cost grows linearly with

the number of candidate permutations. Memory usage, however, does not grow with the number

of permutations, since the same model is reused for each forward pass. The required memory is

therefore equivalent to running a single model evaluation. This makes the permutation search

computationally predictable, while keeping the memory footprint fixed.

15. Theoretical Analysis of Confidence-Based Traversal Paths

We provide a deeper theoretical justification of why confidence-based paths improve generalization

based on SWAD (Cha et al., 2021). In our setting, each traversal permutation 𝜋𝑖 defines a

distinct causal ordering through which VMamba processes input patches, resulting in different

trajectories of hidden states ℎ(𝑡). Low-entropy (high-confidence) permutations consistently

correspond to stable recurrent dynamics, where the influence of corruptions is minimized. This

stabilizes the hidden-state evolution, yielding low-variance predictions and reducing sensitivity

to domain-specific perturbations. From a loss landscape perspective, such paths correspond to

regions of low curvature, as smoother predictions typically reflect flatter neighborhoods around

𝜃𝑖 (parameters of adapted model with 𝜋𝑖).
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Therefore, selecting low-entropy permutations acts as a proxy for identifying solutions that

are both dynamically stable (in terms of hidden-state recurrence) and geometrically robust (in

terms of curvature). Averaging over the adapted weights from these confidence paths further

concentrates the model in a flat, low-loss region of parameter space. This synergy between

entropy-based selection and weight averaging aligns directly with the generalization theory of

SWAD (Cha et al., 2021), and provides a principled explanation for the observed robustness of

TRUST across domains.

16. TRUST Latency

Our method consists of three stages: Offline phase: We evaluate our pre-trained model under

different traversal permutations and select the top-𝐾 permutations with the lowest entropy

values, corresponding to the most confident predictions. Since no model adaptation occurs

at this stage, the procedure is equivalent to a forward-pass evaluation and is computationally

lightweight. For instance, on the PACS dataset, evaluating for a single permutation takes only

4 seconds for all images in this dataset. Extending this across all 24 permutations results in a

total evaluation time of 1.5 minutes, which is a one-time cost. Our experiments show that the

top-𝐾 permutations remain consistent across all test datasets, as visualized in Figure II-2 of the

supplementary material. This consistency stems from the similarity of these permutations to the

original traversal order used during pre-training, as reflected in their high confidence scores.

Therefore, this procedure can be performed only once on a single dataset to determine the

appropriate value of 𝐾 , and then used across all test datasets. Adaptation stage: We measured

the latency for the batch size of 128 used in our experiments for forward and backward passes,

which results in approximately 1.2 second per permutation. Evaluation stage: In this phase, we

first perform weight averaging, which involves a simple averaging of the model weights across

selected permutations (0.018 second). The subsequent evaluation functions similarly to the

offline stage, no adaptation is performed, and we simply test the model (0.2 second). Our overall

latency per permutation is: 1.2 + 0.018 + 0.2 = 1.41 second.





APPENDIX III

SUPPLEMENTARY MATERIAL FOR THE PAPER TITLED LISA: LINEAR
STOCHASTIC ATTENTION FOR LONG-RANGE VISUAL MODELING

1. Proofs of the Propositions

This section provides proofs for the propositions introduced in the methodology.

Proposition 3. For walks of infinite length, probabilities can be computed analytically as

𝑃(∞) = (1−𝛽) (𝐼 − 𝛽𝑆
)−1

(A III-1)

Proof. Consider the sum over the first 𝑇 terms in Eq. (4). Pre-multiplying this sum by (𝐼 − 𝛽𝑆)
gives

(𝐼 − 𝛽𝑆)𝑃(𝑇) =

(
1−𝛽
1−𝛽𝑇

) (
𝑇−1∑
𝑘=0

𝛽𝑘𝑆𝑘 −
𝑇∑
𝑘=1

𝛽𝑘𝑆𝑘

)
=

(
1−𝛽
1−𝛽𝑇

) (
𝐼 − (𝛽𝑆)𝑇

)
. (A III-2)

Since 𝛽<1, we have that (𝛽𝑆)𝑇→0 and 𝛽𝑇→0 when 𝑇→∞, hence

(𝐼 − 𝛽𝑆)𝑃(∞) = (1−𝛽)
𝑃(∞) = (1−𝛽) (𝐼 − 𝛽𝑆

)−1
. (A III-3)

Proposition 4. Let 𝑅𝑇 be the truncation residual obtained after retaining the first 𝑇 terms in

𝑃(∞) . The 𝐿1 norm of 𝑅𝑇 decays exponentially as the truncation depth 𝑇 increases.

𝑅𝑇 = (1−𝛽)
( ∞∑
𝑘=𝑇

𝛽𝑘𝑆𝑘

)
. (A III-4)
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Proof. Here, ‖ · ‖1 denotes the entrywise matrix 𝐿1 norm, ‖𝐴‖1 =
∑
𝑖, 𝑗 |𝐴𝑖 𝑗 |. Since 𝑆 is

stochastic, we have that 𝑆𝑘 is also stochastic, hence ‖𝑆𝑘 ‖1 = 𝑛. Therefore,

‖𝑅𝑇 ‖1 = (1−𝛽)
∞∑
𝑘=𝑇

𝛽𝑘 ‖𝑆𝑘 ‖1

= 𝑛(1−𝛽)
∞∑
𝑘=𝑇

𝛽𝑘

= 𝑛(1−𝛽)
( ∞∑
𝑘=0

𝛽𝑘 −
𝑇−1∑
𝑘=0

𝛽𝑘

)
= 𝑛(1−𝛽)

(
1

1−𝛽 − 1−𝛽𝑇
1−𝛽

)
= 𝑛𝛽𝑇 . (A III-5)

For 𝛽 < 1, ‖𝑅𝑇 ‖1 therefore decays exponentially to zero as the truncation length 𝑇 increases.

2. Additional Ablation Study

Unless stated otherwise, all ablation results are reported on the mini-ImageNet dataset ? (𝑇 = 5)

for computational efficiency.

Impact of kernel functions. In Table III-1, we ablate the feature-map non-linearity used in

linear-attention. Rectified Linear Unit (ReLU) achieves the best performance (76.3% Top-1),

slightly outperforming Exponential Linear Unit (ELU) (76.0%). We therefore use ReLU by

default in all experiments.

Table-A III-1 Impact of different kernel functions (DeiT-T)

Kernel Function ELU ReLU

Accuracy (%) 76.0 76.3

Ablation for local window size. In Table III-2 we vary the window size in local attention on DeiT-

T. A compact 3× 3 window achieves the best Top-1 (76.3%) while being less computationally
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expensive, whereas larger windows slightly reduce accuracy (75.7% at 5× 5, 76.1% at 7× 7)

and increase cost.

Table-A III-2 Ablation study on local window size using DeiT-T

Local Window Size 3 × 3 5 × 5 7 × 7

Accuracy (%) 76.3 75.7 76.1

3. Learnable Step Weights Details

Here, the scalar 𝛽 denotes the random-walk continuation probability in the geometric formulation,

whereas 𝛽
( 𝑗)
𝑖 denotes the input-conditioned vector of learnable step weights for token 𝑖 and head

𝑗 . The step weights in Eq. (10) are predicted per token and per head, allowing each token to

adaptively weight the retained diffusion terms through a lightweight gate applied to its query

and key:

𝛽
( 𝑗)
𝑖 = softmax

(
𝑊2 ReLU

(
𝑊1

[
𝑞
( 𝑗)
𝑖 ; 𝑘

( 𝑗)
𝑖

] ))
∈ R

𝑇 , (A III-6)

where 𝑊1 ∈ R
𝑑ℎ×2𝑑ℎ and 𝑊2 ∈ R

𝑇×𝑑ℎ . The softmax guarantees 𝛽𝑘 ≥ 0 and
∑𝑇−1

𝑘=0 𝛽𝑘 = 1, so the

output is a convex combination of the truncation length 𝑇 . The gate parameters are shared across

heads and instantiated independently in each layer, while the weights are predicted separately for

each token and head. The gate adds O(𝑛 𝑑 𝑑ℎ + 𝑛𝑇 𝑑) operations, preserving linear complexity

in the number of tokens and leaving the asymptotic complexity of Algorithm 1 unchanged.

4. Failure Cases

Excessive higher-order diffusion can be detrimental due to over-smoothing: since 𝑆 is row-

stochastic, deep walks converge toward a query-independent stationary distribution, making

token representations increasingly similar and weakening discriminative local structure. This

behavior is reflected in our truncation-depth ablation (Table 7, run1), where performance peaks

at moderate 𝑇 (𝑇 =5 (76.3%) and decreases at larger depths 74.9% at 𝑇 =7).
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5. Effective Regimes

LiSA provides the largest gains precisely where long-range modeling is hardest: plain columnar

backbones with weak first-order cores (+3.43 on PVT-T; +7.4 when added to linear angular

attention), high-resolution inputs (+2.64 at 3842), and dense prediction tasks that require spatial

reasoning (+4.28 mIoU on ADE20K, +3.8 box AP on COCO). Gains remain consistent but

naturally smaller for backbones that already encode hierarchy and locality (e.g.+0.95 on Swin-T),

where part of the long-range signal is available by design. Its additional cost is therefore least

justified at short sequence lengths, where the O(𝑇 𝑑3
ℎ) term is not amortized.

6. Detailed Efficiency Measurements

To complement the efficiency plots in the main paper, we additionally report the exact latency,

throughput, and peak GPU memory values in Table III-3. The measurements span input

resolutions from 2242 to 20482, corresponding to sequence lengths from 197 to 16, 385 tokens,

and compare DeiT-T, FLatten, and LiSA under the same setting. Consistent with Fig. 4, DeiT-T

exhibits rapidly increasing latency and memory as the sequence length grows, whereas FLatten

and LiSA scale much more favorably. LiSA incurs additional latency over FLatten due to its

higher-order propagation and adaptive local branch, while retaining substantially lower latency

and memory than softmax attention at long sequences.

7. Model Architecture

We summarize the architectures of the three Transformer models used in the main paper, DeiT,

PVT, and Swin Transformer, in Table III-4, III-5, and III-6. In all cases, we replace each original

self-attention block with our proposed LiSA block.
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Table-A III-3 Latency, throughput, and peak GPU memory across input resolutions

Input DeiT-T Flatten LiSA

Res. Seq. Latency
(ms)

Throughput
(img/s)

GPU Memory
(MB)

Latency
(ms)

Throughput
(img/s)

GPU Memory
(MB)

Latency
(ms)

Throughput
(img/s)

GPU Memory
(MB)

224 197 3.50 2288.00 74.0 7.15 1118.91 73.2 13.53 591.49 95.4

384 577 4.07 1967.60 152.7 7.34 1090.32 110.2 13.52 591.60 172.1

512 1025 8.06 993.06 312.9 7.40 1080.62 151.1 13.48 593.68 263.4

640 1601 15.56 514.19 627.9 11.11 720.42 206.6 19.47 410.90 382.0

768 2305 27.69 288.93 1178.7 14.74 542.73 275.7 26.15 305.90 529.2

896 3137 43.80 182.66 2061.4 19.96 400.87 352.4 34.86 229.49 697.4

1024 4097 66.51 120.29 3394.2 25.59 312.58 441.9 44.89 178.21 890.9

1152 5185 98.78 80.99 5317.0 31.79 251.65 546.2 55.58 143.95 1115.9

1280 6401 146.13 54.74 7976.9 39.05 204.88 663.9 67.58 118.38 1367.2

1408 7745 205.52 38.93 11545.5 46.43 172.29 791.3 80.73 99.10 1642.5

1536 9217 279.54 28.62 16210.5 54.77 146.07 926.4 95.24 83.99 1937.2

1792 12545 502.82 15.91 29690.0 71.92 111.24 1244.8 126.33 63.33 2623.8

2048 16385 898.92 8.90 50281.7 91.84 87.11 1605.2 161.71 49.47 3409.1

Table-A III-4 Architectures of LiSA-DeiT models. All original DeiT transformer blocks

are removed (#DeiT blocks = 0) and replaced with LiSA blocks

Stage Resolution
LiSA-DeiT-T LiSA-DeiT-S

LiSA blocks
(res, dim, heads, #layers) #DeiT blocks

LiSA blocks
(res, dim, heads, #layers) #DeiT blocks

Encoder 14 × 14 (14 × 14, 192, 3) × 12 0 (14 × 14, 384, 6) × 12 0

Table-A III-5 Architectures of LiSA-PVT models (part 1). At all stages, the original PVT

transformer blocks are removed (#PVT blocks = 0) and replaced with LiSA blocks

Stage Output
LiSA-PVT-T LiSA-PVT-S

LiSA blocks
(res, dim, heads, #layers) #PVT blocks

LiSA blocks
(res, dim, heads, #layers) #PVT blocks

res1 56 × 56 (56 × 56, 64, 2) × 2 0 (56 × 56, 64, 2) × 3 0

res2 28 × 28 (28 × 28, 128, 4) × 2 0 (28 × 28, 128, 4) × 4 0

res3 14 × 14 (14 × 14, 320, 10) × 2 0 (14 × 14, 320, 10) × 6 0

res4 7 × 7 (7 × 7, 512, 16) × 2 0 (7 × 7, 512, 16) × 3 0
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Table-A III-6 Architecture of the LiSA-Swin model. At all stages, the original Swin

transformer blocks are removed (#Swin blocks = 0) and replaced with LiSA blocks

Stage Output
LiSA-Swin-T

LiSA blocks
(win, dim, heads, #layers) #Swin blocks

res1 56 × 56 (7 × 7, 96, 3) × 2 0

res2 28 × 28 (7 × 7, 192, 6) × 2 0

res3 14 × 14 (7 × 7, 384, 12) × 6 0

res4 7 × 7 (7 × 7, 768, 24) × 2 0
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